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COMBINED FIXED POINT AND POLICY ITERATION FOR
HAMILTON-JACOBI-BELLMAN EQUATIONS IN FINANCE *

Y. HUANG f, P.A. FORSYTH ¥, AND G. LABAHN §

Abstract. Implicit methods for Hamilton-Jacobi-Bellman (HJB) partial differential equations
give rise to highly nonlinear discretized algebraic equations. The classic policy iteration approach
may not be efficient in many circumstances. In this article, we derive sufficient conditions to ensure
convergence of a combined fixed point-policy iteration scheme for solution of the discretized equations.
Numerical examples are included for a singular stochastic control problem arising in insurance (a
Guaranteed Minimum Withdrawal Benefit) where the underlying risky asset follows a jump diffusion,
and an American option assuming a regime switching process.

Key words. HJB equation, fully implicit, fixed point policy iteration, relaxation, singular
control, penalty method, regime switching
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1. Introduction. A number of financial pricing problems are naturally modeled
in terms of solving nonlinear partial differential equations (PDEs). This is often the
case for problems which arise in the context of optimal stochastic control [25, 28,
29], in which case the nonlinear PDEs are typically Hamilton Jacobi Bellman (HJB)
equations. As examples we mention natural gas storage [33], insurance products
[26, 6, 14], asset allocation [34, 15], and optimal trade execution [1].

Solutions to nonlinear HJB equations are not necessarily unique and one must
take care to provide numerical procedures which ensure convergence to the viscosity
solution [5, 4]. In order to ensure both numerical stability and convergence, implicit
methods can be chosen over explicit methods. Implicit methods result in a nonlinear
system of algebraic equations at each timestep. Solving these nonlinear equations is
often the computational bottleneck.

One popular approach for solving the nonlinear equations resulting from a fully
implicit discretization of HJB equations is based on the idea of policy iteration [21, 7,
25, 18, 8]. Policy iteration proceeds by solving a linear system at every step and then
finding the control which gives the best local solution. Policy iteration is particularly
effective when the linear system is sparse or well structured and hence easy to solve.

It has been known for some time that policy iteration can be viewed as a form
of Newton iteration [30, 32, 8]. An alternative approach, known as value iteration,
can be seen to be a type of nonlinear relaxation [25]. In this paper, we consider a
combination of both methods.

Although our our main focus here is on financial applications, where we solve
systems of nonlinear algebraic equatons arising after discretization of HJB equations,
the final algebraic problem is similar to that arising in infinite horizon Markovian
Dynamic Programming problems (MDP). Hence many of the results we derive here
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2 Y. HUANG AND P.A. FORSYTH AND G. LABAHN

can be applied to MDPs coming from non-financial applications [25]. In addition,
HJB equations also arise naturally in optimal stochastic control problems [27].

Financial options are typically modeled as functions of risky assets, with the
assets following a stochastic process. However it is well known that a stochastic
process having constant volatility is inconsistent with market data. Jump diffusion
and regime switching are two important approaches, both of which are considered to
better model observed risky asset stochastic processes [20, 13]. However these are
precisely cases where the use of policy iteration has efficiency issues. For example,
when the underlying stochastic process is a jump diffusion then the policy iteration
matrix would be dense [16] and hence the use of a direct solution of each linear system
is prohibitive in terms of cost. Difficulties also arise when the underlying stochastic
process is modeled using regime switching. In this case the associated linear system at
each iteration is sparse but the sparsity pattern has lost its structure. Using a direct
solution method (even with a good ordering technique) turns out to be no longer
efficient.

The main goal of this paper is to present an efficient scheme for solving the
nonlinear discretized equations which arise from fully implicit discretization of HJB
equations. We present a fized point policy iteration scheme for solving the nonlinear
discretized equations which arise from fully implicit discretization of HJB equations.
We show that our approach converges and that the method is considerably more
efficient than making use of full policy iteration. In order to validate our approach
we show how this fixed point policy iteration can be used in two specific examples
from financial applications. The first example is a singular control formulation of
a Guaranteed Minimum Withdrawal Benefit (GMWB) [22], where the underlying
risky asset follows a jump diffusion process [13]. The second example is based on an
American option written on an asset which follows a regime switching process [24].

The main results of this paper are

e We derive sufficient conditions which ensure convergence of the fixed point-
policy iteration scheme. These conditions are very natural, if we use a mono-
tone discretization to ensure convergence to the viscosity solution.

e We verify that the conditions required for convergence are satisfied for the
GMWB and regime switching examples.

e We observe that in some formulations of the control problem [8], the nonlinear
optimization objective function admits an arbitrary scaling factor. We derive
sufficient conditions for the convergence of the fixed point-policy iteration
which impose bounds on this scaling factor.

e We include numerical experiments which demonstrate that the fixed point-
policy iteration is more efficient than various alternative algorithms.

We emphasize here that our analysis is based on a very general framework. Al-
though the numerical examples used in this paper have a finite control set, our analysis
applies as well to cases where the admissible set of controls is infinite. For example,
we do not require that the discretized equations be continuous functions of the control
(see [37] for a situation where this occurs). As such our results can be applied to a
wide variety of discretized HJB equations.

The proof of the convergence of the fixed point scheme for American options
under jump diffusion in [16] is a special case of the more general result obtained here.
The approach in this paper is also simpler than the method used in [12]. In addition,
we do not rely on a special choice for the initial iterate as in [30].
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FIXED POINT POLICY ITERATION FOR HJB EQUATIONS 3

2. Methods for Solving Algebraic Equations. In [18] a number of problems
in financial modeling were presented in a general form as nonlinear HJB problems.
These problems were then solved by implicitly discretizing the associated PDE and
then solving the resulting discrete algebraic equations. For the applications addressed
in [18] an efficient method for solving the associated algebraic systems made use of
a (Newton-like) policy iteration scheme. However, in some cases policy iteration has
significant efficiency drawbacks. In particular this happens when the risky assets
follow a stochastic process which includes a Poisson jump process. In this section we
describe a new procedure, called fized point policy iteration which provides a method
for overcoming these computational bottlenecks.

2.1. Preliminaries. The algebraic equations in [18] can be represented in the
form

sup{A(Q)V+C(Q)} =0, (2.1)
Qez
with A a N x N matrix, V,C vectors of length N, and @) an indexed set of N controls,
where each Q; € Z. Z is the set of admissible controls. Here we assume that
ASSUMPTION 2.1.
(a) The set of admissible controls Z is compact.
(b) The matrices and vectors have the property that [A(Q)]em and [C(Q)]¢ depend
only on Q.
Assumptions (a) and (b) are typically satisfied for discretized HJB equations.
In general, we do not want to assume that the objective function

F@Q,V)=-AQ)V +C(Q) (2.2)

is a continuous function of the control ). For example, in order to ensure monotonicity
when discretizing HJB equations, one often uses central/upstream differencing, with
central differencing used as much as possible [37], which results in a discontinuous
objective function. In order to handle the case where F(Q,V) is a discontinuous
function of @, we make use of its upper semi-continuous envelope. If the i** row of
F(Q,V) is given by

[F'( ZA,J )V +Ci(Q:) (2.3)
then the upper semi-continuous envelope F(Q, V) for fixed V is given by (VQ; € Z),
[F(Q.V)], —hmsup{ ZA” Wi +Ci(g }——ZA (Qi, V)V; +CH(Qi, V) ,

(2.4)

where N(Q;) is a closed neighbourhood of @Q; (but containing Q;). For a fixed V, the
upper semi-continuous envelope effects only the coefficients A and C. As an example,
if @; contains a single control, with Z a compact subset of R, then

lim — A (@QVy +C;
Jim, =3 @

—ZA (Qi,V)V; +CF(Qi, V) =max{ lim —ZA” (Q)V; +Ci(q) (2.5)

—Q;

- Zj Az,]( z)‘/] + Cz(Qz)
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4 Y. HUANG AND P.A. FORSYTH AND G. LABAHN
Note that since Z is compact then A and C are related to A* and C* by
sup {—A(Q)V + C(Q)} = max{—A*(Q, V)V +C*(Q, V)} . (2.6)
Qez QeZ

As such equation (2.1) is interpreted as

A Q. V)V =C*(Q.V)

with Q, = arg max [—A*(Q, VIV +C*(Q, V)] . (2.7)
Qez 14

REMARK 2.1 (Z a finite set). If the set of admissible controls is a finite set, then
trivially A*(Q, V) = A(Q) and C*(Q,V) = C(Q).

The following will be needed in the next section.

LEMMA 2.1. Suppose Q¥ € argmaxgc,{—A*(Q,Y)Y +C*(Q,Y)}. Then for

any control Q and vector Y we have

—A QY. Y)Y +CHQY,Y) > —A"(Q,Y)Y +C*(Q,Y). (2.8)

Proof. The result follows from (2.6) coupled with the inequalities

—AM(QY, Y)Y +CH(QY,Y) = gug{—A(Q)Y + C(Q)} > lim SUP{—A(Q)Y + C(Q)}
€ Q—Q
QEN(Q)
for a given Q and Y. Here N(Q) is a closed neighbourhood of Q. O

2.2. Policy Iteration. Policy iteration is a well known iterative method for
solution of problems of type (2.7) [21, 7]. Let V* denote the k'" estimate for V/
(starting at V?). The policy iteration approach for solution of equation (2.7) is given
in Algorithm 2.1.

Algorithm 2.1 Policy Iteration

V0 = [Initial solution vector of size N ; given scale > 0, tolerance > 0
for £ =0,1,2,... until converge do
@} = agmax{ 7@ VIV 40 @V}
QeZz
Solve the linear system
A*(Qk, Vk)karl _ C*(Qk, Vk)
) ‘VekJrl —V}
if £ >0 and (megx T < tolerance) then
max [scale, [V, ]
break from the iteration
end if
end for

J4

The term scale in Algorithm 2.1 is used to ensure that unrealistic levels of accu-
racy are not required when the value is very small.

There are several possibilities for solving the linear system in the policy iteration
method. For example, if A* is sparse, then direct or iterative methods (such as
preconditioned GMRES [31]) can be used.
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FIXED POINT POLICY ITERATION FOR HJB EQUATIONS 5

2.3. Splitting Methods. It is not always the case that one can easily solve the
policy iteration matrix A*(Q*, V¥). To this end, we form the splitting A* = A* — B*,
so that our algebraic equations will now be written as

(AYQ,V) = B(Q,V)) V=C(Q,V)

with Q = arg max {— (,A*(Q, V) —B*(Q, V)) V+Cr(Q, V)] . (2.9)
QeZ 4
We assume that this splitting is such that any linear system having A*(Q,V) as its
coeflicient matrix is easy to solve.

2.4. Simple Iteration. Using the above notation, then at each step of full policy
iteration, we solve

<A*(Q’“, VE) - B*(Q", V’“)) VERL = cH(Q*, V) . (2.10)

However, as discussed above, it may be very costly to solve equation (2.10). An
obvious alternative is to use an iterative method. If (V*+1)™ is the m!" estimate for
VE+L then simple iteration for solution of linear system (2.10) is

A*(Qk, Vk) (Vk'—i-l)

2.5. Fixed Point-Policy Iteration. Instead of solving the linear system to
convergence using simple iteration, it is natural to ask whether it suffices to use only
a single simple iteration at each nonlinear iterate. In this case we replace Policy
Tteration with what we refer to as Fixed Point-Policy Iteration.

T B QE VR (VR 4 et (@R, V) . (211)

Algorithm 2.2 Fixed Point-Policy Iteration

V0 = Initial solution vector of size N
for £ =0,1,2,... until converge do
Qb = arg max[—A*(Q, VEYWE 4 B*(Q,VF)VF +C*(Q, V)
Qez l
Solve the linear system

[A*(QF, VE)VEHL = B*(QF, VF)VF 4+ C*(QF, V)
if converged then
break from the iteration
end if
end for

The above method requires only the solution of the sparse matrix A*(Q*, V)
and a matrix-vector multiply B*(Q", V¥)V* at each nonlinear iteration.

3. Convergence of the Fixed Point-Policy Iteration. In [16], the conver-
gence of an iterative scheme for a penalty formulation for American options under
a jump diffusion process was proven. This same idea was generalized for other HJIB
problems in [12]. While it is possible to use this approach to prove convergence of
scheme (2.2), these proofs are algebraically complex. In the following, we will present
a simpler and more general method which proves convergence of Algorithm (2.2).

In order to ensure convergence of our scheme we need to make some basic as-
sumptions which hold for the applications that are of interest.

CONDITION 3.1. The matrices A*(Q,V),B*(Q,V) and vector C*(Q, V) satisfy:
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162 (i) The matrices A*(Q,V) and A*(Q,V) — B*(Q,V) are M matrices.

163 (ii) The matrices A*(Q, V), B*(Q, V), the vector C*(Q, V), and ||(A*)"HQ, V)]s
164 are bounded, independent of Q,V .

165 (i1i) There is a constant Cy1 < 1 such that

|| A*(Qkavk)71 : B*(Qkilavkil) Hoo § Cl
and || A*(QF, V)7L B*(QF, V) || < C1. (3.1)

166 REMARK 3.1. We remind the reader that a matriz A* is an M matriz if the
w  offdiagonals are nonpositive, A* is nonsingular, and (A*)~* > 0. A sufficient condi-
w8 tion for a matriz to be an M matriz is that the offdiagonals are nonpositive, and each
w0 Towsum is strictly positive [35]. We will use this result in the following.

170 REMARK 3.2. In order to ensure convergence, the discretizations of our financial
wm problems as in (2.7) need to be monotone, consistent and {~ stable. This requires
w  a positive coefficient discretization resulting in the M matrices of (i) and bounded
v matrices A*(Q, V), B*(Q,V) and vector C*(Q,V).

174 Before proving the main result of this section, it will be helpful to note the fol-
s lowing Proposition and Lemmas.
176 ProposITION 3.1 (Convergent Sequence). Given a bounded infinite sequence

v (vy), such that
Vk+1 2 Vi — Ozﬂk , (32)

ws  where a is a constant independent of k and |B| < 1, then the sequence converges.
179 Proof. This is a simple case of a result found in [8]. Property (3.2) implies that
10 for any g > p we have

qg—1
vp < vy + Zaﬁk . (3.3)

k=p

w1 Let s = liminfw,. Then for any € > 0 and any ¢ the definition of liminf implies that
1,2 there exists ¢* > ¢ such that v, < s+ € and so

q -1 00
Up<s+e+2a6k§s+e+2aﬁk. (3.4)
k=p k=p

w5 Hence v, <5+ 32 af¥, and so

limpsup vy < s+ ]\}E)noo k_z aff =s= limpinf Up . (3.5)
12 Since v, is bounded from above, we obtain convergence to a finite value. 0O
185 LEMMA 3.2 (Bounded Iterates). Let matrices A*(Q,V),B*(Q,V) and the vector
s C*(Q,V) satisfy Condition 3.1. Then ||V*| s is bounded independent of k.
187 Proof. From Algorithm 2.2 we have

[VF oo < JA%(QF, VF) I B*(QF, V)| oo V¥l + A*(QF, VF)T1C*(Q%, VF) || oo
< OV oo + Co
(3.6)
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FIXED POINT POLICY ITERATION FOR HJB EQUATIONS 7

for some constant Co independent of k. Iterating equation (3.6) gives

k
IV oo < CFHMIVOloo + C2 Y CF < V0100 +
=0

Cy
1-Cy°

(3.7)

which follows since C; < 1. O

LEMMA 3.3 (Uniqueness of Solution). Assume the set of controls satisfy Assump-
tion 2.1 and that A*(Q,V), B*(Q,V), and C*(Q,V) satisfy Condition (3.1). If the
iterative scheme (2.2) converges, then it converges to the unique solution of equation

(2.9).

Proof. Note first that simple manipulation of method (2.2) gives
A(QE VRY(VIHT - VH) = A (QF, VAV 4 B QN VRV + €7 (Q, V)
= sup{ ~AQV* + BQV* +¢(@)} (3.5)
QeZz

Suppose now that limy_,o, VF = V> . Then limg_, oo A*(QF, VF)(VEHT — VE) = 0
since A*(Q, V) is bounded. Consequently

0= lim sup {_A@)vk CBOV 4 c<@>} ~ {—A(Q)VW LBQV + C(Q)} ,
—XQez QeZ

since sup(+) is a continuous function of V*. Thus V°° solves equation (2.9).
As for uniqueness, suppose there are two solutions X, Y, such that

A*(QX, X)X =C*(Q%,X); Q¥ carg max{—A*(Q,X)X +C(Q, X)}
QeZ

AT QY. Y)Y =C*(QY,Y); QY ¢ argmax{—A*(Q, Y)Y + C*(Q,Y)} .
QezZ

The above two equations, along with Lemma 2.1, give

AT QY X)(X —Y) = —A"(Q¥, X)Y +C*(Q™, X) - [-A"(Q", Y)Y +C*(Q",Y)] <0.

This implies A*(QX, X)(X —Y) < 0. Since A*(Q*¥, X) is an M matrix, X — Y <0.
Interchanging X and Y also gives (Y — X) <0, and hence X =Y. O

REMARK 3.3. Similar uniqueness results (assuming continuous A(Q)) are given
in, for example [8, 25].

THEOREM 3.4 (Convergence of Scheme). If the matrices A*(Q, V), B*(Q,V) and
vector C*(Q, V') satisfy Condition 3.1, then the scheme (2.2) converges to the unique
solution of equation (2.9), for any initial iterate V*.

Proof. Algorithm 2.2 can be written as
A*(Qk, Vk)(VkJrl _ Vk) _ B*(Qkfl, kal)(vk _ kal)

— A(QF, VIWVE 4 BX(QF, VE)WF 4 Cc*(QF, V)
_ [_‘,4*(@}’@—17 Vk:—l)vk + B*(Qk_l, Vk:—l)vk
+C*(Qk71, kal)]
_ B*(Qk_17 Vk—l)(vk _ Vk—l)
- A*(Qk7 Vk)vk + C*(Qka Vk)
_ [—A*(Qkil, kal)vk + C*(Qkfl’ kal)]
> B*(Qk_17 Vk—l)(vk _ Vk—l) (39)
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8 Y. HUANG AND P.A. FORSYTH AND G. LABAHN

where the last inequality follows from Lemma 2.1. Equations (3.9) combined with the
fact that A*(Q%, V*) is an M matrix then implies

VERL —vF > [AX(QF, V)T BH QM VD (VR — VR (3.10)
From Condition 3.1
[A*(QF, V)T B Q1 VF | < Cr < 1 (3.11)
and so we have
(VEH VR > ORIV = V9 e (3.12)

where e = [1,1,...,1]". Let C5 = ||[V! — V|| ». Then, in component form we have
V¥ > V¥, - C1Cs (3.13)

From Lemma 3.2, the sequence VikJrl is bounded, hence the iteration converges from
Proposition 3.1. In the limit, the iteration converges to the unique solution of equation
(2.9) from Lemma 3.3.

0

REMARK 3.4 (Monotone Convergence). We can eliminate condition (3.11) if
we require that (V1 —V0) >0, and B(Q) > 0, since then the iteration will generate
a monotone non-decreasing sequence from equation (3.10). Tests in [16] show that
enforcing monotone convergence using a special choice for the first iterate converges
more slowly than using the natural choice of the solution from the previous step. In
addition, numerical experiments indicate that floating point errors are amplified if
condition (3.11) is violated, and hence the sequence V¥ may not be non-decreasing
even if (V1 — V%) > 0.

REMARK 3.5 (Previous Work). Various forms of modified policy iteration have
been suggested in the context of infinite horizon Markov chain problems [25]. How-
ever, convergence results in [30] require that the initial iterate be selected so as to
enforce monotone convergence (as in Remark 3.4). Moreover, we do not require that

A(Q), B(Q),C(Q) be continuous functions of the control Q [37].

Condition 3.1 requires bounding a matrix norm of the form

IA™" By |,
7
[

9]l oc

AT Bl = max

where Az = By (3.14)

= INaXy=£o

with A an M matrix. The following will be useful in this regard.
ProPOSITION 3.5. Suppose Ax = By with A a strictly diagonally dominant M
matriz and B > 0. Then for any £ such that |z¢| = ||z||,, we have

O Avwllzle < O Byl (3.15)

Proof. Since Az = By we have

Ag’gxg = — Z Ag’uxu + Z Bg’uyu. (3.16)
uF#Ll u



236

237

238

239

240

241

242

243

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

FIXED POINT POLICY ITERATION FOR HJB EQUATIONS 9

Taking absolute values on both sides and using the fact that A,, is non-positive
whenever u # £ we have that

Avelzel < =3 Av) el + O Bra)lyllo- (3.17)
u#L u
The result follows since |z,| = [|z|| . O

4. Guaranteed Minimum Withdrawal Benefit: Jump Diffusion. In this,
and the following, sections we give two examples from computational finance: the
Guaranteed Minimum Withdrawal Benefit (GMWB) insurance contract and, in ad-
dition, an American option pricing problem.

4.1. Singular Control Formulation of the GMWB Problem. A variable
annuity policy is a financial contract between a policyholder and an insurance com-
pany which promises a stream of cash flows. For a given initial lump sum payment an
insurance company creates an investor risky asset account and guarantees a stream of
cashflows. The latter payments come from a second, virtual, guarantee account. The
payments are variable, depending on the performance of the risky asset account, with
some lower bound. Often these variable annuities have guaranteed minimum with-
drawal benefits (GMWBs) which allow the policy holder to cumulatively withdraw at
least the total amount originally invested. The control parameter in this case is the
withdrawal rate.

We extend the singular control formulation for pricing GMWBSs in [14] by assum-
ing that the investor’s risky asset account W follows a finite activity jump diffusion
process (in the risk neutral measure). Thus we have

dW = (r —n— Ap)Wdt + oWdZ + (£ — 1)Wdq +dA, if W >0 (4.1)
dw =0, if W =0, (4.2)

where Z is a Brownian motion, and ¢ is a compound Poisson process comprising a
pure Poisson process with intensity A, and £ an i.i.d. variable representing the jump
size of W. The processes Z,q, & are assumed to be independent. A is the investor’s
virtual guarantee withdrawal account. In the above r is the risk free rate, o is the
volatility and 7 the fee charged for the guarantee. Informally,

0 with probability 1 — A\dt
dg = . . : (4.3)
1 with probability A\dt
We assume that £ follows a log-normal distribution p(§) given by
1 (log(¢) — v)?
= ——exp(——2—) , 4.4
PO = e ep(- ) (4.4

with parameters ¢ and v, p = E[¢ — 1], where E[] is the expectation, and E[¢] =
exp(v + (¢?/2) given the distribution function p(¢) in (4.4).

For the investor’s virtual guarantee account A, let v = (t) denote the withdrawal
rate at time ¢ with v € [0,00). Here an infinite withdrawal rate corresponds to an
instantaneous withdrawal of a finite amount. The policy guarantees that the sum of
withdrawals throughout the policy’s life is equal to the premium paid up front, which
is denoted by wg. As a result, we have A(0) = wp, and

A@ZW—AV@m,mwyy (4.5)
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10 Y. HUANG AND P.A. FORSYTH AND G. LABAHN

We assume that we are dealing with a GMWB having a cap on the maximum
allowed withdrawal rate without penalty. If G is the contractual withdrawal rate and
% < 1 is the proportional penalty charge applied on the portion of the withdrawal
exceeding G then the net withdrawal rate f(v) received by the policy holder is

_ 0<~v<G,
ﬂw_{G-i—(l—%a)(*y—G) v>G. (4.6)

Define 7 = T — t where t is the forward time, and T is the expiry time of the
contract and set V. = V(W, A,7) to be the no arbitrage value of the guarantee.
Generalizing the formulation in [26, 14, 22] to the case with stochastic process (4.1),
the value of the guarantee is given from the solution to the following singular control
problem

min[VT—EV—)\jV—Gmax(}'V,O), k—FV | =0. (4.7)
Here the operators £, F,J are defined as
2
LV = %WQDWWV L (r—n—Ap)WDwV — (r + )V
FV=1-Vig —Va=1-DwV — D4V
v = [ view A e de (48)
0

while D4, Dy and Dy denote the usual partial derivative operators. Problem (4.7)
is solved on the computational domain

(W, A, 7) € [0, Wiax) X [0,wo] x [0,T7] . (4.9)

At expiry time 7 = 0, the value of the contract is
V(W,A, 7 =0) = max [W, (1- m)A} . (4.10)
Other boundary conditions are

min VT—T‘V—GmaX(l—VA,O),I{—(1—VA):| =0; W=0,

V<Wmaxv Aa T) = 677,7—I/Vmax 5 W = Wmax 5
Vww — 0 ; W — Whax ,
V., =LV - ATV ; A=0. (4.11)

No boundary condition is required at A = wy. For details concerning the derivation
of equation (4.7), we refer readers to [26, 10, 11, 14, 22].
As discussed in [14, 22], we can reformulate problem (4.7) in penalized form as

VE=LVE4 ATV +  max | @GFVE 44 (UTVE—“) N ,QG)

(4.12)
»€{0,1},€{0,1}
pp=0

The basic idea of the penalty method is to discretize equation (4.12), and let ¢ — 0
as the mesh and timesteps tend to zero. In the case of no jumps (A = 0), then it is
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shown in [22] that this will converge to the viscosity solution of equation (4.7) as the
mesh and timesteps vanish.

Note that we are working here in an incomplete market, so that the equivalent
martingale pricing measure is not in general unique. As in [3], in practice the param-
eters of equation (4.12) are obtained by calibration to traded prices of options. This
means that the parameters of (4.12) correspond to those from the market’s pricing
measure.

4.2. Discretization of the GMWB Problem. In order to solve the singular
control problem from the last subsection we discretize our problem over a finite grid
in the W x A plane. Define a set of nodes in the W direction {W7, Wy, ...,Wlmax}
and in the A direction {41, A, ..., A;. .. }. Denote the n'" timestep by 7" = nAr
and let V" be the approximate solutlon of equation (4.12) at (W;, A;,7"). Let
ch,gh Fh, D@V, D" be the discrete forms of the operators £, 7, F, Dw, D 4, respec-
tively. We discretize equation (4.12) using fully implicit timestepping and central,
forward and backward differencing so that the positive coefficient condition is satis-
fied [37, 18, 22]. For efficiency, central differencing is used as much as possible [37].

The final discretized equations then become

wn-&-l
VIS — ATLMVI 4 o TGIDL VST + DR VI AT 4+ - . [DRVH 4 Dy Vi Ar

= QI GAT + ¢ AT [ " RG]+ ATV VY

©,J

(4.13)

where

{w”“, "H} S arg max {¢ G[1 - DAV"“ Iffvv'znj+1}
»€{0,1},9€{0,1} ,
pp=0

+1

[P D
€

"y KGH . (4.14)

As discussed in [22], e = C4AT, where Cy is a constant. The boundary conditions in
this case translate into the discrete equations

‘/imaxJ = 67"7—" Wmax- (415)

The integral term JV is discretized via transformation into a correlation integral
combined with a use of the midpoint rule as described in detail in [17].

4.3. Associated General Linear Form. Let N = iy,x X jmax be the size of
the grid and set

V= [‘/17,115"'5‘/” 1a-~-7vn' 7~-~7Vn i ]/- (416)

Tmax 1,jmax Imax;Jmax

We can represent the linear relationships given in equation (4.13) in matrix form as
follows. Define square N x N matrices A, B and a vector C of size N by

[A(pf v U], = [A*U) = Up — ATLMU, + 05 G[DB U, + DYy, Ul AT
+%[DZU5 + DU AT
[Blep, vp)U], = I[B"Ule = AAT[T"U,

Clok,vf)e =  CF=¢bGAT +yf|

u ; x) + kG|AT+ V) (4.17)
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with controls

{of, iy e argmax | —A(oe, o) U + Blpr, e)U" + C(pe,1be) | - (4.18)
”’26{0’1,};%5{0’1} ¢
PePYe=

If we write U and @Q as

U=[Uws,..,U.

tmax

U

/
imase ma]

s Ul i oo
— . . . . !
Q - [q1717 ot qzmax717 ttt 7q17]max7 ot qlmax:]max] (419)

with ¢; ; coming from the set

{(e.9) | ¢ €{0,1},9 €{0,1}, 9 =0} , (4.20)

then the discretized equations (4.13) become

sup {A(Q)V"“ + BV 4 C(Q)} =0. (4.21)
Qez
REMARK 4.1. Notice that any vector index 1 < £ < N corresponds to a grid node
(i,7) via
=194 (§ — Dimax with 1 <i <ipmax and 1 < j < jmax- (4.22)

Recall that in order to ensure convergence to the viscosity solution of equation
(4.7), the discretization must be monotone, consistent and l., stable [5]. A posi-
tive coefficient discretization guarantees monotonicity [18]. The positive coefficient
condition can be defined in terms of the matrices A, B as follows.

DEFINITION 4.1 (Positive Coefficent Condition). A positive coefficient discretiza-
tion generates matrices A, B having the properties

(A—B) >0 £=m
l,m SO f#m

REMARK 4.2. The discretization of the jump term JV (4.8) as in [17] results
in a dense matriz B. However the method of discretization used in that paper implies
that vector product BV™ can be computed efficiently in O(N log N) operations using
an FFT.

PROPOSITION 4.2. Suppose a positive coefficient discretization (see Definition
4.1) is used and the jump operator J" is discretized using the method in [17]. Then

(a) B@Q¥) >0,

(b) Suppose row £ corresponds to grid node (i,7) as in (4.22). Then the {** row

sums for A(Q*) and B(QF) are

1+ (r+NAT 1<i<i*
Row_Sum ¢ ( A(Q¥) ) =< 1+rAr i=1; i =4%, ... imax — 1
1 i:imax
AT 1 <i<i*

) (4.23)
0 otherwise

Row_Sum ¢ ( B(Q¥) ) < {

Here linear behavior of the solution is assumed for i > i* [17],
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(¢) The matrices A(Q)—B(Q) and A(Q) in equation (4.21) are strictly diagonally
dominant M matrices.
Proof. The construction of B(Q¥) using the discretization of JV as detailed in
[17] implies that

[Ty <1 and [T, > 0. (4.24)

m

This holds since p(€) in (4.8) is a probability density function. When the grid node
(i,7) satisfies i > i* then the (" row of B(Q") is identically zero. This gives (a) and
the second part of (b).

In order to prove the remaining part of (b) we note that the row sum is the
same as [A(Q%)e], with e = [1,...,1]". Since D}y, 1 = D1 = D1 = 0 we see that
LM = —(r+\). Thus [A(Q¥)e]l, =1+ (r + M)A for 1 <i < i*. A similar argument
shows that [A(QF)e]l; = 1+ rA7 for i = 1;7* < 4 < imax. When i = i, then the
corresponding row is just the /" identity row (since it is just a boundary assignment)
and hence its row sum is just unity. (c) follows since the off-diagonals of A(Q) — B(Q)
and A(Q) are non-positive (since the discretization is monotone [18]) and from (b),
the row sums are strictly positive. O

REMARK 4.3 (Efficient Implementation). It is interesting to observe that in order
to ensure a positive coefficient discretization, the Df}l operator in equation (4.13) is

always backward differenced. As a result, the solution for Vitlj"’l for fixed j depends

an-‘rl

only on V0. An efficient implementation using this idea is described precisely in

[22].

5. Regime Switching: American Options. A second method for extending
Geometric Brownian Motion (GBM) is by use of a regime switching model. Regime
switching models have been applied to insurance [20], electricity markets [19, 36],
natural gas [2] and optimal forestry management [9)].

This is considered to better model observed risky asset stochastic processes [20],
particularly for options having a longer time frame. It also has the useful property of
being computationally inexpensive when compared to a full stochastic volatility jump
diffusion model. In this section we also show that our methods can be used with both
fully implicit or Crank-Nicolson timestepping.

5.1. Modeling American Options under Regime Switching Processes.
Let 07,5 =1, ..., K be a finite set of discrete volatilities for our model. Shifts between
these states are controlled by a continuous Markov chain. Under the risk neutral
measure, the stochastic process for the underlying asset .S in regime j is

K
dS=(r—p;) Sdt+0? SdZ+Y (&r—1) S dX, (5.1)
k=1

where Z is a Brownian motion, and X is a continuous K state Markov chain

| 1 with probability — Aji dt 4 61
X0 = { 0 with probability 1 — \j dt — &% (5.2)
&jr are assumed to be non-random. It is understood that there can only be one
transition over any infinitesimal time interval, and that Z and X are independent. It
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is also assumed that A;; > 0,7 # k. When a transition from j — k occurs, then the
asset price jumps S — £;x.S. In addition, we define

M=

K K
Mg ==Y Nk s pi = Al —1) 5 N =

k=1 k=1
k#j k#j

Ak - (5.3)

T
S

Z

For notational completeness, §;; = 1.

Let V;(S,7) be the no arbitrage value of our contingent claim in regime j where
as usual we have 7 = T — ¢ so we are working backwards in time. Define the following
differential operators

0252

L;V; = JTDSSVj +(r—p;j)SDsV; — (1 + \)V;
K Ak

Tv=> %Vk(gij, 7) (5.4)
iz

The price of an American option in regime j is then given by [23]
min[ Vie — LV~ NIV, Vi—V* | (5.5)

where V* is the payoff. The risk neutral transition densities A;; are not unique. In
practice, we calibrate the parameters in equation (5.5) to market data, consistent with
the market’s pricing measure.

5.2. Regime Switching: Direct Control Approach. We can formulate the
equation (5.5) as a control problem, as in [8], where we introduce a scaling paramater
Q>0

(x| o(V* = V) = (1= ) (Vjr — L;V; = N T;V)| =0, (5.6)

Equation (5.6) is discretized on the computational domain (S,7) € [0, Spax] X
[0,7]. No boundary condition is required at S = 0 while at S = Spax, a Dirichlet
condition is imposed (in this paper we use the payoff). The payoff condition is

V(S,7=0)=V"(S). (5.7)

We truncate any jumps which would require data outside the computational domain.
The resulting error is small in regions of interest if Sp,ax is sufficiently large [23].

5.2.1. Discretization of the Regime Switching Direct Control Formu-
lation. Define a set of nodes {Si,S1,...,5;...}, and denote the n'* timestep by
" =nAr. Let V", be the approximate solution of equation (5.6) at (S;,7"), regime
j and define vectors V" as in equation (4.16), that is,

VTL - [V17’7117 ceey ‘/i:]axyl7 ceey Vl’,’lK, “eey ‘/,L-Z‘ax’K]/. (5.8)
Let E?,jjh be the discrete form of the operators £;,J;. As usual we use central,
forward and backward differencing to ensure a positive coefficient discretization [18],
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with central differencing as much as possible. Linear interpolation is used to discretize

h
v

K
FAGTE Tk hRV" (5.9)
"7
where Ih kV" ~ Vi (min(Smax, §x5i), 7™), and
Ii_j)kV” =wVly + (1 —w)Vi ks w € [0,1] . (5.10)

Using fully implicit (6§ = 1) or Crank Nicolson (# = 1/2) timestepping, the discrete
form of equation (5.6) is then

(1—ofh) (V"“ Afo,chvnﬂ) +Q gr ATV

J g

= (1= TV + Q@ ATV + (1= 67 TN ATO[T] VT

+(1 =g (1 = O) [ATLEV + N ATITI V] (5.11)
where
ntl _yn
{8y e argmax{sz oV = Vi) = (1-9) (
$€{0,1} k AT

J g J g

—O(LPVIE + NIV ) — (L= 0) (L3 + N [TV, ))}
(5.12)

and our discretization is fully implicit (6 = 1) or Crank Nicolson (6 = 1/2).

5.2.2. General Form of the Direct Control Regime Switching Model.
Define vectors U as in equation (4.16) and let matrices A, B and vector C be defined
as

[A(¢§)U]e = [A*U]e = (1 - m)( mechw) + k0 ATU,

[B(s)U], = [B*Ue = (1= ¢5)\; Ar[T V"],
Ceh) = CF =(1—of)Vi" +6fQ ATV}
+(1— ¢’£€)(1 —0) [AT»C?VZTL + AjAT[%-hvn}g] . (5.13)

where as before the index ¢ corresponds to the grid node (7,7). Define a vector of
controls @ as in equation (4.19), with ¢, = ¢y, with admissible controls Z

Zy={¢ | p€{0,1} }. (5.14)

The final discretized equations are then in the general form

sup {—A(Q)V"+1 + BV + C(Q)} =0. (5.15)
Qez
The positive coefficient condition then results in the following:
PROPOSITION 5.1. Suppose the discretization (5.11) satisfies the positive coeffi-
cient condition (see Definition 4.1), and linear interpolation is used in equation (5.9).
Then
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(a) B(Q) =0,
(b) Suppose row £ corresponds to grid node (i,5). Then the £** row sums for

A(QY) and B(Q*) are

(1= of) (14 00+ X)AT) + EQ AT i < igax

1 T = Imax

Row_Sum ; ( A(Q*) ) = {

(1= HNATO i < imax

0 1 = Imax

Row_Sum ; ( B(Q®) ) = { , (5.16)

(¢) The matrices A(Q)—B(Q) and A(Q) in equation (5.15) are strictly diagonally

dominant M matrices.

Proof. In this case part (a) follows from the representation (5.10) since here
Ajk, A; and the coefficients of Iihjk are nonnegative for all 7,7,k (since w € [0,1]).
The row sum of A(Q*) also follows as in Proposition 4.2 since again one can see
using the operator form that E;?l = —(r+ ;) for all j. Thus if e = [1,...,1]’ then
[A(QF)ele = (1—¢F)(1+0(r+ X)) AT) +¢F QAT for i < imax. The row sum of B(Q¥) is
computed using the fact that the representation (5.10) always sums to unity since this
adds the coefficients coming from Lagrange interpolation. The case when & = iy, is
a consequence of the Dirichlet boundary condition at this node. As in Proposition
4.2, part (c) follows from the use of a positive coefficient discretization, since from (b)
the row sums of (A(Q) — B(Q)) and A(Q) are strictly positive and the off-diagonals
are non-positive. 00

6. Verification of Condition 3.1. In this section we show that the previous
two problems all satisfy Condition 3.1 (with perhaps a suitable scaling) and hence
the fixed point policy iteration scheme converges. For our examples, Z is a finite set,
hence from Remark 2.1, we have that A* = A, B* = B, and C* = C. Hence we need
only verify that Condition 3.1 is valid if we replace A*(Q, V), B*(Q,V), and C*(Q, V),
by A(Q), B(Q), and C(Q).

In all cases we need only verify Condition 3.1 (iii) since the property of being
strictly diagonally dominant M matrices has been verified in Propositions 4.2, and
5.1. A, B, and C are clearly bounded for any finite grid size.

LEMMA 6.1. If the discretization for the GMWB problem satisfies the conditions
required for Proposition 4.2, then this discretization satisfies Condition 3.1.

Proof. For this problem, B(QF) is independent of @Q*, hence we need only show
that

IAQF) T BQM) [l < C1 (6.1)
for some constant C; < 1. If
AQF)x = B(Q")y (6.2)

then, for the GMWB problem, Proposition 3.5 combined with Proposition 4.2 implies
that

|E2] AAT
<

Wl S TF T+ VA (6:3)

so that C; < 1 as required. To prove that || A(Q) |~ is bounded independent of @,
we repeat the above argument setting B to the identity matrix. O
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LEMMA 6.2. If the discretization of the American option under regime switching,
using the direct control method in Section 5.2, satisfies the preconditions for Proposi-
tion 5.1, and Q > max; A\;0, then this discretization satisfies Condition 3.1.

Proof. Suppose

A@Q"x = B(@Q")y (6.4)

and that |z¢| = ||z|e with index ¢ corresponding to node (i,7). If i < émax and
¢¢ = 0, then Proposition 3.5 and Proposition 5.1 implies that
lalle . OMAT
[ylls = 14+ 0(r + Aj)AT

(6.5)

Otherwise when i = iyay or ¢y = 1 then ||[B(Q*)||s = 0 and so ||z]|c = 0. In either
case bound (6.5) holds giving a constant C; < 1 satisfying || A(Q¥) ™' B(Q")||s < Ci.
Suppose now that

AQ")z = B(Q" )y (6.6)
and that |z = ||z]lec with index ¢ corresponding to grid node (4,7). If i < imax,
’Z_l =0 and gb’g =1 then
[zl 04
< —=. (6.7)
Iyl =

But  is an arbitrary scaling of the equation (5.6). Hence we can choose

Q> max \;6 , (6.8)
J

in which case Hz”z < C with C7 < 1. In all other cases, C7 < 1 unconditionally.

Repeating the above argument setting B to the identity shows that [[A71(Q)| is
bounded independent of Q. O

REMARK 6.1 (Scaling Factor: equation (5.6)). At first glance, it appears unnat-
ural to introduce an arbitrary scaling factor in equation (5.6), only to have it be used
to satisfy Condition (6.7). However, if qﬁ;f_l = 0,9} =1, then the units of row £ of
A¥ and row ¢ of B¥ are not the same. Hence we can violate or satisfy conditions (6.7)
simply by rescaling the time units. However, choosing a scaling factor which satisfies
conditions (6.7) means that this same scaling factor must be used in the optimization
step (5.12) in Algorithm 2.2. Consequently, choosing different scaling factors will
result, in general, in different choices for ¢¥ at each iteration.

7. Numerical Examples. In this section, several numerical examples are pre-
sented using both the fixed point-policy iteration scheme in (2.2) and the full policy
iteration scheme in algorithm (2.1). The results show that the fixed point-policy it-
eration scheme requires significantly smaller computational cost compared to the full
policy scheme.

7.1. GMWB. The contract parameters from the problem in [11] are given in
Table 7.1. Table 7.2 gives the mesh size and timestep parameters. In the localized
computational domain, we set Wyax = 1000wg. The penalty parameter is set to
e =AT1072/wp [22].



481

482

483

484

485

486

487

488

489

490

491

492

493

494

18 Y. HUANG AND P.A. FORSYTH AND G. LABAHN

Parameter Value
Expiry time T’ 10.0 years
Interest rate r 0.05
Maximum no penalty withdrawal rate G 10/year
Withdrawal penalty s 0.10

Initial lump-sum premium wy 100

Initial guarantee account balance A(0) 100

Initial personal annuity account balance W(0) 100

Jump diffusion parameters (¢, v, \) (45,-9,.1)

TABLE 7.1: A sample GMWDB contract parameters used in the numerical experi-
ments

Refine Level W Nodes A Nodes Time steps

1 125 111 120
2 249 221 240
3 497 441 480
4 993 881 960
) 1985 1761 1920

TABLE 7.2: Grid and timestep data for convergence experiments. At each refine-
ment, new fine grid nodes are introduced between each two coarse grid nodes, and
the timesteps are halved.

Table 7.3 presents the fair insurance fee 1 charged by the insurance company
computed by solving the equation V(n; W = wg, A = wo, 7 = T) = wp [22]. Newton
iteration is used to solve this equation with the convergence tolerance
[ — ] 8
—_— < 107° | 7.1
max (1, nk) (1)
where 0¥ is the k'th iterate.

Our actual implementation of the nonlinear iteration (2.2) takes advantage of the
structure of this problem as described in Remark 4.3. Using fully implicit timestep-
ping, Table 7.4 presents the convergence results for the GMWB value with respect to
two volatility values, assuming the no-arbitrage insurance fee is imposed. We com-
pared the fixed point-policy (2.2) and full policy iteration scheme (2.1). A simple
iteration (2.11) method was used to solve the policy iteration matrix. The nonlinear
convergence tolerance for the policy and fixed point-policy iteration is given by

p
max — Ve = | <1078 (7.2)

¢ max(scale, |VFT))

A relative update tolerance of 10~% was also used for the simple iteration (2.11).
These two schemes show no difference in computed values to seven digits. However
the fixed point-policy scheme requires less than half the iterations that is required by
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Refine oc=0.2 oc=0.3
Level Fair Fee  Ratio Fair Fee  Ratio
1 0.034427 N/A 0.046890 N/A
2 0.032854 N/A 0.045789 N/A
3 0.032439 3.79 0.045536  4.34
4 0.032329 3.78 0.045471 3.91
5 0.032297 3.37 0.045452 3.35

TABLE 7.3: Convergence study for the fair insurance fee n value with jump diffu-
stons. Contract parameters are given in Table 7.1. Ratio is the ratio of successive
changes in the solution as the mesh is refined.

Refine | Value Total Itns/Step Outer Itns/Step | Ratio
Level Fixed Pt Policy \ Full Policy Full Policy
o =0.2,n=0.032297
1 100.6090 4.67 10.16 383 | N/A
2 100.1775 4.57 9.32 392 | N/A
3 100.0471 4.33 9.08 3.98 | 3.31
4 100.0108 4.21 8.64 4.02 3.59
5 99.9999 4.08 8.04 4.05 | 3.32
o =0.3,7 = 0.045452
1 100.3375 4.91 10.94 418 | N/A
2 100.0842 4.84 10.19 432 | N/A
3 100.0213 4.64 9.89 4.38 4.03
4 100.0049 4.65 9.47 4.45 | 3.83
5 100.0000 4.44 8.81 4.42 3.34

TABLE 7.4: Iteration and convergence experiments for the GMWB guarantee value
att =0 and W = A = wo = 100 using the fized point-policy and full policy schemes.
Contract parameters are given in Table 7.1. Total Itns/step refers to the average
number of iterations per timestep to solve the equation. Quter Itns/Step refers to
the average number of outer iterations in the full policy iteration scheme. Ratio is
the ratio of successive changes in the solution as the mesh/timesteps are refined.
Since the fair insurance fee is imposed, the numerical solution should converge to
Value = wo = 100. All methods used the same number of timesteps. Fully implicit

timestepping is used.

19

the full policy iteration. The computational cost for these methods is dominated by
the FFTs required to carry out the dense matrix-vector multiply, hence the CPU time
is proportional to the number of iterations.

Table 7.4 also shows that the number of outer iterations that full policy iteration
requires. The convergence ratio refers to the ratio of successive changes in the solution
as the mesh and timesteps are reduced by two. This ratio indicates that better than
linear convergence is obtained due to the maximal use of central differencing as much
as possible for the Vi term [37, 22]

7.2. Regime Switching. In this section, we will consider a numerical exam-
ple for the regime switching, American option example described in Section 5. We
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Expiry Time .50 Strike K 100
Payofft put Risk free rate r .02
Exercise American | Scaling Parameter | 10%/Ar

TABLE 7.5: Data for the regime switching, American problem.

Refinement | S Nodes | Timesteps | Unknowns
0 51 37 153
1 101 74 303
2 201 145 603
3 401 287 1203
4 801 571 2403
5 1601 1139 4803
6 3201 2273 6603

TABLE 7.6: Grid/timestep data for convergence study, regime switching example.
On each grid refinement, new fine grids are inserted between each two coarse grid
nodes, and the timestep control parameter is halved.

consider a case with three regimes 1,2,3. The transition probability array A, jump
amplitudes & and volatilities o are given in equation (7.3). Other data are given in
Table 7.5.

—3.5613 .2405 3.3208 1.0 0.9095 1.0279 2
A= 1.1279  —1.2008  0.0729 ;€= 1.2502 1.0 1.6512 | ;0= | .15
2.9882 0.2025  —3.1907 0.9693 0.7732 1.0 .30

(7.3)

Table 7.6 shows the grid and timestep data used for a convergence study for this
problem. At each grid refinement, new fine grid nodes are added between each coarse
grid node, and the timestep control parameter is halved. Crank Nicolson variable
timestepping is used.

Recall that we introduced a scaling factor € in equation (5.12). A natural choice
for a scaling factor is Q@ = C'/(AT), where C' is a dimensionless constant selected so
as to satisfy equation (6.8). In the examples in this section, the coarse grid timestep
is such that condition (6.8) is satisfied for C' > 1.

Table 7.7 shows that the number of iterations per step for the Direct Control
method (for fine grids) is sensitive to the choice of scaling factor. All methods gave
the same computed values to eight digits. Table 7.7 also indicates that method is
approximately second order.

We compared fixed point policy iteration with some other approaches. Policy
iteration (2.1) was used, and the sparse matrix (A — B) was solved using a direct
method, based on minimum degree ordering for ((A — B) + (A — B)’). The conver-
gence tolerance for the policy iteration is given in equation (7.2). Table 7.8 shows
several other possible methods. A GMRES iterative solver, using a level zero ILU
preconditioner [31], was used to solve the (A — B) matrix, in conjunction with the full
policy iteration (2.1). In addition, full policy iteration was also used with the (A — B)
matrix solved using a simple iteration (2.11). A convergence tolerance based on a
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Refinement | Q =10 | Q = 1/(A7) | Q =105/(A7) Value | Ratio

0 5.60 5.60 5.60 6.8261328

1 4.84 4.84 4.84 6.8292905

2 4.33 4.33 4.33 6.8300983 3.9
3 3.96 3.86 3.82 6.8303228 3.6
4 4.22 3.90 3.61 6.8303765 4.2
5 4.32 3.79 3.12 6.8303906 3.8
6 5.1 4.29 3.0 6.8303941 4.1

TABLE 7.7: Number of fixed point-policy iterations per timestep. All methods used
the same total number of timesteps. Crank Nicolson timestepping used. American
option, fixed point-policy iteration, value at t = 0,S = 100, regime 1. Ratio is the
ratio of successive changes as the mesh/timesteps are refined.

Linear Solution Outer Iterations | Inner Iterations CPU time
Method per step per step (Normalized)
Full Policy Iteration (2.1)

Direct (Min degree) 2.39 NA 54.3
GMRES (ILU(0))[31] 2.39 4.64 15.0
Simple Iteration (2.11) 2.39 4.89 1.3

Fixed Point Policy Iteration (2.2)
Direct 3.12 \ NA \ 1.0

TABLE 7.8: Comparison of full policy iteration (2.1) using a direct solve, full pol-
icy iteration with an iterative solution (GMRES), full policy iteration with simple
iteration (2.11), and fized point-policy iteration (2.2), refinement level 5. Regime
switching, American option, penalty formulation. All methods used the same num-
ber of timesteps. Crank Nicolson timestepping used.

relative update condition (< 107%) for the inner iteration was used in both cases. We
compared these methods with the fixed point-policy iteration scheme (2.2). Table 7.8
shows that fixed point-policy iteration requires the least CPU time.

8. Conclusion. We have developed a fixed point-policy iteration scheme for
solving discretized HJB equations. This method is particularly useful if the risky
asset (in a financial application) follows a jump diffusion or regime switching process.

We have determined sufficient conditions which ensure that this iteration scheme
converges. In the penalty formulation case, these conditions are typically satisfied if a
monotone discretization method is used, which is normally required in order to ensure
convergence to the viscosity solution.

In the case that the discrete equations are solved using the approach in [8], con-
vergence of the fixed point policy iteration can only be guaranteed if the discretized
optimization problem satisfies a scaling condition. It is always possible to select a
scaling parameter which satisfies this condition. It is interesting to observe that, for
the direct control approach [8], the convergence rate is sensitive to the scaling of the
nonlinear equations. This does not appear to have been observed previously, and
merits further study.

Our numerical tests show that the fixed point-policy iteration method is more
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efficient than a variety of alternative strategies. We have used a very general approach
to prove the convergence of the fixed point-policy iteration. In the case where the
admissible set of controls is infinite, we do not require that the discretized equations
at each node be a continuous function of the control (this may arise if we use central
differencing as much as possible for monotone schemes). We also do not require a
special choice for the initial iterate. Hence, the fixed point-policy iteration scheme
can be applied to a wide variety of discretized HJB equations.

REFERENCES

[1] R. Almgren and N. Chriss. Optimal execution of portfolio transactions. Journal of Risk, 3:5-39,
2000/2001 (Winter).

[2] L. Andersen. Markov models for commodity futures: theory and practice. Quantitative Finance,
10:831-854, 2010.

[3] L. Andersen and J. Andreasen. Jump-diffusion processes: Volatility smile fitting and numerical
methods for option pricing. Review of Derivatives Research, 4:231-262, 2000.

[4] G. Barles. Convergence of numerical schemes for degenerate parabolic equations arising in
finance. In L. C. G. Rogers and D. Talay, editors, Numerical Methods in Finance, pages
1-21. Cambridge University Press, Cambridge, 1997.

[5] G. Barles and P.E. Souganidis. Convergence of approximation schemes for fully nonlinear
equations. Asymptotic Analysis, 4:271-283, 1991.

[6] D. Bauer, A. Kling, and J. Russ. A universal pricing framework for guaranteed minimum
benefits in variable annuities. ASTIN Bulletin, 38:621-651, 2008.

[7] R. Bellman. Dynamic Programming. Princeton University Press, Princeton, NJ, 1961.

[8] O. Bokanowski, S. Maroso, and H. Zidani. Some convergence results for Howard’s algorithm.
SIAM Journal on Numerical Analysis, 47:3001-3026, 2009.

[9] S. Chen and M. Insley. Regime switching in stochastic models of commodity prices: An appli-
cation to an optimal tree harvesting problem. Journal of Economic Dynamics and Control,
2011. forthcoming.

[10] Z. Chen and P. A. Forsyth. A numerical scheme for the impulse control formulation for pricing
variable annuities with a guaranteed minimum withdrawal benefit (GMWB). Numerische
Mathematik, 109:535-569, 2008.

[11] Z. Chen, K. Vetzal, and P.A. Forsyth. The effect of modelling parameters on the value of
GMWRB guarantees. Insurance: Mathematics and Economics, 43:165-173, 2008.

[12] S.S. Clift. Linear and non-linear monotone methods for valuing financial options under two
factor, jump diffusion models. PhD thesis, School of Computer Science, University of
Waterloo, 2007.

[13] R. Cont and P. Tankov. Financial Modelling with Jump Processes. Chapman and Hall, 2004.

[14] M. Dai, Y. K. Kwok, and J. Zong. Guaranteed minimum withdrawal benefit in variable annu-
ities. Mathematical Finance, 18:595-611, 2008.

[15] M. Dai and Y. Zhong. Penalty methods for continuous time portfolio selection with transaction
costs. Journal of Computational Finance, 13(3):1-31, 2010.

[16] Y. d’Halluin, P.A. Forsyth, and G. Labahn. A penalty method for American options with jump
diffusion processes. Numerische Mathematik, 97:321-352, 2004.

(17] Y. d’Halluin, P.A. Forsyth, and K.R. Vetzal. Robust numerical methods for contingent claims
under jump diffusion processes. IMA Journal of Numerical Analysis, 25:87-112, 2005.

(18] P. A. Forsyth and G. Labahn. Numerical methods for controlled Hamilton-Jacobi-Bellman
PDEs in finance. Journal of Computational Finance, 11 (Winter):1-44, 2008.

[19] N. Haldrup and Nielsen M.O. A regime switching long memory model for electricity prices.
Journal of Econometrics, 135:349-376, 2006.

[20] M. Hardy. A regime switching model of long term stock returns. North American Actuarial
Journal, 5:41-53, 2001.

[21] R.A. Howard. Dynamic Programming and Markov Processes. MIT Press, Cambridge, MA,
1960.

[22] Y. Huang and P.A. Forsyth. Analysis of a penalty method for pricing a guaranteed minimum
withdrawal benefit (GMWB). Working paper, University of Waterloo, submitted to IMA
Journal of Numerical Analysis, 2010.

[23] J.S. Kennedy. Hedging contingent claims in markets with jumps. PhD thesis, School of Com-
puter Science, University of Waterloo, 2007.

[24] A.Q.M. Khaliq and R.H. Liu. New numerical scheme for pricing American options with regime



605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630

[25] H
(26] M
[27] B
(28] H
[20] H
[30] M
31] Y
(32] M
33] M
(34] A
35] R.

FIXED POINT POLICY ITERATION FOR HJB EQUATIONS 23

switching. International Journal of Theoretical and Applied Finance, 12:319-340, 2009.

. Kushner. Numerical Methods for Stochastic Control Problems in Continuous Time.

Springer, 2001.

. A. Milevsky and T. S. Salisbury. Financial valuation of guaranteed minimum withdrawal

benefits. Insurance: Mathematics and Economics, 38:21-38, 2006.

. Oksendal and A. Sulem. Applied stochastic control of jump diffusions. Springer, New York,

2007.

. Pham. On some recent aspects of stochastic control and their applications. Probability

Surveys, 2:506—-549, 2005.

. Pham. Continuous-time Stochastic Control and Optimization with Financial Applications.

Springer, 2009.

. Puterman and M.C. Shin. Modified policy iteration for discounted Markov decision prob-

lems. Management Science, 24:1127-1137, 1978.

. Saad. Iterative Methods for Sparse Linear Systems. STAM, 2003.
. Santos and J. Rust. Convergence properties of policy iteration. SIAM Journal on Control

and Optimization, 42:2094-2115, 2004.

. Thompson, M. Davison, and H. Rasmussen. Natural gas storage valuation and optimization:

a real options application. Naval Research Logistics, 56:226—238, 2009.

. Tourin and T. Zariphopoulou. Viscosity solutions and numerical schemes for invest-

ment/consumption models with transaction costs. in Numerical Methods in Finance, edi-
tors: L.C.G. Rogers and D. Talay, Cambridge University Press, 1997.
Varga. Matriz Iterative Analysis. Prentice Hall, 1961.

[36] M.I.M. Wahib, Z. Lin, and C.P. Edirisingh. Pricing swing options in the electricity market

under regime switching uncertainty. Quantitative Finance, 10:975 — 994, 2010.

[37] J. Wang and P.A. Forsyth. Maximal use of central differencing for Hamilton-Jacobi-Bellman

PDEs in finance. SIAM Journal on Numerical Analysis, 46:1580-1601, 2008.



