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CS475 / CM375
Lecture 11: Oct 18, 2011

QR Factorization and
Gram-Schmidt Orthogonalization
Reading: [TB] Chapters 7, 8
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Gram-Schmidt Orthogonalization

* QR factorization algorithm
— A = QR (Q orthogonal and R upper A)
— Picture:

* At the ji" step
- q; is orthogonal to {ql, ey CIj—1}

- ||qj||=1
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Gram-Schmidt Orthogonalization

« Consider v; = a; + X1_; Biq;

* Since 0 = q; v;
= qha; + X2 Bi(akq) k=1,..,j—1
= Q4 + Bk

~ Br = —qra _ (9fqr =1)
= Vi =0a — Z{;ll(ql'Taj)Qi
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Gram-Schmidt Orthogonalization

. v;
* Normalizev; = g =||—J||
v-
j
a
e Henceq, = —
T11
__Qx—T12q1
a: T,
G, = an=X15 Tindi
n nn
e T . L. = . —
* Wherer;; =q; a;, 155 = ||a] i= 1ruql||
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Gram-Schmidt Algorithm

Forj=1,2,..,n

v]=a] .
fori=1,..,j—1
_ T
Tij = 4; 4
Vj = V; — Tijq;
end
i = |vj||
v
J
q.=_
Ty

end
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Modified Gram-Schmidt

* Change: “r;; = q; @;” > “ryj = q{ v;” (more stable)

* Inthe i-loop, v; changes for each i

. 1

i = 1:vj( ) = aj —11jq1

. 2 1

=2 vj( ) = v]-( ) —12jq2 = 4j — 1141 — 12592

. k— -
i=k- 1:’]1‘( Y= a; — Y g
s Ati=k, mn;=qjq

=qi (o - r5a) (@ L {q1, ) Gr-1})

_ T, k-1
= qiv;
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Complexity of Gram-Schmidt

* Consider the i-loop:
r;=qlajorqlv; > mmult,m—1adds
v; = vj —13;q; 2 mmult, m subs
~ flops -~ 4m
* Total flops = 7:12{;11 4m
=Y. —Ddm ~4mY]}_,j
__4mn(n+1)

2,
~ 2mn

* Note: when m = n, then flops(QR) = 2n3 + 0(n?)
~ 3 X flops(LU)
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Example
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Householder triangularization

More stable than Gram-Schmidt
Idea: Qn QZ Ql A = R

Qi € R™ ™ orthogonal matrices

Similar to GE, each @y, will make the entries of col j
become zero

Picture:
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Householder reflectors

. I 01}k—1
* Define Q) = [0 F]}m—(k—l)

e [ is chosen to be a Householder reflector
e Picture
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Householder Reflector

X [|x||
« Suppose x = || then Fx = 0 = |Ix||e;
X 0

e F “reflects” x across hyperplane H orthogonal to v = ||x||e1 —Xx

e The orthogonal projector of x onto H:

T T
Px=x— <L> x L=x—vu
oll) Tl = Vo

e Since F is a reflector, it should go twice as far:

vTx

Fx=x—2vT
vly
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Householder Reflectors

* Two possibilities:

* For stability reason, the further one is chosen
—ie., v = —sign(x)|lx||e; — x
v= sign(x1)||x||e1 + x
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Another Derivation

T
o letF=1- 2%. Find v s.t. Fx € span{e,}.

T
s Fx=x-2 #v
v'v
€ span{e;} & v € span{x, e;}
e Lletv=x+ ae;
vix =xTx + aelx = xTx + ax;
vy =(x+ae)"(x + aey)

=xTx + 2ax; + a?
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Derivation Continued

* Hencev =x+ ||x||e1
and Fx = $|Ix||el
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Example
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