CS475 / CM375
Lecture 14: Oct 27, 2011

Eigenvalue problems
Reading: [TB] Chapters 24, 25
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Eigenvalue problem

1 0 O
e Example:A =12 -1 2
4 —4 5

det(Al — A) =
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Example continued

e 1=1
e 1=3
Example Continued
* Thus AX =
XA =

* Note: we never compute eigenvalues by finding the

roots of the characteristic polynomial
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Eigenvalues

* Gershgorin Theorem: Let A be any square matrix. The
eigenvalues A of A are located in the union of the n

disks:

12— a;l < Xjpilay]

* Proof: Consider (4, x) such that Ax = Ax, x # 0.
Scale x such that ||x||Oo =1=x; forsomei
Then Ax; = (Ax); = Xj-q QijXj = QX + Xjaq AijX;

= |4 = ail = L) aijaj| < Bjeilaijzg| < Xjaila]
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Example
4 —-0.5 0
e A=10.6 5 —0.6]
0 0.5 3
* Picture:
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Rayleigh quotient

e Assume A is real and symmetric. Thus A has
real eigenvalues and a complete set of
orthogonal eigenvectors

{Al;---;ln}; {Ql:---;qn} ||q]|| =1
e Def: The Rayleigh quotient of a vector x is:

r(x) =

xT Ax
xTx
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Rayleigh quotient

* Notes
1. If x is an eigenvector, then r(x) is an eigenvalue
2. Given x, find a such that

X1
xn
2

The normal equations: (x”x)a = xT (Ax)
a=r1(x)

min,, a— Ax (m X 1 least squares)

3. Theorem: Let q; be an eigenvector and x = q;
2
then r(x) — r(q]-) =0 <||x — qj|| ) asx - q;
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Power lteration

o Let v(® = approximate eigenvector, | v(°)|| =1and

{q;} = set of eigenvectors

e Thenv©® = €191 + C2qp + -+ Cpqn
= Av(o) = Cll’llql + CZ/’lqu + -+ Cn/’{nqn
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Power lteration

o Similarly, A¥v©® = ¢; A%q, + c,A8q, + - + cp Ak g,

= 21 (Clql + ¢ (i—j)k Gz + -+ cp (%)k qn)

o Suppose |[A1] > [15] = - = |A,].

L
Then /1—‘ —»0ask - oo
1
Akp©) ~ ¢ Akq,  for large k
. Aky(0)
e T ko]
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Example

21 7 -1 1
«A=|5 7 7| v»@=1
4 -4 20 1

Power Iteration Algorithm

v(® =initial guess, | v(0)|| =1
fork =1,2, ...
w = Av&-D

o _ W
VT vl

T
AW = (v)) Ap®)  Rayleigh quotient

end
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Power Iteration Algorithm

* Notes
1. We normalize Av® =1 in each computation of v
2. Theorem: Suppose |A;] > |1,| = |A3] = -+ = |4,]
and gTv(® # 0. Then

||v(k) - (iql)” =0 ( % k) and
1
|/1(k)_/11| =0(j—22k>ask—>oo
1

It only computes g4
A2

1

The convergence is linear, the convergence rate =

The convergence can be slow if |1;] = |4,]
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Inverse lteration

* Idea1: Use A~ to compute the smallest eigenvalue

- 1 1 1
Note: A(A™Y) = {, =, .., =}
A" Az An
o Thus: v©® =ciq; + 9 + -+

A© = Clliql + ot Cn%Qn
1 n

A—kv(O) =c (A_ll)k g1+ +c, (i)k In
= (i)k [Cl (;_?)k qpt -t cp (%)k n-1t CnQn]

A—kv(O) x~ Cp (%)k qn
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Inverse Iteration
* Idea 2: Shifting. Consider B =A—ul u & A(A)

Then B has the same eigenvectors as A and
its eigenvalues are {A; — u}, where 4; € A(A).

* If uis close to 4;, then A; — u would be the smallest
eigenvalue of B.

* We can apply idea 1 to compute A; — i
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Example
21 7 -1
c A=|5 7 7| AW)={81624}, u=15
4 -4 20
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