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Abstract

Given demonstrations from an optimal expert, inverse reinforcement learning aims to learn
an underlying reward function. However, it is limiting to assume that the reward function
fully explains the expert behaviour, since in many real world settings the expert might be
acting to satisfy additional behavioural constraints. Recovering these additional constraints
falls within the paradigm of constraint learning from demonstrations. Specifically, in this
work, we focus on the setting of inverse constraint learning (ICL), where we wish to learn
a single but arbitrarily complex constraint from demonstrations assuming the reward is
known in advance.

For this setting, we first provide a framework to learn an expected constraint from con-
strained expert demonstrations. We then show how to translate an expected constraint
into a probabilistic constraint and additionally extend the proposed framework to learn a
probabilistic constraint from constrained expert demonstrations. Here, an expected con-
straint refers to a constraint that bounds the cumulative costs averaged over a batch of
trajectories to be within a budget. Similarly, a probabilistic constraint upper bounds
the probability that cumulative costs are above a certain threshold. Finally, we provide
convergence guarantees for the proposed frameworks.

Following these approaches, we consider the complementary challenge of learning a con-
straint in a high dimensional state-action space. In such a setting, the constraint function
may truly depend only on a subset of the input features. We propose using a simple test
from the hypothesis testing literature to select this subset of features in order to construct
a reduced input space for the constraint function. We also discuss the implications of using
this approach in conjunction with an ICL algorithm.

To validate our proposed approaches, we conduct experiments with synthetic, robotics
and environments based on real-world driving datasets. For feature selection, we test our
approach by considering environments with varying state-action space sizes.
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Chapter 1

Introduction

1.1 Reinforcement learning (RL)

Reinforcement learning (RL) [127] is a growing subfield within the broad field of machine
learning (ML). Typically, RL algorithms aim to learn a policy or behaviour (i.e. how to
act) given access to an environment and a reward signal, through the process of repeated
interactions with the environment. The overall objective is to maximize some notion of
long-term reward.

Figure 1.1: Autonomous driving example: here, the agent must learn how to drive to reach
a certain destination. (Source: Forbes)

There are many examples of using RL agents to learn behaviours. In this work, we motivate
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decision making through the simple example of an autonomous driving setup where the
agent is the vehicle that must learn how to drive, given access to the driving environment
and a reward signal that encodes some notion of progress towards the destination.

After each interaction with the environment, the agent (i.e. the vehicle) receives an in-
stantaneous reward signal that indicates how good or bad the action was. For example,
if the agent moves towards the final destination, it may receive a positive reward and if
it moves away from the destination or stays stopped, it may receive a negative reward.
Then, using the feedback from these reward signals, an RL algorithm improves upon a
policy repeatedly, until it becomes optimal.

Figure 1.2: RL vs IRL.

Specifying a reward signal for the purpose of learning optimal behaviour is a manual
and laborious process. Therefore it is common to collect some expert demonstrations and
automate the process of specifying a reward by learning a reward from these collected expert
demonstrations. This is the process of inverse reinforcement learning (IRL) [97, 115], which
takes in demonstrations from an optimal policy (expert) and outputs a reward function that
encodes the underlying motivation behind the agent’s behaviour. Here, a reward function
is an instantaneous function of the state and action, that encodes the instantaneous reward
signal.

1.2 Constrained reinforcement learning (CRL)

In many cases, there exist behavioural constraints that the agent must satisfy, in addition
to optimizing the reward function objective. For example, in the context of autonomous
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driving, in addition to the standard objective of progress towards the destination which
can be encoded through a reward function, there exist other objectives like safety, comfort,
no traffic violations, etc. that are naturally specified through additional constraints.

Learning an optimal policy or behaviour (i.e., how to act) such that the long term reward
signal is maximized while ensuring that the specified constraints are specified falls within
the paradigm of constrained reinforcement learning.

Figure 1.3: Autonomous driving constraint example: here, the agent must learn how to
drive to reach a certain destination subject to a constraint on safety, i.e., the agent should
avoid collisions with other vehicles by maintaining lateral and longitudinal gaps. (Source:
rac.co.uk)

However, defining these constraints is challenging in practice since it is impractical to list
out all the behavioural constraints that apply to a problem, especially when the constraints
are time varying and context-dependent. For example, in an autonomous driving scenario,
the constraints may not just depend on safety, comfort and traffic rule obedience, but
also depend on contextual factors like time of day and weather conditions. Similarly, in a
lane change scenario for autonomous driving, the agent may need to maintain a gap from
other vehicles, which is a time varying constraint that depends on the instantaneous traffic
density near the agent vehicle and is specified differently depending on the speed limit.

One solution to avoid manually specifying all the constraints that apply to a problem is to
perform constraint learning from expert demonstrations. Similar to inverse RL that learns
a reward function from expert demonstrations, inverse constrained RL (ICRL) aims to learn
both the reward and constraint functions from given expert demonstrations. This means
that given expert demonstrations, we learn a reward function as well as all the necessary
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constraint functions that produce the expert behaviour. Here, a constraint function defines
a corresponding constraint.

Our objective in this work is to provide techniques for learning constraints from expert
demonstrations. There are two reasons we prefer to learn constraints over rewards:

• Specifying behaviour through constraints might be more convenient than specify-
ing behaviour through a reward due to interpretability of constraints [25] and their
established usefulness in safety-critical applications [26].

• Constraints can be conveniently reused in environments of the same domain, but
with different dynamics, and in some cases, can be reused across different domains.
To see this, consider a constraint that limits the agent’s visit to certain unsafe states
and only allows visiting safe states instead. This can be encapsulated by a reward
function which is sufficiently negative for unsafe states, so as to discourage visiting
such states. While a negative reward may be sufficient to prevent an unsafe state
to be visited in some environment, that same negative reward may be insufficient in
a different environment when the optimal policy visits other states (due to different
dynamics) with positive rewards that may now compensate for this negative reward.
These factors may lead to a completely different policy being learned in the target
environment. In contrast, specifying this behaviour through a constraint is much
simpler since there are no negative rewards to deal with. Due to this transferability
problem, it is desirable to work with constraints rather than an equivalent reward.

1.3 Inverse constraint learning (ICL)

As explained in Section 1.2, we can use inverse RL algorithms to extract a reward function,
or use inverse constrained RL algorithms to extract both a reward and constraint functions.
However, these methods suffer from the problem of unidentifiability. In the context of
inverse RL, this refers to the phenomenon that several different reward functions can yield
the same optimal policy through an RL algorithm. Due to this, there is no unique reward
function that the inverse RL process can output. Similarly, for inverse constrained RL, this
ambiguity or unidentifiability is exacerbated since now there are several reward-constraint
combinations that can be output by the ICRL process.
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Figure 1.4: The problem of unidentifiability in inverse RL: different rewards may yield
the same optimal policy, so there is an inherent ambiguity in the output of an inverse RL
algorithm since there are multiple possible valid reward functions that can be output.

To mitigate this unidentifiability, we assume the reward function is known in advance,
and only a single constraint needs to be learned1. Since we are learning a constraint
parameterized by a neural network, this is not limiting as the learned constraint can be
arbitrarily complex. This is defined as the inverse constraint learning (ICL) setting. We
will further elaborate on this setting in Chapter 2.

Briefly, the kind of constraints that can be learned in the ICL setting are (a) a hard
constraint, (b) an expected constraint, or (c) a probabilistic constraint. Note that in this
work, we consider trajectory level constraints rather that instantaneous constraints2.

Prior work has proposed methods to learn a hard constraint [25, 27, 26, 120, 88] from
expert demonstrations. Such a constraint can either be defined as a constraint set (i.e.
learning which state-action pairs are forbidden to visit) or as a cumulative constraint that
must be satisfied for all trajectories.

In contrast, an expected or soft constraint is satisfied in expectation across a batch of
trajectories [42, 134]. This means that some of the trajectories in the batch may violate
the constraint, but on average the constraint will be satisfied. Such a constraint can
take into account noise in sensor measurements and some possible violations in expert
demonstrations. In this work, we propose a novel (and the first) framework called ICL
to learn such an expected constraint (for simplicity, the framework is also called ICL). To
formulate our method, we adopt the framework of Constrained Markov decision processes
(CMDPs) [4], where an agent seeks to maximize expected cumulative rewards subject to

1This does not completely solve the unidentifiability problem since different constraints could still yield
the same optimal policy. However, for the purposes of this work it will be sufficient to find “a” constraint
that can explain the expert demonstrations.

2defined for each state-action pair that was visited
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Figure 1.5: An example illustrating the different types of constraints. Here, blue lines
correspond to various trajectories, green ticks refer to a constraint being satisfied in a
trajectory and red crosses refer to a constraint being violated in a trajectory. The numbers
represent the cumulative costs for individual trajectories. A constraint being satisfied for
a trajectory refers to the condition being met that the cumulative cost for the trajectory is
within the budget. Based on these notions, there are three types of constraints: (a) a hard
constraint needs to satisfy the constraint for each trajectory, (b) an expected constraint
satisfies the constraint in expectation across a batch of trajectories, and (c) a probabilistic
constraint lower bounds the degree of constraint satisfaction across trajectories.

cumulative constraints. In IRL fashion [6], we iteratively adjust a constraint function until
the agent’s behaviour matches the expert’s behaviour.

We can further define a probabilistic or chance constraint. Unlike hard constraints where no
violations are allowed, and expected constraints where some violations are allowed subject
to the average constraint value being within a budget, a probabilistic constraint directly
specifies an upper threshold on the amount of violations allowed, or equivalently, a lower
bound on the degree of constraint satisfaction across trajectories. We propose two methods
to learn such a constraint: one where we reuse ICL to learn an expected constraint that
by sufficiency also satisfies a related probabilistic constraint, and another, where we learn
the probabilistic constraint directly.
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1.4 Challenges in constraint learning

There are some key challenges in learning constraints from demonstrations. Some of these
challenges are as follows:

1. As mentioned previously, a set of demonstrations can be generated by two or more
equivalent reward-constraint combinations (i.e. unidentifiability). Due to this, there
may be multiple valid constraints that can be recovered from a single set of expert
demonstrations. We consider the setting of learning a single canonical constraint from
demonstrations assuming the reward is known in advance, which mitigates some of
this ambiguity (explained in Section 2.9.1).

2. The nature of the environment may make learning a constraint more challenging,
for example, stochastic environments, multi-agent settings or partially observable
environments. We particularly address the challenge of stochastic environments in
this work (Appendix A.2).

3. The learned constraint may overfit to the demonstrations. Due to this, it may not
generalize well to unseen demonstrations. The methods proposed in this work do not
seem to suffer from overfitting, at least empirically.

4. High dimensional input spaces may make a constraint more challenging, when the
underlying constraint truly only depends on a subset of the input features. We
particularly address the challenge of high dimensional input spaces in Chapter 6.

1.5 Contributions

Our contributions can be stated as follows.

1. We provide a novel formulation and method to learn an expected or soft constraint
in the ICL setting. Our formulation poses ICL as a two phase alternating procedure,
that alternates between constrained policy optimization and constraint adjustment.
Our method can learn an arbitrary constraint (e.g. disjunction or conjunction of
several simple constraints) since the constraint is parameterized by a neural network.

2. We discuss how to translate an expected constraint into a probabilistic constraint.
Specifically, we provide a theorem that shows that an expected constraint with a
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modified threshold implies a probabilistic constraint. We then learn a probabilistic
constraint using a prior method designed for learning an expected constraint.

3. We propose a novel formulation and method to learn a probabilistic or chance con-
straint in the ICL setting. Similar to the expected constraint formulation, we again
pose IPCL as a two phase alternating procedure, however instead of learning an
expected constraint, we learn a probabilistic constraint.

4. We provide convergence results for the proposed methods.

5. We propose an approach to select the input features for the proposed ICL algorithms.
To do this feature selection, we use a simple statistical test from hypothesis testing
literature. We also provide a variant of our algorithm with ICL that mitigates feature
overlap.

6. We validate the proposed methods by conducting experiments with synthetic en-
vironments, robotics environments and environments based on real world driving
datasets.

1.6 Structure of this work

This work is structured as follows.

• In this chapter, i.e. Chapter 1, we first introduce the need for learning various types
of constraints and elaborate on the challenges in learning constraints.

• In Chapter 2, we lay out the preliminaries, background and mathematical notion
required for the rest of this work.

• In Chapter 3, we discuss related work in constraint learning and feature selection, in
addition to applications of constraint learning.

• In Chapter 4, we discuss the ICL framework that can be used to learn an expected
constraint from expert demonstrations. We validate the proposed method and discuss
our results, also answering related questions.

• In Chapter 5, we discuss the IPCL framework that can be used to learn a probabilistic
constraint from expert demonstrations. We also describe how to use existing methods
that learn an expected constraint to learn a probabilistic constraint instead. Later,
we validate our method and discuss our results.
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• In Chapter 6, we discuss the need for learning a constraint with a reduced input
space, and later provide a practical algorithm to perform this feature selection using
a simple statistical test from hypothesis testing literature.

• In Chapter 7, we conclude this work, discuss limitations and potential future research.
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Chapter 2

Preliminaries

2.1 Markov decision process (MDP)

We begin with the concept of MDPs, which formalize the problem of learning from inter-
action through sequential decision making. The MDP formalism is a popular tool, which
is very widely used to represent sequential decision making problems in the RL literature.

The interaction process in an MDP is illustrated in Figure 2.1. The decision maker, or
the agent, repeatedly interacts with the environment. Here, the environment consists of
everything except the agent, and is represented by an MDP. More concretely, the interac-
tion at time t happens as follows. The agent receives the environment’s state St ∈ S and
selects an action At ∈ A. The environment transitions from state St to St+1 and produces
a reward signal. Then, at the next time step t + 1, the agent receives the reward signal
Rt+1 and environment transitions into a new state St+1 ∈ S.

Figure 2.1: Interaction process between the agent and environment. Source: [127]
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To understand the MDP formalism better, we can consider the following example of a
delivery truck’s routine (shown in Figure 2.2). The delivery truck starts from an initial
state where it is located in Warehouse 1. From here, it can take 3 actions, A1, A2 and
A3 and receive rewards +5, +3, +1 respectively depending on the payment received for
the consignment minus the fuel costs. For each of these actions, the truck reaches either
Company A, B, or C respectively. Afterwards, it can return to Warehouse 2 by taking the
action A4. In this case, it receives a reward of -1 due to the additional fuel cost incurred
to reach Warehouse 2. After the truck has reached Warehouse 2, it stays at Warehouse 2.

Figure 2.2: MDP example: delivery truck’s routine. The possible actions are A1, A2, A3
and A4. The states correspond to the various locations of the truck. Depending on the
state and the action taken, the agent receives different rewards.

The objective of the delivery truck, and agents in general, is to maximize the long term
reward. Here, we can see that the long term reward is maximized if the delivery truck
goes to Company A and then reaches Warehouse 2 (total reward = 5 - 1 = 4). In gen-
eral, the problem is to maximize the average long term reward across several episodes (or
trajectories).

Now, we define the notion of a trajectory. A trajectory or an episode is defined as a sequence
of state action pairs (or transitions) until (a) the time horizon or limit h is reached, or (b)
the trajectory encounters a terminal state. In the example, this terminal state corresponds
to reaching Warehouse 2. Mathematically,

τ := (S0, A0, S1, A1, S2, A2, · · · ) (2.1)
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With this notation, the interaction process is defined as follows. The agent starts out in a
start state determined by the start state distribution S0 ∼ µ(S). Then it takes an action A1

and transitions into state S1 determined by the next state or transition distribution. This
process is repeated until the trajectory ends. At every discrete time step t ≥ 0, the agent
observes the state St from the environment, takes an action At sampled from its stochastic
policy At ∼ π(A|S) (this can also be a deterministic policy At = π(St)), and transitions
into the next state St+1 sampled from the transition distribution, i.e. St+1 ∼ p(S|St, At).

Further, sampling a trajectory refers to the following shorthand:

τ ∼ π ⇐⇒ S0 ∼ µ;At ∼ π(·|St);St+1 ∼ p(·|St, At),∀t (2.2)

Using this notation, we can define the objective of the agent as trying to maximize the
long term expected reward (or expected return, where the return is the reward accumulated
from a certain timestep till the end of the trajectory).

max
π

Eτ∼π

[
∞∑
t=0

r(St, At)

]
(2.3)

A policy that maximizes this objective is called an optimal policy. Here, r : S × A → R
refers to the reward function, which is the instantaneous reward signal that the agent
receives after performing an action, at the next timestep. Note that the reward itself
may be sampled from a distribution, but for the purposes of this work, we assume it is a
deterministic function of the immediate state and action.

We can also consider the notion of discounted rewards. In general, a discounted sum of
rewards (or a discounted return) can capture the farsightedness of the agent. For this, we
can introduce a discount factor 0 ≤ γ ≤ 1. In particular, we can define a discounted return
as:

Gr(τ ; γ) = Gr(τ) :=
∞∑
t=0

γtr(st, at) (2.4)

Then, the discounted objective becomes:

max
π

Eτ∼π[Gr(τ)] (2.5)
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The purpose of the discount factor can be understood as follows. As γ approaches 0, the
agent weighs future reward lesser and is therefore myopic or near-sighted. If γ approaches 1,
the agent weighs future rewards more and is therefore far-sighted. Moreover, the discount
factor γ multiplied in a geometric fashion makes the sum of rewards finite, especially when
the trajectory itself has infinite time steps. The discounted nature of the objective also
means that the objective satisfies the Bellman equation:

Eτ∼π[Gr(τ)|S0 = s] =
∑
a∈A

π(a|s)
∑
s′∈S

p(s′|s, a) [r(s, a) + γEτ∼π[Gr(τ)|S0 = s′]] (2.6)

We can show that the Bellman equation has a unique solution that coincides with the
optimal policy that maximizes the discounted objective.

With these notions explained, we can now formally define an MDP as follows. An MDP
is a collection or tuple (S,A, p, µ, r, γ), where

• S is the state space, i.e. the set of all possible states

• A is the action space, i.e. the set of all possible actions

• p(s′|s, a) is the transition probability of going from state s ∈ S to another state
s′ ∈ S when action a is taken

• µ is the initial state distribution over the state space S, i.e. how likely is a state to
be an initial state

• r : S ×A → R is the reward function

• γ ∈ [0, 1] is the discount factor

We assume that the behaviour of the agent is represented using a stochastic policy π :
S × A → [0, 1] such that

∑
A∈A π(A|S) = 1. Note that the definition of stochastic policy

encompasses the definition of a deterministic policy, hence this assumption is okay in
practice. The objective of the agent (control) is to maximize the expected long term
discounted reward.
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2.1.1 Solution time complexity

Given the components of an MDP (assuming a finite state-action space), including the
transition function and the reward function, the optimal policy or value can be computed
using policy iteration or value iteration algorithms, which have polynomial time complexity
in the number of states and actions.

2.1.2 Sampling datasets

Sampling a dataset refers to the following shorthand:

D ∼ π ⇐⇒ D = {τi; τi ∼ π}Ni=1 (2.7)

2.1.3 Dataset dissimilarity

Before defining the notion of dissimilarity between datasets, we first define a metric. A
metric is a distance function (that maps two mathematical objects to a positive real num-
ber) which follows four properties: (a) the distance between the same two objects is 0, i.e.
d(x,x) = 0, (b) the distance between two different objects is positive, i.e. ∀x ̸= y, d(x,y) >
0, (c) the distance between two objects is symmetric, i.e. ∀x,y, d(x,y) = d(y,x), and (d)
the distance between any two objects in a set of three objects satisfies the triangle inequal-
ity, i.e. ∀x,y, z, d(x,y) + d(y, z) ≥ d(x, z). A simple example of such a distance metric is
the Euclidean distance defined for two vectors:

deuc(x,y) := ∥x− y∥2 (2.8)

In the same way, a premetric is a distance function that satisfies at least the first two
conditions out of the four conditions listed above. By definition, a metric is also a premetric.
An example of a premetric is the KL divergence defined for two probability distributions:

dKL(p, q) :=

∫
p(x) log

[
p(x)

q(x)

]
dx (2.9)

Using these notions, we can now define a distance function ddis that can measure the
dissimilarity between two demonstration datasets D1 and D2 as a premetric over the space
of dataset objects:
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ddis(D1,D2;D1 ∼ π1,D2 ∼ π2) (2.10)

We do not formally define this distance function, but use an empirical estimation of it later
on, called the normalized accrual dissimilarity (see Section 4.3.4 and Section 5.3.4).

2.2 Reinforcement learning (RL)

There are two kinds of problems that we encounter in reinforcement learning: (a) given a
policy, if we just wish to obtain an estimate of the expected return quantity, it is called the
prediction problem; (b) if we wish to maximize the objective to obtain an optimal policy,
it is called the control problem. In this work, we are concerned with the control problem,
i.e. an RL process obtains an optimal policy that maximizes the discounted objective.

RL(r) = π∗ := argmax
π

Eτ∼π[Gr(τ)] (2.11)

A key difference between RL and the MDP objective is that in RL, we learn an optimal
policy purely using samples, assuming that the transition dynamics and the reward function
are unknown or unavailable, and thus cannot be evaluated. In particular, the samples are
obtained through the interaction between the agent and the environment. In this way,
RL is a relaxation of the MDP formalism where certain objects (reward and transition
dynamics) are not directly available.

2.3 Constrained Markov decision process (CMDP)

As explained in Section 1.2, sometimes it may be more amenable to specify behaviour
through additional behavioural constraints. For this purpose, it is useful to work with
CMDPs.

The interaction process between the agent and environment (represented by the CMDP) is
slightly different compared to the MDP setting. More specifically, the agent still receives
a state St ∈ S and takes an action At ∈ A according to its policy, but at the next time
step it receives both the reward signal Rt+1 and cost signal Ct+1 while the environment
transitions to the next state St+1 according to its transition dynamics.
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Figure 2.3: CMDP example: delivery truck’s routine with payload constraint. Depending
on the state and the action taken, the agent receives different rewards and costs. Here, the
cost represents the truck weight for the journey.

To understand the CMDP formalism better, we can again consider the example of a delivery
truck, as shown in Figure 2.3. Suppose the truck has an operating condition that, at all
times, the weight of the truck should not exceed 200 kg. As shown in the figure, the weight
of the truck if going to Company A, B, and C are 300 kg, 200 kg and 100 kg respectively.
With the specified constraint, the previously optimal policy of going to Company A and
then going to Warehouse 2 is no longer optimal since it violates the operating constraint.
Instead, now it is optimal to go to Company B and then to Warehouse 2 since that
maximizes the long term reward while satisfying the constraint.

As seen in this example, in a CMDP setting, the objective of the agent is to maximize
its long term reward subject to satisfying additional constraints (suppose there are K
constraints). Formally, a CMDP augments the MDP collection or tuple with one or more
constraint functions or costs (ci : S × A → R+,∀i) [4]. If the constraints are expected,
then the episodic constraint thresholds βi,∀1 ≤ i ≤ K are also augmented. That is,

M := (S,A, p, µ, r, γ, {ci, βi}Ki=1) (2.12)

The corresponding objective for a CMDP is:
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max
π

Eτ∼π[Gr(τ)] s.t. Eτ∼π[Gci(τ)] ≤ βi, ∀1 ≤ i ≤ K (2.13)

In this case, the optimal policy must additionally satisfy the expected constraints.

If the constraints are probabilistic, then both the constraint and probabilistic thresholds
βi, δi,∀i are also augmented to the collection or tuple. That is,

M := (S,A, p, µ, r, γ, {ci, βi, δi}Ki=1) (2.14)

Then, the corresponding objective for a probabilistic CMDP is:

max
π

Eτ∼π[Gr(τ)] s.t. Pτ∼π

(
Gci(τ) ≤ βi

)
≥ δi, ∀1 ≤ i ≤ K (2.15)

In this case, the optimal policy satisfies the additional probabilistic constraints.

We can better understand the difference between expected and probabilistic constraints
through Figure 2.4 (repeated from Figure 1.5). An expected constraint satisfies the con-
straint in expectation across a batch of trajectories, and a probabilistic constraint lower
bounds the degree of constraint satisfaction across trajectories. In the given figure, the
discounted cumulative costs for 3 trajectories are given. With a budget of 3, the expected
constraint is satisfied in the given example since the average discounted cumulative cost
is 3. Similarly, with a budget of 3 and a satisfaction threshold of 30%, the probabilistic
constraint is also satisfied since the constraint is satisfied in 33.33% of trajectories individ-
ually.

For ease of notation, we also define the threshold set to be:

Γβ := {βi}Ki=1 (2.16)

Γβ,δ := {βi, δi}Ki=1 (2.17)

2.3.1 Solution time complexity

Given the components of a CMDP with expected constraints (assuming a finite state-action
space), the optimal policy can be expressed in terms of the optimal occupancy measures
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Figure 2.4: An example illustrating the difference between expected and probabilistic
constraints. Here, blue lines correspond to various trajectories, green ticks refer to a
constraint being satisfied in a trajectory and red crosses refer to a constraint being not
satisfied in a trajectory. A constraint being satisfied for a trajectory refers to the condition
being met that the cumulative cost for the trajectory is within the budget.

that solve the corresponding linear program. Since a linear program can be effectively
solved in polynomial time, the optimal policy can also be obtained in polynomial time,
polynomial in both the number of variables (size of the finite state action space) and the
number of constraints.

2.4 Constrained reinforcement learning (CRL)

Similar to the case of RL, the constraint functions, transition dynamics and rewards are not
directly known or accessible in the setting of Constrained reinforcement learning (CRL).
In this way, the CRL objective is a relaxation of the CMDP objective specified in Equa-
tion (2.13) since we use only samples from the agent-environment interaction. Further, in
addition to the reward optimization objective in RL, CRL has constraints that must be
satisfied.

2.4.1 Expected CRL

When the constraints are defined using expected constraint functions ci, we refer to the
procedure as expected CRL, or more simply, CRL. The procedure can be defined as:

18



CRL(r, {ci}Ki=1; Γβ) = π∗ := argmax
π

Eτ∼π[Gr(τ)] s.t. Eτ∼π[Gci(τ)] ≤ βi, ∀1 ≤ i ≤ K

(2.18)

2.4.2 Probabilistic CRL (PCRL)

For a Probabilistic constrained reinforcement learning (PCRL) setting, the bounds are
not on the expected constraint function returns, but defined probabilistically in terms of
the constraint returns. These constraints are also called chance constraints in the CMDP
literature. The procedure can be defined as:

PCRL(r, {ci}Ki=1; Γβ,δ) = π∗ := argmax
π

Eτ∼π[Gr(τ)]

s.t. Pτ∼π

(
Gci(τ) ≤ βi

)
≥ δi, ∀1 ≤ i ≤ K (2.19)

2.5 Inverse learning

Next, we define the various inverse learning procedures relevant to this work.

2.5.1 Inverse reinforcement learning (IRL)

First, we define the process of IRL. IRL does the opposite of RL control objective. In RL,
we know the reward function and we wish to obtain the optimal policy that maximizes the
expected return. Instead, in IRL, we have access to the optimal (or a near optimal) policy
through a demonstration dataset D = {τj}Nj=1, and we wish to recover a reward r which
best explains the provided dataset, that is, if we perform RL with reward r, the learned
optimal policy should have a high probability of generating D.

IRL(D;D ∼ π∗) := r =⇒ RL(r) = π∗ (2.20)

This is equivalent to minimizing the dissimilarity between the expert dataset DE and the
dataset D generated by the agent’s policy:

argminr ddis(D,DE;D ∼ RL(r)) (2.21)
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2.5.2 Inverse CRL (ICRL)

Inverse constrained reinforcement learning (ICRL) similarly tries to obtain a reward func-
tion r and the additional constraint functions ci given access to constrained demonstrations
D such that when CRL is performed with r, ci∀i, the learned optimal constrained policy
has a high probability of generating D.

ICRL(D;D ∼ π∗) := r, {ci}i∀i =⇒ CRL(r, {ci}i; Γβ) = π∗ (2.22)

This is equivalent to minimizing the dissimilarity between the expert dataset DE and the
agent’s dataset D, assuming that the agent satisfies additional constraints as a part of the
CRL procedure:

argminr,{ci}i ddis(D,DE;D ∼ CRL(r, {ci}i; Γβ)) (2.23)

Note that the CRL procedure may be replaced with the PCRL procedure if required.

2.5.3 Inverse constraint learning (ICL)

In the ICL setting [42, 88, 120], we assume that the reward r is known, and that there is
only one constraint function that must be recovered. In this work, the recovered constraint
function is parameterized by a neural network. These assumptions are not very restrictive
as even a single constraint function can represent an arbitrarily complex constraint due to
the neural network parameterization.

ICL(r,D;D ∼ π∗) := c =⇒ CRL(r, {c}; Γβ) = π∗ (2.24)

This is equivalent to minimizing the dissimilarity between the expert dataset DE and the
dataset sampled using the agent’s policy, D:

argminc ddis(D,DE;D ∼ CRL(r, {c}; Γβ)) (2.25)

2.5.4 Inverse probabilistic constraint learning (IPCL)

The difference between the ICL and IPCL setup is that in the case of IPCL, we need to
learn a single probabilistic constraint, i.e.
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IPCL(r,D;D ∼ π∗) := c =⇒ PCRL(r, {c}; Γβ,δ) = π∗ (2.26)

This is equivalent to:

argminc ddis(D,DE;D ∼ PCRL(r, {c}; Γβ,δ)) (2.27)

2.6 Problem setup

Suppose we are given access to demonstrations from an expert policy, i.e.

DE ∼ πE (2.28)

Then, our objectives in this work are:

1. Provide an ICL procedure that can learn an expected constraint from an expert
dataset DE (Equation (2.25)):

argminc ddis(D,DE;D ∼ CRL(r, {c}; Γβ))

2. Provide an IPCL procedure that can learn a probabilistic constraint from an expert
dataset DE (Equation (2.27)):

argminc ddis(D,DE;D ∼ PCRL(r, {c}; Γβ,δ))

3. Provide a feature selection procedure that can determine the input features necessary
for predicting the constraint function output.

Similar to prior work [27], we learn only the constraint, but not the reward function.
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2.7 RL algorithms

2.7.1 Trust region policy optimization (TRPO)

We first discuss TRPO, a family of RL methods that can be used to obtain an optimal
policy given a reward function. These Trust region policy optimization (TRPO) algorithms
maximize a surrogate objective:

max
π

Et

[
π(At|St;θ)

π(At|St;θold)
Â(St, At)

]
(2.29)

subject to Et[KL[πθold
(·|St)∥πθ(·|St)]] ≤ δ (2.30)

The idea is to maximize a surrogate objective (Equation (2.29)), which is approximately
equivalent to the policy improvement quantity (i.e. the change in expected long term
reward), but by making a small change to θold, i.e. the new θ must lie within a “trust
region” as specified by the KL constraint (Equation (2.30)).

Note that here the advantage computation (i.e. computation of Â) corresponds to gener-
alized advantage estimation [118] (r corresponds to the reward function, V corresponds to
the value function):

∆t = r(St, At) + γV (St+1)− V (St), t ∈ [T ] (2.31)

Â(St, At) = ∆t + (γλ)∆t+1 + · · ·+ (γλ)T−t∆T (2.32)

2.7.2 Proximal policy optimization (PPO)

The PPO objective then builds upon this TRPO objective. In particular, the PPO loss
objective is a clipped surrogate objective that takes the minimum of a clipped and an
unclipped objective (Equation (2.34)). With this scheme, the objective behaves like a
pessimistic bound on the unclipped objective, ignoring the change in the probability ratio
(Equation (2.33)) when it makes the objective improve and including it when it makes the
objective worse [119]. Finally, minimizing the loss maximizes this objective and maximizes
entropy of the policy (Equation (2.35)).
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ρt :=
π(At|St;θ)

π(At|St;θold)
(2.33)

PPO-Objective(π) := Et

[
min(ρt, clip(ρt, 1− ϵPPO, 1 + ϵPPO))Â(St, At)

]
(2.34)

PPO-Loss(π) := −PPO-Objective(π)− λentH(π) (2.35)

2.8 Solving constrained optimization problems

In this work, we will frequently encounter constrained optimization problems of the fol-
lowing type:

max
y
f(y) such that g(y) ≤ 0

There exist several techniques to solve such constrained optimization problems. In this
work, we will focus on using either the Lagrangian method or the penalty method.

Note that optimization with constraints is different than traditional optimization which
only involves maximization or minimization for an objective. For example, minimizing a
potential value (e.g. in robotics) requires us to find the minimizer of this potential, while
constrained minimization requires us to find a feasible minimizer. That is, for constrained
minimization, the minimizer must lie in the feasible region as dictated by the constraints.

2.8.1 Lagrangian method

The Lagrangian method relaxes the original constrained problem (Section 2.8) into the
following min-max problem (λ is the Lagrange multiplier):

min
λ≥0

max
y
f(y)− λg(y) (2.36)

Here, if we violate the constraint, i.e. g(y) > 0, then the overall objective gets penalized.
Similarly, if the constraint is satisfied, i.e. g(y) ≤ 0, then the overall objective value is
increased. When the constraint is violated i.e. g(y) > 0, λ is increased in order to minimize
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the overall objective w.r.t. λ. In such a case, the g(y) term has a larger weight, and the
inner optimization chooses a y that has an effect of minimizing g(y) in order to satisfy the
constraint better. When the constraint is satisfied i.e. g(y) ≤ 0, λ is reduced in order to
minimize the overall objective w.r.t. λ. In this case, the g(y) term has a lower weight, and
the inner optimization chooses a y that has an effect of maximizing f(y). In either case, λ
is automatically adjusted by the outer optimization to either satisfy the constraint better,
or maximize the original objective f(y).

Many existing algorithms solve such constrained optimization problems from the La-
grangian perspective [17, 11, 128, 16] as a min-max problem that can be handled by
gradient ascent-descent type algorithms. In gradient ascent descent, we alternate between
the inner maximization step and the outer minimization step, one gradient update at a
time. The inner maximization chooses a y to maximize the overall objective given λ:

y ← y + η1∇y(f(y)− λg(y)) (2.37)

The outer optimization chooses a λ to minimize the overall objective, while projecting it
to be non negative:

λ← projectionλ→λ≥0{λ− η2∇λ(f(y)− λg(y))} (2.38)

Here, the outer optimization runs at a slower rate than the inner optimization i.e. η2 ≪ η1
[128].

While the Lagrangian method has the benefit of not requiring us to manually set λ, the
alternating optimizations cause oscillatory behavior (see Appendix A.3) and difficulty in
terms of empirical convergence.

2.8.2 Penalty method

To solve constrained optimization problems, we can also use the less commonly used frame-
work of the penalty method. The penalty method [10, 34, 42] converts the constrained
optimization problem1 in Section 2.8 into an unconstrained problem,

max
y
f(y)− λReLU(g(y))

1ReLU(x) is defined as max(0, x). Additionally, λ is a hyperparameter that controls how strongly the
constraint must be satisfied.
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Here, λ is a fixed parameter and needs to be set in advance. Note that in this formulation,
the unconstrained problem is simply a maximization procedure and hence it doesn’t require
an alternating gradient ascent descent type algorithm to solve it.

We elaborate on the choice of λ a bit later. First, we describe an algorithm to do constrained
optimization using the penalty objective [34]. More specifically, we alternate between
feasibility projection and optimizing the overall objective. In feasibility projection, we
modify y in order to directly minimize the ReLU term.

y ← y − η1∇yReLU(g(y)) (2.39)

Here,

∇yReLU(g(y)) = I(g(y) > 0)∇yg(y) (2.40)

Doing this for a few steps ensures that the constraint is satisfied, i.e. g(y) ≤ 0 with-
out maximizing f(y). Then, when we optimize the overall objective, we ensure that the
constraint stays satisfied while maximizing f(y):

y ← y + η2∇y(f(y)− λReLU(g(y))) (2.41)

As an alternative to Lagrangian based approaches, the penalty method has the advantage
of simpler algorithmic implementation. However, the choice of λ is crucial.

A small λmeans that in the overall objective optimization, the gradient update of ReLU(g(y))
is miniscule in comparison to the gradient update of f(y), because of which y may not stay
within the feasible region during the soft loss optimization. In this case, feasibility pro-
jection is important to ensure the overall requirement that feasibility is met (even if exact
feasibility cannot be guaranteed). Conversely, a large λ means that maximizing the overall
objective is likely to ensure feasibility, and the feasibility projection step may therefore be
omitted.

A large λ also means that the algorithm can get stuck in locally feasible regions. In order
to get out of such regions, we need to optimize f(y) more (and therefore adjust λ to be
lower). Thus, the disadvantage of penalty based approaches is that they require us to
manually adjust λ depending upon the result that we wish to achieve.
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2.9 Other topics

2.9.1 Unidentifiability

Now, we discuss the topic of unidentifiability or ambiguity in reward and constraint
learning. Specifically, we define the notion of an alternative reward/constraint as a re-
ward/constraint that is different from the underlying reward/constraint yet it yields the
same policy. This problem is prevalent in IRL, ICRL and ICL problems.

In the context of IRL, if r0 is the true underlying reward (which generates the expert
dataset DE), then r is an alternative reward function if (in the limit of infinite samples):

r
IRL≡ r0 ⇐⇒ ddis(D,DE;D ∼ RL(r),DE ∼ RL(r0)) = 0 (2.42)

Similarly, in the context of ICL, if c0 is the true underlying constraint function (which
generates the expert dataset DE), then c is an alternative constraint function if (in the
limit of infinite samples):

c; Γβ
ICL≡ c0; Γβ ⇐⇒ ddis(D,DE;D ∼ CRL(r, c),DE ∼ CRL(r, c0)) = 0 (2.43)

This definition can be similarly extended to IPCL and ICRL. In the case of IPCL, the
CRL procedure is replaced by the PCRL procedure. Similarly, for ICRL, instead of reward
or constraint equivalence, we have equivalence between two different reward-constraint
combinations.

Essentially, it is difficult to say when a demonstrated behaviour is obeying a constraint, or
maximizing a reward, or doing both. So, for simplicity, we assume the (nominal) reward is
given, and we just need to learn a (single) constraint function. Without loss of generality,
we fix the threshold β to a predetermined value and learn only a constraint function c.

In the context of ICL, mathematically equivalent constraints can be obtained by multiply-
ing the constraint function and the threshold by the same value.

c; Γβ
ICL≡ αc;αΓβ;α > 0, where kΓβ = {kβi}i∀i (2.44)

In this equivalence relation, we say that two constraint functions c and αc (c multiplied
by α for all values of c) are equivalent when the constraint thresholds are also multiplied
by the same value. The equivalence holds between the constraint functions where the
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thresholds (represented by the threshold set Γβ) are known or given for both sides of the
relation.

Another possible unidentifiability arises when we do constraint function shaping, similar
to reward shaping. That is, for a given potential Φ,

c′(s, a, s′) = c(s, a, s′) + γΦ(s′)− Φ(s) (2.45)

It can be shown that modifying β as follows does not change the constraint:

β′ = β − ES∼µ[Φ(S)] (2.46)

This is because

Eτ∼π

[∑
t

γtc′(St, At, St+1)

]
= Eτ∼π

[∑
t

γtc(St, At, St+1)

]
− ES∼µ[Φ(S)] (2.47)

And hence the following constraint is equivalent to the original constraint,

Eτ∼π

[∑
t

γtc′(St, At, St+1)

]
≤ β′ (2.48)

By fixing the reward and β in ICL, we reduce this unidentifiability and learn a certain
constraint within the set of equivalent constraints. However, the unidentifiability is not
completely resolved. This is because there are other possible sources of unidentifiability
that result in constraint ambiguity. For example, changing the constraint function by
a differential amount while setting β to a comparably large amount will not change the
resulting policy if the constraint satisfaction condition can still be met, for certain specific
CMDP settings.

2.9.2 Entropy and mutual information

We will also need to use the concepts of entropy and mutual information for Chapter 6.

The entropy of a discrete random variable X conveys its uncertainty (note that this defini-
tion can be extended to continuous variables by replacing the summation with an integral
over the domain):

H(X) := −
∑
X

p(X) log p(X) (2.49)
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Similarly, the conditional entropy is defined as:

H(X|Y ) := −
∑
X,Y

p(X, Y ) log

(
p(X, Y )

p(Y )

)
(2.50)

Then, the mutual information between variables X, Y is defined as:

I(X;Y ) = H(Y )−H(Y |X) = H(X)−H(X|Y ) (2.51)

2.9.3 Reparameterization trick

We will also need to understand the concept of reparameterization trick for the material
described in Chapter 5. Essentially, the reparameterization trick is a technique that allows
us to differentiate through objectives that depend on sampling from a distribution. Tra-
ditionally, it is difficult to differentiate through the operation of sampling, but this trick
allows us to rewrite these objectives and makes the quantities easily differentiable.

Consider the problem of supervised policy learning, i.e. learning a stochastic policy from
a dataset of state action pairs D = {(si,ai)}Ki=1. We will consider two cases: one where
the policy is parameterized as a Gaussian distribution and another, where the policy is
parameterized as a Categorical distribution.

Continuous variables (Gaussian)

Suppose the stochastic policy is parameterized as a Gaussian, i.e. it outputs a mean vector
µ(s) and a variance vector σ(s).

The loss can be specified using the mean squared error objective:

L(πθ) = Eâi∼πθ(si)

[
∥ai − âi||22

]
(2.52)

Using the definition of the Gaussian policy, the loss function becomes:

L(πθ) = Eâi∼N (µθ(si),σθ(si))

[
∥ai − âi; ∥22

]
(2.53)

This quantity is difficult to differentiate, since the parameters are a part of the sampling
operation. The reparameterization trick rewrites the sampling using the following sum
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(here, ϵi is sampled from a standard normal distribution N (0, I), and ⊙ refers to the
elementwise product) [61]:

âi = µθ(si) + ϵi ⊙ σθ(si) (2.54)

This rewriting makes the error objective easily differentiable, since we can now just sample
several ϵ ∼ N (0, I) and compute the gradient of the expectation, as the expectation of
the individual gradient terms, which can be computed through basic vector operations and
automatic differentiation.

∇θL(πθ) = ∇θEâi∼N (µθ(si),σθ(si))

[
∥ai − âi; ∥22

]
(2.55)

= Eϵi∼N (0,I)

[
∇θ

{
∥ai − (µθ(si) + ϵi ⊙ σθ(si))∥22

}]
(2.56)

Discrete variables (Categorical)

For discrete categorical variables, we can consider the Gumbel max reparameterization trick
as follows [57]. This trick is a general way to approximate samples from the Categorical
distribution.

Let Z be a Categorical variable with class probabilities θk,∀k. Then, a one hot sample
from this Categorical distribution can be obtained through the Gumbel max trick:

z = one-hot[argmax
k
{gk + log θk}] (2.57)

Here, gk,∀k are i.i.d. samples drawn from Gumbel(0, 1) distribution. We refer to a vector
of such variables as g ∼ {Gumbel(0, 1)}K , where K is the number of individual Gumbel(0,
1) samples. The purpose of the one-hot operation is to convert the sample to a one hot
encoding. This is useful when computing objectives like the cross entropy loss:

L(πθ) = Eâi∼πθ(si) [Cross-Entropy(ai, âi)] = Eâi∼Categoricalθ(si) [−ai ⊙ log âi] (2.58)

The Gumbel(0, 1) distribution can be sampled by using inverse transform sampling, i.e.
drawing u ∼ Uniform(0, 1) and computing g = − log(− log u). This is because the Cumu-
lative density function (CDF) of the Gumbel(0, 1) distribution is

F (x) = e−e−x

(2.59)
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Thus the inverse CDF is:

F−1(u) = − log(− log u) (2.60)

Since we wish to obtain a differentiable reparameterization, we can consider sampling from
the softmax version of the Gumbel max trick. In this version, we can create a Gumbel
softmax distribution where the class probabilities can be computed as:

θ̂k =
exp((log θk + gk)/ξ)∑
j exp((log θ

j + gj)/ξ)
,∀i (2.61)

Here, ξ refers to the temperature parameter. As ξ → 0, the sampling operation represents
the original Gumbel max trick since the logit θ̂k quantity gets closer to an argmax operation.

Similar to the case of Gaussian reparameterization, this technique makes an objective (like
the cross entropy loss) differentiable. More particularly,

∇θL(πθ) = ∇θEâi∼πθ(si) [Cross-Entropy(ai, âi)] (2.62)

= ∇θ

{
Eâi∼Categoricalθ(si) [−ai ⊙ log âi]

}
(2.63)

≈ ∇θ

{
Eâi∼Gumbel-Softmaxθ̂(si)

[−ai ⊙ log âi]
}

(2.64)

= Egi∼{Gumbel(0, 1)}K
[
−∇θ

{
ai ⊙ log θ̂i

}]
(2.65)
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Chapter 3

Related work

3.1 Constraint learning

3.1.1 Learning with known constraints

In this work, we focus on learning a constraint function assuming that the reward function
is already known. This is contrary to prior work which fixes the constraints and learns
the reward instead [59, 37, 31]. These methods typically perform RL by using only those
trajectories which are safe according to the fixed constraints. This can be ensured if the
agent is only allowed to choose from a set of safe actions at every timestep. The set of
safe actions are those actions which produce an immediate cost that does not cause the
trajectory cost to go above the threshold.

Asafe(st) =

{
at ∈ A;

t∑
j=0

γjc(sj, aj) ≤ β

}
(3.1)

This is also in contrast with a recent approach that assumes the reward itself is unknown
while learning constraints [74]. In contrast, our method assumes that the reward is known
while learning a constraint.

3.1.2 Constraint sets

Early work in constraint learning focused on learning constraint sets, where individual
state-action pairs were considered feasible or infeasible [25, 120, 105, 90]. More precisely, a
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constraint set is defined as the set of all those state-action pairs which the agent cannot visit.
This is essentially equivalent to a hard constraint which must be satisfied per trajectory.
That is, if the constraint set is C, then the equivalent constraint is

∞∑
t=0

γtc(St, At) ≤ 0 (3.2)

Here the constraint function c is defined to be 1 for all (S,A) ∈ C and 0 for all (S,A) /∈ C.

In this work, we propose to learn an expected and a probabilistic constraint, unlike prior
methods which learn a hard constraint.

3.1.3 Constraints in robotics

When continuous state-action spaces were considered, e.g. in robotics, the learned con-
straints would usually follow some task-specific parameterization, e.g. geometric con-
straints [5, 109], task space constraints [72, 73], etc. In these works, the parameterization
can be a constraint matrix [5, 72, 73] or a constraint knowledge base with behaviour clus-
ters [109]. Later work focused on learning more general constraint functions, for example,
polytopic constraints [27] or neural network constraints [88].

In this work, we propose learning constraints parameterized by neural networks since they
can represent constraints with arbitrary complexity.

3.1.4 Learning from limited or offline data

Another parallel direction of work in constraint learning considers the problem of learning
constraints from limited data, i.e., a single trajectory or few trajectories [21, 102, 68, 91,
138, 82]. Learning constraints from limited data is challenging since the constraint can
overfit to demonstrations. Unlike these works, we find that the methods proposed in this
work do not suffer from overfitting to demonstrations.

More work has focused on learning from partial trajectories [104] and even explored the
setting of learning from a dataset of trajectories in an offline fashion [112]. In contrast, we
learn from complete trajectories and a part of our algorithm involves several interactions
with the environment, which mitigates distribution shift common in offline algorithms.
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3.1.5 Stochastic environments

Unlike earlier work which required deterministic environments, newer work allows learning
constraints that work with stochastic environments (i.e., environments with stochastic
dynamics) [90, 7]. In this work, we showcase the efficacy of our approach with stochastic
environments as well.

3.1.6 Hard constraints

More recent work in constraint learning focuses on hard constraints, where the learned
constraint must be satisfied for each state-action pair, or for each trajectory sampled from
the optimal constrained policy [120, 105, 90, 88]. Hard constraints are a special case of
expected constraints as well as probabilistic constraints. More particularly, with β = 0, an
expected constraint behaves like a hard constraint (and specifically like a constraint set)
since this type of constraint can only hold when the cumulative costs for all trajectories is
0.

∀c(s, a) ≥ 0,Eτ∼π[Gc(τ)] ≤ 0 ⇐⇒ ∀τ,Gc(τ) = 0 (3.3)

Similarly, with δ = 1, a probabilistic constraint behaves like a hard constraint:

Pτ∼π(Gc(τ) ≤ β) = 1 ⇐⇒ ∀τ,Gc(τ) ≤ β (3.4)

Most of these methods [120, 88, 7, 75] use or extend the maximum entropy IRL formula-
tion [141]. In the maximum entropy IRL formulation, the probability of a trajectory in a
deterministic MDP (i.e., deterministic transitions) is proportional to the reward earned by
that trajectory:

p(τ) ∝ eR(τ) (3.5)

Then, the probability of a trajectory under a hard constraint is additionally dependent on
whether the constraint is satisfied (I is the indicator function subject to the condition in
the parentheses):

p(τ) ∝ eR(τ)I(C(τ) ≤ β) (3.6)
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There are other approaches that formulate the constraint learning problem from a Bayesian
perspective [26, 103, 104]. In this formulation, the posterior probability of a constraint (set)
C given a trajectory τ can be expressed using the Bayes rule:

p(C|τ) = p(τ |C)p(C)
p(τ)

(3.7)

Here, the likelihood p(τ |C) can be specified using the maximum entropy formulation, p(C)
is the prior over constraint (set) and p(τ) is the normalizing factor.

In this work, we propose learning expected and probabilistic constraints over hard con-
straints, and do not use either the maximum entropy or Bayesian formulation, since these
formulations have a fundamental assumption (in the indicator function of Equation (3.6))
that a hard constraint is being learned. Instead, we propose using an alternating optimiza-
tion procedure to learn expected and probabilistic constraints.

3.1.7 Constraints under uncertainty

There is also some new research that aims to learn a distribution over constraints [75].
In this framework, instead of learning a deterministic constraint function c(s, a), the dis-
tribution of a feasibility variable p(ϕ|s, a) is learned. Then, the posterior can be learned
approximately (i.e., q(ϕ|D)) from an expert dataset D using evidence lower bound opti-
mization:

max
q

Eq[log p(D|ϕ)]− dKL(q(ϕ|D), p(ϕ)) (3.8)

Another line of research models the uncertainty associated with learning constraints [134].
In this work, learning constraints from demonstrations is posed in a risk sensitive RL
setting. Mitigating uncertainty in learning these constraints then requires us to mitigate
aleatoric uncertainty (i.e., uncertainty due to inherent stochasticity of the specification),
and epistemic uncertainty (i.e., uncertainty due to limited training data and reasoning with
out of distribution data). Since this work can learn probabilistic constraints, we compare
our method for learning a probabilistic constraint to the method proposed in this work.

3.1.8 Learning both rewards and constraints

There is recent work that attempts to learn both reward(s) and constraint(s) simultane-
ously given access to expert demonstrations. Notably, [105] learn multiple local rewards
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and local constraints from expert data using a Bayesian strategy. In this approach, the
overall problem is decomposed into smaller local problems with different subgoals, and then
constraints are learned that maximize the likelihood of the observed trajectory within each
of these local problems. Here, both the constraints and rewards are boolean conditions.
Specifically, the reward indicates whether a subgoal is reached or not, and a constraint
indicates whether the i-th feature is close to the average value of the i-th feature or not.
Moreover, the work assumes a discrete state-action space. In contrast, our method al-
lows learning arbitrarily complex constraints for both discrete and continuous state-action
spaces.

Similarly, [81, 82, 83] propose a bi-level optimization problem to learn both the reward and
constraint from expert data. Specifically, in the upper level, they maximize the likelihood
of the expert data while at the lower level, they ensure that the CRL procedure satisfies
the constraints. More concretely, the lower level can be formulated as a maximum entropy
constrained RL problem, where the expert and agent features are matched [141]:

max
π

H(π) + Eτ∼π[Gr(τ)] s.t. µ(π) = µ(πE) (3.9)

Here, µ(π) is defined as the expected cumulative cost feature of policy π, similar to the
maximum entropy IRL [141].

This optimization problem can be solved through its dual form:

max
π

J(π, c) := H(π) + Eτ∼π[Gr(τ)]− λ(µ(π)− µ(πE)) (3.10)

The Lagrange multiplier λ multiplied by the expected cumulative cost feature can be
absorbed into the definition of the expected cost:

max
π

J(π, c) := H(π) + Eτ∼π[Gr(τ)]− (Eτ∼π[Gc(τ)]− Eτ∼πE [Gc(τ)]) (3.11)

The outer level maximizes the likelihood of the expert data, so the overall optimization
problem formulated as a bilevel optimization procedure is given as:

max
c

Eτ∼πE [logP(τ |π∗(c))] s.t. π∗(c) = argmax
π

J(π, c) (3.12)

In contrast, our work proposes learning constraints through two alternating procedures.
Our method can also be rewritten as a bilevel optimization problem where the inner op-
timization is the same, but the outer optimization is a constrained max-min procedure.
Additionally, most of these methods suffer from the problem of unidentifiability which is
considerably lesser in the ICL setting.
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3.1.9 Multiple experts

Other recent work focuses on learning constraints where the demonstrations are generated
from multiple experts, each of which may follow different or even conflicting constraints
[111, 81, 83]. In these settings, typically, each expert is identified by a variable z. Then,
we expect the expert’s policies to have high entropy when z is unknown, and low entropy
when z is more precisely known. The optimization problem then entails feature matching
(similar to maximum entropy IRL [141]) while the constraints conditioned on the expert
are satisfied.

The main challenge in these works is to identify the various experts reliably. In some of
these settings, the number of experts are given [81, 83], while in other works, the expert
dataset is clustered into various experts in an unsupervised manner [111]. Additionally, the
other challenge is that various experts might be collaborating to satisfy a shared constraint
or competing due to conflicting constraints. Due to these challenges, in this work, we
consider that the expert dataset is generated by a single optimal expert.

3.1.10 Open problems

Here, we summarize the open questions that still exist in the field of constraint learning,
and provide explanation regarding the gaps that this work addresses.

Unidentifiability

While the problem of unidentifiability has been well studied in the IRL literature [124],
there is still (almost) no work that studies the problem of unidentifiability in ICRL and ICL
from a principled perspective. Unidentifiability is especially a big problem in the setting of
learning both rewards and constraints, where it has not been studied theoretically either.
Existing methods provide assumptions that mitigate some of this uncertainty, or provide
heuristic techniques to limit the space of constraint functions that can be learned [88, 120].
In this work, while we do not theoretically analyze unidentifiability, we assume the ICL
setting where this unidentifiability issue is considerably reduced.

Dynamic constraints

Most ICRL and ICL literature focuses on learning static constraints, for example, simple
constraints like staying in a safe region, etc. These constraints cannot take into account
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the dynamic and changing nature of environments. For example, in autonomous driving,
for a lane change scenario, the gap to be maintained w.r.t. other vehicles, the veloc-
ity/acceleration to be maintained, depends on the real time traffic density and speed of
other vehicles. This is an example of a dynamic constraint, which changes depending on
the setup of other acting and non-acting entities in the environment. Our methods can
learn such dynamic constraints from demonstrations. More specifically, the example of the
ExiD lane change scenario for ICL in our experiments involves learning exactly the kind
of dynamic constraints described earlier.

Interpretability and large input spaces

While learning a high dimensional constraint is technically possible with our frameworks,
it is not easy to visualize and interpret such constraints. We do this by fixing some of the
dimensions and visualizing the rest of the dimensions. For the purposes of interpretability,
we also ensure that our constraint functions are bounded between 0 and 1, so that they
can be interpreted as safeness values, or probability of trajectory feasibility.

Another challenge is that sometimes the input space (state-action space) of the RL setting
may be huge, but the constraint itself may just depend on a few of the features. While we
can use dimensionality reduction and feature selection techniques from IRL and the classi-
fication literature, the problem of reducing the input space while simultaneously learning a
constraint function makes the problem challenging. In this work (specifically, Chapter 6),
we provide the first method that can tackle feature selection in the context of ICL.

Generalizability of constraints

While constraints are more generalizable than rewards (Chapter 1), they might still have
issues transferring to real world scenarios. In real world settings, small disturbances in the
environment may cause the learned constraint to transfer incorrectly. This means that the
algorithm may produce constraint functions that are not reliable in practice, or sensitive
to sensor noise. For example, in the context of autonomous driving, in various scenarios,
the constraint function may not transfer correctly due to factors like time of the day and
weather conditions. There is some work that has incorporated the advances in robust
optimization to learning constraints [135], however, this work still does not account for
reward mismatch during transfer and how it affects the occupancy measure [76]. In this
work, we do not directly address the problem of generalizability for constraints. However,
we propose learning expected constraints over hard constraints prevalent in the literature,
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which can take into account noise in sensor measurements as long as the cumulative cost
is within a threshold. Similarly, our method to learn a probabilistic constraint allows for
specifying the degree of constraint violations.

Multi agent setting, stochasticity or partially observable setting

The nature of the environment is in itself a huge factor that affects the viability of constraint
learning from demonstrations. Multi agent environments [81] model real world settings
like autonomous driving better than traditional single agent settings since in the real
world, there are several agents interacting with each other in a collaborative or competitive
manner. Similarly, stochastic environments and partially observable environments capture
the real world better.

While there is some work [81, 83] on constraint learning in a multi agent setting, these
methods need to be extended to general sum games and need to cover various kinds of
equilibria that may exist in these settings. There is also recent work that considers and
models the stochasticity of environments [90, 7, 42]. And lastly, there is almost no work
that considers partially observable settings for constraint inference.

In this work, we consider the single agent setting, unlike other works that consider the
multi agent setting. We also conduct experiments to validate the effect of environment
stochasticity for our proposed methods (Appendix A.2).

Learning from preference data

Preference data (comparison data amongst a set of trajectories) is yet another ubiquitous
source of data from which we can learn behaviour specification. While there has been a
lot of work in learning rewards from preference data [114, 56, 142, 101, 62, 116], we are
not aware of any work that considers the problem of learning a constraint given preference
data from an expert who is implicitly satisfying both a trivial reward and constraint(s).
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3.2 Applications

3.2.1 Expected constraints

Inventory planning

For products in an inventory, the goal could be to minimize holding and backlog cost for
the products while satisfying the constraint that expected resource consumption of the
products is within a budget [24, Section 6]. Here, a holding cost refers to the cost of
holding an item per unit per time period in the inventory. If more items are held, more
space and operating costs are incurred, and hence this cost is higher. Similarly, if an item
is not sent to fulfill a demand, it may be carried over to the next day. These items incur
a backlog cost per unit per time period, similar to the holding cost.

Queue scheduling in network routing

Given pools of servers with different skillsets and customers who wish to use the various
servers, the customers typically wait in queue until they are allocated a server. The objec-
tive is to find a scheduling policy such that the cost of holding customers in the queue and
routing costs are minimized subject to network capacity constraints, which is an expected
constraint formulation [24, Section 7].

Robotics

Many robotics settings have safety constraints expressed through expected constraint for-
mulations [70, 117, 128, 2, 49, 29]. An example of such a setting is when a robot is supposed
to navigate in an environment while avoiding obstacles [128, 29]. Here, the expected con-
straint can be on risk of failure [128], or the agent’s collision impact [29]. With a lower
threshold, the agent learns a conservative and safer policy.

Autonomous driving

In motion planning, the goal could be to reach a destination in shortest time, while having
an expected constraint on the number of obstacles encountered [28, 29]. More practically,
we could also bound the expected amount of time that the agent spends really close to an
obstacle.
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Video compression

For online streaming services, it could be useful to optimize the video quality subject to
expected constraints on the bitrate [89]. The bitrate refers to the data processed per unit
time during streaming. Higher bitrates lead to better quality but also increase the total
data transferred during streaming.

Other applications

Apart from these applications, [48] provide an extensive survey on applications of expected
constraints.

3.2.2 Probabilistic constraints

Autonomous driving

Probabilistic constraints have been used for the following applications in autonomous driv-
ing: ramp and highway merging [87, 54], lane changing [54], path planning [100, 12, 85]
and car following [107].

Robotics

Robotics is another domain where probabilistic constraints are used frequently in problem
specification, specifically in collision avoidance with mobile robots [86, 106, 12], pedestrian
collision avoidance [22], drone simulations [86], Mars rover simulations [100], safe state
reachability [55] and unmanned vehicles [121].

Optimal control and model predictive control

Probabilistic constraints are also used with optimal control techniques for the following
applications: feed tank (distillation) control [43], water supply management [47], reactors
[44], temperature control systems [99, 85].
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Power systems

This is another area where probabilistic constraints are used heavily to specify grid be-
haviour. Some applications include power flow under uncertainty [44] and optimal power
flow [123, 126, 139, 45].

Other applications

Apart from these broad applications, chance constrained formulations are also used in
applications like travel itinerary recommendation [32], demand estimation and autonomous
fleet management [94], war assessment [58] and network analysis [35].

While it is common to formulate real world problems through chance constrained setups,
learning the chance constraint from real demonstrations is not common, and in such cases,
our method provides a principled way to recover a constraint from such demonstrations.

3.3 Feature selection for constraint learning

3.3.1 Feature selection in classification

Feature selection is a well-studied problem in machine learning. It involves selecting an
optimal subset of features for a prediction task [23]. The approaches to feature selection
can be divided into several categories:

1. Filter based approaches use techniques like information gain, mutual information
based feature selection or hypothesis tests to select features [137, 40, 132, 39, 108,
93, 20, 98, 122, 41]. Correlation based techniques filter out features using correlation
analysis [140]. These techniques are usually pretty fast to apply.

2. Evolutionary techniques select feature subsets using genetic algorithms [136, 60].
These methods do not scale well to large input spaces.

3. Branch and bound algorithms provide optimal feature selection without conducting
exhaustive searches [96]. Embedding based methods have an objective which encap-
sulates feature selection through finding an optimal embedding [129, 125]. These
methods need lots of training data.
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4. Reinforcement learning methods use the framework of MDPs to do feature selection
[78, 79, 77, 36, 80]. These methods use a reward defined by prediction accuracy which
works well with classification problems.

We validate our proposed method against mutual information based approaches. We choose
this family of algorithms since these are theoretically sound and well-tested in general.
Additionally, all these techniques focus on feature selection for classification, and cannot
be directly used to do feature selection for ICL, since the problem involves learning a
constraint and a smaller feature space, compared to classification, where the problem only
entails learning a smaller feature space.

3.3.2 Feature selection for inverse reinforcement learning

Feature selection for reward learning has been a known problem since early work in IRL
[1]. Reward formulation for high dimensional and/or continuous state-action spaces often
involves representing the reward function as a linear combination of relevant and hand-
crafted features [110, 64, 8, 131]. Features can be linear or nonlinear functions of states
and/or actions.

Levine et al. (2010) [67] propose an algorithm for feature construction (for IRL) that
constructs reward features from a large set of component features, many of which can be
irrelevant for IRL.

[14, 15] propose a method for learning relevant features using a divide and conquer ap-
proach: focusing human effort to learn relevant features using feature traces and later using
an algorithm to construct complex and relevant features from the learned base features.

Baimukashev et al. (2024) [9] propose using polynomials as a candidate set for features,
and further select a subset of relevant features using correlation based methods in order to
reduce reward function complexity. It is important to note that the chosen feature space
may not be expressive enough to represent everything required for learning the reward
function [50, 13].

There can also be information overlap or correlation between features in the input space
which can lead to causal confusion, a phenomenon which can occur when a learned reward
achieves low test error but results in poor performance when RL is performed with this
learned reward function [30]. We discuss this phenomenon of feature overlap later in the
context of inverse constraint learning.
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Since all these methods construct composite features from simpler features, they may not
select the right subset of features necessary for feature selection. As a result, the learned
models do not generalize well to unseen data [15].
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Chapter 4

Inverse constraint learning

In this chapter, we will propose a method to learn an expected constraint from expert
demonstrations. For clarity, we first highlight the difference (through an example) between
hard constraints prevalent in the literature [120, 88] and expected constraints that we wish
to learn.

This difference can be explained as follows. Suppose in an environment, we need to obey
the constraint “do not use more than 3 units of energy”. As a hard constraint, we typically
wish to ensure that this constraint is always satisfied for any individual trajectory. The
difference between this “hard” constraint and proposed “expected” constraint is that ex-
pected constraints are not necessarily satisfied in every trajectory, but rather only satisfied
in expectation. This is equivalent to the specification “on average across all trajectories,
do not use more than 3 units of energy”. In the case of expected constraints, there may
be certain trajectories when the constraint is violated, but in expectation, it is satisfied.

Now, we describe the ICL (Inverse Constraint Learning) approach [42] that learns an
expected constraint from constrained expert demonstrations. Note that both the problem
setting and the proposed method are called ICL for simplicity.

4.1 Framework

In order to learn an expected constraint, our objective is to minimize the dissimilarity
between the expert dataset and the agent dataset, where the expert dataset is generated
by the expert policy and the agent dataset is generated by the policy learned through an
algorithm for the ICL setting (Equation (2.25)):
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argminc ddis(D,DE;D ∼ CRL(r, {c}; Γβ))

We do this minimization empirically by alternating between policy optimization and con-
straint adjustment until this distance is below a threshold (described later in Algorithm 1).

4.1.1 Alternating procedures and convergence

Figure 4.1: IRL vs ICL

The proposed method alternates between a policy optimization phase and a constraint
adjustment phase, similar to IRL which alternates between a policy learning phase and
a reward learning phase [6]. We first describe a theoretical procedure that captures the
essence of this approach and then later adapt it into a practical algorithm. The theoretical
approach starts with an empty set of policies Π = ∅ and then grows this set by alternating
between the phases of policy optimization and constraint adjustment, adding the learned
optimal policy to Π at each iteration. Note that β is a fixed and given parameter.

ICL-Policy-Optimization:

θ∗ := argmax
θ

Eτ∼πθ
[Gr(τ)] s.t. Eτ∼πθ

[Gcϕ(τ)] ≤ β (4.1)

Π← Π ∪ {πθ∗}
ICL-Constraint-Adjustment:

ϕ∗ := argmax
ϕ

min
πθ∈Π

Eτ∼πθ
[Gcϕ(τ)] s.t. Eτ∼πE

[Gcϕ(τ)] ≤ β (4.2)
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The optimization procedure in Equation (4.1) essentially performs CRL (see Equation (2.4)
for a definition of G) to find the parameters of an optimal policy πθ∗ given a reward r and
a constraint cϕ. This optimal policy is added to Π. This is followed by the optimization
procedure in Equation (4.2), which adjusts the constraint function c to increase the con-
straint values of the policies in Π while keeping the constraint value of the expert policy
πE bounded by β. This is achieved by maximizing the accumulated constraint value for
the most feasible (lowest total constraint value) policy in Π. This selectively increases the
constraint function until the most feasible optimal policies become infeasible. Note that we
can also directly perform constraint adjustment by minimizing over the set of all policies,
but in practice it is sufficient to minimize over the set Π.

We can show that this approach will converge to a policy equivalent to the expert policy
as shown below.

Theorem 1. Assuming a finite space of policies and a non-negative reward function, the
alternation of optimization procedures in Equation (4.1) and Equation (4.2) converges to
a set of policies Π such that the last policy π∗ added to Π is equivalent to the expert policy
πE in the sense that π∗ and πE generate the same trajectories.

Proof. First, we define Jπ(f) as follows:

Jπ(f) := Eτ∼π[Gf (τ)] (4.3)

We give a proof by contradiction under 3 assumptions. The 3 assumptions are:

1. The reward function is non-negative.

2. The space of policies is finite.

Note that the first assumption is not restrictive since we can always shift a reward function
by adding a sufficiently positive constant to the reward of all state-action pairs such that
the new reward function is always non-negative. This new reward function is equivalent
to the original one since it does not change the value ordering of policies.

We argue that the second assumption is reasonable in practice. Even if we consider what
appears to be a continuous policy space because the parameterization of the policy space
is continuous, in practice, parameters have a finite precision and therefore the space of
policies is necessarily finite (albeit possibly very large). This means that the algorithm
must terminate after enumerating all finitely many policies.
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Based on assumption (ii), it should be clear that the alternation of the optimization proce-
dures in Equation (4.1) and Equation (4.2) will converge to a fixed point. Since there are
finitely many policies, and we add a new policy to Π at each iteration (until we reach the
fixed point), in the worst case, the alternation will terminate once all policies have been
added to Π.

When the algorithm converges to a fixed point, let π∗ be the optimal policy found by
policy optimization in Equation (4.1) and c∗ be the optimal constraint function found
by constraint adjustment in Equation (4.2). According to Equation (4.1), we know that
Jπ∗

(c∗) ≤ β. Similarly, we show that the objective in Equation (4.2) is less than or equal
to β:

max
c

min
π∈Π

Jπ(c) subject to JπE

(c) ≤ β (4.4)

= min
π∈Π

Jπ(c∗) since c∗ is the optimal solution of (4.2) (4.5)

≤ β since π∗ ∈ Π and Jπ∗
(c∗) ≤ β (4.6)

Next, if we assume that π∗ is not equivalent to πE, then we can show that the objective in
Equation (4.2) is greater than β.

max
c

min
π∈Π

Jπ(c) such that JπE

(c) ≤ β (4.7)

≥ min
π∈Π

Jπ(ĉ) (4.8)

where we choose ĉ(s, a) =
r(s, a)β

JπE(r)

= min
π∈Π

Jπ(r)β/JπE

(r) (4.9)

by substituting ĉ by its definition

> JπE

(r)β/JπE

(r) = β (4.10)

since Jπ(r) ≥ JπE

(r) ∀π ∈ Π according to (2.13)

and Jπ(r) ̸= JπE

(r) since π∗ is not equivalent to πE (i.e., Jπ∗
(r) ̸= JπE

(r))

and Jπ(r) ≥ Jπ∗
(r) ∀π ∈ Π

The key step in the above derivation is Equation (4.8), where we choose a specific constraint
function ĉ. Intuitively, this constraint function is selected to be parallel to the reward
function while making sure that JπE

(c) ≤ β. We know that all policies in Π achieve higher
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expected cumulative rewards than πE. This follows from the fact that the optimization
procedure in Equation (2.13) finds an optimal policy π∗ at each iteration and this optimal
policy is not equivalent to πE based on our earlier assumption. So the policies in Π must
earn higher expected cumulative rewards than πE otherwise πE would have been chosen
during policy optimization. So if we select a constraint function parallel to the reward
function then the policies in Π will have constraint values greater than the constraint
value of πE and therefore they should be ruled out in the constrained policy optimization
Equation (2.13).

Since the inequalities in Equation (4.4) - Equation (4.6) contradict the inequalities in
Equation (4.7) - Equation (4.10), we conclude that π∗ must be equivalent to πE.

4.1.2 Practical algorithm

In practice, there are several challenges in implementing the optimization procedures pro-
posed in Equation (4.2). First, we do not have the expert policy πE , but rather trajectories
generated from the expert policy. Also, the set Π of policies can grow to become very large
before convergence is achieved. Furthermore, convergence may not occur depending on
whether the parameterized policy space contains the expert policy. The optimization pro-
cedure in Equation (4.2) is a constrained max-min optimization, and a straightforward
implementation of the same may not easily converge. Therefore, we approximate the
theoretical procedure in Equation (4.2) with the practical procedure described in Equa-
tion (4.11).

ICL-Simplified-Constraint-Adjustment:

ϕ∗ := argmax
ϕ

Eτ∼πmix
[Gcϕ(τ)] s.t. Eτ∼πE [Gcϕ(τ)] ≤ β (4.11)

Maximizing the constraint values of a mixture of policies over Π (obtained as per the
process outlined in Section 4.1.3) tends to increase the constraint values for all policies in
Π most of the time, and when a policy’s constraint value is not increased beyond β it will
be a policy close to the expert policy. The different policies in πmix are weighted by their
dissimilarity to the expert behaviour. The practical algorithm, then alternates between
Equation (4.1) and Equation (4.11).
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4.1.3 Mixture policy weight computation

We can compute the mixture policy as outlined in Algorithm 3. Here, we provide a high
level description of this process. More specifically, suppose we are given an expert dataset
D. We can then train a normalizing flow f on the state-action pairs in D (suppose there
are nD number of trajectories, and nE number of total state-action pairs in the dataset).
Then, the normalizing flow can be used to evaluate the negative log likelihood (NLL)
− log pf (s, a) of any test state-action pair (s, a).

For the expert policy, we can calculate the NLL mean and std. deviation as (here, pf is
the probability of a state-action pair according to the normalizing flow f),

µE =
1

nE

∑
τ∈D

∑
(s,a)∈τ

− log pf (s, a) (4.12)

σE =

√
1

nE

∑
τ∈D

∑
(s,a)∈τ

(− log pf (s, a)− µE)2 (4.13)

The similarity of a state action pair w.r.t the dataset (i.e. does it represent behaviour
captured by the dataset) can be computed by checking if the log likelihood is significant,
i.e.

Sim(s, a; f) := I(log pf (s, a) > −(µE + σE)) = I(− log pf (s, a) < µE + σE) (4.14)

We can then define the “dissimilarity” of a test trajectory τ (length nτ ) w.r.t. the expert
as the average of individual dissimilarities,

w(τ) :=
1

nτ

∑
(s,a)∈τ

(1− Sim(s, a; f))

Given policies π1:i obtained in i rounds of policy optimization, where Dπj
is a dataset of

nD trajectories sampled using the policy πj, we can construct the weights of the mixture
policy as,

w̃i ∝
1

nD

∑
τ∈Dπi

w(τ)

Then, a dataset from the mixture policy can be sampled according to weights w̃i, post nor-
malization (i.e. weights should sum to 1). This means that for this dataset, we can sample
individual trajectories such that for every trajectory, the probability of that trajectory
being sampled from policy πi is w̃i/(

∑
j w̃j).
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4.2 Implementation

For our implementation, we use both the Lagrangian approach as well the penalty ap-
proach (described in Section 2.8). More specifically, we use both the approaches for the
constrained policy optimization step (Equation (4.1)), using PPO Penalty (described a bit
later) for the simpler environments and highly optimized PPO Lagrangian (provided by
OpenAI [113]) for more complex environments. For the constraint adjustment procedure
(Equation (4.11)), we find that the Lagrangian approach suffers from oscillatory behaviour
(Appendix A.3), hence we use the simpler (to implement) penalty approach.

For the penalty approach based implementations, we use different λ for different proce-
dures. Specifically, we perform constrained policy optimization (Equation (4.1)) using
λ = 0, with the feasibility projection subprocedure, and constraint adjustment (Equa-
tion (4.11)) using a moderate/high λ and without the feasibility projection subprocedure.
We set λ = 0 for constrained policy optimization because we found that the algorithm
with a moderate/large λ was getting stuck in locally feasible regions and not finding better
policies. Similarly, we found that an appropriately chosen moderate/large λ worked well
for constraint adjustment.

4.2.1 Constrained policy optimization (PPO Penalty)

The constrained policy optimization implementation alternates between a feasibility pro-
jection step and a PPO update step (PPO is described in Section 2.7.2) as described below.

Feasibility Projection: θ ← θ − η1∇θReLU(Eτ∼πθ
[Gcϕ(τ)]− β) (4.15)

PPO Update: θ ← θ − η2∇θPPO-Loss(πθ) (4.16)

The gradient for the feasibility projection step can be computed just like policy gradient:

∇θReLU(Eτ∼πθ
[Gcϕ(τ)]− β) = I(Eτ∼πθ

[G0
cϕ
(τ)] > β)∇θEτ∼πθ

[G0
cϕ
(τ)] (4.17)

Gt0
cϕ
(τ) :=

∞∑
t=t0

γt−t0cϕ(St, At) (4.18)

∇θEτ∼πθ
[G0

cϕ
(τ)] = Eτ∼πθ

[ ∞∑
t=0

Gt
cϕ
(τ)∇θ log π(At|St)

]
(4.19)
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Note that the constrained policy optimization procedure can also be replaced by any other
CRL implementation that finds an optimal constrained policy given a constraint.

4.2.2 Constraint adjustment

The constraint adjustment omits the feasibility projection step since λ is large. The update
can be written as follows.

ϕ← ϕ− η3∇ϕ

{
−Eτ∼πmix

[Gcϕ(τ)] + λReLU(Eτ∼πθ
[Gcϕ(τ)]− β)

}
(4.20)

∇ϕ{−Eτ∼πmix
[Gcϕ(τ)]} = −Eτ∼πmix

[∇ϕG
0
cϕ
(τ)] (4.21)

∇ϕReLU(Eτ∼πθ
[Gcϕ(τ)]− β) = I(Eτ∼πθ

[G0
cϕ
(τ)] > β)Eτ∼πθ

[∇ϕG
0
cϕ
(τ)] (4.22)

The gradient∇ϕG
0
cϕ
(τ) can be easily computed through automatic differentiation asG0

cϕ
(τ)

is the discounted sum of individual cϕ terms.

4.2.3 Overall algorithm

The overall algorithm for ICL is provided in Algorithm 1. This is composed of two alter-
nating procedures. The CRL (PPO Penalty) procedure is provided in Algorithm 2 and the
constraint adjustment procedure is provided in Algorithm 3.

We now describe these algorithms in more detail.

Algorithm 1 first trains a normalizing flow on the expert dataset (lines 1-2). After initializ-
ing the constraint function (line 3), the algorithm repeats the following process for n overall
iterations. It fixes the constraint function, and initializes and learns a policy using a CRL
algorithm (lines 5-6). Then it uses the previously learned policies to adjust the constraint
(line 7). The algorithm stops when either the number of iterations are exhausted or the
last policy is close enough to the expert policy (line 8). Finally, it outputs the learned
constraint function and the most recent policy.

In Algorithm 2, we assume that the constraint is given, and then perform constrained policy
optimization which finds an optimal policy given the constraint function. The algorithm
iterates between the feasibility projection step (line 2) and minimizing just the PPO loss
(line 3). The feasibility projection step ensures that the constraint is satisfied before the
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policy is updated. Minimizing the PPO loss updates the policy parameters so that it
becomes more optimal.

Finally, in Algorithm 3, we adjust the constraint function assuming that the set of opti-
mal policies found by Algorithm 2 are given. Lines 1-3 follow the process of finding the
dissimilarity of a trajectory (for more description, see Section 4.1.3). Then, the algorithm
constructs individual policy datasets (line 4) and a combined mixture policy dataset (line
6) by considering the policies in proportion to their weights. This is followed by repeatedly
minimizing the soft loss (lines 9-10), which consists of two terms. The expectation w.r.t.
the mixture policy is computed by reweighing the trajectories according to their dissimi-
larity (line 8), while the expectation w.r.t. the expert policy is computed by considering
the cumulative costs for the trajectories in the expert dataset (line 9). At the end, the
learned constraint function is output.

Algorithm 1 Inverse-Constraint-Learning (ICL)

hyper-parameters: number of ICL iterations n, tolerance ϵ
input: expert dataset D = {τ}τ∈D := {{(st, at)}1≤t≤|τ |}τ∈D

1: initialize normalizing flow f
2: optimize likelihood of f on expert state action data: maxf Sum(s,a)∈τ,τ∈D(log pf (s, a))
3: initialize constraint function c (parameterized by ϕ)
4: for 1 ≤ i ≤ n do
5: initialize policy πi
6: perform πi := Constrained-RL(πi, c)
7: perform c := Constraint-Adjustment(π1:i, c,D, f)
8: break if Normalized-Accrual-Dissimilarity(D,Dπi

) ≤ ϵ
▷ See Section 4.3.4 for normalized accrual dissimilarity metric

9: end for
output: learned constraint function c (neural network with sigmoid output),

learned most recent policy πi

4.3 Experiments

4.3.1 Experiment design

We wish to design experiments that answer the following questions:

• Are the learned constraints similar to the true constraints?
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Algorithm 2 PPO-Penalty

hyper-parameters: learning rates η1, η2, constrained RL epochs m
input: policy πi parameterized by θi, constraint function c, constraint threshold β

1: for 1 ≤ j ≤ m do
2: correct πi to be feasible: (iterate) θi ← θi − η1∇θi

ReLU(Eτ∼πi
[Gc(τ)]− β)

3: optimize expected discounted reward: θi ← θi − η2∇θi
PPO-Loss(πi)

▷ Proximal Policy Optimization [119]
4: end for

output: learned policy πi

Algorithm 3 Constraint-Adjustment

hyper-parameters: learning rate η3, penalty wt. λ, constraint adjustment epochs e
input: policies π1:i, constraint function c, trained normalizing flow f ,

expert dataset DE = {τ}τ∈DE
:= {{(st, at)}1≤t≤|τ |}τ∈DE

,
constraint threshold β

given: cγ(τ) := Sum1≤t≤|τ |(γ
t−1c(st, at)),

Sampleτ (Π, p) which generates |D| trajectories τ = {(st, at)}1≤t≤|τ |, where for
each τ , we choose π ∈ Π with prob. p(π), then, τ ∼ π

1: µE := Mean(s,a)∈τ,τ∈D(− log pf (s, a))
2: σE := Std-Dev(s,a)∈τ,τ∈D(− log pf (s, a))
3: w(τ) := Mean(s,a)∈τ (1(− log pf (s, a) > µE + σE)) ▷ trajectory dissimilarity w.r.t.

expert
4: construct policy dataset Dπi

= Sampleτ (Π = {πi}, p = {1})
5: w̃i := Meanτ∈Dπi

w(τ) ▷ unnormalized policy weights
6: construct agent dataset DA = Sampleτ (Π = π1:i, p(πi) ∝ w̃i) ▷ policy reweighting
7: for 1 ≤ j ≤ e do ▷ constraint function adjustment
8: compute Eτ∼πmix

[Gc(τ)] := sumτ∈DA

w(τ)cγ(τ)

Sumτ∈DA
w(τ)

▷ trajectory reweighting

9: compute Eτ∼πE [Gc(τ)] := Meanτ∈DE
(cγ(τ))

10: compute soft loss Lsoft(c) := −Eτ∼πmix
[Gc(τ)] + λReLU(Eτ∼πE [Gc(τ)]− β)

11: optimize constraint function c: ϕ← ϕ− η3∇ϕLsoft(c)
▷ c is parameterized by ϕ

12: end for
output: constraint function c
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Gridworld (A) Gridworld (B) CartPole (MR) CartPole (Mid)

Figure 4.2: Gridworld and CartPole environment setup. For the Gridworld environments,
white regions indicate constraint value of 1, green/yellow regions correspond to start states,
and dark green region is the goal state. For the Cartpole environments, start region is in
yellow, true constraint value is plotted on Y-axis and X-coordinate of the pole is plotted
on the X-axis.

• Does the learned policy accrual match the expert policy accrual?

• Can the method learn complex real world constraints, for example, from autonomous
driving?

• Can the method handle stochastic environment dynamics?

• Do we really need to use the normalizing flow in computing trajectory and policy
dissimilarities?

We answer these questions through experiments with the following environments.

4.3.2 Environments

We now provide a description of the environments used in our experiments.

Gridworld environments

The layout of the Gridworld environments are provided in Figure 4.2. In these 7x7 grid-
world environments, the agent starts in the start region and must navigate to the goal.
However, without the constraint, the agent can directly go downward or diagonally towards
the goal, which leads to a different policy than if the constraint is specified. When the
constraint is specified, the agent must avoid the high constraint regions and then go to the
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Figure 4.3: Mujoco environments, Ant-
Constrained (above) and HalfCheetah-
Constrained (below). Source: [88].

Figure 4.4: HighD environment, based on a
real-world highway driving dataset [63].

goal region. The state space consists of two features, i.e. x and y positions, overall as-
suming 7x7=49 values. The action space consists of 8 discrete actions including 4 nominal
directions and 4 diagonal directions.

CartPole environments

The setup of the CartPole environments are provided in Figure 4.2. More specifically, in
this environment, the agent (balancing the pole in the standard CartPole problem) starts
in the yellow region and must navigate to keep the constraint satisfied, depending on the
constraint specification (expected or probabilistic). All variants of the environment may
start in a region of high constraint value (yellow region can correspond to high cost or low
cost), and the objective is to move to a region of low constraint value and balance the pole
there, while the constraint function is being learned. Note that there are two actions in
this environment, i.e. a = 0 (left) and a = 1 (right). The state and action spaces are the
same as the standard CartPole environment [18].

Mujoco environments

Ant-Constrained and HalfCheetah-Constrained environments (Figure 4.3) are Mujoco robotics
environments used in Malik et al. [88]. In our experiments, we use the z ≥ −1 constraint
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Real world map for the shown scenario.

Start (cyan) and target (green) lanes for
the lane change in this scenario.

Simplified environment (agent starts
from leftmost point)

Simplified environment (agent moves ac-
cording to chosen action)

Figure 4.5: ExiD dataset lane change environment (one of multiple scenarios). The state
space contains the signed distance to the target lane, and the action space contains the
lateral velocity. There are no other vehicles, only the ego car. The objective is to find
a constraint on the lateral velocity (action) that an agent must maintain for any certain
signed distance from the target lane.

(i.e. the agent should stay in region z ≥ −1) rather than z ≥ −3 constraint used in [88]
to make the setting challenging, similar to [42]. The state and action spaces are the same
as the standard Ant and HalfCheetah Mujoco environments [130].

HighD environment (car following)

For this environment (Figure 4.4), we use the real world highway dataset simulator (HighD)
from Gaurav et al. [42], which in turn, is based on dataset and environments by Krajewski
et al. [63] and Lee et al. [65]. More specifically, the agent starts on a straight road on
the left side of the highway, and the goal is to reach the right side of the highway without
any longitudinal collisions. The state space is comprised of 7 ego features and 7 other
features (predicates, propositions and processed features). The action space consists of a
two continuous actions, i.e., acceleration and rate of change of steering angle. Also, note
that in this environment, the true constraint function is not known. Instead, we want to
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learn a constraint function that explains the relation between the ego velocity and the gap
to the car in the front.

ExiD environment (lane change)

Similar to the HighD environment, we construct an environment (Figure 4.5) using ≈
1000 trajectories of varying lengths (≤ 1000) from 5 different scenarios of ExiD highway
driving dataset [95]. To do so, we select trajectories where ego performs a lane change
such that there are no other vehicles around the ego. On every reset, the environment
initializes to the starting location of one of the ≈ 1000 trajectories. The goal is to perform
a lane change to reach the target lane, which can be either to the left or right. The state
consists of the signed distance (m) to the target lane, the distance to the lead vehicle
(m), the distance to the rear vehicle (m) and whether or not there is an overlap in the
lateral dimension (boolean). The action is a continuous lateral velocity (ms−1) that can
be directly controlled by the agent. The last 3 state features are fixed to predefined
values during constraint visualization. For this environment, we wish to learn a constraint
that shows the relationship between the signed distance to the target lane and the lateral
velocity action.

4.3.3 Methods and baselines

We conduct experiments to compare the performances of three algorithms:

1. ICL with threshold β

2. GAIL-Constraint: Generative adversarial imitation learning [53] is an imitation
learning method that can be used to learn a policy that mimics the expert policy.
The discriminator can be considered as a local reward function that incentivizes the
agent to mimic the expert. We assume that the agent is maximizing the reward
r(s, a) := r0(s, a) + log(1 − c(s, a)) where r0 is the given true reward, and then the
log term corresponds to the GAIL’s discriminator. Note that when c(s, a) = 0, the
discriminator reward is 0, and when c(s, a) = 1, the discriminator reward tends to
−∞.

3. Inverse constrained reinforcement learning i.e. ICRL [88], which is another
method that can learn arbitrary neural network constraints1. The algorithm simula-

1different from ICRL defined in Section 2.5.2
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taneously performs CRL and constraint adjustment. It formulates the problem from
a maximum entropy perspective, however this can only handle hard constraints.

4.3.4 Metrics

We define and report two metrics for our ICL experiments:

1. Constraint Mean Squared Error i.e. CMSE, which is the mean squared error
between the true constraint and the recovered constraint on a uniformly discretized
state-action space for the respective environment. The details of this discretization
are provided in Appendix B.3. If the discrete set of state-action pairs is D, then

CMSE(c, ctrue) =
1

|D|
∑

(s,a)∈D

(c(s, a)− ctrue(s, a))2 (4.23)

2. Normalized Accrual Dissimilarity i.e. NAD, which is a dissimilarity measure
computed between the expert and agent accruals. This is the practical implemen-
tation of distance function described in Section 2.1.3. This metric is computed as
follows. Given a policy learned by the method, we compute an agent dataset of
trajectories. Then, the accrual (state-action visitation frequency) is computed for
both the agent dataset and the expert dataset over a uniformly discretized state-
action space, which is the same as the one used for CMSE. Finally, the accruals are
normalized, and the Wasserstein distance is computed between the accruals. The
pseudocode is provided in Algorithm 4.

Here, using only the CMSE metric is problematic since two equivalent constraints can have
arbitrarily large CMSE2. Thus, we also consider the NAD metric.

4.3.5 Training setup

We perform 5 training runs for all the methods. For constraint learning, we use a constraint
neural network with a sigmoid output3, so that we can also interpret the outputs as safeness

2Suppose we consider constraints c and αc which are equivalent (as shown in Section 2.9.1). Then, by
setting α to a relatively large positive value, we can have a large CMSE even though the constraints are
equivalent.

3The complete architecture includes an input layer, 2 hidden layers of 64 nodes each, and an output
layer with a sigmoid output. The intermediate activations are ReLU.
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Algorithm 4 Normalized-Accrual-Dissimilarity (NAD)

hyper-parameters: discrete state-action bins B = {(st0 ≤ s ≤ st1, a
t
0 ≤ a ≤ at1)}t

input: datasets D1 ∼ π1,D2 ∼ π2, |D1| = |D2| = n
1: initialize bin counters B1, B2

2: for 1 ≤ i ≤ n do
3: (s, a) = i-th state-action pair in D1

4: (s′, a′) = i-th state-action pair in D2

5: B1[t] += 1 if (s, a) lies in t-th bin of B1

6: B2[t] += 1 if (s′, a′) lies in t-th bin of B2

7: end for
8: normalize B1 and B2

9: compute d := Wasserstein-Distance(B1, B2)
output: d

values4. Such a network is able to capture the true constraints arbitrarily closely.

Table 4.1: Choice of β

Environment β
Gridworld (A, B) 0.99

CartPole (MR, Mid) 20
Ant-Constrained 15

HalfCheetah-Constrained 15
HighD 0.1
ExiD 5

To reduce training time, we use ICL with (highly optimized) PPO Lagrange [113] instead
of ICL with PPO Penalty for complex environments (Mujoco environments and ExiD
environment). In principle, any procedure that can efficiently optimize Equation (2.13)
can be used for the policy optimization part of ICL (Equation (4.1)).

4A constraint value of 0 indicates complete feasibility or safe state, while a constraint value of 1 indicates
infeasibility or unsafe state.
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Table 4.2: Constraint Mean Squared Error for ICL synthetic experiments (lower is better)

Environment GAIL-Constraint ICRL ICL
Gridworld (A) 0.31 ± 0.01 0.11 ± 0.02 0.08 ± 0.01
Gridworld (B) 0.25 ± 0.01 0.21 ± 0.04 0.04 ± 0.01
Cartpole (MR) 0.12 ± 0.03 0.21 ± 0.16 0.02 ± 0.00
Cartpole (Mid) 0.25 ± 0.02 0.27 ± 0.03 0.08 ± 0.05

4.3.6 Results

We compare the performance of our proposed method (ICL) w.r.t. baselines, i.e. GAIL-
Constraint [53] and ICRL [88].

Constraint error

We provide the CMSE results for the synthetic environments in Table 4.2 (lower values
are better). We also provide the constraint function plots for Gridworld (A) (Figure 4.6),
Gridworld (B) (Figure 4.7), CartPole (MR) (Figure 4.8) and CartPole (Mid) (Figure 4.9)
environments. Note that in the constraint function plots, when the constraint value is 1,
it can be interpreted as an infeasible state or state-action pair (i.e. a safeness violation)
that makes the constraint satisfaction less likely.

Figure 4.6: Average constraint function value (averaged across 5 seeds) for Gridworld (A)
environment.

While our method is not guaranteed to produce the true constraint function (due to con-
straint unidentifiability, Section 2.9.1), empirically, we find that our method is still able to
learn constraint functions that strongly resemble the true constraint function, as can be
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Figure 4.7: Average constraint function value (averaged across 5 seeds) for Gridworld (B)
environment.

Figure 4.8: Average constraint function value (averaged across 5 seeds) for CartPole (MR)
environment.

Figure 4.9: Average constraint function value (averaged across 5 seeds) for CartPole (Mid)
environment.
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Table 4.3: Normalized Accrual Dissimilarity for ICL synthetic experiments (lower is better)

Environment GAIL-Constraint ICRL ICL
Gridworld (A) 1.76 ± 0.25 1.73 ± 0.47 0.36 ± 0.10
Gridworld (B) 1.29 ± 0.07 2.15 ± 0.92 1.26 ± 0.62
Cartpole (MR) 1.80 ± 0.24 12.32 ± 0.48 1.63 ± 0.89
Cartpole (Mid) 7.23 ± 3.88 13.21 ± 1.81 3.04 ± 1.93

seen by our low CMSE scores (Table 4.2). Other methods, e.g., GAIL-Constraint can find
the correct constraint function for all environments except CartPole (Mid) (Figure 4.9),
however, the recovered constraint is more diffused throughout the state action space (see
Figure 4.6 and Figure 4.7). In contrast, our recovered constraint is pretty sharp, even
without a regularizer.

From the training plots, we also find that the ICRL method is able to find the correct
constraint function only for CartPole (MR) (Figure 4.8) and to a less acceptable degree
for Gridworld (A) (Figure 4.6). This is surprising as ICRL should be able to theoretically
learn any arbitrary constraint function (note that we used the settings in [88] except for
common hyperparameters), and expect it to perform better than GAIL-Constraint. Our
justification for this is two-fold. One, the authors of ICRL have only demonstrated their
approach with simple single-proposition constraints, and for more complex settings, ICRL
may not be able to perform as well. Second, ICRL may require more careful hyperparame-
ter tuning for each constraint function setting, even with the same environment, depending
on the constraint. On the other hand, our method is able to learn these relatively complex
constraints satisfactorily with relatively fewer hyperparameters.

Accrual dissimilarity

We provide the NAD results for the synthetic environments in Table 4.2 (lower values are
better). We also provide the normalized accrual plots for Gridworld (A) (Figure 4.10),
Gridworld (B) (Figure 4.11), CartPole (MR) (Figure 4.12) and CartPole (Mid) (Fig-
ure 4.13) environments.

We find a strong resemblance between the accruals recovered by our method and the ex-
pert, as can be seen by our low NAD scores (Table 4.3). In these scores, there is some
variability (e.g., in Cartpole (MR) and Gridworld (B) environments, plots provided in Fig-
ure 4.12 and Figure 4.11) which is expected, since the policies are stochastic. For baselines,
GAIL-Constraint accruals are similar to the expert accruals except for CartPole (Mid) en-
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Figure 4.10: Average normalized accruals (averaged across 5 seeds) for Gridworld (A)
environment.

Figure 4.11: Average normalized accruals (averaged across 5 seeds) for Gridworld (B)
environment.

Figure 4.12: Average normalized accruals (averaged across 5 seeds) for CartPole (MR)
environment.
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Figure 4.13: Average normalized accruals (averaged across 5 seeds) for CartPole (Mid)
environment.

Table 4.4: Constraint Mean Squared Error for ICL Mujoco experiments (lower is better)

Environment GAIL-Constraint ICRL ICL
Ant-Constrained 0.17 ± 0.04 0.41 ± 0.00 0.07 ± 0.00

HalfCheetah-Constrained 0.20 ± 0.03 0.35 ± 0.17 0.05 ± 0.00

vironment (Figure 4.13), where it is also unable to learn the correct constraint function.
Overall, this indicates that GAIL is able to correctly imitate the constrained expert across
most environments, as one would expect. On the other hand, ICRL accruals are even
worse than GAIL, indicating that it is unable to satisfactorily imitate the constrained ex-
pert, even on the environments for which it is able to generate a somewhat satisfactory
constraint function.

Mujoco results

We provide the CMSE results for the Mujoco experiments in Table 4.4 (lower values are
better). We also provide the constraint function plots for Ant-Constrained (Figure 4.14)
and HalfCheetah-Constrained (Figure 4.16) environments. Similarly, we provide the NAD
results for the Mujoco experiments in Table 4.2 (lower values are better). Then, we pro-
vide the normalized accrual plots for Ant-Constrained (Figure 4.15) and HalfCheetah-
Constrained (Figure 4.17) environments.

For the Mujoco environments, we observe that ICL is able to find the constraint more
accurately compared to GAIL-Constraint and ICRL, as can be seen from the low CMSE
scores in Table 4.4. With respect to the accruals, our method achieves the lowest NAD score
for Ant-Constrained environment (Table 4.5). However, the NAD score achieved by ICL
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Figure 4.14: Average constraint function value (averaged across 5 seeds) for Ant-
Constrained environment.

Figure 4.15: Average normalized accruals (averaged across 5 seeds) for Ant-Constrained
environment.

Figure 4.16: Average constraint function value (averaged across 5 seeds) for HalfCheetah-
Constrained environment.
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Table 4.5: Normalized Accrual Dissimilarity for ICL Mujoco experiments (lower is better)

Environment GAIL-Constraint ICRL ICL
Ant-Constrained 8.02 ± 2.84 9.50 ± 2.84 6.84 ± 1.29

HalfCheetah-Constrained 14.38 ± 2.36 7.50 ± 4.97 10.16 ± 7.49

Figure 4.17: Average normalized accruals (averaged across 5 seeds) for HalfCheetah-
Constrained environment.

is not the lowest for HalfCheetah-Constrained environment, and instead, ICRL achieves a
lower score. This can be explained by visually inspecting the accruals for ICL and ICRL
for the HalfCheetah-Constrained environment (Figure 4.17). More precisely, ICRL is able
to find a better constrained optimal policy for this specific environment, compared to ICL.
However, we do have a better constraint function (lower CMSE), and thus a constrained
RL procedure that could find the optimal constrained policy in this specific setting could
alleviate this issue.

We also note that the accruals don’t seem to go much further to the right. Running the
CRL procedure for a longer period of time will produce a better expert or agent policy
that goes further right.

HighD results

The recovered constraint for the HighD environment is provided in Figure 4.18. The
accruals are provided in Figure 4.19.

Overall, all the methods are able to find a constraint function that shows that as the agent’s
velocity increases, the center-to-center distance that must be maintained between the cars
also must increase. The time gap that must be maintained can be calculated by dividing
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Figure 4.18: Recovered expected constraint function for the HighD environment (averaged
over 5 seeds)

Figure 4.19: Accruals for the HighD environment (β = 0.1)
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the requisite center-to-center distance by the agent’s velocity. For all the methods, this
time gap is approximately between 3-4.5 seconds.

More precisely, at v = 20ms−1 = 72kmh−1, the gap is roughly between 60-80 m (equiva-
lently, 3-4 seconds) for all other methods, while close to v = 40ms−1 = 144kmh−1, the gap
is between 125-150 m (equivalently ≈3-4 seconds) for our method, and 160-180 m (equiva-
lently 4-4.5 seconds) for GAIL-Constraint and ICRL. Note that our method is the only one
which doesn’t assign high constraint value to large center-to-center gaps (no white areas in
the black regions). The possible justification for this is that the other methods are unable
to explicitly ensure that expert trajectories are assigned low constraint value, while our
method is able to do so through the constraint adjustment step. Moreover, our method
has fewer accrual points (red) in the white (high constraint value) region compared to the
baselines.

ExiD results

The recovered constraint for the ExiD environment is provided in Figure 4.20. Similarly,
the normalized accrual plot for the ExiD environment (Figure 4.21) is also provided.

Figure 4.20: Recovered expected constraint function for the ExiD environment (averaged
over 5 seeds)

For the ExiD environment, we find that only ICL is able to find a satisfactory constraint
function for this setting (Figure 4.20). GAIL-Constraint finds a diffused constraint that
overlaps the expert state-action pairs (and hence disallows them), while ICRL is unable
to find a reasonable constraint. We can interpret the constraint plot of ICL as follows.
Since the top-right and bottom-left quadrants (v ≥ 0, d ≥ 0 and v ≤ 0, d ≤ 0) are high
in constraint value (white), they are relatively unsafe/prohibited. This is in line with
expectation, since depending on the sign of the distance to the target lane, movement in
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Figure 4.21: Accruals for the ExiD environment (β = 5)

one direction should be allowed and other should be disallowed (some risky behaviour is
permitted since this is a soft constraint). More specifically, to reduce the magnitude of d,
we must apply a control input v of opposite sign. Further, the shape of the constraint is
also not exactly square/rectangular. That is, it constrains movement to be in one direction
when far away (e.g., for d = 10, v ≤ −1), and allows movement in both directions as we get
closer to the target lane (e.g., for d = 2.5, any v is allowed). Note that the learned constraint
is actually 5-dimensional where 3 features capture the traffic density information, 1 feature
captures the agent vehicle’s information and 1 feature reflects the action that is taken.
For the purposes of visualization, we fix the traffic density and show the corresponding
2-dimensional plot.

This experiment highlights the ability of the proposed method in learning a time varying
constraint. For this environment, the traffic density changes at each time step. The
proposed method is able to learn a 5-dimensional constraint that when given the processed
features of the traffic, produces information about the feasible actions that can be taken
at that time step.

4.4 Other questions

4.4.1 Use of penalty method vs. Lagrangian

As mentioned in Section 2.8, Lagrangian formulations are quite popular in the literature,
however, they are inherently min-max problems that admit gradient ascent-descent solu-
tions which are prone to oscillatory behavior, as we observe in Appendix A.3. Thus, we
prefer the simpler framework of penalty method optimization which works well empirically.
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4.4.2 Stochastic dynamics

Our algorithm can also be applied to stochastic environments, which we demonstrate in
Appendix A.2 with slippery Gridworld environments. Stochasticity would lead to noisier
demonstrations, and we find that a little noise in the demonstrations helps in the quality
of the recovered constraint, but too much noise can hamper the constraint learning.

4.4.3 Quality of learned policy w.r.t. imitation learning

We reiterate that our objective is to learn constraints, while the goal of imitation learning
techniques (e.g., behavior cloning) is to directly learn a policy that mimics the expert
without inferring any reward or constraint function. Even then, once the constraints
have been learned, they can be used with the given reward to learn a constrained policy.
Depending on factors like quality of expert data etc., ICL can learn a better or worse policy
compared to an imitation learning method. We do not have definitive evidence to conclude
that either is true.

4.4.4 Entropy regularized approaches and overfitting

Maximum entropy techniques (e.g., [120, 88]) have been previously proposed in the lit-
erature. Entropy maximization can indeed help in reducing overfitting, but they require
a completely different mathematical setup. Our method doesn’t belong to this family of
approaches, but we hope to incorporate these strategies in the future to reap the men-
tioned benefits. We still note that empirically, our approach doesn’t seem to suffer from
any overfitting issues.

4.4.5 Use of normalizing flow and reweighting

We justify our choice of using a normalizing flow to reweigh policies and trajectories (Al-
gorithm 3) in Appendix A.1. We find that ICL with reweighting performs better than ICL
without reweighting, although the improvement is minor.
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4.5 Summary

In this chapter, we provided a method to learn an expected constraint from expert demon-
strations. To do so, we proposed alternating between two procedures, a constrained policy
optimization procedure and a constraint adjustment procedure, until convergence. Later,
we conducted experiments to validate the proposed technique (ICL) w.r.t. two baselines,
GAIL-Constraint [53] and ICRL [88]. Our results show that compared to the baselines, ICL
shows superior performance, and can recover a sharp and accurate constraint that looks
like the true constraint. Moreover, it learns a policy similar to the expert’s policy, in most
cases. We also demonstrate the applicability of ICL to complex real world autonomous
driving scenarios, and interpret the recovered constraint functions. Finally, we showcase
the efficacy of our approach w.r.t. stochastic environments and provide rationale for using
a normalizing flow to measure dissimilarity (see Appendix A.2 and Appendix A.1).
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Chapter 5

Inverse probabilistic constraint
learning

In this chapter, we will propose methods to learn a probabilistic constraint from expert
demonstrations. We will first explain the difference between an expected constraint learned
in the previous chapter and a probabilistic constraint that we will learn with the methods
proposed in this chapter.

We can define a probabilistic constraint as follows,

Pτ∼π(Gc(τ) ≤ β) ≥ δ (5.1)

That is, given a set of trajectories, the constraint is satisfied for at least δ% of the trajec-
tories, for 0 ≤ δ ≤ 1 (G is defined in Equation (2.4)). Compared to an expected constraint
which allows for some violations, such a probabilistic constraint allows violations at most
100(1− δ)% of the time. This can be seen by rewriting the probabilistic constraint as,

Pτ∼π(Gc(τ) > β) ≤ 1− δ = 100(1− δ)% (5.2)

Note that this means that if δ = 1, then no violations are allowed, and in such cases, the
probabilistic constraint becomes a hard constraint.

We now describe the approaches that can learn a probabilistic constraint from constrained
expert demonstrations.
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5.1 Framework

In order to learn a probabilistic constraint, our objective is to minimize the dissimilarity
between the expert dataset and the agent dataset, where the expert dataset is generated
by the expert policy and the agent dataset is generated by the policy learned through an
algorithm for the IPCL setting (Equation (2.27)):

argminc ddis(D,DE;D ∼ PCRL(r, {c}; Γβ,δ))

Again, similar to ICL, we do this minimization empirically by alternating between policy
optimization and constraint adjustment until this distance is below a threshold (described
later in Algorithm 5).

5.1.1 Probabilistic constraint implied by an expected constraint

Since expected constraints have already been extensively studied [4] (and there exist meth-
ods which can learn such constraints from expert data), we first ask whether it is possible to
derive a probabilistic constraint (Equation (2.15)) that is implied by an expected constraint
(Equation (2.13)), which would enable the reuse of inverse constraint learning techniques
designed for expected constraints, presented in the previous section.

The answer is yes. Leveraging Chebychev’s bound, the following theorem shows that
an expected constraint with threshold β(1 − δ) implies a probabilistic constraint with
thresholds β, δ.

Theorem 2. Given any non-negative function f : Γ → [0,∞) (where Γ is the space
of trajectories), satisfying an expected constraint with threshold β(1 − δ) is a sufficient
condition for satisfying the probabilistic version of this constraint with thresholds β, δ.

Eτ∼π[f(τ)] ≤ β(1− δ) =⇒ Pτ∼π(f(τ) ≤ β) ≥ δ

Proof. The probabilistic constraint that must be satisfied is:

Pτ∼π(f(τ) ≤ β) ≥ δ (5.3)

1− Pτ∼π(f(τ) > β) ≥ δ

(1− δ)− Pτ∼π(f(τ) > β) ≥ 0
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Using Chebychev’s inequality,

Pτ∼π(f(τ) ≥ β) ≤ Eτ∼π[f(τ)]

β
(5.4)

This means that (ignoring the equality on the left side without loss of generality),

(1− δ)− Pτ∼π(f(τ) > β) ≥ (1− δ)− 1

β
Eτ∼π[f(τ)]

Since the right side is a lower bound of the left side, in order to satisfy (5.3), it is sufficient
to satisfy right side ≥ 0, which gives us:

(1− δ)− 1

β
Eτ∼π[f(τ)] ≥ 0 (5.5)

This is the same as the expected constraint with threshold β(1− δ), which completes the
proof.

When choosing f(τ) := Gcϕ(τ) to correspond to the cumulative constraint function then
f(τ) ≥ 0 as long as cϕ(s, a) ≥ 0 ∀s, a.1 Hence, we can use the ICL algorithm (Section 4.1.1)
to learn an expected constraint Eτ∼π[f(τ)] ≤ β(1− δ) that indirectly ensures satisfaction
of the probabilistic constraint Pτ∼π(f(τ) ≤ β) ≥ δ.

This gets us to an algorithm by which we can utilize any ICL algorithm to learn a prob-
abilistic constraint, by altering β as specified in Theorem 2. However, as our empirical
results indicate, it might not be always possible to learn a suitable probabilistic constraint
this way. This can happen because reducing the β value can make learning difficult as
β → 0.

To show this, we use the setup of a Gridworld-O2 environment, described in Figure 5.1.
Using this setup, we conduct experiments (5 training runs each) with IPCL3 with β =

1Since we can always rescale cϕ and β to be positive by adding a suitably large positive constant that
does not change the nature of the constraint, there is no loss of generality in assuming that cϕ(s, a) ≥ 0 ∀s, a.

2O for overlap
3IPCL (Inverse Probabilistic Constraint Learning) is the method proposed in Section 5.1.2 to learn a

probabilistic constraint from expert demonstrations. Note that both the approach and the setting are
called IPCL for simplicity. Since IPCL doesn’t need to deal with a low β, it can successfully learn a
probabilistic constraint compared to ICL with β := β(1−δ). Here, we run ICL with a constraint threshold
value β which is defined to be β(1− δ) as per Theorem 2.
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Figure 5.1: Gridworld-O (O for overlap) environment setup, where the true constraint
(white refers to a value of 1, black refers to a value of 0) overlaps with the start region
(green/yellow). Dark green region is the goal state. This overlap ensures that the constraint
is violated in at least some of the trajectories, when the agent starts in a bad state. Due
to this, it is more difficult to satisfy the probabilistic threshold.

0.99, δ = 0.6 and ICL with β = 0.99(1 − 0.6) = 0.396. The recovered constraints and
normalized accruals for these experiments are provided in Figure 5.2. As can be seen
from Figure 5.2, IPCL can successfully be applied to settings where finding an expected
constraint is difficult, or when the expert constraint is probabilistic. Note that this can
be extended to arbitrarily complex constraint settings since the constraint function is
represented by a neural network.

5.1.2 Alternating procedures and convergence

We now describe an algorithm called IPCL (i.e. Inverse Probabilistic Constraint Learning)
to directly learn a probabilistic constraint. It follows the same high level procedure that
alternates between constrained policy optimization and constraint adjustment as the ICL
algorithm (Section 4.1.1), but important algorithmic changes are needed to work with
probabilistic constraints instead of expected constraints.
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Figure 5.2: Average constraint function value and normalized accruals (averaged across 5
seeds) for the Gridworld-O environment (setup in Figure 5.1). Due to the design of the
environment (overlap between true constraint and start states), an expected constraint on
the trajectory constraint return is always violated. So, it is difficult for ICL to recover the
constraint. A reduced β, i.e. β := β(1 − δ) makes the problem harder as the overall β
decreases. However, IPCL (δ = 0.6) can find a probabilistic constraint that ensures that
the per-trajectory constraint holds with confidence at least δ.

IPCL-Policy-Optimization:

θ∗ := argmax
θ

Eτ∼πθ
[Gr(τ)] s.t. Pτ∼πθ

(Gcϕ(τ) ≤ β) ≥ δ (5.6)

Π← Π ∪ {πθ∗}
IPCL-Constraint-Adjustment:

ϕ∗ := argmax
ϕ

min
πθ∈Π

Pτ∼πθ
(Gcϕ(τ) > β) s.t. Pτ∼πE(Gcϕ(τ) ≤ β) ≥ δ (5.7)

In particular, the policy optimization procedure must now be performed with a probabilistic
constraint. Additionally, the constraint adjustment procedure in this formulation now uses
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the probability of infeasibility Pτ∼πθ
(Gcϕ(τ) > β) instead of the expected cost used in the

ICL formulation. The effect is analogous: this procedure still selects the most feasible
policy and maximizes the probability of infeasibility of this policy, thereby making it more
infeasible.

Assuming that the above optimization problems can be solved exactly, we prove that IPCL
terminates and finds a policy that is equivalent to the expert policy i.e., the distribution
over trajectories induced by both policies are the same.

Theorem 3. If the space of policies is finite, then the alternation of optimization procedures
in Equation (5.6) and Equation (5.7) converges to a set of policies Π such that the last
policy π∗ added to Π is equivalent to the expert policy πE in the sense that π∗ and πE

generate the same trajectories.

Proof. We give a proof by contradiction, similar to the convergence proof for Theorem 1.
We argue that since there are finitely many policies, and we add a new policy to Π at every
iteration, in the worst case, the algorithm will terminate once all policies have been added
to Π. Note that a finite space of policies is a reasonable assumption, since in practice
we typically only consider policies with a specific parameterization, where the parameters
have finite precision.

Suppose that θ∗ and ϕ∗ are the parameters of the policy πθ∗ and constraint cϕ∗ that the
algorithm converges to. According to Equation (5.6), the probability that constraint cϕ∗

is violated by policy πθ∗ is at most 1− δ:
Pτ∼πθ∗ (Gcϕ∗ (τ) > β) ≤ 1− δ

Suppose that πθ∗ ̸= πE, then we can show a contradiction in the sense that the probability
that π∗ violates cϕ∗ will be greater than 1− δ.

max
ϕ

min
πθ∈Π

Pτ∼πθ
(Gcϕ(τ) > β) s.t. Pτ∼πE(Gcϕ(τ) ≤ β) ≥ δ

= max
ϕ

min
πθ∈Π

Pτ∼πθ
(Gcϕ(τ) > β) s.t. Pτ∼πE(Gcϕ(τ) > β) ≤ 1− δ

= min
πθ∈Π

Pτ∼πθ
(Gcϕ∗ (τ) > β) s.t. Pτ∼πE(Gcϕ∗ (τ) > β) ≤ 1− δ

≥ min
πθ∈Π

Pτ∼πθ
(Gcϕ′

(τ) > β) where ϕ∗ ̸= ϕ′

> 1− δ
For the last two steps, we can choose cϕ′(S,A) := (β + ϵ)(1 − γ),∀S,A for some ϵ > 0.
With this cϕ′ , we have

Gcϕ′
(τ) =

∑
t

γtcϕ′(St, At) = (β + ϵ)(1− γ)
∑
t

γt
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Then in the infinite horizon setting,

Pτ∼πθ

(
Gcϕ′

(τ) > β
)
= Pτ∼πθ

(
(β + ϵ)(1− γ)

1− γ
> β

)
= 1 > 1− δ

As a result, the minimum probability of violation among the policies in Π is greater than
1− δ.

5.1.3 Practical algorithm

In practice, we have the same problem as before, i.e. the max-min optimization in the
constraint adjustment step (Equation (5.7)) is difficult to solve, hence we approximate it
in the same way as the original ICL algorithm (Section 4.1.2) by replacing the minimization
over Π by a single mixture policy πmix that consists of a weighted combination of the policies
in Π. The weight of each policy depends on the policy’s dissimilarity to the expert. More
specifically, the mixture policy reweighs optimal policies found in the policy optimization
step (as well as trajectories sampled from these policies), so that behaviour dissimilar to
the expert has a higher weight in the mixture policy (Section 4.1.3). This gives us the
following simplified procedure.

Simplified-Constraint-Adjustment:

ϕ∗ := argmax
ϕ

Pτ∼πmix
(Gcϕ(τ)) > β) s.t. Pτ∼πE(Gcϕ(τ) ≤ β) ≥ δ (5.8)

Overall, finding a probabilistic constraint requires alternating between procedures Equa-
tion (5.6) and Equation (5.8). Directly solving the above optimization problems by gradi-
ent descent based optimization is still challenging since this requires differentiating through
cumulative density functions that are not known in practice.

5.1.4 Differentiable approximation of cumulative density func-
tion

In this section, we provide an approximation of the cumulative density function that enables
gradient-based optimization for the problems in Equation (5.6) and Equation (5.8).
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First, we note the following regarding cumulative density functions.

Pτ∼π(Gc(τ) ≤ β) =

∫
τ

Pτ∼π(τ) I(Gc(τ) ≤ β)dτ = Eτ∼π[I(Gc(τ) ≤ β)] (5.9)

Overall, this states that a cumulative density function value can be rewritten as an expec-
tation of indicator functions. The indicator function, in turn, can also be approximated
by a sigmoid-like function such as the logistic function, tanh function, etc. In this work,
we approximate the indicator function as follows4,

I(a ≤ b) ≈ h(a, b)

h(a, b) :=
1

2
− 1

2

(
(a− b)√
(a− b)2 + ϵ

)
, where ϵ ≈ 0 (5.10)

Together, Equations (5.9) and (5.10) allow us to approximate the cumulative density func-
tion such that optimizations represented by Equations (5.6) and (5.8) become tractable.

5.2 Implementation

We now provide algorithms to solve Equation (5.6) and Equation (5.8) using the penalty
method. We do not use the Lagrangian method to solve Equation (5.8) since it suffers from
the same oscillatory behaviour that we encountered in the implementation of ICL constraint
function adjustment (Section 4.2). Similarly, for constrained policy optimization, we do
not use PPO Lagrangian (provided in OpenAI’s implementation [113]) since it cannot
handle probabilistic constraints and significant changes were required to make it work
with probabilistic constraints. Instead, we modify PPO Penalty (Section 4.2.1) to work
with probabilistic constraints, and optimize it to work with complex environments as well.

5.2.1 Probabilistic constrained reinforcement learning (PCRL)

Using the penalty method for Equation (5.6), we get the following update rules.

4The primary reason for choosing this algebraic approximation over a sigmoid-like approximation is
that away from the region close to a = b, the derivative of sigmoid-like functions is very close to 0, while
for this algebraic approximation, it is small but not as close to 0. This makes gradient-based learning more
feasible.
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Feasibility Projection: θ ← θ − η1∇θReLU(δ − Pτ∼πθ
(Gcϕ(τ) ≤ β)) (5.11)

PPO Update: θ ← θ − η2∇θPPO-Loss(πθ) (5.12)

5.2.2 Constraint adjustment

Using the penalty method for probabilistic constraint adjustment (Equation (5.8)), we
arrive at the following update rule.

ϕ← ϕ− η3∇ϕ

{
1− Pτ∼πmix

(Gcϕ(τ) ≤ β) + λReLU(δ − Pτ∼πθ
(Gcϕ(τ) ≤ β)

}
(5.13)

5.2.3 Differentiating the cumulative density function

The gradient of both these objectives require us to then compute the gradient of the ReLU
term, which can be written in terms of the derivative of the cumulative density function
as follows.

∇θReLU

(
δ − Pτ∼πθ

(
Gcϕ(τ) ≤ β

))
=

−I
(
Pτ∼πθ

(
Gcϕ(τ) ≤ β

)
< δ

)
∇θ

(
Pτ∼πθ

(
Gcϕ(τ) ≤ β

))
(5.14)

The analytical form of the derivative of the cumulative density function is described below,
using the approximation in Equation (5.10).

Lemma 4. The derivative of Pτ∼πθ
(f(τ) ≤ β) (where f(τ) := Gcϕ(τ)) with respect to

policy parameters θ is:

∇θPτ∼πθ
(f(τ) ≤ β) =

Eτ∼πθ

[
h(f(τ), β)

∑
t

∇θ log πθ(at|st)
]
− ϵ

2
Eτ∼πθ

[
∇θf(τ)

(
√

(f(τ)− β)2 + ϵ)3

]
(5.15)

Here, h(a, b) is defined as in Equation (5.10),

I(a ≤ b) ≈ h(a, b) :=
1

2
− 1

2

(
(a− b)√
(a− b)2 + ϵ

)
, ϵ ≈ 0
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Proof. We can prove this as follows,

∇θPτ∼πθ
(f(τ) ≤ β) = ∇θ

∫
Pτ∼πθ

(τ) I(f(τ) ≤ β)dτ

≈ ∇θ

∫
Pτ∼πθ

(τ) h(f(τ), β)dτ

=

∫ [
(∇θPτ∼πθ

(τ)) h(f(τ), β) + Pτ∼πθ
(τ) ∇θ(h(f(τ), β))

]
dτ (5.16)

using derivative chain rule

We can compute these two terms separately. The first term is,∫
(∇θPτ∼πθ

(τ)) h(f(τ), β)dτ =

∫
(Pτ∼πθ

(τ)∇θ logPτ∼πθ
(τ)) h(f(τ), β)dτ , using log trick

= Eτ∼πθ

[
∇θ logPτ∼πθ

(τ) h(f(τ), β)

]
= Eτ∼πθ

[
∇θ

{
log p(S0) (5.17)

+
∑
t

(
log πθ(At|St) + log p(St+1|St, At)

)}
h(f(τ), β)

]
using the definition of probability of a trajectory, see [66]

= Eτ∼πθ

[(∑
t

∇θ log πθ(At|St)

)
h(f(τ), β)

]
(5.18)

The second term can be obtained as follows,∫
Pτ∼πθ

(τ) ∇θ(h(f(τ), β))dτ =

∫
Pτ∼πθ

(τ) ∇θ

{
1

2
− 1

2

(
(f(τ)− β)√
(f(τ)− β)2 + ϵ

)}
dτ

= −1

2

∫
Pτ∼πθ

(τ) ∇θ

{
(f(τ)− β)√
(f(τ)− β)2 + ϵ

}
dτ

= −1

2

∫
Pτ∼πθ

(τ)

{
ϵ ∇θf(τ)

(
√
(f(τ)− β)2 + ϵ)3

}
dτ (5.19)

using derivative quotient rule

= − ϵ
2
Eτ∼πθ

[
∇θf(τ)

(
√
(f(τ)− β)2 + ϵ)3

]
(5.20)
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Using Equations (5.18) and (5.20) in Equation (5.16), we get the required result.

The first term of the expression can be computed for both discrete or continuous action-
space policies using automatic differentiation. The second term has ∇θf(τ), which is not
directly computable since for a stochastic policy, the actions are sampled from πθ, and
so the discounted sum of constraint values isn’t directly differentiable in terms of θ. The
sampling can however, be rewritten using the reparameterization trick. For continuous
action-space policies, if we use Gaussian policies, this is similar to the reparameterization
trick used in variational auto-encoders [61]. If we use a discrete action-space policy, we
need to reparameterize using the Gumbel-softmax trick [57] (see Section 2.9.3). After the
reparameterization, the quantity becomes differentiable.

Lemma 5. The derivative of Pτ∼πθ
(f(τ) ≤ β) (where f(τ) := Gcϕ(τ)) with respect to

constraint function parameters ϕ is given as,

∇ϕPτ∼πθ
(f(τ) ≤ β) = − ϵ

2
Eτ∼πθ

[
∇ϕf(τ)

(
√

(f(τ)− β)2 + ϵ)3

]
(5.21)

Proof. We can see that,

∇ϕPτ∼πθ
(f(τ) ≤ β) = ∇ϕ

∫
Pτ∼πθ

(τ) I(f(τ) ≤ β)dτ

≈ ∇ϕ

∫
Pτ∼πθ

(τ) h(f(τ), β)dτ

=

∫
Pτ∼πθ

(τ) ∇ϕ(h(f(τ), β)) dτ , since Pτ∼πθ
(τ) doesn’t depend on ϕ

This quantity is very similar to the second term of Equation (5.16) (see proof of Lemma 4).
Using the quotient rule in a similar way (Equation (5.20)), we can arrive at the required
result.

5.2.4 Overall algorithm

The overall algorithm for IPCL is provided in Algorithm 5. We now describe this algorithm
in further detail.
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First, the algorithm trains a normalizing flow on the expert dataset (lines 1-2). Similar
to the ICL algorithm (Algorithm 1), it alternates between constrained policy optimiza-
tion (lines 5-10) and constraint function adjustment (lines 11-15) until the iterations are
exhausted or until the agent’s policy becomes similar to the expert policy (line 16). For
constrained policy optimization, the algorithm learns an optimal policy given a probabilis-
tic constraint, by following the method described in Section 5.2.1. For constraint function
adjustment, the algorithm learns a constraint function given optimal policies from previous
iterations, as per the description in Section 5.2.2. The mixture policy is computed as per
the process described in ICL mixture policy computation, in Section 4.1.3. In the mixture
policy, the policies dissimilar to the expert policy are weighed more. Finally, the algorithm
outputs the most recent learned policy and the learned constraint function.

Algorithm 5 Inverse-Probabilistic-Constraint-Learning (IPCL)

hyper-parameters: iterations n, penalty weight λ, learning rates η1, η2, η3
define: Lβ

π := Pτ∼π(Gcϕ(τ) ≤ β) ▷ See Equation (5.10)
input: expert dataset DE = {τ}τ∈D, thresholds β, δ

1: initialize normalizing flow f
2: optimize likelihood of f on expert state action data: maxf

∑
(s,a)∈τ,τ∈D(log pf (s, a))

3: initialize constraint function cϕ
4: for 1 ≤ i ≤ n do
5: initialize policy πθi

6: perform policy optimization
7: alternate until convergence, between
8: θi ← θi − η1∇θi

ReLU(δ − Lβ
πθi

) ▷ Equation (5.14), Lemma 4 (constraint

feasibility)
9: and
10: θi ← θi − η2∇θi

PPO-Loss(πθi
) ▷ PPO [119]

11: perform constraint adjustment
12: Lsoft(cϕ) := −(1− Lβ

πmix
) + λReLU(δ − Lβ

πE
)

13:

14: ϕ← ϕ− η3∇ϕLsoft(cϕ) ▷ compute gradient using Lemma 5
15: ▷ (for πmix weight computation, see Algorithm 3)
16: break if Normalized-Accrual-Dissimilarity(D,Dπθi

) ≤ ϵ
▷ See Section 5.3.4 for normalized accrual dissimilarity metric

17: end for
18: output: cϕ, most recent policy πi
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5.3 Experiments

5.3.1 Experiment design

We wish to design experiments that answer the following questions:

• Does directly learning the probabilistic constraint (IPCL) perform better than in-
directly learning the constraint (ICL with β := β(1 − δ)), in terms of constraint
recovery and accrual similarity between the agent’s policy and expert policy?

• Does ICL with β := β(1 − δ) learn an expected constraint that empirically satisfies
the probabilistic constraint, as postulated by Theorem 2?

• What is the effect of δ in terms of learning a constraint? Does a high δ correspond to
a hard constraint, and if so, what are the differences w.r.t. constraint learned with a
lower δ?

In order to answer these questions, we conduct experiments with the following environ-
ments.

5.3.2 Environments

Gridworld Environment

The setup of the Gridworld environment is provided in Figure 5.3. This 7x7 gridworld
environment is the same as Gridworld (A) environment in Chapter 4. The agent starts
in the start region and must navigate to the goal. Without the constraint, the agent
can directly go downward towards the goal, which leads to a different policy than if the
constraint is present. The state space consists of two features, i.e. x and y positions,
overall assuming 7x7=49 values. The action space consists of 8 discrete actions including
4 nominal directions and 4 diagonal directions.

CartPole environment

The setup of the CartPole environment is provided in Figure 5.3. This environment is differ-
ent from CartPole (MR) and CartPole (Mid) environments in Chapter 4. More specifically,
in this environment, the agent (balancing the pole in the standard CartPole problem) starts
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Gridworld CartPole Mujoco environ-
ments, source: [88].

HighD environment
based on [63].

Figure 5.3: Environment setup for various environments. For the Gridworld environment,
white regions indicate constraint value of 1, green/yellow regions correspond to start states,
and dark green region is the goal state. For the CartPole environment, start region is shown
in yellow, the true constraint value is shown on Y-axis while the X-coordinate of the pole
is shown on the X-axis. The Mujoco and HighD environments follow the same setup as
ICL experiments in Chapter 4.

in the yellow region and must navigate to keep the constraint satisfied, depending on the
constraint specification. The agent may start in a region of high constraint value (yellow
region can correspond to high cost or low cost), and the objective is to move to a region
of low constraint value and balance the pole there, while the constraint function is being
learned. There are two actions in this environment, i.e. a = 0 (left) and a = 1 (right).
The state and action spaces are the same as the standard CartPole environment [18].

Mujoco environments

These comprise the Ant-Constrained and HalfCheetah-Constrained environments (Fig-
ure 5.3), which is the same as the Mujoco robotics environments used in ICL experiments.
The constraint used is z ≥ −1, i.e. the agent must stay in region z ≥ −1. The state
and action spaces are the same as the standard Ant and HalfCheetah Mujoco environ-
ments [130].

HighD environment

This environment is the same as the HighD environment used in ICL experiments. For
this environment (Figure 5.3), we use the real world highway dataset simulator (HighD)
from Gaurav et al. [42], which in turn, is based on dataset and environments by Krajewski

85



et al. [63] and Lee et al. [65]. We describe this environment again for clarity. The agent
starts on a straight road on the left side of the highway, and the goal is to reach the right
side of the highway without any longitudinal collisions. The state space is comprised of 7
ego features and 7 other features (predicates, propositions and processed features). The
action space consists of two continuous actions, i.e., acceleration and rate of change of
steering angle. Here, the true constraint function is not known. Instead, we want to learn
a constraint function that explains the relation between the ego velocity and the gap to
the car in the front.

5.3.3 Methods and baselines

We conduct experiments with three algorithms in order to answer the posed questions:

1. ICL with a modified β, which recovers a probabilistic constraint, i.e. with β :=
β(1− δ) as described in Theorem 25

2. IPCL described in Algorithm 5

3. UAICRL i.e. Uncertainty Aware ICRL [134] which is a recent method that
supports learning a constraint similar to the probabilistic constraint defined in this
work. More specifically, the UAICRL process alternates between risk sensitive CRL
and constraint function adjustment. The risk sensitive CRL procedure updates the
policy using techniques from distributional RL, capturing aleatoric uncertainty and
inherent stochasticity in the environment and dynamics. The constraint function ad-
justment reduces epistemic uncertainty (uncertainty due to lack of knowledge on out
of distribution data) and augments the agent’s dataset through flow based trajectory
generation.

5.3.4 Metrics

We define and report three metrics for our IPCL experiments:

1. Constraint Mean Squared Error i.e. CMSE, which is the mean squared error
between the true constraint and the recovered constraint, computed on a uniformly
discretized state-action space for the respective environment. This is the same metric

5ICL with β is not directly comparable with algorithms that learn a probabilistic constraint
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which is described in Section 4.3.4. We provide the details of the discretization in
Appendix B.3. If the discrete set of state-action pairs is D, then

CMSE(c, ctrue) =
1

|D|
∑

(s,a)∈D

(c(s, a)− ctrue(s, a))2 (5.22)

2. Normalized Accrual Dissimilarity i.e. NAD, which is a dissimilarity measure
computed between the expert and agent accruals (state-action visitations of pol-
icy/dataset). This is the same metric which is described in Section 4.3.4. Given a
policy learned by a method like ICL or IPCL, we compute an agent dataset of tra-
jectories. Then, the accrual (state-action visitation frequency) is computed for both
the agent dataset and the expert dataset over a uniformly discretized state-action
space, which is the same as the one used for CMSE. Finally, the accruals are nor-
malized, and the Wasserstein distance is computed between the accruals. Again, we
provide the details of the discretization in Appendix B.3. The pseudocode for this
computation is provided in Algorithm 4.

3. Probability of constraint satisfaction i.e. cumulative density function
(CDF) values corresponding to Pτ∼π(Gc(τ) ≤ β), which should be ≥ δ depend-
ing on the environment. This is equivalent to the expectation of indicator variables
(Equation (5.9)):

Pτ∼π(Gc(τ) ≤ β) = Eτ∼π[I(Gc(τ) ≤ β)]

5.3.5 Training setup

We perform 5 training runs for all the methods. We also use a constraint neural network
with a sigmoid output6, so that we can also interpret the outputs as safeness values7,
similar to the training setup in Chapter 4.

5.3.6 Results

Our results compare the performances of three algorithms: ICL with β := β(1− δ), IPCL
and UAICRL. As shown in the previous section, there are trivial cases where ICL with

6The complete architecture includes an input layer, 2 hidden layers of 64 nodes each, and an output
layer with a sigmoid output. The intermediate activations are ReLU.

7A constraint value of 0 indicates complete feasibility or safe state, while a constraint value of 1 indicates
infeasibility or unsafe state.
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Table 5.1: Choice of β, δ

Environment β δ
Gridworld 0.99 0.6
CartPole 20 0.7

Ant-Constrained 15 0.7
HalfCheetah-Constrained 15 0.5

HighD 0.1 0.5, 0.9

Table 5.2: Constraint mean squared error for IPCL experiments (lower is better)

Environment ICL w/ β(1− δ) IPCL w/ β, δ UAICRL
Gridworld 0.08± 0.01 0.07± 0.00 0.37± 0.00
CartPole 0.33± 0.02 0.17± 0.04 0.59± 0.00

Ant-Constrained 0.02± 0.00 0.13± 0.10 0.22± 0.00
HalfCheetah-Constrained 0.16± 0.15 0.08± 0.01 0.31± 0.00

β := β(1 − δ) can fail to recover a suitable probabilistic constraint, and in such cases,
IPCL (Algorithm 5) can be used. The choices of β, δ are provided in Table 5.1. Overall,
δ should be a high value but not too high since then it becomes infeasible in stochastic
environments. Similarly, a low δ is quite easy to satisfy and not really useful in practice.

Constraint error

The CMSE results for IPCL experiments are provided in Table 5.2 (lower is better). Fur-
ther, the constraint function plots are provided for Gridworld (Figure 5.4), CartPole (Fig-
ure 5.5), Ant-Constrained (Figure 5.6), and HalfCheetah-Constrained (Figure 5.7) envi-
ronments. Note that in the constraint function plots, when the constraint value is 1, it
can be interpreted as an infeasible state or state-action pair (i.e. a safeness violation) that
makes the constraint satisfaction less likely.
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Figure 5.4: Average constraint function value (averaged across 5 seeds) for Gridworld
environment.

Figure 5.5: Average constraint function value (averaged across 5 seeds) for CartPole envi-
ronment.

Figure 5.6: Average constraint function value (averaged across 5 seeds) for Ant-Constrained
environment.
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Table 5.3: Normalized accrual dissimilarity for IPCL experiments (lower is better)

Environment ICL w/ β(1− δ) IPCL w/ β, δ UAICRL
Gridworld 1.24± 0.88 0.57± 0.13 4.07± 0.17
CartPole 4.86± 2.73 3.10± 0.99 3.04± 1.37

Ant-Constrained 3.67± 0.91 2.75± 0.51 3.20± 1.02
HalfCheetah-Constrained 7.33± 5.46 6.62± 1.85 13.08± 1.66

Figure 5.7: Average constraint function value (averaged across 5 seeds) for HalfCheetah-
Constrained environment.

We find that in terms of accuracy, IPCL recovers more accurate constraints (lower CMSE
in Table 5.2) compared to ICL with β := β(1 − δ) and UAICRL. That is, in 3 out of 4
environments (i.e. except Ant environment), IPCL’s accuracy is better than the accuracy
of ICL with β := β(1 − δ). UAICRL can recover a constraint in all but one environ-
ment (CartPole environment), but the recovered constraint is either less sharp (Mujoco
environments) or overfit to the expert data (Gridworld environment).

Accrual dissimilarity

The NAD results for IPCL experiments are provided in Table 5.3 (lower is better). Fur-
ther, the normalized accrual plots are provided below for Gridworld (Figure 5.8), CartPole
(Figure 5.9), Ant-Constrained (Figure 5.10) and HalfCheetah-Constrained (Figure 5.11)
environments.
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Figure 5.8: Average normalized accruals (averaged across 5 seeds) for Gridworld environ-
ment.

Figure 5.9: Average normalized accruals (averaged across 5 seeds) for CartPole environ-
ment.

Figure 5.10: Average normalized accruals (averaged across 5 seeds) for Ant-Constrained
environment.
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Figure 5.11: Average normalized accruals (averaged across 5 seeds) for HalfCheetah-
Constrained environment.

In terms of the learned policy, IPCL is better than ICL with β := β(1 − δ) in all the
4 environments (see Table 5.3). In the case of Ant environment, even though ICL with
β := β(1 − δ) has a lower CMSE (Table 5.2), IPCL has a better NAD. A higher CMSE
could mean that an alternative constraint is being learned, for which the NAD is lower
as it still yields the expert policy. Additionally, since the final accrual is generated by
running the forward CRL procedure with the learned constraint, the NAD metric also
depends on the forward CRL procedure. This, in turn, means that the accrual quality
depends on the CRL procedure and the specific environment. This procedure is different
in ICL with β := β(1− δ) and IPCL. In ICL, we use PPO-Lagrange provided by OpenAI
[113], whereas in IPCL we use PPO-Penalty proposed in [42] and modified it to learn a
probabilistic constraint directly.

We also note that the accruals don’t seem to go much further to the right. Running the
CRL procedure for a longer period of time will produce a better expert or agent policy
that goes further right.

Constraint satisfaction

We provide the probability of constraint satisfaction for IPCL experiments in Table 5.4.
If these probabilities are at least δ, then the probabilistic constraint is satisfied. Further,
we also provide the histograms corresponding to 50 trajectory samples from the learned
policy for Gridworld (Figure 5.12), CartPole (Figure 5.13), Ant-Constrained (Figure 5.14)
and HalfCheetah-Constrained (Figure 5.15) environments.
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Table 5.4: Probability of constraint satisfaction for IPCL experiments (bold if ≥ δ)

Environment (δ) ICL w/ β(1− δ) IPCL w/ β, δ UAICRL
Gridworld (0.6) 0.86± 0.28 0.72± 0.06 0.00± 0.00
CartPole (0.7) 0.95± 0.02 0.71± 0.11 1.00± 0.00

Ant-Constrained (0.7) 0.85± 0.03 0.72± 0.32 0.00± 0.00
HalfCheetah-Constrained (0.5) 0.72± 0.37 0.61± 0.17 0.00± 0.00

Figure 5.12: Histograms for the cumulative density function of the constraint values based
on samples (Gridworld environment). Red line denotes the average value of the samples
and green line denotes β = 0.99. Roughly, at least δ ∗ 100% = 60% of the trajectories
should be before the green line.

Figure 5.13: Histograms for the cumulative density function of the constraint values based
on samples (CartPole environment). Red line denotes the average value of the samples and
green line denotes β = 20. Roughly, at least δ ∗ 100% = 70% of the trajectories should be
before the green line.
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Figure 5.14: Histograms for the cumulative density function of the constraint values based
on samples (Ant-Constrained environment). Red line denotes the average value of the
samples and green line denotes β = 15. Roughly, at least δ∗100% = 70% of the trajectories
should be before the green line.

Figure 5.15: Histograms for the cumulative density function of the constraint values based
on samples (HalfCheetah-Constrained environment). Red line denotes the average value
of the samples and green line denotes β = 15. Roughly, at least δ ∗ 100% = 50% of the
trajectories should be before the green line.

Looking at probability of satisfaction, ICL with β := β(1 − δ) learns a more conservative
policy on average (for e.g. in Cartpole, δ = 0.7, but the learned policy satisfies δ =
0.9). Another observation is that both IPCL and ICL final policies always satisfy the
probabilistic constraint (for the learned constraint and specific δ-threshold), as expected.

Performance of UAICRL

UAICRL [134] is only able to satisfy the probabilistic constraint in 1 out of 4 environments.
Additionally, the learned constraints are not sharp compared to the proposed methods,
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although the accrual dissimilarity is low for 3 out of 4 environments. This could be because
we run UAICRL to learn a VaR constraint (which is exactly the kind of constraint we are
learning in this chapter), however, UAICRL was originally intended to learn a CVaR
constraint.

Experiments with real world dataset environment

We provide the recovered constraints for the HighD environment in Figure 5.16, the nor-
malized accruals in Figure 5.17), and the histograms corresponding to 50 trajectory samples
from the learned policy in Figure 5.18.

Figure 5.16: Recovered constraint function for the HighD environment (averaged over 5
seeds). The red scatter points correspond to the expert accruals, provided here for clarity.
In the learned constraint, the expert trajectories should lie mostly in the feasible or black
region.

Figure 5.17: Accruals for the HighD environment (β = 0.1)
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Figure 5.18: Histograms for the HighD environment (logarithmic x-scale, β = 0.1). Red
line denotes the sample average and green line denotes β = 0.1. Roughly, at least δ ∗ 100%
of the trajectories should be before the green line.

As can be seen in the recovered constraint plots for the HighD environment8 (Figure 5.16), a
high δ learns a constraint that completely avoids any overlap between the learned constraint
and the expert behaviour. This is closer to a hard constraint. Similarly, a lower δ learns
a constraint with an overlap that can be defined using δ. In this way, a probabilistic
constraint ismore flexible than a traditional hard constraint, since it can represent hardness
depending on the choice of δ.

The accruals are mostly similar to each other, but not too close to the expert. This is also
seen in ICL experiments.

5.4 Summary

In this chapter, we proposed methods to learn a probabilistic constraint from expert demon-
strations. Specifically, we provide two methods that learn such a constraint, one which
reuses existing methods that learn an expected constraint, and another which directly
learns a probabilistic constraint. We conduct experiments to compare the performances
of the proposed techniques and a baseline, i.e. UAICRL [134]. Our results indicate that
in terms of finding an accurate and sharp constraint, the proposed method IPCL which
directly learns a probabilistic constraint works better than the method that reuses tech-
niques to learn an expected constraint (i.e. ICL with β := β(1−δ)). In terms of constraint
satisfaction, we find that ICL’s policy is more conservative than needed (i.e. it satisfies

8In these experiments, the true constraint is not known
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the constraint too strongly in all cases). We also find that probabilistic constraints are
more flexible than traditional hard constraints and can be used to specify the amount
of violations allowed in a scenario. However, this flexibility comes at the cost of manual
specification, since now we have an additional hyperparameter that must be specified in
advance by the designer.
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Chapter 6

Feature selection

Figure 6.1: Underlying constraint function may just depend on a subset of input features.

In this chapter, we further discuss the challenge of high dimensional input spaces for ICL
algorithms. In the ICL algorithms discussed so far, the input space of the constraint
function is predefined according to domain knowledge. However, in many cases, it may be
more desirable to determine procedurally which input features are necessary to predict the
constraint function output.

6.1 Background: reduced input spaces

We will need to refer to reduced state spaces and reduced action spaces. Suppose the
dimensionality of the state space is m := dim(S) and the dimensionality of the action
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space is n := dim(A). Then we can consider the state-action space for an MDPM to be:

F(M) := S ×A (6.1)

This state-action space is composed of individual dimensions:

S ×A := (×m
i=1S i)× (×n

j=1Aj) (6.2)

Here S i and Aj are the reduced state space and reduced action space along the i-th and
j-th dimension of the complete state space and complete action space respectively. For a
complete input space X , the reduced input space along the k-th dimension X k consists
only of the values that the k-th dimension or feature can assume. This set may be discrete
or continuous.

Further, assume that the set [q] is defined as:

[q] := {1, 2, 3, · · · , q} (6.3)

Then, we define a reduced input space for some Q ⊆ [dim(S) + dim(A)] as:

F(M)Q = ×i∈QF(M)i (6.4)

This is akin to selecting the features in F(M) that belong to the indices in Q.

Further, we also define a reduced constraint function cQ, where Q ⊆ [dim(S) + dim(A)]
(see Section 6.1) to be a constraint function with a reduced input space, i.e.

cQ : F(M)Q → R+ (6.5)

Similarly, we can also define an ICL procedure that can learn a reduced constraint function
cQ;Q ⊆ [dim(S) + dim(A)] (see Equation (6.5)):

ICLQ(r,D;D ∼ π∗) := cQ =⇒ CRL(r, {cQ}; Γβ) = π∗ (6.6)

This is equivalent to minimizing the dissimilarity between the expert dataset DE and the
agent’s dataset D, where the agent uses a reduced constraint function:

argmincQ ddis(D,DE;D ∼ CRLQ(r, {cQ}; Γβ)) (6.7)
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6.2 Learning a constraint with all input features

Before considering a constraint function which takes as input a reduced feature space, it
might be useful to understand the constraint learned when the complete feature space is
considered. Consider the example of a Mujoco environment like Ant or HalfCheetah where
the true underlying constraint is to stay in the region z ≥ −1. Here, the true constraint
depends only on the z-coordinate.

We can learn a constraint with the complete input space using the expert data DE, i.e.

c̃ = ICL(r,DE;DE ∼ πE) (6.8)

This procedure uses the complete input space, thus it may or may not produce a constraint
that looks like the true underlying constraint. Now, we can learn a policy:

π∗ = CRL(r, c̃) (6.9)

We can then generate a nominal dataset D ∼ π∗. After discretizing the z-coordinate
space, we can plot the recovered constraint function, averaged across various points (or
state-action pairs) lying in each discrete interval. This way, we can visualize the recov-
ered constraint function along the z-coordinate dimension. These plots can be found in
Figure 6.2 and Figure 6.3.

As can be seen from these figures, the learned constraint does not resemble a step function
at z = −1. So, ICL with all input features learns a different constraint than expected. In
order to test if this constraint is an alternative constraint (Section 2.9.1), we report the
NAD values (explained in Section 4.3.4) for two policies, one learned by using all the input
features, and another learned by using the reduced input space with just one dimension
(z-coordinate). We report these values in Table 6.1. We find that the NAD values for the
reduced input space are lower than the NAD values for the complete input space, which
means we learn a better policy with a reduced input space.
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Table 6.1: NAD values with and without all input features (std. error; lower is better)

Environment NAD NAD (all features)
HalfCheetah-Constrained 3.43 ± 0.70 5.20 ± 1.70

Ant-Constrained 2.49 ± 0.33 2.95 ± 0.79

Figure 6.2: Learned constraint for Ant-
Constrained environment (scatter points
correspond to nominal data, blue line
corresponds to the average constraint
value)

Figure 6.3: Learned constraint for
HalfCheetah-Constrained environment
(scatter points correspond to nominal
data, blue line corresponds to the aver-
age constraint value)

We find that these recovered constraints do not resemble the true underlying function in
a meaningful way. Additionally, the policy learned using the entire input space is worse
than the policy learned using the reduced input space (i.e. just the z-coordinate). This
rules out the case that ICL is finding an alternative constraint (Section 2.9.1), since any
alternative constraint would still have a policy close to the expert.

The main reason behind the mismatch between recovered and true constraints is overfitting.
As the number of input dimensions increase, it it less and less likely that we have sufficient
data per dimension, due to which the learned constraint function is less likely to be the
true constraint or an alternative constraint. In principle, we should be able to find either
the true constraint or an alternative constraint with infinitely many demonstrations, but
in practice we only have finitely many demonstrations.

This experiment motivates the need for feature selection, i.e. a way to reduce the input
space size for ICL algorithms, since running ICL with the right reduced input space is
better than running it will all features.
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6.3 Using a neural network to construct features

It is natural to use a neural network to automatically reduce the input space into embed-
dings [61, 51, 52]. We do not use such a strategy because:

• the learned embeddings may not be necessarily interpretable

• a model learned with these embeddings as input features doesn’t generalize to unseen
data [13, 14, 15]

6.4 Feature selection objective

ICL algorithms learn a constraint function from expert data. In the context of ICL, the
objective of feature selection is to determine the input features necessary to predict the
learned constraint function value, given access to an expert dataset (DE) and a nominal
dataset (DN). The nominal dataset contains non-expert like behaviour and it may be
generated in different ways, depending on the algorithm used for feature selection. We
describe this later.

6.4.1 Difference from feature selection in classification

The primary difference between feature selection in the context of ICL and in the context
of classification is that for classification, the label variable Y is given and well defined for
every example input X. For ICL, the label variable corresponds to the learned constraint
function value (for the reduced feature space) c∗(X), and since this needs to be learned
with ICL, it is not known in advance.

6.4.2 Dataset generation

Since the learned constraint function c∗ is not known in advance, we need to use a different
strategy to come up with the label variables needed for feature selection. For this, we
can argue that the learned constraint function distinguishes between expert and nominal
data, i.e. it allows expert behaviour (label of 0) and disallows nominal behaviour (label
of 1). In reality, this label is more of a continuous value in [0, 1] where 0 corresponds to
expert behaviour and 1 corresponds to completely non-expert like behaviour. We’ll use a
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simplifying assumption that the label is either 0 or 1 depending on whether the behaviour
belongs to the expert dataset or the nominal dataset.

For an expected constraint formulation, since we have two batches of trajectories (or two
datasets), we’ll label the entire expert dataset as 0 and the entire nominal dataset as 1.
This is too few examples (2 examples to be specific) for feature selection. The example set
would be:

{(DE, 0), (DN , 1)} (6.10)

For a hard constraint formulation, we can label each trajectory in the expert dataset as 0
and each trajectory in the nominal dataset as 1. This is still not too many examples (2K
examples to be specific, where K = |DE| = |DN |), and additionally, since each trajectory
consists of a variable number of state-action pairs, each example will have a variable sized
input space. In this case, the example set would be:

{(τE, 0);∀τE ∈ DE} ∪ {(τN , 1);∀τN ∈ DN} (6.11)

Therefore, we need to consider an instantaneous constraint formulation, where we consider
that each state-action pair in the expert dataset is allowed and each state-action pair in
the nominal dataset is disallowed. This is the other assumption that we need to make in
order to generate a sufficient number of examples for feature selection (2K ·O(T ) examples
to be specific, where T is the horizon for each trajectory). Moreover, in this formulation,
the input space size is fixed to be the size of the combined state-action space. For this
case, the example set would be as follows:

{([Si
tA

i
t], 0);∀(Si

t , A
i
t) ∈ τi,∀τi ∈ DE} ∪ {([Sj

tA
j
t ], 1);∀(S

j
t , A

j
t) ∈ τj,∀τj ∈ DN} (6.12)

6.5 Baselines: mutual information based methods

Using the approach described in the previous section and under the two stated assumptions,
we can construct a dataset of examples with corresponding labels. Then, we can use any
of the known techniques for feature selection in classification to do feature selection in the
context of ICL. We use filter based methods for this task since they are pretty fast to apply.
In practice however, these methods fail for the primary set of environments (i.e. Gridworld,
CartPole and HighD-S, see Section 6.8.5). Thus, we use these methods as baselines.

We discuss these baseline techniques as follows.
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6.5.1 Conditional infomax feature extraction (CIFE)

Conditional infomax feature extraction (CIFE) [71] sequentially extracts features by opti-
mizing the following objective:

X t∗ = argmaxt

{
I(X t;Y )−

t−1∑
u=1

Rc(X
u;X t)

}
(6.13)

Here, maximizing the first term chooses a feature that is helpful in predicting the label Y ,
whereas minimizing the second term reduces the class relevant redundancy Rc i.e.

Rc(X
1;X2) := I(X1;X2)− I(X1;X2|Y ) (6.14)

6.5.2 Double input symmetrical relevance (DISR)

Double input symmetrical relevance (DISR) [93] uses the notion of symmetrical relevance
which is equivalent to normalized mutual information i.e.

SR(X;Y ) =
I(X;Y )

H(X;Y )
(6.15)

Then, the objective is to maximize the overall joint symmetrical relevance of selected and
unselected features, w.r.t. the label Y . More specifically, if the set of selected features is
XS and the set of unselected features is X−S, then the objective is:

X t∗ = argmaxXt∈X−S

{ ∑
Xu∈XS

SR(X t,u;Y )

}
(6.16)

6.5.3 Conditional mutual information maximization (CMIM)

Conditional mutual information maximization (CMIM) [39] maximizes the minimum mu-
tual information of the next feature w.r.t label Y conditional on the previously selected
features:

X t∗ = arg max
Xt∈X−S

min
Xu∈XS

I(X t;Y |Xu) (6.17)
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6.5.4 Maximum relevance minimum redundancy (MRMR)

Max relevance min redundancy (MRMR) [108] is similar to CIFE except that the redun-
dancy is computed as an average of individual mutual information terms, where the mutual
information is calculated between the variable to be selected and a variable that has been
previously selected:

X t∗ = argmaxXt∈X−S

{
I(X t;Y )− 1

|XS|
∑

Xu∈XS

I(X t;Xu)

}
(6.18)

6.6 Our approach

6.6.1 Motivation

Since traditional feature learning algorithms do not work well in the context of feature
selection for ICL, we propose an alternative approach to feature selection, inspired by the
functionality of ICL algorithms.

We note that ICL algorithms learn a constraint from demonstrations, i.e.

c̃ = ICL(r,DE;DE ∼ πE) (6.19)

The goodness of the constraint is judged by how similar the accrual of the agent is to the
accrual of the expert, i.e. if we generate the agent dataset

DN ∼ π∗ = CRL(r, c̃) (6.20)

Then, if the following value is small enough (ddis is a notion of distance between dataset ac-
cruals or visitations, Section 2.1.3), then the learned constraint is either the true constraint
or an alternative constraint (Section 2.9.1):

ddis(DE, DN) ≈ 0 (6.21)

We can further assume the accrual dissimilarity ddis(DE, DN) to be correlated with indi-
vidual dissimilarities ddis(D

i
E, D

i
N),∀i, where Di

E and Di
N are the marginal datasets along
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feature i. In fact, it is reasonable to assume that a larger individual dissimilarity corre-
lates more with the overall accrual dissimilarity. Thus, the magnitude of the individual
dissimilarity is correlated with the quality of the learned constraint. This means that the
degree of feature mismatch is correlated with the learned constraint function value. More
specifically, when the marginal dissimilarity is low, the marginal distributions don’t change
much, however, the constraint function values change (expert vs non-expert data). Thus
in this setting, the specific feature under consideration has low effect on the constraint
function value.

This mismatch can be measured using a simple statistical test, described next.

6.6.2 Kolmogorov-Smirnov two sample test

We borrow a simple non parametric statistical test from the hypothesis testing literature
to ascertain the mismatch between the marginal distributions of the individual features.

Figure 6.4: Computation of KS2ST statistic.

Given samples from two distributions (n from the first distribution and m from the second
distribution), the KS2ST constructs empirical CDFs F n

1 , F
m
2 for both the distributions

106



which are then compared. The KS statistic is then defined as the maximum difference
between these empirical CDFs.

Dn,m = max
x
|F n

1 (x)− Fm
2 (x)| (6.22)

The null hypothesis is that both the samples belong to the same distribution. It is rejected
if the statistic is fairly high, i.e.

Dn,m >

√
− ln

(α
2

)
· 1
2
·
√
n+m

n ·m
(6.23)

For our experiments, we use α = 0.01, which is common in the hypothesis testing literature.

6.7 Algorithms

6.7.1 Without ICL

Given the expert dataset DE and a nominal dataset DN (DN is generated with the re-
ward, but without any constraint; labels are generated as per the technique explained in
Section 6.4.2), we can:

• rank features using a feature selection algorithm (in Section 6.5)

• rank features using our method (in Section 6.6)

The algorithm stops when the stopping criterion is met, i.e. when the p-value of the
selected feature drops below 0.01 (this is standard in hypothesis testing literature).

6.7.2 With ICL

The algorithm with ICL is provided in Algorithm 7. This algorithm is inspired by the
feature selection objective (Equation (6.7)):

argminQ⊆[dim(S)+dim(A)]ddis(D,DE;D ∼ CRL(r, {ICLQ(r,DE)}; Γβ))
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Algorithm 6 Feature selection without ICL

1: procedure Feature-select-no-ICL(expert dataset DE, reward r, entire feature
set = X)

2: XS = features selected so far = ∅
3: DN = CRL(r, {})
4: Create dataset D by labeling (S,A) ∈ DE, (S,A) ∈ DN as per Section 6.4.2
5: for iteration = 1 to X.size do
6: Select next feature X i∗ ∈ X using a baseline or our method (arguments XS, D)
7: XS = XS ∪{X i∗}
8: Stop if stopping criterion is met
9: end for
10: end procedure

The idea is to greedily and repeatedly select a feature to add to the list of selected features.
A nominal dataset is computed each time using the constraint recovered from ICL (reduced
input space) which is used to select the next feature. This nominal dataset would have
low mismatch for the feature selected previously, since as we add features, the learned
constraint and policy should become better and better. The algorithm stops when the
stopping criterion is met, i.e. when the p-value of the selected feature becomes statistically
insignificant, i.e. it goes above 0.01. For selecting the first feature, this is equivalent to the
“without ICL” algorithm (Section 6.7.1).

6.7.3 Mitigating information overlap

It is likely that several input features have information overlap, i.e. they have redundant
information. In such a case, the algorithm with ICL prioritizes the selection of features
with less information overlap, allowing the informative subset of features to remain small.
Thus the input feature with repeated information is selected much later.

We conduct an experiment to ascertain the effect of having overlapping features in the input
space. Specifically, we construct a variant of the CartPole environment with 6 features (5
state features + 1 action feature), where the extra state feature corresponds to a bogus
feature that assumes the same value as x feature, and is therefore perfectly correlated with
x. In this case, KS2ST without ICL should select both x and x (bogus) one after the
another, while the ICL variant (Section 6.7.2) should select x (bogus) feature much later,
since once we have selected x, any overlapping feature will be ignored. This is indeed
what we observe in our experiment (Table 6.2). Specifically, we find that without ICL,
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Algorithm 7 Feature selection with ICL

1: procedure Feature-select(expert dataset DE, reward r, entire feature set = X)
2: XS = features selected so far = ∅
3: for iteration = 1 to X.size do
4: if XS.size = 0 then
5: DN = CRL(r, {})
6: else
7: c∗ = ICLS(r,DE)
8: DN = CRL(r, {c∗}; Γβ)
9: end if
10: Create dataset D by labeling (S,A) ∈ DE, (S,A) ∈ DN as per Section 6.4.2
11: Select next feature X i∗ ∈ X using a baseline or our method (arguments XS, D)
12: XS = XS ∪{X i∗}
13: Stop if stopping criterion is met
14: end for
15: end procedure

the median position of selection of x is #1, and x (bogus) is #2, whereas with ICL, the
median position of selection of x is #1 and x (bogus) is #4.

Table 6.2: KS2ST for overlapping features

Seed Without ICL With ICL
1 x: #2, x (bogus): #3 x: #4, x (bogus): #5
2 x: #1, x (bogus): #2 x: #1, x (bogus): #2
3 x: #1, x (bogus): #2 x: #1, x (bogus): #5
4 x: #1, x (bogus): #2 x: #1, x (bogus): #4
5 x: #1, x (bogus): #2 x: #1, x (bogus): #3

6.8 Experiments

6.8.1 Experiment design

We wish to answer the following questions in our experiments:

• How does our method perform w.r.t. feature selection methods from classification?
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• Can our method perform well for a complex real world environment, for example, a
scenario in autonomous driving?

• How does our method perform in large state-action spaces (e.g. in Mujoco environ-
ments)?

• Can our method select the right subset of features?

To answer these questions, we perform experiments with the following environments.

6.8.2 Environments

We divide the environments for our experiments into two sets. For the primary set of
environments, we conduct experiments to compare the performance of our methods against
the baselines, i.e. feature selection methods from classification. As we will see, even simple
environments are sufficient to prove the superiority of our method. For the secondary set
of environments, we compare the without and with ICL based algorithms (Algorithm 6
and Algorithm 7) and see their performances in large state action spaces.

Primary environments:

1. Gridworld environment: This environment is the same as the one used in IPCL
experiments. The state space consists of two features, x and y position of the agent.
There are 8 possible discrete actions corresponding to the nominal and diagonal
directions.

2. CartPole environment: This environment is also the same as the one used in IPCL
experiments. The state space and action spaces are the same as the original CartPole
environment provided by OpenAI [19].

3. A simplified HighD environment (HighD-S) [63]: This is the HighD car following
environment described in ICL and IPCL experiments, but with a reduced state action
space. The state consists of only 4 features, i.e. gap to the car in the front, speed,
and x/y positions of the car and the action consists only of one continuous feature
i.e. acceleration of the car.

Secondary environments:
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1. HighD environment [63]: This is the HighD environment described in ICL and
IPCL experiments, but with the complete state action space. The state consists of
14 continuous as well as boolean features (7 car features and 7 predicates) and the
action consists of two continuous features, i.e. acceleration of the car and rate of
change of steering angle of the car.

2. Mujoco environments (Ant-Constrained, HalfCheetah-Constrained): These are the
Mujoco environments described in ICL and IPCL experiments. The Ant environment
has 121 combined state action features and the HalfCheetah environment has 24
combined state action features.

Since these environments have been previously described in ICL and IPCL experiments,
we omit further description here, and refer the reader to Section 5.3.2 for a more detailed
description of these environments.

6.8.3 Training setup

We run our experiments with a single seed for all environments, since running with multiple
seeds is computationally expensive for the with ICL (Algorithm 7) variant.

We run the Mujoco experiments with 5 seeds to report the mean and median position
when z-coordinate is selected. We terminate these experiments when the z-coordinate is
selected, otherwise the algorithm will take too much time (HalfCheetah-Constrained has
24 input features and Ant-Constrained has 121 input features).

6.8.4 Ground truth

We provide the ground truth for the feature selection experiments in Table 6.3. For the
feature ranking experiments, the features listed in Table 6.3 can come in any order, followed
by the rest of the features.

Table 6.3: Feature selection ground truth
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Environment Correct feature selection subset
Gridworld y, x
CartPole x
HighD-S acc., gap, speed

Mujoco Ant z-coordinate
Mujoco HalfCheetah z-coordinate

HighD gap, gap-parsed, speed, at, at+1

6.8.5 Feature ranking for primary environments

The results for feature ranking for the primary environments are provided in Tables 6.4,
6.5 and 6.6. We can see from these experiments that while the baselines don’t work well
with the HighD-S environment, our method works well with all the environments.

Table 6.4: Gridworld feature ranking results. Blue indicates a relevant feature, red indicates
an irrelevant feature that appears before a relevant feature, and black indicates an irrelevant
feature that appears after the relevant features. Red features correspond to mistakes.

Method Order of feature selection
CIFE y, x, action
DISR y, x, action
CMIM y, x, action
MRMR y, action, x

KS2ST (without ICL) y, x, action
KS2ST (with ICL) y, x, action

6.8.6 HighD environment

The results for the HighD environment (with and without ICL) are provided in Tables 6.7
and 6.8. While the method without ICL works well, the method with ICL makes a few
mistakes, but discovers all the 5 important features in the first 7 selected features.

6.8.7 Mujoco environments

We further apply the KS2ST strategy to two Mujoco environments, Ant and HalfChee-
tah. For the ICL variant (Section 6.7.2), we only run the algorithm until we find the
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Table 6.5: CartPole feature ranking results. Blue indicates a relevant feature, red indicates
an irrelevant feature that appears before a relevant feature, and black indicates an irrelevant
feature that appears after the relevant features. Red features correspond to mistakes.

Method Order of feature selection
CIFE x, θ, action, dx/dt, dθ/dt
DISR x, action, dθ/dt, dx/dt, θ
CMIM x, θ, dθ/dt, dx/dt, action
MRMR x, θ, action, dx/dt, dθ/dt

KS2ST (without ICL) x,θ, dx/dt, dθ/dt, action
KS2ST (with ICL) x, θ, dθ/dt, dx/dt, action

Table 6.6: HighD-S feature ranking results. Blue indicates a relevant feature, red indicates
an irrelevant feature that appears before a relevant feature, and black indicates an irrelevant
feature that appears after the relevant features. Red features correspond to mistakes.

Method Order of feature selection
CIFE y, gap, acc., speed, x
DISR y, acc., speed, x, gap
CMIM acc., y, gap, speed, x
MRMR acc., speed, x, gap, y

KS2ST (without ICL) speed, acc., gap, y, x
KS2ST (with ICL) speed, acc., gap, x, y

Table 6.7: KS2ST HighD results (without ICL)

Order of feature selection Selected feature
1 gap
2 speed
3 at+1

4 at
5 gap-parsed
6 y pos
7 collision
· · · · · ·
16 ψ̇t+1
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Table 6.8: KS2ST HighD results (with ICL)

Order of feature selection Selected feature
1 gap
2 at+1

3 y pos
4 speed
5 x pos
6 gap-parsed
7 at
· · · · · ·
16 ψ̇t+1

z-coordinate. In both these environments, the expert data is generated by an underlying
constraint function that depends only on the z-coordinate (1st feature, starting from index
1). Thus, in the order of feature selection, this feature must be selected first. The Ant
environment has 121 features (113 state features + 8 action features), whereas HalfChee-
tah has 24 features (18 state features + 6 action features). Here, we report the position of
z-coordinate in the order of feature selection, since enumerating the entire list takes up a
considerable amount of space. Our results are available in Tables 6.9 and 6.10.

We empirically observe that with ICL, the mean position of the z-coordinate in the order of
feature selection is usually lower than without ICL, which affirms the improvement offered
by the with ICL algorithm variant. Moreover, in HalfCheetah, the median position is #1
across 5 seeds which means that the most important feature is chosen first. However,
in Ant, the median position is #6, which means that the most important feature is not
selected first. This could be because of the high dimensionality of the input space (121
features).

6.8.8 Feature selection experiments

We also choose a stopping criterion for our feature selection experiments. Specifically, we
stop the feature selection (with ICL) algorithm when we find the mismatch is insignificant
i.e. p-value is more than 0.01. This value is standard in hypothesis testing literature. We
report our results in Table 6.11. Overall, except the HighD-S environment, our method is
able to reduce the input space considerably and makes few mistakes. This is acceptable
since the primary goal is to reduce the number of features without missing any relevant
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Table 6.9: KS2ST Mujoco Ant results

Algorithm Statistic Position of z-coordinate (positions for 5 seeds)

Without ICL
Median #6 (#3, #5, #6, #15, #21)
Mean #10 (#3, #5, #6, #15, #21)

With ICL
Median #6 (#5, #5, #6, #7, #7)
Mean #6 (#5, #5, #6, #7, #7)

Table 6.10: KS2ST Mujoco HalfCheetah results

Algorithm Statistic Position of z-coordinate (positions for 5 seeds)

Without ICL
Median #1 (#1, #1, #1, #3, #11)
Mean #3.4 (#1, #1, #1, #3, #11)

With ICL
Median #1 (#1, #1, #1, #2, #7)
Mean #2.4 (#1, #1, #1, #2, #7)

feature.

Here, for the HalfCheetah and Ant environments, FN refers to the N -th feature.

Table 6.11: Feature selection results

Environment Selected vs total features List of selected features
Gridworld 2 / 3 y, x
CartPole 2 / 5 x, dθ/dt
HighD-S 5 / 5 speed, acc, gap, x pos, y pos
HighD 7 / 16 gap, at+1, y pos, speed, x pos, gap-parsed, at

HalfCheetah 6 / 24 F0, F6, F2, F1, F5, F20
Ant 4 / 121 F2, F12, F3, F0

6.9 Summary

In this chapter, we discussed the problem of feature selection in the context of inverse con-
straint learning. This problem is different and more challenging than the feature selection
problem in classification because the constraint function value is not known and has to
be simultaneously learned in parallel with feature selection. We provided a method for
dataset construction in such a case. Later, we used a simple test from hypothesis testing
literature and devised a method to select features using the dataset previously constructed,
motivated by the functionality of ICL algorithms. We then provide algorithms that use
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this method to select features. Finally, we conducted experiments to validate the proposed
method. Our experiments indicate that feature selection techniques for classification fail
with simple environments in the context of ICL. Our method can select the right features
with simple as well as complex environments with few mistakes, thereby being able to re-
duce huge state-action spaces into much smaller state-action spaces, amenable to constraint
learning.
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Chapter 7

Summary

In this work,

1. We propose new techniques to learn expected and probabilistic constraints from
demonstrations. Specifically, we propose an approach that can recover expected
cumulative constraints common in CMDPs. We also discuss the problem of finding a
probabilistic or chance constraint, which may be desired in many circumstances where
we wish to have a guarantee over the probability distribution of constraint returns.
Our methods provide a principled way to learn such a probabilistic constraint.

2. Our constraint learning experiments show that ICL is able to learn a sharp and ac-
curate expected constraint, and that the learned policy is close to the expert policy.
For learning a probabilistic constraint, we propose two methods. The method which
reuses existing ICL techniques performs worse than IPCL in terms of learning an ac-
curate constraint. Further, it also learns a more conservative constraint than needed.
On the other hand, IPCL learns a constraint that “just” satisfies the probabilistic
threshold by a smaller margin.

3. Further, we define the problem of feature selection for ICL algorithms, i.e. identifying
the features relevant for predicting the constraint function output, to be used as an
apriori specification for running ICL. In order to do this feature selection, we discuss
various mutual information based techniques in the literature, as well as propose
using the KS2ST from hypothesis testing literature.

4. Our experiments for feature selection show that while mutual information based
techniques are unable to perform well with simple environments, the KS2ST based
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approach works well for simple as well as complex environments. We also discuss
and demonstrate an ICL based variant of the feature selection algorithm that is able
to select features by mitigating information overlap.

7.1 Limitations

Our methods have several limitations:

1. The proposed techniques assume that the reward function is known and can only
learn a single constraint function. The challenge with simultaneously learning the
reward function as well as multiple constraints is that there can be many equiva-
lent configurations of reward and constraint functions that can generate the same
trajectories (i.e. unidentifiability, see Section 2.9.1).

2. It is possible that expert demonstrations are sub-optimal. In that case, we hypoth-
esize that our method would learn other constraints such that the provided demon-
strations become optimal for these constraints.

3. Our approach requires several outer iterations of forward CRL and constraint ad-
justment, and as a result, it should in principle require more training time than the
existing baselines. Similarly, our feature learning method (with ICL) requires several
iterations of ICL, and is therefore, even more computationally expensive.

4. For learning a chance constraint, while our method allows learning a constraint with
a probabilistic guarantee, it also adds a new hyperparameter δ, which may vary
between environments and needs to be set in advance by the designer.

5. For feature selection, it is difficult to assess the performance of our method when the
ground truth feature subset is not known, especially when the input space is huge,
which is true for several real world settings.

7.2 Future work

There are several avenues for further research:
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1. For learning rewards and/or multiple constraints, we need a way to specify preference
for specific combinations of reward and constraint functions. Understanding and
quantifying the unidentifiability in the constraint learning case is also an important
alternative direction of future work.

2. We also hope to extend our work to handle demonstrations from multiple experts
and incorporate entropy regularization into our framework for its benefits.

3. We hope to improve our feature learning algorithm to handle large input spaces more
accurately (e.g. Ant-Constrained and HalfCheetah-Constrained).

7.3 Conclusions

In this work, we explored methods to learn constraints from demonstrations. Unlike prior
work which focuses on learning hard constraints [25, 120, 105, 90, 88] or task specific
constraints [5, 109, 72, 73], we propose methods to learn an expected constraint and a
probabilistic constraint from expert demonstrations. We also provide a method to reduce
large input spaces to make constraint learning more amenable.

The main advantage of using expected or probabilistic constraints can be explained as
follows. While hard constraints do not allow any violations, expected constraints allow for
some violations and probabilistic constraints allow the degree of acceptable violations to be
set by the practitioner. This in turn leads to constraints that function well in the real world,
since such constraints better account for sensor noise and measurement error in the real
world. There also exist numerous applications that would benefit from learning an expected
constraint or a probabilistic constraint. These applications span across inventory planning
[24], robotics [70, 117, 128, 2, 49, 29, 86, 106], autonomous driving [28, 29, 87, 54, 100, 107],
video compression [89], power systems [45], war assessment [58] and more.

Newer work in constraint learning focuses on learning constraints under uncertainty [75,
134], or learning both reward and constraints together [81, 82, 83]. There still remain open
problems of unidentifiability, dynamic constraint learning, generalizability and extension
to multi-agent and partially-observable scenarios. These are exciting topics to explore in
future work.
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Appendix A

Additional experiments

A.1 Effect of policy mixture and reweighting

To assess the effect of having a policy mixture and reweighting, we conduct experiments
with two more variants of ICL on all the synthetic environments:

• ICL wihout a mixture policy or reweighting (use the policy learned in constrained
RL step instead of πmix to do constraint adjustment step)

• ICL with a mixture policy but with no reweighting (use uniform weights)

Our results are reported in Figure A.1. We find that ICL without a mixture policy or
reweighting is unable to perform as well as other methods with Gridworld (A) environment.
Empirically, it is prone to divergence and cyclic behavior. This divergent behavior can be
observed in the Gridworld (A) case. ICL with a mixture policy but with no reweighting is
unable to converge as fast as ICL with mixture policy and reweighting in the Gridworld (B)
and CartPole (Mid) environments. For the CartPole (MR) environment, all the methods
converge fairly quickly and have almost the same performance. We also note that there is
significant variance in the result for ICL on the CartPole (Mid) environment. Despite this,
overall, ICL with a mixture policy and reweighting performs better than the other variants
(or close to the best). Thus, we report this variant (with mixture policy and reweighting)
in Table 4.2 and Table 4.3.
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Gridworld (A)
(β = 0.99)

Gridworld (B)
(β = 0.99)

CartPole (MR)
(β = 50)

CartPole (Mid)
(β = 30)

Figure A.1: CMSE (Y-axis) vs ICL Iteration i (X-axis). In each iteration, we do one
complete procedure of constrained RL and one complete procedure of constraint function
adjustment.

A.2 Environment stochasticity

To assess the effect of environment stochasticity on the performance of our algorithm,
we conduct experiments with a stochastic variant of Gridworld (A) environment. More
specifically, we apply the ICL algorithm (Algorithm 1) to the Gridworld (A) environment,
with varying values of the transition probability. A transition probability of 1 implies
deterministic transition to the next state. A transition probability of 1 − pslip implies
a stochastic transition, such that the agent can enter the intended next state with this
probability, and go to any other random direction with overall probability pslip. Our
results are reported in Tables A.1 and A.2, and in Figure A.2.

Empirically, we observe that the increase in environment stochasticity leads to a decrease in
the performance of the constrained RL algorithm. Additionally, with a higher stochasticity,
there is more noise in the demonstrations. When we increase the stochasticity slightly (go-
ing from a deterministic environment to pslip = 0.1), we find that the recovered constraint
function has lower error (see Figure A.2). This happens because with a little stochastic-
ity, there is more exploration in terms of states visited, which leads to a more accurate
constraint function since the algorithm tries to avoid more states. However, with more
stochasticity (pslip = 0.5), the demonstrations themselves become more noisy, and hence
the algorithm recovers a worse constraint function than in the case with little stochasticity
(see Table A.1). Finally, we also find that accruals of the learned policy also have more
error w.r.t. provided demonstrations as the stochasticity increases (see Table A.2).
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Table A.1: Constraint Mean Squared Error

Algorithm↓, Environment→ pslip = 0.1 pslip = 0.3 pslip = 0.5
ICL 0.02 ± 0.00 0.03 ± 0.01 0.08 ± 0.00

Table A.2: Normalized Accrual Dissimilarity

Algorithm↓, Environment→ pslip = 0.1 pslip = 0.3 pslip = 0.5
ICL 0.45 ± 0.10 1.13 ± 0.37 1.29 ± 0.20

Reported metrics (Mean ± Std. Deviation across 5 seeds) for the experiments on stochastic
Gridworld (A) environments.

ICL
(pslip = 0)

ICL
(pslip = 0.1)

ICL
(pslip = 0.3)

ICL
(pslip = 0.5)

Figure A.2: Average constraint function value (averaged across 5 training seeds) for
stochastic Gridworld (A) environment, demonstrating the effect of changing pslip.

A.3 Comparison w.r.t a Lagrangian implementation

Equation (4.11) can also be represented using a min-max optimization:

min
λ≥0

max
c
Jπmix(c)− λ(JπE

(c)− β) (A.1)

It is possible to perform this optimization instead of the penalty based strategy proposed
in this work. In terms of implementation, this would amount to an alternating gradient
ascent descent procedure, where we first ascent on c, followed by descent on λ, and we
repeat these steps until convergence. However, as is the case with min-max optimizations,
this is prone to training instability and oscillatory behavior. We demonstrate this with
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the Gridworld (A) environment. In particular, we can see this oscillatory behavior in
the plot for the Lagrange multiplier λ (Figure A.3, second subfigure). We also plot the
expert satisfaction % for the Lagrangian and non Lagrangian implementation (ICL) (see
third and fourth subfigure in Figure A.3). The expert satisfaction % is computed as the
percentage of expert demonstrations satisfying the constraint using the current constraint
function, during training. As the plots show, the Lagrangian implementation is prone
to oscillatory behavior. Initially it does achieve a high satisfaction, but over time, the
satisfaction degrades. This does not happen in the penalty based ICL implementation.
This is our primary rationale for using a penalty based method for Equation (4.11).

In terms of the recovered constraint function, we find that the Lagrangian implementation
is still able to achieve a noisy yet somewhat reasonable constraint function (see the first
subfigure in Figure A.3). Therefore, the Lagrangian approach is indeed correct in principle
and can be used to recover a constraint function. However, in terms of other training
metrics, the Lagrangian approach may not perform well. Our proposed method is able to
mitigate this.

Avg. constraint
value (5 seeds) on
Gridworld (A)

Lagrange multiplier
λ for Lagrangian
implementation

Expert satisfaction
over time for
Lagrangian

implementation

Expert satisfaction
over time for ICL

Figure A.3: The first figure shows the avg. constraint function (averaged across 5 seeds)
for the Lagrangian implementation. The second figure shows the value of the Lagrange
multiplier during training for 1 seed (X-axis denotes the adjustment iteration). The last
two figures show the value of the expert satisfaction (%) for the Lagrangian implementation
and the regular implementation (ICL).
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A.4 Effect of β

We also assess the effect of β with the Gridworld (A, B) environments. We do not assess
the effect of β on the CartPole (MR, Mid) environments since our claim can be easily
verified by just observing the learned costs for the Gridworld (A, B) environments. Our
claim is as follows. With a higher β, the learned constraint function should have a higher
CMSE and more state-action pairs with higher constraint values. This is because since
β is higher, the agent is allowed to visit more high constraint value state-action pairs, as
the constraint threshold is more relaxed. To verify this claim, we run experiments on the
Gridworld (A, B) environments. Specifically, in addition to β = 0.99 (which corresponds
to the results in Tables 4.2 and 4.3), we also run experiments with β = 2.99, 5.99. Our
results are reported in Figures A.4, A.5. The figures validate our claims.

True constraint
function

ICL
(β = 0.99)

ICL
(β = 2.99)

ICL
(β = 5.99)

Figure A.4: Average constraint function value (averaged across 5 training seeds) for Grid-
world (A) environment, demonstrating the effect of changing β.

A.5 Effect of δ

We now assess the effect of δ with the CartPole environment (used in the IPCL experi-
ments). We generate the expert data to be used in these experiments with a new seed. The
accrual for this expert can be found in Figure A.6. We then run IPCL with δ = 0.5, 0.7, 0.9
and report the recovered costs in Figure A.7 and the normalized accruals in Figure A.8.

As δ increases, we expect that less and less violations are allowed. Specifically, we find
that the IPCL algorithm sets several parts of the constraint function to a low value to
reduce the cumulative costs across some trajectories. Since the accruals are still similar
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True constraint
function

ICL
(β = 0.99)

ICL
(β = 2.99)

ICL
(β = 5.99)

Figure A.5: Average constraint function value (averaged across 5 training seeds) for Grid-
world (B) environment, demonstrating the effect of changing β.

Figure A.6: Expert accrual for the CartPole environment. The experiment is to assess the
effect of δ.

to the expert accruals, these recovered constraints are valid (and alternative constraints).
Moreover, in the constraints, the left tail vanishes with increasing δ since the expert data
is slightly left shifted.
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Figure A.7: Recovered costs for the CartPole environment for varying δ. The experiment
is to assess the effect of δ.

Figure A.8: Accrual for the CartPole environment for varying δ. The experiment is to
assess the effect of δ.
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Appendix B

Experiment details

B.1 Code

The code for this work can be found at github.com/ashishgaurav13/Thesis-code.

B.2 Constraint function inputs and horizons

The inputs to the constraint functions are as follows:

• Gridworld (A, B), Gridworld, Gridworld-O: x, y coordinates of the agent’s
position in the 7x7 grid

• CartPole (MR, Mid), CartPole: x position of the cart, and the discrete action
(0/1 corresponding to left or right)

• HighD: velocity (ms−1) of the ego, and the distance of the ego to the front vehicle
in pixels (1 pixel ≈ 2.5 m)

• Ant-Constrained, HalfCheetah-Constrained: z-coordinate of the agent

• ExiD: signed distance (m) of the ego to the center line of the target lane, and the
lateral velocity action (ms−1) of the ego

The environment maximum horizons (episodes are terminated after these many steps) are
as follows:
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• Gridworld (A, B), Gridworld, Gridworld-O: 50 steps

• CartPole (MR, Mid), CartPole: 200 steps

• HighD: 1000 steps

• Ant-Constrained: 500 steps

• HalfCheetah-Constrained: 1000 steps for learning expected constraints, 500 steps
for learning probabilistic constraints

• ExiD: 1000 steps

B.3 Metrics

We use three metrics for evaluate our results, described earlier in this work. The corre-
sponding discretized state-action spaces are as follows:

• Gridworld, Gridworld (A, B), Gridworld-O: {(x, y) | x, y ∈ {0, 1, . . . , 6}}

• CartPole, Cartpole (MR, Mid): {(x, a) | x ∈ {−2.4,−2.3, · · · , 2.4}, a ∈ {0, 1}}

• Mujoco environments: {z | z ∈ {−5,−4.9, · · · , 5}}

• HighD: {(v, g) | v ∈ {0, 1, · · · , 40}, g ∈ {0, 2.5, · · · , 200}} (v is in ms−1 and g is in
m)

• ExiD: {(d, v)|d ∈ {−10,−9.5, · · · , 10}, v ∈ {−2.5,−2.4, · · · , 2.5}} (here d is in m
and v is in ms−1)

B.4 Expert dataset generation

B.4.1 ICL and IPCL

For synthetic experiments (Gridworld and CartPole) and robotics experiments (Mujoco),
we simply perform CRL or PCRL for sufficient number of epochs until convergence. Af-
terwards, we generate trajectories using the learned policy.
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For the HighD dataset, the data collection process is described in [63]. For this dataset,
we choose one of the multiple scenarios in this dataset and use ≈ 100 trajectories from
this scenario that go from the start region to the end region. For the ExiD dataset, the
data collection process is similarly described in [95]. For this dataset, we randomly choose
5 scenarios, and filter tracks to get ≈ 1000 trajectories in each of which a vehicle performs
a single lane change, with no vehicle in the target lane.

B.4.2 Feature selection ground truths

The ground truths for feature selection are produced manually through domain knowlege
depending on the environment and the kind of constraint being learned.

B.5 Hyperparameters

B.5.1 Common Hyperparameters for learning expected constraints

Hyperparameters common to all the experiments for learning expected constraints are listed
in Table B.1. Note that since HighD/ExiD/Ant-Constrained/HalfCheetah-Constrained are
continuous action space environments, we useTanh activation for the policy, which outputs
the mean and std. deviation of a learned Gaussian action distribution.

B.5.2 Hyperparameters for GAIL-Constraint and ICRL

Hyperparameters specific to the GAIL-Constraint method are listed in Table B.2. This
method was adapted from Malik et al. [88]. Hyperparameters for ICRL [88] are listed in
Table B.3.

B.5.3 Hyperparameters for learning expected constraints

The hyperparameters for ICL (proposed method to learn expected constraints) are listed in
Table B.4. For some environments, we use a variant of ICL that uses PPO-Lagrange [113]
as the forward constrained RL procedure. This implementation (provided by OpenAI) is
highly optimized for constrained RL tasks, especially robotics tasks. We use this variant
of ICL for our Mujoco and ExiD experiments (Table B.5).
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Table B.1: Common Hyperparameters for ICL experiments

Hyperparameter Value(s)
PPO learning rate (η2) 5× 10−4

Constraint function learning rate (η3) 5× 10−4

Constraint function hidden layers 64+ReLU, 64+ReLU
Constraint function final activation Sigmoid

PPO policy layers 64+ReLU, 64+ReLU
PPO value fn. layers 64+ReLU, 64+ReLU

Minibatch size 64
PPO clip parameter (ϵPPO) 0.1

PPO entropy coefficient (λent) 0.01
PPO updates per epoch 25

No. of trajectories for any dataset 50
Training seeds 1, 2, 3, 4, 5

Table B.2: GAIL-Constraint Hyperparameters

Hyperparameter
Environment

GA GB CMR CMid HighD
Discount factor (γ) 1.0 1.0 0.99 0.99 0.99
PPO steps per epoch 2000 2000 2000 2000 2000

PPO value fn. loss coefficient 0.5 0.5 0.5 0.5 0.5
PPO gradient clip value 0.5 0.5 0.5 0.5 0.5

PPO total steps 2M 2M 2M 2M 0.4M

Hyperparameter
Environment

Ant HC ExiD
Discount factor (γ) 0.99 0.99 0.99
PPO steps per epoch 4000 4000 1000

PPO value fn. loss coefficient 0.5 0.5 0.5
PPO gradient clip value 0.5 0.5 0.5

PPO total steps 3.5M 3.5M 3.5M
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B.5.4 Hyperparameters for learning probabilistic constraints

The common hyperparameters for our experiments are listed in Table B.6, and the en-
vironment specific hyperparameters are listed in Table B.7. For all environments except
Gridworld, we implemented a PPO-Penalty with GAE in order to learn a good policy in
the probabilistic setting. Further, the reward and observations are also normalized for
the Mujoco setting. For ICL, we use OpenAI’s PPO Lagrange [113] for the forward PPO
procedure for all Gym environments (Mujoco and Cartpole). For other environments, we
use PPO Penalty [42].

B.5.5 Hyperparameters for UAICRL

The hyperparameters for UAICRL [134] are provided in Tables B.8 and B.9.
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Table B.3: ICRL Hyperparameters

Hyperparameter
Environment

GA GB CMR CMid HighD
Discount factor (γ) 1.0 1.0 0.99 0.99 0.99
PPO steps per epoch 2000 2000 2000 2000 2000

PPO value fn. loss coefficient 0.5 0.5 0.5 0.5 0.5
Constraint value fn. loss coefficient 0.5 0.5 0.5 0.5 0.5

PPO gradient clip value 0.5 0.5 0.5 0.5 0.5
Eval episodes 100 100 100 100 100

ICRL Iterations 200 200 200 200 40
Forward PPO timesteps 10000 10000 10000 10000 10000

PPO Budget 0 0 0 0 0
Penalty initial value (ν) 0.1 0.1 0.1 0.1 0.1
Penalty learning rate 0.01 0.01 0.01 0.01 0.01

Per step importance sampling Yes Yes Yes Yes Yes
Forward KL (Old/New) 10 10 10 10 10
Backward KL (New/Old) 2.5 2.5 2.5 2.5 2.5

Backward iterations 5 5 5 5 5
Constraint network reg. coefficient 0.6 0.6 0.6 0.6 0.6

Hyperparameter
Environment

Ant HC ExiD
Discount factor (γ) 0.99 0.99 0.99
PPO steps per epoch 4000 4000 1000

PPO value fn. loss coefficient 0.5 0.5 0.5
Constraint value fn. loss coefficient 0.5 0.5 0.5

PPO gradient clip value 0.5 0.5 0.5
Eval episodes 100 100 100

ICRL Iterations 125 125 250
Forward PPO timesteps 10000 10000 10000

PPO Budget 0 0 0
Penalty initial value (ν) 0.1 0.1 0.1
Penalty learning rate 0.01 0.01 0.01

Per step importance sampling Yes Yes Yes
Forward KL (Old/New) 10 10 10
Backward KL (New/Old) 2.5 2.5 2.5

Backward iterations 5 5 5
Constraint network reg. coefficient 0.6 0.6 0.6
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Table B.4: ICL Hyperparameters

Hyperparameter
Environment

GA GB CMR CMid HighD

Discount factor (γ) 1.0 1.0 0.99 0.99 0.99
ICL Iterations (n) 10 10 10 10 3

Correction learning rate (η1) 2.5× 10−5 2.5× 10−5 2.5× 10−5 2.5× 10−5 2.5× 10−5

PPO episodes per epoch 20 20 20 20 20
β 0.99 0.99 50 30 0.1

Constraint update epochs (e) 20 20 20 20 25
PPO epochs (m) 500 500 300 300 50

Soft loss coefficient λ 15 15 15 15 15

Table B.5: ICL Hyperparameters (with PPO-Lagrange from [113])

Hyperparameter
Environment

Ant HC ExiD
Discount factor (γ) 0.99 0.99 0.99

GAE Lambda (λGAE) 0.97 0.97 0.97
ICL Iterations (n) 5 5 5

PPO steps per epoch 4000 4000 1000
β 5 15 5

Constraint update epochs (e) 25 25 25
PPO epochs (m) 50 50 50

Table B.6: List of common hyperparameters for IPCL experiments

Hyperparameter Value(s)

PPO learning rate (η2) 5× 10−4

Constraint function learning rate (η3) 5× 10−4

Constraint function hidden layers 64+ReLU, 64+ReLU
Constraint function final activation Sigmoid

PPO policy layers 64+ReLU, 64+ReLU
PPO value fn. layers 64+ReLU, 64+ReLU

Minibatch size 64
Training seeds 0, 1, 2, 3, 4
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Table B.7: List of specific hyperparameters (note: CA = constraint adjustment)

Hyperparameter Gridworld CartPole Ant HalfCheetah HighD
Expert δ 0.6 0.7 0.7 0.5 -
Expert β 0.99 20 15 15 -

ICL/IPCL β 0.99 20 15 15 0.1
ICL/IPCL δ 0.6 0.7 0.7 0.5 0.5,0.9

Discount factor (γ) 1.0 0.99 0.99 0.99 1.0
ICL/IPCL iterations (n) 10/10 5/15 5/10 10/10 3/3

PPO Iterations 500 300 100 100 50
Horizon 50 200 500 500 1000

Max steps per epoch - 4000 4000 4000 20000
Feasibility learning rate (η1) 2.5× 10−5 2.5× 10−5 5× 10−2 5× 10−2 2.5× 10−5

Episodes per epoch 20 - - - -
PPO train subepochs 25 25 80 80 25

PPO Clipping 0.1 0.1 0.2 0.2 0.1
PPO Entropy Coefficient 0.01 0.01 0 0 0.01

GAE used No Yes Yes Yes Yes
GAE lambda (λgae) - 0.97 0.97 0.97 0.97

ICL/IPCL CA coefficient λ 15/15 15/15 15/1 15/1 15/15
ICL/IPCL CA iterations 20/20 20/20 20/10 20/5 20/20

Table B.8: List of common hyperparameters (UAICRL)

Hyperparameter Value(s)

PPO learning rate 3× 10−5

Constraint function hidden layers 256+ReLU, 256+ReLU
Constraint function final activation Sigmoid

PPO policy layers 64+ReLU, 64+ReLU
Training seeds 0, 1, 2, 3, 4
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Table B.9: List of specific hyperparameters (UAICRL)

Hyperparameter Gridworld CartPole Ant HalfCheetah

Discount factor (γ) 1.0 0.99 0.99 0.99
UAICRL iterations 20 20 30 30

Forward steps 8000 10000 50000 50000
Budget (β) 0.99 20 15 15

Cost quantiles 60 70 70 50
N quantiles 100 100 100 100

Backward iterations 5 5 5 5
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