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The Existence of Optimal Bang-Bang Controls for GMxB Contra cts ∗1
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Abstract. A large collection of financial contracts offering guaranteed minimum benefits are often posed as control prob-4

lems, in which at any point in the solution domain, a control is able to take any one of an uncountable number of5

values from theadmissible set. Often, such contracts specify that the holder exerts control at a finite number of6

deterministic times. The existence of anoptimal bang-bang control,an optimal control taking on only a finite7

subset of values from the admissible set, is a common assumption in the literature. In this case, the numerical8

complexity of searching for an optimal control is considerably reduced. However, no rigorous treatment as to9

when an optimal bang-bang control exists is present in the literature. We provide the reader with a bang-bang10

principle from which the existence of such a control can be established for contracts satisfying some simple11

conditions. The bang-bang principle relies on the convexity and monotonicity of the solution and is developed12

using basic results in convex analysis and parabolic partial differential equations. We show that aGuaranteed13

Lifelong Withdrawal Benefits(GLWB) contract admits an optimal bang-bang control. In particular, we find that14

the holder of a GLWB can maximize a writer’s losses by only ever performing nonwithdrawal, withdrawal at15

exactly the contract rate, or full surrender. We demonstrate that the relatedGuaranteed Minimum Withdrawal16

Benefits contract is not convexity preserving, and hence does not satisfy the bang-bang principle other than in17

certain degenerate cases.18
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1. Introduction.21

1.1. Main results. A large collection of financial contracts offering guaranteed minimum benefits22

(GMxBs) are often posed as control problems [3], in which the control is able to take any one of an23

uncountable number of values from theadmissible setat each point in its domain. For example, a24

contract featuring regular withdrawals may allow the holder to withdraw any portion of their account.25

In the following, we consider a control which maximizes losses for the writer of the contract; hereafter26

referred to as anoptimal control.27

A typical example is aGuaranteed Minimum Withdrawal Benefit(GMWB). If withdrawals are28

allowed at any time (i.e. “continuously”), then the pricingproblem can be formulated as a singular29

control [23, 13, 18, 19] or an impulse control [9] problem.30

In practice, the contract usually specifies that the controlcan only be exercised at a finite number31

of deterministicexercise times t1 < t2 < .. . < tN−1 [3, 10]. The procedure for pricing such a contract32

using dynamic programming proceeds backwards from the expiry time tN as follows:33

1. Given the solution ast → t−n+1, the solution ast → t+n is acquired by solving an initial value34

problem.35
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2. The solution ast → t−n is then determined by applying an optimal control, which is found by36

considering a collection of optimization problems.37

If, for example, a finite difference method is used to solve the initial value problem fromt−n+1 to t+n ,38

the optimal control is determined by solving an optimization problem at each grid node, in order to39

advance the solution tot−n . Continuing in this way, we determine the solution at the initial time.40

If there exists an optimal bang-bang control, an optimal control taking on only a finite subset of41

values from the admissible set, the numerical algorithm simplifies considerably. The existence of such42

a control is a common assumption in insurance applications [2, 24, 17], although no rigorous treatment43

is present in the literature.44

Our main result in this paper is the specification of sufficient conditions (a bang-bang principle),45

which can be used to guarantee the existence of an optimal bang-bang control. The bang-bang princi-46

ple relies on the convexity and monotonicity of the solutionand follows from a combination of basic47

results in convex analysis and parabolic partial differential equations (PDEs). We demonstrate our48

results on two common contracts in the GMxB family:49

• TheGuaranteed Lifelong Withdrawal Benefits(GLWB) (a.k.a.Guaranteed Minimum Lifelong50

Withdrawal Benefits (GMLWB)) admits an optimal bang-bang control. In particular, we prove51

that a holder can maximize the writer’s losses by only ever performing52

– nonwithdrawal53

– withdrawal at the contract rate (i.e. never subject to a penalty)54

– a full surrender (i.e. maximal withdrawal; may be subject toa penalty)55

• On the other hand, theGuaranteed Minimum Withdrawal Benefits (GMWB) is not necessarily56

convexity preserving, and does not (in general) satisfy thebang-bang principle other than in57

certain degenerate cases.58

In the event that it is not possible to determine the optimal control analytically, numerical methods59

are required. Standard techniques in optimization are not always applicable, since these methods60

cannot guarantee convergence to a global extrema. In particular, without a priori knowledge about61

the objective functions appearing in the family of optimization problems corresponding to optimal62

holder behaviour at the exercise times, a numerical method needs to resort to a linear search over a63

discretization of the admissible set. Convergence to a desired tolerance is achieved by refining this64

partition [28]. Only with this approach can we be assured of a convergent algorithm. However, if an65

optimal bang-bang control exists, discretizing the control set becomes unnecessary. Theoretically, this66

simplifies convergence analysis. More importantly, in practice, this reduces the amount of work per67

local optimization problem, often the bottleneck of any numerical method.68

1.2. Insurance applications. The GLWB is a response to a general reduction in the availability69

of defined benefit pension plans [8], allowing the buyer to replicate the security of such a planvia a70

substitute. The GLWB is bootstrapped via a lump sum paymentx0 to an insurer, which is invested71

in risky assets. We term this theinvestment account. Associated with the GLWB contract is the72

guaranteed withdrawal benefit account, referred to as the withdrawal benefit for brevity. This account73

is also initially set tox0. At a finite set of deterministicwithdrawal times, the holder is entitled74

to withdraw a predetermined fraction of the withdrawal benefit (or any lesser amount), even if the75

investment account diminishes to zero. This predeterminedfraction is referred to as thecontract76

withdrawal rate. If the holder wishes to withdraw in excess of the contract withdrawal rate, they can77

do so upon the payment of a penalty. Typical GLWB contracts include penalty rates that are decreasing78
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functions of time.79

These contracts are often bundled withratchets(a.k.a. step-ups), a contract feature that period-80

ically increases the withdrawal benefit to the investment account, provided that the latter has grown81

larger than the former. Moreover,bonus(a.k.a. roll-up) provisions are also often present, in which82

the withdrawal benefit is increased if the holder does not withdraw at a given withdrawal time. Upon83

death, the holder’s estate receives the entirety of the investment account. We show that a holder can84

maximize the writer’s costs by only ever performingnonwithdrawal, withdrawal at exactly the con-85

tract rate, or surrendering the entirety of their account. Such a holder will never withdraw a nonzero86

amount strictly below the contract rate or perform a partialsurrender. However, this result requires a87

special form for the penalty and lapsation functions, whichis not universal in all contracts. Pricing88

GLWB contracts has been previously considered in [26, 17, 14, 1].89

Much like the GLWB contract, a GMWB is composed of an investment account and withdrawal90

benefit initially set tox0, in whichx0 is a lump sum payment to an insurer. At a finite set of withdrawal91

times, the holder is entitled to withdraw up to a predetermined amount. Note that this amount is not92

a fraction of the withdrawal benefit, as in the GLWB, but rather a constant amount irrespective of the93

withdrawal benefit’s size. Furthermore, unlike the GLWB, the action of withdrawing decreases both94

the investment account and withdrawal benefit on a dollar-for-dollar basis.95

The GMWB promises to return at least the entire original investment, regardless of the perfor-96

mance of the underlying risky investment. The holder may withdraw more than the predetermined97

amount subject to a penalty. Upon death, the contract is simply transferred to the holder’s estate, and98

hence mortality risk need not be considered. Pricing GMWB contracts has been previously considered99

in [23, 13, 10, 18, 19].100

1.3. Overview. In §2 we introduce the GLWB and GMWB contracts. In §3, we generalize this101

to model a contract that can be controlled at finitely many times, a typical case in insurance practice102

(e.g. yearly or quarterly exercise). In §4, we develop sufficient conditions for the existence of a bang-103

bang control, and show that the GLWB satisfies these conditions. §5 discusses a numerical method for104

finding the cost of funding GLWB and GMWB contracts, demonstrating the bang-bang principle for105

the former and providing an example of where it fails for the latter.106

2. Guaranteed Minimum Benefits (GMxBs). We introduce mathematical models for the GLWB107

and GMWB contracts in this section. To distinguish the two contracts, we will refer to the cost of108

funding a GLWB asVL, and that of a GMWB asVM . In general, we use the superscripts L and M to109

distinguish between quantities that pertain to the GLWB andGMWB, respectively. For both contracts,110

we assume a finite number of exercise times gathered in the set111

T ≡ {t1, t2, . . . , tN}

with the order112

0≡ t0 < t1 < .. . < tN ≡ T.

0 andT are referred to as theinitial andexpiry times1, respectively.113

1Note that 0/∈ T (i.e. the initial time is not an exercise time). This assumption is taken purely to simplify notation.
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2.1. Guaranteed Lifelong Withdrawal Benefits (GLWB). LetM (t) be the mortality rate at time114

t (i.e.
∫ t2

t1 M (t)dt is the fraction of the original holders who pass away in the interval [t1, t2]), so that115

the survival probability at timet is116

R (t) = 1−
∫ t

0
M (s)ds.

We assumeR is monotone decreasing withR (t) ∈ [0,1] for all t. Furthermore, we assume the ex-117

istence of a timet⋆ > 0 s.t. R (t⋆) = 0. That is, survival beyondt⋆ is impossible (i.e. no holder118

lives forever). We assume that mortality risk is diversifiable. Since most GLWB contracts offer with-119

drawals on anniversary dates, to simplify notation, we restrict our attention to annual withdrawals,120

taking t0 = 0, t1 = 1, . . ., tN = N. In particular,N is chosen s.t.N > t⋆ to ensure that all holders have121

passed away at the expiry of the contract. As is often the casein practice, we assume ratchets are122

prescribed to occur on a subset of the anniversary dates (e.g. triennially).123

In order to ensure that the writer can, at least in theory, hedge a short position in the contract with124

no risk, we assume that the holder of a GLWB will employ a loss-maximizing strategy. That is, the125

holder will act so as to maximize the cost of funding a GLWB. This represents the worst-case scenario126

for the writer. This worst-case cost is a function of the holder’s investment account and withdrawal127

benefit. As such, we writex ≡ (x1,x2), wherex1 is the value of the investment account andx2 is the128

withdrawal benefit. Both of these quantities are nonnegative. We denote the worst-case cost of funding129

a GLWB, adjusted to account for the effects of mortality, byVL : [0,∞)2× [0,N]→ R. SinceN was130

picked sufficiently large so that the insurer has no obligations at theNth anniversary (recallN > t⋆)131

and hence we have the terminal conditionϕL with132

ϕL (x) = 0. (2.1)

2.1.1. Across exercise times. The GLWB allows a holder to withdraw at most a predetermined133

fraction of the withdrawal benefit (the contract withdrawalrate) or a higher amount at a penalty on each134

anniversary. Consider the point(x, tn)≡ (x1,x2, tn) = (x1,x2,n)∈ [0,∞)2×T. We begin by introducing135

the conditions at the exercise times using a heuristic approach and give a formal statement in §3.1. We136

relate the cost of the contract atn− ε to n+ ε asε→ 0+ as follows:137

1. If the holder does not withdraw, the withdrawal account isamplified by 1+β, in whichβ > 0138

is referred to as thebonus rate. In this case,139

VL (x1,x2,n− ε) =VL (x1,x2 (1+β) ,n) . (2.2)

2. Let δ denote the contract withdrawal rate s.t.δx2 is the maximum a holder can withdraw140

without incurring a penalty. To account for the effects of mortality, we adjust cash flows by141

R (n), the survival probability at timen [14]. If the holder withdrawsλδx2 with λ ∈ (0,1],142

VL (x1,x2,n− ε) =VL ((x1−λδx2)∨0,x2,n)+R (n)λδx2, (2.3)

in which a∨b≡max(a,b).143

3. Letκn ∈ [0,1] denote thepenalty rateat thenth anniversary andx′1 (x)≡ (x1−δx2)∨0 be the
state of the investment account after a withdrawal at (exactly) the contract rate. If the holder



The Existence of Optimal Bang-Bang Controls for GMxB Contra cts 5

performs a partial or full surrender (i.e. withdraws over the contract rate),

VL (x1,x2,n− ε) =VL ((2−λ)x′1 (x) ,(2−λ)x2,n
)

+R (n)
(

δx2+(λ−1)(1−κn)x′1 (x)
)

, (2.4)

whereλ ∈ (1,2] corresponds to a partial surrender andλ = 2 corresponds to a full surrender.144

A holder employing a loss-maximizing strategy will pick oneof nonwithdrawal (2.2), withdrawal at145

or below the contract rate withλ ∈ (0,1] (2.3), or surrender withλ ∈ (1,2] (2.4) s.t. VL (x,n− ε) is146

maximized.147

If a ratchet is prescribed to occur on thenth anniversary, the withdrawal benefit is increased to the148

value of the investment account, provided that the latter has grown larger than the former. We can149

capture both ratcheting and nonratcheting anniversaries by letting150

In =

{

1 if a ratchet is prescribed to occur on thenth anniversary

0 otherwise
(2.5)

and taking151

VL (x1,x2,n) =VL (x1,(Inx1)∨x2,n+ ε) . (2.6)

We can relateVL at n− ε to VL at n+ ε by first taking compositions of the above functions and152

only then takingε→ 0+, yielding two one-sided limits. The costs atn− ε andn+ ε asε→ 0+ can153

be thought of as the costs of funding the contract “immediately before” and “immediately after” the154

exercise timen, respectively. We stress that this is a heuristic definitiononly, since the final statement155

relatingVL atn− ε to VL atn+ ε is not necessarily true for anyε > 0.156

2.1.2. Between exercise times. Let α denote thehedging fee, the rate continuously deducted157

from the investment accountx1 to provide the premium for the contract. We assume that the investment158

account of the GLWB follows geometric Brownian motion (GBM)as per159

dx1

x1
= (µ−α)dt+σdZ (2.7)

whereZ is a Wiener process, tracking the index ˆx1 satisfying160

dx̂1

x̂1
= µdt+σdZ. (2.8)

We assume that it is not possible to short the investment account x1 for fiduciary reasons [10], so that161

the obvious arbitrage opportunity is prohibited. It can be shown [14], by an application of Itô’s lemma,162

that between exercise timesn andn+1, the cost to fund the GLWB satisfies2
163

∂tV
L +LVL +M x1 = 0 on [0,∞)2× (n,n+1) (2.9)

where164

L ≡
1
2

σ2x2
1∂x1x1 +(r−α)x1∂x1− r (2.10)

andr is the risk-free rate of return.165

2We discuss what it means for a function to satisfy this PDE in AppendixA. We also assume the regularity established
in AppendixA.
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2.2. Guaranteed Minimum Withdrawal Benefits (GMWB). As with the GLWB, to simplify no-166

tation, we restrict our attention to annual withdrawals with t0 = 0, t1 = 1, . . ., tN = N. As usual, we167

assume that the holder of a GMWB will employ a loss-maximizing strategy. We writex ≡ (x1,x2),168

wherex1 is the value of the investment account andx2 is the withdrawal benefit. Since the GMWB169

contract is transferred to the holder’s estate upon death, mortality risk is not considered. We denote170

the worst-case cost of funding a GMWB byVM : [0,∞)2× [0,N]→R. We have the terminal condition171

[13]172

ϕM (x) = max(x1,(1−κ)x2) ,

corresponding to the greater of a full surrender at the penalty rate or the entirety of the investment173

account.174

2.2.1. Across exercise times. Let G> 0 denote the predetermined contract withdrawal amount175

associated with the GMWB so thatG∧ x2 (wherea∧b≡min(a,b)) is the maximum the holder can176

withdraw without incurring a penalty. Consider the point(x, tn)≡ (x1,x2, tn) = (x1,x2,n)∈ [0,∞)2×T.177

Let ε > 0. We relate the cost of the contract atn− ε to n+ ε asε→ 0+ as follows:178

1. The maximum a holder can withdraw without incurring a penalty is G∧ x2. If the holder179

withdraws the amountλx2 with λx2 ∈ [0,G∧x2],180

VM (x1,x2,n− ε) =VM ((x1−λx2)∨0,x2−λx2,n)+λx2. (2.11)

2. Letκn∈ [0,1] denote the penalty rate at thenth anniversary. If the holder withdraws the amount181

λx2 with λx2 ∈ (G∧x2,x2],182

VM (x1,x2,n− ε) =VM ((x1−λx2)∨0,x2−λx2,n)+λx2−κn(λx2−G) . (2.12)

Here,λx2 ∈ (G∧x2,x2) corresponds to a partial surrender andλx2 = x2 (i.e. λ = 1) corre-183

sponds to a full surrender.184

A holder employing a loss-maximizing strategy will pickλ ∈ [0,1] so as to maximizeVM (x,n− ε).185

2.2.2. Between exercise times. As with the GLWB, we assume the investment accountx1 fol-186

lows the dynamics (2.7), tracking the index ˆx1 following (2.8). It can be shown, by an application of187

Itô’s lemma, that between exercise timesn andn+1, the cost to fund the GMWB satisfies188

∂tV
M +LVM = 0 on [0,∞)2× (n,n+1) (2.13)

whereL is defined in (2.10) [10].189

3. General formulation. In describing the general formulation, we use the symbolV to distin-190

guish it fromVL andVM . Any claims made aboutV apply toVL andVM .191

3.1. Exercise times. We assume the contract is alive on the finite time-horizon[0,T]. As usual,192

let T ≡ {t1, . . . , tN−1} along with the order 0≡ t0 < t1 < .. . < tN ≡ T. We use the symbolV : Ω×193

[0,T]→ R to denote the cost of hedging the contract at a particular state (x ∈Ω) and time (t ∈ [0,T])194

under a loss-maximizing strategy. We assume thatΩ is a convex subset ofRm.195

Remark 3.1.We restrict V to be acàdlàgfunction of time so that the process V(t) ≡V (S(t) , t) is196

nonpredictable wheneverS is nonpredictable [11]. Specifically, for allx ∈Ω and t∈ [0,T],197

1. V(x, t−)≡ lims↑tn V (x,s) exists.198
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2. V(x, t+)≡ lims↓tn V (x,s) exists and is equal to V(x, t).199

Intuitively, whent = tn ∈ T, V (x, t−n ) andV (x, t+n ) can be thought of as the value of the contract200

“immediately before” and “immediately after” the exercisetime tn.201

At the point(x, tn) ∈Ω×T, the holder is able to perform one of a number ofactionsbased on the202

state of the contract. The set of all such actions is theadmissible setΛn⊂R
m′, which we allow to vary203

w.r.t. the exercise time (as suggested by the subscriptn).204

Remark 3.2.Convexity preservation, a property that helps establish the bang-bang principle, de-205

pends on the admissible setΛn being independent of the state of the contract,x. This is discussed in206

Remark4.17.207

Consider the point(x, tn) ∈Ω×T. Let208

vx,n (λ)≡V
(

fx,n (λ) , t+n
)

+ fx,n(λ) (3.1)

be the value of the contract assuming the holder performs action λ∈Λn. Here, fx,n : Λn→R represents209

cash flow from the writer to the holder, whilefx,n : Λn→ Ω represents the state of the contract after210

the exercise time. We writevx,n (λ) instead ofvn (x,λ) to stress that for each fixed(x,n), we consider211

an optimization problem involving the variableλ ∈ Λn. In particular, recalling that we are interested212

in loss-maximizing strategies, define213

Λ⋆
n (x)≡ argsup

λ∈Λn

vx,n (λ) (3.2)

to be the set of all optimal (i.e. loss-maximizing) actions at (x, tn). Let λ⋆
n(x) denote an arbitrary214

member ofΛ⋆
n(x), and assume for the time being thatΛ⋆

n (x) is nonempty. Assuming the holder acts215

so as to maximize the value of the contract, we have216

V
(

x, t−n
)

= vx,n (λ⋆
n(x)) on Ω×T. (3.3)

Lastly, we assume a terminal condition of the form217

V
(

x, t+N
)

= ϕ(x) on Ω.

Example 3.3.Consider the GLWB. We write the withdrawal and ratchet conditions (2.2), (2.3),218

(2.4) and (2.6) in the form (3.1), (3.2) and (3.3). To do so, we takeΛL
n ≡ [0,2],219

fL
x,n (λ)≡











〈x1, x2 (1+β)∨ Inx1〉 if λ = 0

〈x1−λδx2∨0, x2∨ In [x1−λδx2]〉 if λ ∈ (0,1]

(2−λ) fx,n (1) if λ ∈ (1,2]

(3.4)

and220

f L
x,n (λ)≡ R (n) ·











0 if λ = 0

λδx2 if λ ∈ (0,1]

δx2+(λ−1)(1−κn) (x1−δx2∨0) if λ ∈ (1,2]

. (3.5)

Here,∨ is understood to have lower operator precedence than the arithmetic operations (e.g. a+b∨221

c= (a+b)∨c). In is defined by (2.5).222
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Remark 3.4.At each point(x, tn), one needs to find a member ofΛ⋆
n (x) (defined by (3.2)) in order to223

evaluate (3.3). We remark that for the case of the GLWB, the admissible setΛL
n ≡ [0,2] is undesirably224

large (i.e. a continuum). We will apply the results established in§4 to show that an optimal strategy225

taking on values only from{0,1,2} exists. In other words, an equivalent problem can be constructed226

by substituting the admissible set{0,1,2} for the original admissible setΛL
n≡ [0,2] in the optimization227

problem (3.2). The resulting problem is (computationally) easier than the original one.228

Example 3.5.Consider the GMWB. We write the withdrawal and ratchet conditions (2.11) and229

(2.12) in the form (3.1), (3.2) and (3.3). To do so, we takeΛM
n ≡ [0,1],230

fM
x,n (λ)≡ 〈x1−λx2∨0,(1−λ)x2〉 (3.6)

and231

f M
x,n (λ)≡

{

λx2 if λx2 ∈ [0,G∧x2]

G+(1−κn) (λx2−G) if λx2 ∈ (G∧x2,x2]
. (3.7)

Note that for x2 > 0, the conditionsλx2 ∈ [0,G∧x2] and λx2 ∈ (G∧x2,x2] are equivalent toλ ∈232

[0,G/x2∧1] and λ ∈ (G/x2∧1,1], respectively. We will use the equivalent form involvingλ (as op-233

posed toλx2) in §5.3.2.234

4. Bang-bang principle. In an effort to remain self-contained, we provide the readerwith several235

elementary (but useful) definitions. In practice, we only consider vector spaces overR and hence236

restrict our definitions to this case.237

Definition 4.1.Let W be a vector space over the fieldR. X ⊂W is aconvex setif for all x,x′ ∈ X238

andθ ∈ (0,1), θx+(1−θ)x′ ∈ X.239

Definition 4.2.Let X be a convex set and Y be a vector space over the fieldR equipped with a240

partial order6Y. h: X→Y is aconvex functionif for all x,x′ ∈ X andθ ∈ (0,1),241

h
(

θx+(1−θ)x′
)

6Y θh(x)+ (1−θ)h
(

x′
)

.

Definition 4.3.Let Y be a vector space over the fieldR. P⊂Y is aconvex polytopeif there exists242

p1, . . . , pM ∈Y s.t.243

P=

{

p∈Y | ∃θ1, . . . ,θM ∈ [0,1] : ∑
j

θ j = 1 and p= ∑
j

θ j p j

}

.

W.l.o.g., we assume no pj is a convex combination of the other M− 1 points of the form pk. In this244

case, p1, . . ., pM are said to be the vertices of P.245

Definition 4.4.An extreme pointof a convex set X is a point x∈ X which cannot be written x=246

θx′+(1−θ)x′′ for anyθ ∈ (0,1) and x′,x′′ ∈ X with x′ 6= x′′. Note that the extreme points of a convex247

polytope are its vertices.248

Definition 4.5.Let X and Y be sets equipped with partial orders6X and6Y, respectively. h: X→Y249

is monotoneif for all x,x′ ∈ X, x6X x′ implies h(x)6Y h(x′).250

Lemma 4.6.Let A be a convex set, and B and C be vector spaces over the fieldR equipped with251

partial orders6B and6C, respectively. If h1 : A→ B and h2 : B→C are convex functions with h2252

monotone, then h2◦h1 is a convex function.253

Remark 4.7.W.r.tRm, we define6Rm as follows: ifx,y ∈ R
m, x 6Rm y whenever xi 6 yi for all i.254

We omit the subscript in subsequent sections and simply write6.255

Throughout this section, we use the shorthandV+
n (x)≡V (x, t+n ) andV−n (x)≡V (x, t−n ).256
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4.1. Across exercise times. Throughout this section, we consider thenth exercise timetn ∈ T.257

Assume258

(A1) V+
n is convex and monotone (as a function ofx).259

(A2) For each fixedx ∈Ω, vx,n is bounded above (as a function ofλ).260

4.1.1. Maximum principle. Throughout this section, we consider a particular pointy ∈ Ω. To261

arrive at our main result, we require some assumptions.262

(B1) There exists a collectionPn(y)⊂ 2Λn s.t.
⋃

P∈P (y)P= Λn and eachP∈ Pn(y) is compact and263

convex.264

(B2) For eachP∈ Pn (y), the restrictionsfy,n|P and fy,n|P are convex (as functions ofλ).265

Remark 4.8.(B1) simply states that we can “cut up” the admissible setΛn into (possibly overlap-266

ping) compact and convex sets.(B2)states that the restrictions offy,n and fy,n on each of these convex267

sets are convex functions ofλ.268

Lemma 4.9.Suppose(A1), (B1) and(B2). For each P∈ Pn (y), the restriction vy,n|P is convex (as269

a function ofλ).270

Proof. By (3.3), (A1), (B2) and Lemma4.6.271

Lemma 4.10 (Maximum principle).Suppose(A1), (A2), (B1)and(B2). Take P∈Pn (y) and let E(P)272

denote the set of extreme points of P. Then,273

supvy,n (P) = supvy,n (E (P)) . (4.1)

274

Proof. Let w≡ vy,n|P. Note thatw(P) = vy,n (P), and hence no generality is lost in consideringw.275

Lemma4.9establishes the convexity ofw. Naturally, supw(P) exists (and hence supw(E (P)) exists276

too) due to(A2). Lastly, it is well-known from elementary convex analysis that the supremum of a277

convex function on a compact and convex setP lies on the extreme points ofP, E (P). See [27, Ch.278

32].279

Corollary 4.11.Suppose(A1), (A2), (B1)and(B2). If P∈Pn(y) is a convex polytope, thensupvy,n (P)=280

supvy,n ({p1, . . . , pM}) where p1, . . ., pM are the vertices of P.281

Proof. The extreme points ofP are its vertices.282

Corollary 4.12 (Bang-bang principle).Suppose(A1), (A2), (B1)and(B2). Then,283

supvy,n (Λn) = supvy,n





⋃
P∈Pn(y)

E (P)



 .

284

Proof. By (B1), we have thatΛn =
⋃

P∈Pn(y)P. We can, w.l.o.g., assume that all members ofPn(y)
are nonempty (otherwise, constructP ′n(y) fromPn (y) by removing all empty sets). supvy,n (Λn) exists
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due to(A2). Since for eachP∈ Pn(y), supvy,n (P) = supvy,n (E (P)) (Lemma4.10), by LemmaB.1,

supvy,n (Λn) = supvy,n





⋃
P∈Pn(y)

P





= sup{u∈ R | ∃P∈ Pn (y) : u= supvy,n (P)}

= sup{u∈ R | ∃P∈ Pn (y) : u= supvy,n (E (P))}

= sup





⋃
P∈Pn(y)

E (P)



 .

285

Corollary4.12leaves us with a much “smaller” region over which to search for an optimal control.286

We refer to this as thebang-bang principle.When eachP ∈ Pn (y) is a convex polytope (Corollary287

4.11) andPn(y) is finite, the situation is even nicer: the set
⋃

P∈Pn(y)E (P) is finite (a finite union of288

finite sets), and hence only a finite subset ofΛn needs to be considered in solving the optimal control289

problem at(y, tn). Thus, when the bang-bang principle is satisfied, and for each y and eachtn, Pn(y) is290

a finite collection of compact and convex sets, an optimal bang-bang control exists, by the construction291

above.292

Example 4.13.We now findP L
n (y) s.t. (B1) and (B2) are satisfied for the GLWB. Lety ∈ Ω be293

arbitrary. Take P1 ≡ [0,1], P2 ≡ [1,2] andP L
n (y) ≡ {P1,P2}. Note that

⋃
P∈P L

n (y) P= [0,2] = Λ and294

hence(B1) is satisfied. It is trivial to show that the functionsfL
y,n|Pj and fLy,n|Pj defined in (3.4) and295

(3.5) are convex as functions ofλ (the maximum of convex functions is a convex function), thereby296

satisfying(B2). We conclude (whenever(A1)and(A2)hold), by Corollary4.12, that the supremum of297

vL
y,n occurs on298

⋃
P∈P L

n (y)

E (P) = E (P1)∪E(P2) = E ([0,1])∪E([1,2]) = {0,1}∪{1,2}= {0,1,2}

(corresponding to nonwithdrawal, withdrawal at exactly the contract rate, and full surrender). Since299

y was arbitrary andP L
n (y) was picked independent ofy, we can apply this argument to any point in300

Ω.301

4.1.2. Preservation of convexity and monotonicity. Since the convexity and monotonicity of302

V are desirable properties upon which the bang-bang principle depends (i.e.(A1)), we would like to303

ensure that they are preserved “across” exercise times (i.e. from t+n to t−n ). To do so, we require some304

additional assumptions.305

Remark 4.14.For the remainder of this section, we useλ⋆
n (x) to denote some member of the optimal306

control setΛ⋆
n(x) as defined by (3.2). Note that for eachx, Λ⋆

n (x) is nonempty due to(A2).307

(C1) For each fixedλ ∈ Λn, fx,n (λ) and fx,n (λ) are convex3 as functions ofx.308

3Note that this is not the same as(B2). Here, we mean that for each fixedλ ∈ Λn and for allx,x′ ∈Ω andθ ∈ (0,1),

fθx+(1−θ)x′,n(λ)6 θfx,n(λ)+(1−θ) fx′,n (λ) (4.2)

and
fθx+(1−θ)x′,n(λ)6 θ fx,n(λ)+(1−θ) fx′,n(λ) .

The order6 used in (4.2) is that onΩ⊂R
m, inherited from the order onRm established in Remark4.7.



The Existence of Optimal Bang-Bang Controls for GMxB Contra cts 11

(C2) For eachx,x′ ∈Ω s.t.x6 x′, there existsλ′ ∈Λn s.t. fx,n (λ⋆
n (x))6 fx′,n (λ′) and fx,n (λ⋆

n(x))6309

fx′,n (λ′).310

Remark 4.15.(C2)simply states that for each positionx 6 x′, there is an actionλ′ s.t. the position311

and cash flow after the event atx′ under actionλ′ are greater than the position and cash flow after the312

event atx under an optimal action (e.g.λ⋆
n (x)). Intuitively, this guarantees us that the positionx′ is313

more desirable thanx (from the holder’s perspective). This is not a particularlyrestrictive assumption,314

and should hold true for any model of a contract in which a larger position is more desirable than a315

smaller one.316

Lemma 4.16.Suppose(A1)and(C1). V−n is convex (as a function ofx).317

Proof. Fix x,x′ ∈Ω andθ ∈ (0,1) and letz≡ θx+(1−θ)x′ for brevity. Then, by(A1) and(C1),318

V−n (z) = vz,n (λ⋆
n(z))

=V+
n (fz,n (λ⋆

n(z)))+ fz,n (λ⋆
n (z))

6V+
n (θfx,n (λ⋆

n(z))+ (1−θ) fx′,n (λ⋆
n(z)))+θ fx,n(λ⋆

n(z))+ (1−θ) fx′,n (λ⋆
n(z)) .

6 θ
[

V+
n (fx,n (λ⋆

n(z)))+ fx,n (λ⋆
n(z))

]

+(1−θ)
[

V+
n (fx′,n (λ⋆

n(z)))+ fx′,n(λ⋆
n(z))

]

= θvx,n (λ⋆
n (z))+ (1−θ)vx′,n (λ⋆

n(z))

Employing the optimality ofλ⋆
n (x) andλ⋆

n (x
′),319

V−n (z)6 θvx,n (λ⋆
n(x))+ (1−θ)vx′,n

(

λ⋆
n

(

x′
))

= θV−n (x)+ (1−θ)V−n
(

x′
)

.

320

Remark 4.17.Note that the proof of Lemma4.16evaluates vx,n and vx′,n at λ⋆
n (z). If the control321

setΛn is instead a function of the contract state (i.e.Λn ≡ Λn (x)), then it is not necessarily true that322

λ⋆
n(z) ∈ Λn (x) ,Λn (x′), and hence vx,n (λ⋆

n (z)) and vx′,n (λ⋆
n (z)) may not be well-defined.323

Lemma 4.18.Suppose(A1)and(C2). V−n is monotone (as a function ofx).324

Proof. Let x,x′ ∈Ω s.t.x6 x′. By (A1) (specifically, sinceV+
n is monotone) and(C2), there exists

λ′ ∈ Λ(tn) s.t.

V−n (x) = vx,n (λ⋆
n(x))

=V+
n (fx,n (λ⋆

n (x)))+ fx,n(λ⋆
n(x))

6V+
n

(

fx′,n
(

λ′
))

+ fx′,n
(

λ′
)

= vx′,n
(

λ′
)

6 vx′,n
(

λ⋆
n

(

x′
))

=V−n
(

x′
)

.

325

Example 4.19.We now show that the GLWB satisfies(C1)and(C2)given(A1)and(A2). It is trivial326

to show that the functionsfL
x,n (λ) and fLx,n (λ) defined in (3.4) and (3.5) are convex inx (the maximum327

of convex functions is a convex function), thereby satisfying (C1). (C2) is slightly more tedious to328

verify. Letx,x′ ∈ Ω s.t. x 6 x′. W.l.o.g., we can assumex′ > 0 as the case ofx = x′ = 0 is trivial. By329

(A1), (A2) and the argument in Example4.13, we can, w.lo.g., assumeλ⋆
n (x) ∈ {0,1,2}. Hence, we330

need only consider three cases:331
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1. Supposeλ⋆
n (x) = 0. Takeλ′ = 0 to getfL

x,n (0)6 fL
x′,n (λ

′) and fLx,n (0) = f L
x′,n (λ

′).332

2. Supposeλ⋆
n (x) = 1. Takeλ′ = x2/x′2 to getfL

x,n (1)6 fL
x′,n (λ

′) and fLx,n (1) = f L
x′,n (λ

′).333

3. Supposeλ⋆
n(x) = 2. If x1 6 δx2, then fL

x,n (2) = 〈0,0〉 6 fL
x,n (1) and fLx,n (2) = f L

x,n (1), and334

we can once again takeλ′ = x2/x′2 to getfL
x,n (2) = 〈0,0〉 6 fL

x′,n(λ
′) and fLx,n (2) = f L

x′,n (λ
′).335

Therefore, we can safely assume that x1 > δx2 so that336

f L
x,n (2) = R (n) [(1−κ)x1+κδx2]6 R (n)x1. (4.3)

(a) Suppose x′1 6 δx′2. Takeλ′ = 1 to getfL
x,n (2) = 〈0,0〉 6 fL

x′,n (1) and337

f L
x,n (2)6 R (n)x1 6 R (n)δx′2 = f L

x′,n (1)

by (4.3).338

(b) Suppose x′1 > δx′2. Takeλ′ = 2 to getfL
x,n (2) = 〈0,0〉 = fL

x′,n (2) and339

f L
x,n (2)6 R (n)

[

(1−κn)x′1+κδx′2
]

= f L
x′,n (2) .

4.2. Between exercise times. As previously mentioned, to apply Corollary4.12, we need to340

check the validity of(A1) (i.e. that the solution is convex and monotone att+n ). In light of this, we341

would like to identify scenarios in whichV+
n is convex and monotone provided thatV−n+1 is convex342

and monotone (i.e. convexity and monotonicity are preserved between exercise times).343

Example 4.20.If we assume that both GLWB and GMWB are written on an asset that follows344

GBM, then AppendixA establishes the convexity and monotonicity (under sufficient regularity) of345

V+
n given the convexity and monotonicity of V−n+1. The general argument is applicable to contracts346

written on assets whose returns follow multidimensional drift-diffusions with parameters independent347

of the level of the asset (a local volatility model, for example, is not included in this class). Convexity348

and monotonicity preservation are retrieved directly froma property of the corresponding Green’s349

function.350

Convexity and monotonicity preservation are established for a stochastic volatility model in [4].351

For the case of general parabolic equations, convexity preservation is established in [20]. This result is352

further generalized to parabolic integro-differential equations, arising from problems involving assets353

whose returns follow jump-diffusion processes [5].354

4.3. Existence of an optimal bang-bang control. Once we have established that convexity and355

monotonicity are preserved between and across exercise times (i.e. §4.1 and §4.2, respectively), we356

need only apply our argument inductively to establish the existence of an optimal bang-bang control.357

Instead of providing a proof for the general case, we simply focus on the GLWB contract here. For the358

case of a general contract, assuming the dynamics followed by the assets preserve the convexity and359

monotonicity of the cost of funding the contract between exercise times (e.g. GBM, as in AppendixA),360

the reader can apply the same techniques used for the GLWB contract here to establish the existence361

of a bang-bang control.362

Example 4.21.Consider the GLWB. Suppose for some n s.t.16 n6 N, VL (x,n+) is convex and363

monotone as a function ofx (satisfying(A1)), and satisfies the growth condition364

∣

∣VL (x,n+
)∣

∣6 K exp
(

k|logx|2
)

on [0,∞)2 (4.4)
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Figure 1. Dynamic programming for pricing contracts with finitely many exercise times.

Data: payoff of the contract at the expiry,V+
N

Result: price of the contract at time zero,V0≡V+
0

for n← N to 1 do1

for x ∈Ω do2

V−n (x) := supλ∈Λn
V+

n (fx,n (λ))+ fx,n(λ)3

end4

useV−n to determineV+
n−15

end6

for positive constants K and k. It immediately follows that for all x, vL
x,n is bounded (satisfying(A2)).365

Since(A1) and(A2)are satisfied, we can use Example4.13to conclude that the supremum of vL
x,n, for366

eachx ∈ Ω, occurs on{0,1,2}. By Example4.19, VL (x,n−) is convex and monotone. Furthermore,367

it can be shown by a routine computation that VL (x,n−) also satisfies a growth condition of the form368

(4.4). Under sufficient regularity, as discussed in Example4.20, the argument in AppendixA ensures369

that VL
(

x,(n−1)+
)

is convex and monotone as a function ofx as well. Furthermore, under the370

presumed regularity in AppendixA, VL
(

x,(n−1)+
)

satisfies a growth condition of the form (4.4).371

Recall that since tN = N was picked large enough as to ensure that all holders have passed away372

at time N (i.e.R (N) = 0), the insurer has no obligations at the Nth anniversary and hence by (2.1)373

VL (x,N+
)

= ϕL (x) = 0. (4.5)

Note thatϕL is trivially convex and monotone as a function ofx, and satisfies a growth condition of the374

form (4.4). We can then apply the above argument inductively to establish the existence of an optimal375

bang-bang control. For the case of the GLWB, since the range of this control is finite (Example4.19),376

we conclude that an optimal bang-bang control exists for theGLWB.377

5. Demonstrating the bang-bang principle. To demonstrate the bang-bang principle in prac-378

tice, we implement a numerical method to solve the GLWB and GMWB problems and examine loss-379

maximizing withdrawal strategies.380

5.1. Contract pricing algorithm. Figure1 highlights the usual dynamic programming approach381

to pricing contracts with finitely many exercise times. Notethat line 5 is purposely non-specific; the382

algorithm does not presume anything about the underlying dynamics of the stochastic process(es) that383

V is a function of, and as such does not make mention of a particular numerical method used to solve384

V+
n−1 givenV−n . Establishing the bang-bang principle for a particular contract allows us to replaceΛn385

appearing on line 3 with
⋃

P∈P (x)E (P).386

5.2. Numerical method. The numerical method discussed here applies to both GLWB andGMWB387

contracts. Each contract is originally posed onΩ = [0,∞)2. We employ the algorithm in Figure388

1 but instead approximate the solution using a finite difference method on the truncated domain389

[0,xmax
1 ]× [0,xmax

2 ]. As such, sincefx,n (λ) will not necessarily land on a mesh node, linear inter-390

polation is used to approximateV+
n (fx,n (λ)) on line 3. A local optimization problem is solved for391

each point on the finite difference grid. Details of the numerical scheme can be found in [1, 14].392
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Between exercise times, the cost of funding each contract satisfies one of (2.9) or (2.13). Cor-393

responding to line 5 of Algorithm1, we determineV+
n−1 from V−n using an implicit finite difference394

discretization. No additional boundary condition is needed atx1 = 0 or x2 = 0 ((2.9) and (2.13) hold395

along∂Ω× [tn, tn+1)). The same is true ofx2 = xmax
2 ≫ 0. At x1 = xmax

1 ≫ 0, we impose396

V (xmax
1 ,x2, t) = g(t)xmax

1 (5.1)

for somecàdlàg function g differentiable everywhere but possibly at the exercise timestn ∈ T. Sub-397

stituting the above into (2.9) or (2.13) yields an ordinary differential equation which is solved numeri-398

cally alongside the rest of the domain. Errors introduced bythe above approximations are small in the399

region of interest, as verified by numerical experiments.400

Remark 5.1.Since we advance the numerical solution from n− to n−1+ using a convergent method,401

the numerical solution converges pointwise to a solution V that is convexity and monotonicity preserv-402

ing. Although it is possible to show—for special cases—thatconvexity and monotonicity are preserved403

for finite mesh sizes, this is not necessarily true unconditionally.404

Remark 5.2.Although we have shown that an optimal bang-bang control exists for the GLWB405

problem, we do not replaceΛn with {0,1,2} on line 3 of the algorithm in Figure1 when computing406

the cost to fund a GLWB so as to demonstrate that our numericalmethod, having preserved convexity407

and monotonicity, selects an optimal bang-bang control. For both GLWB and GMWB, We assume that408

nothing is known about vx,n and hence form a partition409

λ1 < λ2 < .. . < λp

of the admissible set and perform a linear search4 to findmaxi vx,n (λi). Convergence is achieved by410

refining this partition.411

5.3. Results.412

5.3.1. Guaranteed Lifelong Withdrawal Benefits. Figure2 shows withdrawal strategies for the413

holder under the parameters in Table1 on the first four contract anniversaries. We can clearly see that414

the optimal control is bang-bang from the Figures. At any point (x,n), we see that the holder performs415

one of nonwithdrawal, withdrawal at exactly the contract rate, or full surrender (despite being afforded416

the opportunity to withdraw any amount between nonwithdrawal and full surrender).417

When the withdrawal benefit is much larger than the investment account, the optimal strategy418

is withdrawal at the contract rate (the guarantee is in the money). Conversely, when the investment419

account is much larger than the withdrawal benefit, the optimal strategy is surrender (the guarantee420

is out of the money), save for when the holder is anticipatingthe triennial ratchet (timen = 2 and421

n= 3). Otherwise, the optimal strategy includes nonwithdrawal (to receive a bonus) or withdrawal at422

the contract rate. Note that the strategy is constant along any straight line through the origin sinceVL
423

is homogeneous of order one inx, as discussed by [14].424

5.3.2. Guaranteed Minimum Withdrawal Benefits. For the GMWB,(C1) is violated. In partic-425

ular, for κn > 0, the functionf M
x,n (λ) is concave as a function ofx (Figure3). However, whenκn = 0426

4It is worthwhile to note that for the general problem, if nothing is known about the smoothness ofvx,n but it is known
thatvx,n is (piecewise-)unimodal, one can approximate supΛn

vx,n using one (or more) golden section search(es) [21, 7] to
obtain an extremum. However, if this method is used when nothing is known about the unimodality ofvx,n, the resulting
numerical method will not necessarily be convergent. In these situations, to guarantee convergence to the relevant solution,
one must resort to a linear search with successive refinementto guarantee convergence.
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Table 1
GLWB parameters.

Parameter Value
Volatility σ 0.20
Risk-free rate r 0.04
Hedging fee α 0.015
Contract rate δ 0.05
Bonus rate β 0.06
Expiry N 57
Initial investment x0 100
Initial age at time zero 65
Mortality data [25]
Ratchets Triennial
Withdrawals Annual

Anniversary n Penalty κn

1 0.03
2 0.02
3 0.01
> 4 0.00

or G= 0 (G = 0 is considered in [19]), the function f M
x,n (λ) (see (3.7)) is linear inx, and hence the427

convexity ofVM (x,n−) as a function ofx can be guaranteed givenVM (x,n+) convex and monotone428

in x. In this case, it is possible to use the same machinery as was used in the GLWB case to arrive at a429

bang-bang principle. The case ofκn = 0 corresponds to zero surrender charges at thenth anniversary,430

while G= 0 corresponds to enforcing that all withdrawals (regardless of size) be charged at the penalty431

rate.432

Now, consider the data in Table2. Sinceκn = 0 for all n> 7, the convexity ofV in x is preserved433

for all t ∈ [6,N]. However, sinceκ6 > 0, the convexity is violated ast → 6−. Figure4 demonstrates434

this preservation and violation of convexity. As a consequence,V will not necessarily be convex inx435

ast→ 5+, and the contract fails to satisfy the bang-bang principle at each anniversary daten≤ 5.436

Assuming thatVM (x,n+) is convex and monotone (along with the usual assumptions on bound-437

edness) and takingPM
n (x) ≡ {P1,P2} with P1 ≡ [0,G/x2∧1] andP2 ≡ [G/x2∧1,1] yields that there438

exists an optimal control s.t. at any point(x,n), with x2 > 0, the optimal control takes on one of439

the values{0,G/x2,1}. These three actions correspond to nonwithdrawal, withdrawing the predeter-440

mined amountG, or performing a full surrender. This is verified by Figure5, which shows withdrawal441

strategies under the parameters in Table2 at timesn = 6 andn = 7. As predicted, along any line442

x2 = const., the optimal control takes on one of three values (λ⋆
n (x) ∈ {0,G/x2,1}, or equivalently,443

λ⋆
n(x)x2 ∈ {0,G,x2}). Since atn= 6, κn > 0, we see that the holder is more hesitant to surrender the444

contract wheneverx1≫ x2 (compare with the same region atn= 7).445

6. Conclusion. Although it is commonplace in the insurance literature to assume the existence446

of optimal bang-bang controls, there does not appear to be a rigorous statement of this result. We have447

rigorously derived sufficient conditions which guarantee the existence of optimal bang-bang controls448

for GMxB guarantees.449

These conditions require that the contract features are such that the solution to the optimal con-450

trol can be formulated as maximizing a convex objective function, and that the underlying stochastic451

process assumed for the risky assets preserve convexity andmonotonicity.452

These conditions are non-trivial, in that the conditions are satisfied for the GLWB contract but not453



16 P. AZIMZADEH and P. A. FORSYTH

Figure 2. Optimal control for the GLWB for data in Table1. As predicted, there exists an optimal control consisting
only of nonwithdrawal, withdrawal at the contract rate, andfull surrender.

(a) n= 1 (b) n= 2

(c) n= 3 (d) n= 4

for the GMWB contract with typical contract parameters. Ournumerical experiments indicate that the454

GMWB controls are not bang-bang precisely where our conditions are violated.455

From a practical point of view, the existence of bang-bang controls allows for the use of very456

efficient numerical methods.457

Although we have focused specifically on the application of our results to GMxB guarantees, the458

reader will have no difficulty in applying the sufficient conditions to other optimal control problems in459
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Figure 3. f M
x,n(λ) for fixed x1, λ and n withκ > 0. Convexity does not hold across the kink at x2 = G/λ (see (3.7)).
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Figure 4. VM (x, t) for fixed x1 = 100under the data in Table2. Points where VM
(

x,n−
)

=VM
(

x,n+
)

correspond to
nonwithdrawal. To the left of these points, the holder withdraws at the contract rate (see Figure5).
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(a) Convexity is not preserved fromt→ 6+ to t→ 6−.
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(b) Convexity is preserved fromt→ 7+ to t→ 7−.

finance. We believe that we can also use an approach similar tothat used here to show the existence460

of bang-bang controls for general impulse control problems. In the impulse control case, these condi-461

tions will require that the intervention operator have a particular form, and that the stochastic process462

(without intervention) preserve convexity and monotonicity. We leave this generalization for future463

work.464

Appendix A. Preservation of convexity and monotonicity.465

In this Appendix, we establish the convexity and monotonicity of a contract whose payoff is con-466

vex and monotone and written on assets whose returns follow (multi-dimensional, possibly correlated)467

GBM. We do so by considering the PDE satisfied byV and considering the fundamental solution cor-468

responding to the operator appearing in the log-transformed version of this PDE. Considering the469

log-transformed PDE allows us to eliminate the parabolic degeneracy at the boundaries and to ar-470

gue that the resulting fundamental solution for the log-transformed operator should be of the form471

Γ(y,y′,τ,τ′)≡ Γ(y−y′,τ,τ′).472

We begin by describing some of the notation used in this appendix as follows:473
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Table 2
GMWB parameters [10].

Parameter Value
Volatility σ 0.15
Risk-free rate r 0.05
Hedging fee α 0.01
Contract rate amount G 10
Expiry N 10
Initial investment x0 100
Withdrawals Annual

Anniversary n Penalty κn

1 0.08
2 0.07
3 0.06
4 0.05
5 0.04
6 0.03
> 7 0

Figure 5. Optimal controlλ⋆
n(x) scaled by x2 for the data in Table2.

(a) n= 6 (b) n= 7

• Let Ω≡Ω1×Ω2 whereΩ1≡ [0,∞)m andΩ2 is a convex subset of a partially ordered vector474

spaceA over the fieldR with order6A. Ω can thus be considered as a convex subset of the475

vector spaceA ≡ R
m×A over the fieldR.476

• We write an element ofΩ in the form(x,xm+1)≡ (x1, . . . ,xm,xm+1) with x∈Ω1 andxm+1∈Ω2477

in order to distinguish between elements ofΩ1 andΩ2.478

• The partial order we consider onA is simply inherited from the orders6Rm (Remark4.7) and479

6A. Specifically,(x,xm+1)6A

(

x′,x′m+1

)

if and only if x 6Rm x′ andxm+1 6A x′m+1.480

• We denote by|·| the Euclidean norm.481

SupposeV satisfies482

∂tV +LV +ω = 0 onΩ× (tn, tn+1) (A.1)

and483

V
(

x,xm+1, t
−
n+1

)

= ϕ(x,xm+1) on Ω (A.2)

where484

L ≡
1
2

m

∑
i, j=1

ai, j xix j∂xi ∂xj +
m

∑
i=1

bixi∂xi +c. (A.3)

In the above,ω≡ ω(x, t). We will, for the remainder of this appendix, assume that485
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(D1) ai, j ≡ ai, j (t), bi ≡ bi (t) and c≡ c(t) (i.e. The functionsai, j , bi and c are independent of486

(x,xm+1)).487

(D2) L is uniformly elliptic onΩ1\∂Ω1.488

Example A.1.For the GLWB guarantee,L is given in (2.10) andω =M (t)x1.489

Remark A.2.We say V satisfies (A.1) if V is twice differentiable in (the components of)x and once490

differentiable in t onΩ× (tn, tn+1)
5, continuous onΩ× [tn, tn+1)

6 and satisfies (A.1) pointwise.491

We now describe the log-transformed problem. For ease of notation, let492

ey ≡ (ey1, . . . ,eym) a′i, j (τ)≡ ai, j (tn+1− τ)
ϕ′ (y,ym+1)≡ ϕ(ey,ym+1) b′i (τ)≡ bi (tn+1− τ)

ω′ (y,ym+1,τ)≡ ω(ey,ym+1, tn+1− τ) c′ (τ)≡ c(tn+1− τ)

LetV be a solution of the Cauchy problem (A.1) and (A.2). Let493

u(y,ym+1,τ)≡V (ey,ym+1, tn+1− τ)

and∆≡ tn+1− tn. Then,u satisfies494

L ′u−∂τu+ω′ = 0 onΩ′× (0,∆) (A.4)

and495

u
(

y,ym+1,0
+
)

= ϕ′ (y) (A.5)

where496

L ′ ≡
1
2

m

∑
i, j=1

a′i, j∂yi ∂yj +
m

∑
i=1

b′i∂yi +c′.

Note that(D2) implies thatL ′ is uniformly elliptic onRm.497

In order to guarantee that a solutionu to the log-transformed Cauchy problem (A.4) and (A.5)498

exists and is unique, sufficient regularity must be imposed on the functionsa′i, j , b′i , c′, ω′ andϕ′, and499

u. We summarize below.500

(E1) ϕ′ is continuous onRm.501

(E2) a′i, j , b′i , c′, ω′ are sufficiently regular (for an accurate detailing of the required regularity, see502

[15, Ch. 1: Thm. 12, Thm. 16]).503

(E3) For allym+1 ∈Ω2,504

∣

∣ω′ (y,ym+1,τ)
∣

∣6 K exp
(

k|y|2
)

onR
m× (0,∆)

and505
∣

∣ϕ′ (y,ym+1)
∣

∣6 K exp
(

k|y|2
)

onR
m

for positive constantsK andk.506

5i.e.V|Ω×(tn,tn+1) ∈C2,1 (Ω× (tn, tn+1)).
6i.e.V|Ω×[tn,tn+1) ∈C(Ω× [tn, tn+1)).
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(E4) For allym+1 ∈Ω2, u satisfies the growth condition507

|u(y,ym+1,τ)|6 K′exp
(

k′ |y|2
)

onRm× (0,∆)

for positive constantsK′ andk′.508

When(D2) and(E1)-(E4) are satisfied,u can be written

u(y,ym+1,τ) =
∫
Rm

Γ
(

y,y′,τ,0
)

ϕ′
(

y′,ym+1
)

dy′

+

∫ ∆

0

∫
Rm

Γ
(

y,y′,τ,τ′
)

ω′
(

y′,ym+1,τ′
)

dy′dτ′ onRm× (0,∆) (A.6)

whereΓ is the fundamental solution forL ′. We first note that(E1) follows immediately ifϕ is convex,509

as shown below.510

Lemma A.3.If ϕ is convex w.r.t. the order6A (see Definition4.2), then for all xm+1, ϕ′≡ϕ′ (y;xm+1)511

is continuous iny onR
m.512

Proof. We have assumed thatϕ≡ ϕ(x,xm+1) is convex w.r.t.6A on Ω. From this it follows that513

for all xm+1 ∈Ω2, ϕ is convex inx on Ω1≡ [0,∞)m w.r.t. to the order6Rm. This in turn yields that for514

all xm+1 ∈Ω2, ϕ is continuous inx on the open setΩ1\∂Ω1 = (0,∞)m. Therefore,ϕ′ ≡ ϕ′ (y;xm+1) is515

continuous iny onR
m.516

Theorem A.4.Suppose(D1), (D2) and(E2)-(E4). Suppose thatϕ is convex and monotone w.r.t. the517

order6A (see Definition4.2 and Lemma4.6). Suppose further that for all t∈ [tn, tn+1), ω is convex518

and monotone in(x,xm+1) on Ω w.r.t. the order6A . Then, for all t∈ [tn, tn+1), V is convex and519

monotone in(x,xm+1) on Ω w.r.t. the order6A . In particular, V+
n is convex and monotone.520

Proof. Γ appearing in (A.6) depends ony′ andy throughy′−y alone since by(D1), a′i, j , b′i andc′

are independent of the spatial variables [15, Ch. 9: Section 2]. Therefore

u(y,ym+1,τ) =
∫
Rm

Γ
(

y′−y,τ,0
)

ϕ′
(

y′,ym+1
)

dy′

+
∫ ∆

0

∫
Rm

Γ
(

y′−y,τ,τ′
)

ω′
(

y′,ym+1,τ′
)

dy′dτ′ onRm× (0,∆] .

Let logx≡ (logx1, . . . , logxm). From the above, wheneverxi > 0 for all i,

V (x,xm+1, t) =
∫
Rm

Γ
(

y′− logx, tn+1− t,0
)

V
(

ey′ ,xm+1, t
−
n+1

)

dy′

+

∫ ∆

0

∫
Rm

Γ
(

y′− logx, tn+1− t,τ′
)

ω
(

ey′ ,xm+1, tn+1− τ′
)

dy′dτ′ on Ω× [tn, tn+1) .

Denote byx ◦ x′ ≡ (x1x′1, . . . ,xmx′m) the element-wise product ofx and x′. The substitutiony′ =
log(x◦x′) into the above yields

V (x,xm+1, t) =
∫ ∞

0
. . .

∫ ∞

0
Γ
(

logx′, tn+1− t,0
)

V
(

x◦x′,xm+1, t
−
n+1

) 1

∏i x
′
i
dx′

+
∫ ∆

0

∫ ∞

0
. . .

∫ ∞

0
Γ
(

logx′, tn+1− t,τ′
)

ω
(

x◦x′,xm+1, tn+1− τ′
) 1

∏i x
′
i
dx′dτ′ on Ω× [tn, tn+1) .
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SinceΓ is > 0 [15, 16, Ch. 2, Ch. IV, resp.], from the convexity and monotonicity of V−n+1 and521

ω, it follows immediately thatVn (x,xm+1, t) is convex and monotone on(Ω1\∂Ω1)×Ω2 for any522

t ∈ [tn, tn+1). The presumed continuity ofV allows us to extend this toΩ.523

Remark A.5.The construction of the parametrix approximating the fundamental solution was orig-524

inally used to establish the existence of fundamental solutions to parabolic PDEs [22]. More recently,525

it has found its way to finance in both technical [6] and numerical [12] settings.526

Appendix B. Commutativity of union and supremum.527

Let T be a poset with order6 satisfying the least-upper-bound property. All supremumsare taken528

w.r.t. T.529

Lemma B.1.Let S ≡ {Sα}α∈A be an indexed family of nonempty subsets of T . Let S≡
⋃

α∈A Sα530

and531

U ≡ {v∈ T | ∃α ∈ A : v= supSα} .

Then,supS= supU whenever S is bounded above.532

Proof. SupposeA is empty. Then bothSandU are empty, and hence the expressions agree.533

SupposeA is nonempty and thatS is bounded above. SinceS is bounded above, its supremum534

u must occur inT. For eachα, u is an upper bound ofSα, and sinceSα is a nonempty subset ofT,535

supSα = uα for someuα ∈ T. Thus,U = {uα}α∈A ⊂ S. Sinceuα 6 u for eachα, u is an upper bound536

of U . SinceA is nonempty,U is nonempty and henceU has a least upper boundu′ ∈ T with u′ 6 u.537

Let x∈ S. Thenx∈ Sβ for someβ, and hencex6 uβ 6 u′ and henceu′ is an upper bound ofS. Since538

supS= u, u6 u′ and henceu′ = u.539
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