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Lecture 23: Nov 29, 2011

Convergence of Iterative Methods
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Richardson Convergence

* The iteration matrix is given by:
GRICh = —Mpt, A=1—(ONA=1-06A

* Suppose (4, v) is an eigenpair of A. Then
GRichy = (1 —0A)v=v—0Alv = (1 — OV

e Hence u =1 — 61 is an eigenvalue of GRich
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Richardson Convergence

* Lemma: Let A4,,,;,, and A,,,,, be the smallest and
largest eigenvalue of A. Then

p(GRiCh) = max {|1 — 0pinl, [1 — 04y}

* Proof:
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Richardson Convergence

* Notes:

— If Amin < 0and A0 > 0, then either
1-0A,;m>1 (6>0) or
1-01,.,,>1 (6<0)

- p(GRich) >1

= Richardson method diverges
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Richardson Convergence

* Theorem: Assume all eigenvalues of A are positive.

Then Richardson converges if and only if
0<0<2/Anax

e Proof:if 0 < 8 < 2/A;,4x, then
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Richardson Convergence

* Proof continued: Assume p(GR") < 1. Then
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Richardson Convergence

¢ Hopt: —(1 = 04pmax) = 1= 04pn
Bopt = 2/(Amin + Amax)

Amax_/lmin

o pope =1 = Oy di =

Popt optAmin =3 5

— Amax/Amin—1 — k(A)-1
Amax/Amin+1 k(A)+1

e Picture:
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Jacobi Convergence

e Theorem: If Aand 2D — A are SPD, then Jacobi
converges

* Proof: Let y1 be an eigenval. of | — M;'A=1—-D"14
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Jacobi Convergence

e Proof continued: Since 2D — A is SPD,
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Gauss-Seidel & SOR Convergence

* Theorem: If A is SPD, then GS & SOR (0 < w < 2)
converge.

e Definition: A is an M-matrix if
i. a;>0
i. a;<0
ji. A”lexistsand (A™D); >0 VY
e Theorem: If A is an M-matrix, Jacobi and GS
converge. Moreover
pU —MziA) < p(I-Mjt4) <1

i.e. the convergence rate of GS is better than that of Jacobi
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Example: Poisson Equation
* Recall: (—Uyy — Uyy = f)

* Theorem: Let A be the 2D Laplacian matrix. The
eigenvalues of A are given by:

. (inh . ith ..
Aij =% sin? (lnT)+sm2 (%)] 1<i,j<m
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Example: Poisson Equation

* The smallest eigenvalue is attained fori = j =1

8 mh
A . = —sin? (—)
min h2 2

* The largest eigenvalue is attained fori = j = m

mmh

8 .
Amaz = 35 sin® ("7°)
— 221 = -t h=1—
= —sin (2(1 h)) (h=——,mh=1-h)
_8 . 2(Th
= pz €08 (2)

e Ais SPD and an M-matrix
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Richardson

« p(I—064) =

{10 2 ()] 0 cost (2]

2

* Convergence holds for0 < 8§ < ———=< and
4cosz(7;)
2 h?
Hopt =
AmintAmax 4
_ Amax—Amin _ . 2 (mh
Popt =3 A LT 2sint (5
max min
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Jacobi

4
" 2

mh
~p(I—=D7tA) = Popt =1 —2 sin? <7) = cos(mh)

e D I = 65,1 = optimal Richardson

2 4
* By Taylor expansion: cos(x) = 1 — x? + % +

T
~p(I—D71A) = cos(mh) = 1 —7h2 + 0(hY)

* For small mesh size h, p(G’) = 1 - slow convergence
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Gauss Seidel (GS)

« p — Mgia) = p(1 — M 4)°
= cos?(nh)
= 1 — sin?(rch)
=1-—m2h? + 0(h*)
e For small h, slow convergence for GS
* Convergence rate = 2 X convergence rate of Jacobi
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Successive Over Relaxation (SOR)

* For SOR:
2
Wopt = 1+sin(mh)
ngf = Wopt — 1
__ 1-sin(mh)
~ 1+sin(mh)

=1-2mh+ 0(h?
e Optimal SOR is an order of magnitude better than GS
and Jacobi
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