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CS475 / CM375
Lecture 20: Nov 17, 2011

Singular value decomposition
Reading: [TB] Chapter 31
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Singular Value Decomposition

e Geometric view:

e Let S be the unit sphere in R™. The image AS
is an ellipse in K™,
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Interpretation

* The n singular values of A are the lengths of the n
principal semi-axes of AS: 04,05, ...,0,
— Convention: gy =20, =220, =0

* The n left singular vectors of A are the unit vectors
{uq, ..., un} in the direction of the principal semi-
axes.

* The n right singular vectors of A are the unit vectors
{vy, ..., v} € S such that Av; = oju;
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Reduced SVD

» Decomposition: 4 = ULVT
— Picture:

— Here$ = diag, U and V have orthonormal columns.
* Equivalently: AV = UE
— Hence Avj =oju; Vj= 1,2,..,n

— Picture:
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Full SVD

 Extend U — U = orthogonal

U
Accordingly, X —» X = [O] Ym—n
e ThenA =UZVT  whereX = diag,U,V = orth

— Picture:
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SVD vs Eigendecomposition

* They both diagonalize a matrix A. SVD uses 2 bases
(left and right singular vectors). Eigendecomposition
uses 1 basis (eigenvectors)

e SVD uses orthonormal vectors where as eigenvectors
are not orthonormal in general

* Not all matrices have an eigendecomposition. But all
matrices have a singular value decomposition

CS475/CM375 (c) 2011 P. Poupart & J. Wan 6

21/11/2011



Matrix properties of SVD

o Let A € R™™, p = min(m, n),
r = # of nonzero singular values of A.

* Theorem: rank(A) =r

* Proof: The rank of a diagonal matrix = # of nonzero
diagonal entries. Since A = UZVT, then
U,V orth = rank(A) = rank(%)
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Matrix properties of SVD

* Theorem: range(A) = span{Uy, ..., U,}
and null(A) = span{V,,q, ..., V,}

e Theorem: ||A||2 = gy and ||A||F =JoZ + -+ d?

2 2
|A||F = Lij aij

2
Note: [|Al], = Amax (AT 4),
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Matrix properties of SVD

* Proof: ||A||§ =

14|, =
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Matrix properties of SVD

* Theorem: The nonzero singular values of A are the
square roots of the nonzero eigenval. of ATA or AAT.

e Proof: ATA and AAT are similar to X2

e Theorem: If A = AT, then (4) = {|A]: 1 € A(4)}. In
particular, if A is SPD, then a(4) = A(4).
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Matrix properties of SVD

e Theorem: the condition number of A € R™*" is :—1
n

e Proof:
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Computing the SVD

e Recall:
A=UzVT
ATA = (Tuh)(UuzvT)
=peTyyT

- eigenvalues of AT A are {07}
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An SVD algorithm

(1) Form ATA
(2) Compute the eigendecomposition ATA = VAVT
(3) Compute
oy A
Y= ,0; =4/A;, A=

On An

(4) Solve the equation
UL = AV
for orthogonal U (by QR factorization)
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An SVD algorithm

e Unstable algorithm
— Suppose 1, (AT A) is computed stably, i.e.,
- 2
|2k — 2| = 0(€|1ATAl|) = 0(€llAl])
— Take square root to get oy:
6% — okl

_ o (Pl o felanl’ llal]
_0< = )_0< o )—O(E|IAI|O_—R)
— If o, < ||4]], (e.g., 0y), then
- -
|G, — 0| = O <E|IAI|G—:> = 0 (ell4lx(4))

= loss of accuracy = 0(k(A))
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Example
0 —1/2
* FindtheSVDof A = |3 0
0 0
e Method 1:
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Example (continued)

e Method 2:
e Method 3:
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Example (continued)

e Method 3 (continued):

CS475/CM375 (c) 2011 P. Poupart & J. Wan

17

21/11/2011



