CS475/CM375
Lecture 2: Sept 15, 2011

Cholesky factorization, tridiagonal,
band matrices

Reading: [TB] Chapt. 23 p. 172-176
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Special Linear Systems

Exploit special structures of linear systems
More efficient LU factorization

Symmetric systems
— LDMT factorization (variant of LU)

Symmetric positive definite systems
— GGT factorization (a.k.a. Cholesky factorization)
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LDMT factorization

e Theorem: If all the leading principal submatrices of A are
nonsingular, then there exist unique unit lower A
matrices L and M, and a unique diagonal matrix D such
that A = LDMT.

e Partial Proof:

— FactorA = LU

— Define D = diag(dy, ..., d,), d;i = u;; i=1,..,n
— Let MT = D71U = unitupper A (M = unit lower A)
— Thus A = LU = LD(D~'U) = LDMT

 Note: flops(LU) = flops(LDMT)
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Symmetric systems

e Theorem: If 4 is symmetric, then A = LDLT
* Proof:
— By previous result, A = LDMT
= M 1AM T = M1 LDM™M™T = M~1LD
— Since M~*AM™T is symmetric, sois M~1LD
— Also, M~ 1L is lower A= M~1LD is lower A

— So M~1LD is both lower A and symmetric
= M~LLD is diag = M~1L is diag

— Since M~ 1L is also unit lower A,
thenM™I1L=] >M=1
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Symmetric systems

¢ Notes

1. We can save about half the work by computing L and D
only.

2. One way is to compute the U factor only during the LU
factorization.
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Positive definite systems

« Definition: 4 is positive definite iff xT Ax > 0 for all
x # 0.

* Properties of positive definite matrices:
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Positive definite systems

e Theorem: If A € R™ ™ is PD and X € R™*¥ has rank
k,then B = XTAX € R*¥*k is also PD
* Proof:
— Letz € R¥*1. Then zTBz = zTXTAXz = (X2)TA(Xz)
— If Xz = 0, then X is not rank k.
— Hence zTBz > 0.

e Corollary: If A is PD, then all its principal submatrices
are PD. In particular, all diag entries are positive.
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Positive definite systems

e Corollary: If Ais PD, then A = LDMT and D has
positive diag entries.

e Proof:
—LletX =L7T.
Then XTAX = L"Y*(LDMT)L™T = DMTL™T is PD.
— By previous corollary, diag(DMTL™T) has positive entries.

— Note that MT and L™T are unit upper A.
= MTL™T is also unit upper A
= diag(DMTL™T) =D
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Symmetric positive definite systems

e Theorem: If A is SPD, then there exists unique lower
A G such that
A=GGT
* Proof:
— A=LDIT and D = diag(dy, ..., dy), d; > 0.

1
— Define Dz = diag(,/dl, ...,,/dn)
1
— Let G = LDz2. Then G is lower A

1 1\T 1 1
= 66T = LDE(LDZ) =LD2D2IT = LDIT = A
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Symmetric positive definite systems

e Examples
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Cholesky factorization

e« A = GG is called the Cholesky factorization
of A and the lower A G is called the Cholesky
factor.
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Cholesky factorization

e Algorithm big picture
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Cholesky factorization

Fork=1,2,..,n
Ark = v Akk
Forj=k+1,..,n

Aji = A/ A
End
Forj=k+1,..,n
fori=j,..,n
Qjj = Ajj — QigAjg
end
End
End
n3
flops(Cholesky) = ey
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Banded systems

* Definition: A has upper bandwidth q if a;; = 0 Vj >
[ + q and lower bandwidth p if a;; = 0 Vi > j +p.

e Picture
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Banded systems

* If Ais banded, so are LU,GGT,LDMT

e Theorem: Let A = LU. If A has upper bandwidth g
and lower bandwidth p, then U has upper
bandwidth g and L has lower bandwidth p.

e Picture
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Band Gaussian Elimination

Fork=12,..,n—1
Fori=k+1,..,min(k + p,n)
Ak = Aik/ Ak
end
fori =k+1,..,min(k +p,n)
forj=k+1,.., min(k + q,n)
ajj = Ajj — AjgAgj
end
end
End
If n > pandn > q, then flops(band GE) = 2npq
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Tridiagonal systems

* Assume A is tridiagonal and symmetric

e Then
— L =
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Tridiagonal System

e« A= LDLT implies

A = (LDLT) o, A je—1 = 2i 2 leidijl] -

=22 lkidileTk =2 lkidiill?:k—l

=Y Lidyl = 2 bidii le-1,0

=Y e dy = b k—19k-1k-1lk-1k-1

= Lt g—1Ak-1)-1 + lere A (i=k-1)
G=k-1) = ly_dy,

= lg_1dyg_1 +dy
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Tridiagonal Factorization

e Algorithm
dy = a4
fork =2,..,n

lx—1 = app-1/drk-1
di = gk — le—1ak -1 (lk—1dx—1 = Agk-1)
end

o flops(tridiag) = 0(n)
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