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Abstract. The declarative and relational aspects of Alloy make it a
desirable language to use for high-level modeling of transition systems.
However, currently, these models must be translated to another tool to
carry out full temporal logic model checking. In this article, we show how
a symbolic representation of the semantics of computational tree logic
with fairness constraints (CTLFC) can be written in first-order logic with
the transitive closure operator, and therefore described in Alloy. Using
this encoding, the question of whether a declarative model of a transition
system satisfies a temporal logic formula can be solved using the Alloy
Analyzer directly. Also, since a declarative description of a model may
actually represent a family of transition systems, we define two distinct
model checking questions on this family (existential and universal model
checking) and show how these properties can be evaluated in the Alloy
Analyzer.

1 Introduction

The process of model-driven engineering [1] promises many benefits for the use
of models early in the development process; in general, the earlier that quality
models are created, the fewer errors there will be to discover later in the process.
A modelling language used early in the design process must be able to handle the
lack of details available at this point in the project. Therefore, it must be able
to express concepts that are abstract. However, if we wish to provide analysis
support for these models to increase their quality and utility, we must be able
to express the models precisely. Languages such as Alloy [2], B [3], Z [4], and
ASMs [5] have many features to express abstract concepts (e.g., sets, relations,
and functions) without sacrificing precision. Abstract models are usually declar-
ative, meaning they are described as a set of constraints and do not necessarily
have an operational semantics.

We are interested in the problem of analyzing temporal properties of declar-
ative models. Chang and Jackson added finite relations and functions to a tra-
ditional state-based specification of a transition system, and developed a BDD-
based model checker that analyzed these models against computational tree logic
(CTL) specifications [6]. Del Castillo and Winter provided model checking sup-
port for a transition system specified as an Abstract State Machine (ASM) [5],



via the translation of a class of ASMs to SMV by restricting the range of func-
tions to finite sets [7]. ProB [8] is a tool for analyzing finite B machines, in
particular, simulation and model checking against linear temporal logic (LTL)
specifications. Within Alloy, it is fairly straightforward to specify a transition
relation and then iterate it to check bounded duration temporal properties [9].
None of these approaches allow us to check a full set of temporal properties
against a fully declarative model of a transition system.

Describing the traditional representation of the semantics of a temporal logic
with respect to a single transition system and state in first order logic is not pos-
sible because of the need for quantification over paths (a second order operator).
Thus, using constraint-based first-order solvers for model checking has remained
elusive. Immerman and Vardi encoded the semantics of CTL and CTL* in first
order logic with transitive closure FO(TC) [10]. Their semantics has the im-
portant property that the use of transitive closure replaces the need for quan-
tification over the paths. Our first contribution in this paper is to show that a
variant of Immerman and Vardi’s encoding can be used to encode CTL with
fairness constraints (CTLFC) in the Alloy language. We use this symbolic en-
coding to create a CTLFC model checker for finite scope declarative models of
transition systems directly in the Alloy Analyzer. The model checking problem
is turned into a constraint solving problem. Compared to Immerman and Vardi,
our encoding is linear in the size of the model, whereas in theirs the encoding
requires an exponential increase in the size of the model with respect to the
size of the temporal logic formula. We validate the simplicity and utility of our
approach through several examples of model checking temporal logic properties
of declarative models in the Alloy Analyzer.

All related work described earlier on model checking declarative models has
focused on a specification of a single transition relation (possibly with non-
determinism) that uses declaratively constrained relations and functions to de-
scribe the system’s behavior. In our work, the transition systems are specified
in a fully declarative language, therefore, it may be the case that the model
describes a family of transition relations. For example, the declarative specifi-
cation “every state must reach a state that is reachable from itself” specifies
more than one transition system even with 2 states: It is therefore possible to

consider multiple questions about how a family of transition relations satisfies a
temporal property. In this paper, we consider two questions: 1) Universal model
checking: Do all the transition relations in the family defined by the declarative
model satisfy the temporal property? 2) Existential model checking: Is there a
transition relation in the family defined by the declarative model that satisfies
the temporal property?



These questions are important in different scenarios; e.g., the first question is
relevant for black-box verification: verifying a system by using the specifications
of its subsystems rather than their implementation details. In this case, a user is
interested in checking whether the system satisfies certain properties no matter
how the subsystems are implemented. The second question is relevant when
details to be added in the future will constrain the transition relation of interest.
In this case, a user needs to know whether the abstract model can be extended
into a more detailed model that satisfies the property.

Our second contribution in this paper is to show that these two distinct
questions can be described as consistency problems in the Alloy Analyzer for
finite scope declarative models. We show several examples that demonstrate the
relevance of these two questions for abstract modeling.

2 Background

In this section, we provide a brief overview on temporal logic model checking
and Alloy.

2.1 Temporal Logic Model Checking

Temporal logic model checking is a decision procedure for checking whether a
transition system satisfies a temporal logic specification [11]. A transition sys-
tem is a finite directed graph with a labeling function that associates a set of
propositional variables to each vertex. A vertex represents a state of a system,
and the propositional variables that it is labeled with represent the values of
the variables in that particular state. An edge between two vertexes represents
a transition from one state to another.

Definition 1. Transition System: The transition system TS is a five tuple,
TS = (S, S0, σ, P, l), where: S is a finite set of states; S0, the set of initial states,
is a non-empty subset of S; σ, the transition relation, is a total binary relation
over S; P is a finite set of atomic propositions; l, the labeling function, is a total
function from S to the power set of P .

A computation path starting at s where s ∈ S is a sequence of states, s0 →
s1 → . . . such that s0 = s and ∀i ≥ 0 : σ(si, si+1).

A specification is a set of temporal logic formulas. A temporal logic, such as
CTL or CTLFC [11], has logical connectives for specifying properties over the
computation paths of a transition system. Equation 1 represents the grammar
for a complete fragment of CTL:

ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | EXϕ| EGϕ | ϕEUϕ , where p ∈ P (1)

The satisfiability relation for CTL, |=, is used to give meaning to formulas. The
notation TS, s |= ϕ denotes that the state s of the transition system TS satisfies
the property ϕ and TS, s 6|= ϕ is used when TS, s |= ϕ does not hold. The
relation |= is defined by structural induction on ϕ:



Definition 2. Semantics of CTL:

TS, s |= p iff p ∈ l(s)
TS, s |= ¬ϕ iff TS, s 6|= ϕ
TS, s |= ϕ ∨ ψ iff TS, s |= ϕ or TS, s |= ψ
TS, s |= EXϕ iff ∃s′ ∈ σ(s) : TS, s′ |= ϕ
TS, s |= EGϕ iff there exists a path starting at s, s0 → s1 → . . . , such

that for all i’s TS, si |= ϕ.
TS, s |= ϕEUψ iff there exist a j and a path, s0 → s1 → . . . , starting

at s such that TS, sj |= ψ and for all i less than j
TS, si |= ϕ.

The transition system TS satisfies the CTL formula ϕ, denoted by TS |= ϕ,
if and only if for all s0 ∈ S0 we have TS, s0 |= ϕ.

The syntax of a complete fragment of CTLFC is the same as Equation 1
with the addition of one connective, ECG. In this connective, C is a finite set of
formulas, fairness constraints, which is used to define a fair computation path.
The computation path s0 → s1 → . . . is fair with respect to C = {ψ1, ..., ψn}
iff:

∀ψ ∈ C : {i | TS, si |= ψ} is infinite.

The semantics of CTLFC is same as Definition 2 along with the semantics of
ECG:

TS, s |= ECGϕ iff there exists a fair computation path starting at s,
s0 → s1 → . . . , such that for all i’s TS, si |= ϕ.

If X is a subset of S, then σX denotes the transition relation σ when its domain
is restricted to X:

σX(s1, s2) iff σ(s1, s2) ∧ s1 ∈ X

In this article, ^ denotes the transitive closure operator; for example, ^σX is the
transitive closure of the relation σX . Notice that ^σX is ^(σX) and not (^σ)X ;
in other words, the bounding operator has higher precedence over the transitive
closure operator. Similarly, ∗ denotes the reflexive transitive closure operator.

2.2 Alloy

Alloy is a lightweight declarative relational modeling language that has static
type checking [2]. The logic that Alloy provides for modeling is first-order logic
with the transitive closure operator. An Alloy model consists of a set of decla-
rations, which specify the sets, relations, and functions in a model, and a set of
constraints, which are logical formulas. In general, first-order logic is undecid-
able; as a result, automatic consistency checking of Alloy models is not possible.
The Alloy Analyzer, the main analysis tool for Alloy models, provides finite scope
analysis: a user is required to fix the size of the sets in the model to constant
numbers and then, the Alloy Analyzer translates the model to a propositional



CNF formula, which is then handed to a SAT solver for consistency checking.
By fixing the sizes of the sets in an Alloy model, the Alloy Analyzer evaluates
a model for consistency using the run command and validity using the check

command. Figure 1 is a simple Alloy model of a transition system with tran-
sition relation sigma, and its only valid instance with four states is presented
in Figure 2, where the vertexes represent the states, edges represent the transi-
tions, and the labeling function is indicated by labeling the vertexes. In Figure 1,
Lines 3-4, S is a set, sigma and l are functions that map each element of S to a
subset of S, and to a subset of P respectively. Lines 1-2 are definitions of three
sets, P,p,q, where p and q are singleton subsets of P. The keyword abstract is
used to specify that every element of P belongs to one of its subsets. The result
of this declaration is P={p,q}. The fact block is used to specify the constraints
that need to be satisfied by the entities in this model.

1 abstract sig P {}

2 one sig p,q extends P {}

3 sig S { sigma: some S,

4 l: set P}

5 one sig S0 extends S {}

6 fact{ all s1 ,s2:S |

7 s1 ->s2 in sigma iff

8 (s1.l !in s2.l or s1=s2)

9 S0.l = P}

Fig. 1. A simple transition system in Alloy

{p}

{q}

{p,q} {}

Fig. 2. A valid instance of Figure 1

3 Translating CTLFC to FO(TC)

Immerman and Vardi show how CTL and CTL* can be encoded in FO(TC) [10].
Their encoding of CTL* requires the introduction of Boolean variables into the
model for every sub-formula, and as a result, the number of states of a transition
system increases exponentially with respect to the size of the formula. They
hypothesize that a symbolic model checking algorithm based on their encoding
may be faster than previous approaches [11], however, they do not provide any
implementation of their idea.

In this section, we present our translation of CTLFC to FO(TC) with a
similar approach to that of Immerman and Vardi. We chose CTLFC for three
reasons: 1) unlike CTL*, the encoding of CTLFC in FO(TC) does not increase
the size of a transition system, 2) it is more expressive than CTL, 3) LTL model
checking can be reduced to CTLFC model checking1 [12].

1 This translation increases the size of a transition system.



Our general idea for temporal logic model checking in Alloy is to use the
(reflexive) transitive closure operator to specify the necessary and sufficient con-
ditions for the set of states that satisfy a property. The closure operator is used
to specify the reachability relation, which is not expressible in first-order logic.
We define an operator, [ ], that takes a formula as input and outputs a symbolic
representation of the set of states that satisfy the input formula. This operator is
defined recursively in Definition 3. The key difference from the work of Immer-
man and Vardi is that each formula can be defined directly; support for CTL*
would require the introduction of a new Boolean variable into the transition
system for each sub-formula of the property.

Definition 3. Translation Operator Let TS = (S, S0, σ, P, l) be a transition
system and C = {ψ1, ψ2 . . . , ψn} a set of fairness constraints. The operator [ ]
takes a CTLFC formula, and produces a subset of S:

1. [p] = {s ∈ S| p ∈ l(s)}
2. [¬ϕ] = {s ∈ S| s 6∈ [ϕ]}
3. [ϕ ∨ ψ] = [ϕ] ∪ [ψ]
4. [EXϕ] = {s ∈ S| ∃t ∈ [ϕ] : σ(s, t)}
5. [ϕEUψ] = {s ∈ S| ∃t ∈ [ψ] : ∗(σ[ϕ])(s, t)}
6. [EGϕ] = {s ∈ S| ∃t ∈ [ϕ] : ∗(σ[ϕ])(s, t) ∧ ^(σ[ϕ])(t, t)}
7. [ECGϕ] = {s ∈ S| ∃t ∈ [ϕ],∃u1 ∈ [ψ1],∃u2 ∈ [ψ2], . . . ,∃un ∈ [ψn] :

∗(σ[ϕ])(s, t) ∧ ^(σ[ϕ])(t, t)∧
∗(σ[ϕ])(t, u1) ∧ ∗(σ[ϕ])(u1, u2) ∧ · · · ∧ ∗(σ[ϕ])(un−1, un) ∧ ∗(σ[ϕ])(un, t)}

Theorem 1. Let TS = (S, S0, σ, P, l) be a transition system, C a set of fairness
constraints, ϕ a CTLFC formula, and [.] the operator defined in Definition 3.
We have:

[ϕ] = {s ∈ S| TS, s |= ϕ}

Theorem 1 is proven by structural induction on ϕ. The proof is straight-
forward for the first six cases. The definition of [ECGϕ] is based on the model
checking algorithm of ECG that finds the strongly connected components (SCCs)
in a transition system. The state t in the definition of [ECGϕ] is a state that
belongs to a SCC that includes a state satisfying each fairness constraint ψi.
Due to space restrictions, the details of the proof of this theorem are available
on-line 2. A simple yet useful corollary of Theorem 1 is the following:

Corollary 1. Let TS = (S, S0, σ, P, l) be a transition system, C a set of fairness
constraints, ϕ a CTLFC formula, and [ ] the operator defined in Definition 3.
We have:

TS |= ϕ iff S0 ⊆ [ϕ]

2 http://www.cs.uwaterloo.ca/~avakili/projects/
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4 Model Checking in Alloy

In this section, we write Definition 3 using Alloy’s syntax to create an operator
that takes a CTLFC formula, a transition system, a set of fairness constraints
and produces the set of states that satisfy the CTLFC formula. The operator,
SET(ϕ,TS,C), takes a CTLFC formula, ϕ, a transition system, TS, and a
set of fairness constraints, C as input, and produces the subset of states that
satisfies the CTLFC formula. The algorithm implemented by this operator visits
each sub-formula only once, and as result, it is linear with respect to the size of
the CTLFC formula and the fairness constraints. This algorithm is presented in
Figure 4, and it uses three helper functions, bound, id, and loop. Each one is
described using the equivalence symbol, ≡, and their corresponding Alloy code
is given in Figure 3. Intuitively, bound[R,X] is a subset of R when its domain
is restricted to X; id[X] is the identity relation over X; loop[R] is a subset of
states that are reachable from themselves through R.

bound[R,X]≡
{(x, y) ∈ R| x ∈ X}

fun bound[R:S->S,X:S]

:S->S{ X <: R}

id[X]≡
{(x, x)| x ∈ X}

fun id[X:S]

:S->S{bound[iden,X]}

loop[R]≡
{s| (s, s) ∈ ^R}

fun loop[R: S->S]

:S{S.(^R & iden)}

Fig. 3. Helper functions
SET(ϕ,TS,C):

case ϕ of
1) p -> l.p
2) ¬ϕ -> S - SET(ϕ,TS,C)
3) ϕ ∨ ψ -> SET(ϕ,TS,C) + SET(ψ,TS,C)
4) EXϕ -> σ.SET(ϕ,TS,C)
5) ϕEUψ -> (*bound[σ,SET(ϕ,TS,C)]).SET(ψ,TS,C)
6) EGϕ -> let R=bound[σ,SET(ϕ,TS,C)] | (*R).loop[R]

7) ECGϕ -> let R=bound[σ,SET(ϕ,TS,C)],
ids1=id[SET(ψ1,TS,C)], . . . , idsn=id[SET(ψn,TS,C)] |

(*R).(loop[R]&loop[(*R).ids1.(*R).ids2.(*R). . . . .(*R).idsn.(*R)])

Fig. 4. Translation algorithm where C = {ψ1, . . . , ψn}

According to Corollary 1, in order to check if TS |= ϕ with respect to the
fairness constraints C in Alloy, we add the constraint in Equation 2 to the model
as an assertion and check its validity.

S0 in SET (ϕ, TS,C) (2)

Example 1. In order to check whether the Alloy model of Figure 1 satisfies
ECGp, where C = {q,¬q}, the Alloy code of Figure 5 is added to the model
and the Alloy Analyzer is used to check for the validity of the assertion. In Fig-
ure 1, the definition of operator SET has been expanded to create the assertion.



1 assert CTLFC_MC_1{

2 let R=bound[sigma ,l.p], ids1=id[l.q], ids2=id[S-l.q]|

3 S0 in (*R).(loop[R]&loop [(*R).ids1 .(*R).ids2 .(*R)])}

4 check CTLFC_MC_1 for exactly 4 S

Fig. 5. Model checking ECGp where C = {q,¬q}

1 assert CTLFC_MC_2{let R=bound[sigma ,l.p]| S0 in (*R).(l.q)}

2 check CTLFC_MC_2 for exactly 4 S

Fig. 6. Model checking pEUq

Since this property is not satisfied, the Alloy Analyzer outputs Counterexample
found. Assertion is invalid; similarly, for model checking of the Alloy model
of Figure 1 against pEUq, the Alloy code of Figure 6 is used, and the Alloy An-
alyzer outputs No counterexample found. Assertion may be valid.

To make model checking in Alloy easy and accessible, we wrote parameter-
ized Alloy modules so that users can import the definitions of the temporal logic
operators. The parameter of these modules is the set of states. We have two mod-
ules, ctl for model checking CTL, and ctlfc for model checking CTLFC. Since
the number of fairness constraints is not fixed, a user needs to change some parts
of the ctlfc module, which can be done easily. The universal path quantifiers,
AX, AG, AU, ACG, have been defined in terms of the existential operators. The
following example uses the ctlfc module. These module are available on-line3.

Example 2. Figure 7 is an Alloy model of a binary counter. The State space
of this transition system is defined by 3 BINary variables, input, d1, and d2.
Lines 3-5 define the set BIN={ZERO,ONE} and the negation of a bit function,
comp. This model has two fairness constraints, C = {d1,¬d2}, which is modeled
in Line 7. Lines 8-9 state that if the variables of two states are equal, then
those states are equal. Line 10 defines the initial States of the system, and
Lines 11-14 define the transition relation, nextState. Since we are interested in
CTLFC model checking, the ctlfc module is imported having the set of States
as its parameter, Line 2. Suppose, we want to check that whenever d1 is zero, it
will eventually become one. By using the temporal connectives of CTLFC from
the ctlfc module, the property can be written as in Lines 15-16, and the Alloy
Analyzer concludes the model checking problem, CTLFC MC is valid.

5 Model Checking Classes of Transition Systems

A satisfiable Alloy model may have more than one valid instance. This is common
when constraints that are used to model a system are not strong enough to

3 http://www.cs.uwaterloo.ca/~avakili/projects/
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1 module binary_counter

2 open temporal_logics/ctlfc[State]

3 abstract sig BIN{}

4 one sig ZERO , ONE extends BIN {}

5 fun comp[b:one BIN]:one BIN{ b=ZERO implies ONE else ZERO }

6 sig State{ input , d1 , d2: BIN }

7 fact { fc1=d1.ONE and fc2=d2.ZERO

8 all s,s’: State|s.input=s’. input and s.d1=s’.d1 and

9 s.d2=s’.d2 implies s=s’

10 initialState = (d1.ZERO & d2.ZERO)

11 all s,s’: State| s’ in nextState[s] iff

12 s.input=ZERO implies (s’.d1=s.d1 and s’.d2=s.d2)

13 else(s’.d1=comp[s.d1] and

14 (s.d1=ZERO implies s’.d2=s.d2 else s’.d2=comp[s.d2]))}

15 assert

16 MC{CTLFC_MC[ACG[implies_ctlfc[d1.ZERO ,ACF[d1.ONE ]]]]}

17 check MC

Fig. 7. Model checking ACG(¬d1 = 0 → ACF d1 = 1), where C = {d1,¬d2}, for a
binary counter.

uniquely identify the transition system; for example, Figure 8 is an Alloy model
of a transition system that has more than one valid instance, namely those in
Figures 9-10. Each valid interpretation represents a different transition system;
as a result, the Alloy model represents a class of transition systems rather than
a single system.

This observation is formalized as follows: the model D represents a class of
transition systems, CTS(D):

CTS(D) = {TS | TS is a transition system satisfying the constraints in D}
(3)

In Equation 3, where the model D is considered as a set of transition systems,
two questions can be studied: 1) do all transition systems in CTS(D) satisfy
the specifications? 2) is there a transition system in CTS(D) that satisfies the
specifications? We define two model checking problems for a class of transition
systems that correspond to these questions:

Definition 4. Universal Model Checking: The universal model checking of
the declarative model D and the temporal property ϕ is defined as checking
whether all valid instances of D satisfy ϕ:

D universally satisfies ϕ iff ∀ TS ∈ CTS(D) : TS |= ϕ

We use D |=∀ ϕ to denote that the declarative model D universally satisfies ϕ.

Definition 5. Existential Model Checking: The existential model checking
of the declarative model D and the temporal property ϕ is defined as checking



1 sig S { sigma: some S, l: set P}

2 abstract sig P {}

3 one sig p,q extends P {}

4 one sig S0 extends S {}

5 fact{ all s1 ,s2:S | s1.l !in s2.l implies s1 ->s2 in sigma

6 S0.l = P}

Fig. 8. A simple transition system in Alloy

{p}

{q}

{p,q} {}

Fig. 9. A valid instance of Figure 8
that does not satisfy EGp

{p}

{q}

{p,q} {}

Fig. 10. A valid instance of Figure 8
that satisfies pEUq

whether there exists a valid instance of D that satisfies ϕ:

D existentially satisfies ϕ iff ∃ TS ∈ CTS(D) : TS |= ϕ

We use D |=∃ ϕ to denote that the declarative model D existentially satisfies ϕ.

The model finding capability of the Alloy Analyzer can be exploited to solve
the universal and existential model checking. The model checking approach de-
scribed in Section 4 solves universal model checking: since we add the constraint
of Equation 2 as an assertion, the Alloy Analyzer checks whether all valid in-
stances of the model, which in this case are transition systems, satisfy the as-
sertion, which is the CTLFC property. If the model D universally satisfies ϕ
(D |=∀ ϕ), the Alloy Analyzer outputs valid; otherwise, a valid interpretation
of D such as TS (TS ∈ CTS(D)) that does not satisfy the constraint of Equa-
tion 2 (TS 6|= ϕ) is given as a counterexample.

For existential model checking of model D against the CTLFC formula ϕ,
the constraint of Equation 2 is added to the model as a predicate and the
Alloy Analyzer is used to check for the consistency of the predicate with the
model. If the predicate is consistent with the model, the Alloy Analyzer outputs
a valid interpretation of D such as TS (TS ∈ CTS(D)) that satisfies the con-
straint of Equation 2 (TS |= ϕ); otherwise, the output of the Alloy Analyzer is
inconsistent predicate, which means D 6|=∃ ϕ.

Example 3. In order to check whether the class of transition systems defined
by the Alloy model of Figure 8 universally satisfies EGp, the Alloy code of
Figure 11 is added to the model and the Alloy Analyzer is used to check for the



validity of the assertion. Since this property is not satisfied, the Alloy Analyzer
outputs the instance of Figure 9 as a counterexample; similarly, for existential
model checking of the Alloy model of Figure 8 against pEUq, the Alloy code
of Figure 12 is used, and the Alloy Analyzer outputs the transition system of
Figure 10 as a valid instance.

1 assert MC1{

2 let R=bound[sigma ,l.p]|

3 S0 in (*R).(loop[R])}

4 check MC1 for exactly 4 S

Fig. 11. Universal model checking of
EGp

1 pred MC2 []{

2 let R=bound[sigma ,l.p]|

3 S0 in (*R).(l.q)}

4 run MC2 for exactly 4 S

Fig. 12. Existential model checking of
pEUq

6 Experimental Validation

We completed several examples to show that our method makes it possible to
check CTLFC temporal logic specifications of declarative models in the Alloy
Analyzer, thereby validating the simplicity and utility of our approach. We used
four examples from different domains: 1) the semantics of untyped lambda cal-
culus [13], 2) the address book from Jackson [9], 3) feature interaction (FI)
between call-waiting and call-forwarding, 4) model checking a traffic light con-
troller [14]. These models satisfy their temporal specifications. Our parameter-
ized Alloy modules for CTL and CTLFC hide the details of model checking in
Alloy for a user, so that temporal specifications can be added to models smoothly.
These models are available on-line. We used the Alloy Analyzer 4.2 along with
the MiniSat SAT-solver [15]. The experiments were run on an Intel Core 2 Due
2.40 GHz machine running Ubuntu 10.04 with up to 3G of user-space memory.

Table 1 presents data on the types of properties, type of model checking
(universal/existential), scope size, number of signatures, number of relations,
and the Alloy Analyzer time to check the property. With respect to scalabil-
ity, we found that temporal specifications can be analyzed up to the size of the
scopes that non-temporal specifications are often analyzed in Alloy. Thus, our
method is immediately valuable to those who use Alloy for modelling and anal-
ysis now relying on the Small Scope Hypothesis [9]. These models are not as
large as those that can be checked using a model checker such as SMV [14], how-
ever, the declarative and relational aspects of Alloy have significant advantages
for creating abstract, concise models, and we now provide the ability to check
temporal logic specifications directly on small scopes of these models.

Furthermore, the untyped λ-calculus example shows the value of the exis-
tential model checking question. We used existential model checking to gener-
ate a λ-term that does not have a normal form, (λx.xx)(λx.xx), and a term



Table 1. Experimental results. MC: Model Checking, NS: Number of Signatures, NR:
Number of Relations, SS: Scope Size, min: minute, sec: seconds

Untyped λ-calculus Address Book Feature Interaction Traffic Light Controller

NS:6, NR:10 NS:5, NR:3 NS:6, NR:10 NS:13, NR:4

SS Time SS Time SS Time SS Time

7 8.22 sec 14 1 min 14 sec 10 14.28 sec 7 4.71 sec
15 2 min 57 sec 11 2 min 7.6 sec 8 36.81 sec
16 9 min 15 sec 12 20 min 51 sec 9 12 min 42 sec
17 13 min 43 sec 13 > 1 hour 10 > 1 hour

Safety, Liveness Safety Safety Safety with fairness

Existential MC Universal MC Universal MC Universal MC

that has a normal form but not necessarily every reduction path terminates,
(λx.(λx.xx))((λx.xx)(λx.xx)). Since, a result was found for the scope 7, there
was no need to do existential model checking for higher scopes. As this example
suggests, one way of using existential model checking is to generate interesting
instances. In general, existential model checking can help a user to have a better
understanding about a declarative model of a transition system by checking the
existence of specific instances; in other words, existential model checking can be
considered as an approach for “simulating” a declarative transition system.

7 Related Work

The ordering module of Alloy can be used for bounded model checking of safety
properties. This approach does not support model checking liveness properties
or even safety with fairness constraints. Our approach, which is available as
ctlfc and ctl modules in Alloy, supports much more sophisticated temporal
properties.

A declarative relational modeling language for transition systems has been
proposed by Chang and Jackson [6]. They augment the traditional languages
of model checkers by sets and relations and declarative constructs to specify a
transition system. Their technique is not capable of model checking a class of
models, and suffers from the state-space explosion problem.

B [3] is a modeling language that has many similarities with Alloy. Models
developed in B are called B machines, and the variables used to define the state
space can be sets and relations. ProB [8] is a tool for analyzing finite B machines,
in particular, model checking and automatic refinement checking of B machines.
ProB provides LTL model checking. LTL properties are checked by explicit state-
space search. Since each single state in a B machine represents some sets and
relations, computing the set of the next states of a single state is computationally
very costly. ProB also does not provide model checking for a class of transition
systems.



The Abstract State Machine (ASM) method [5] is for high-level system design
and analysis. The ASM method is used to specify an infinite transition system.
Analysis techniques for the ASM method include theorem proving [16, 17], and
model checking [7], which consists of translating an ASM to SMV by fixing the
size of the scopes in the ASM.

DynAlloy is an extension to Alloy for describing the dynamic properties of
systems by using actions [18]. It provides partial correctness analysis of DynAlloy
models by using the Alloy Analyzer. Our work is concerned with transition
systems and temporal properties.

Modal transition systems (MTSs) are generalized transition systems that are
mostly used for verification of complex systems by combining over- and under-
approximation for abstraction [19]. In an MTS, a user needs to specify the “must”
transitions, those that are part of a system, and the “may” transitions, the ones
that may become part of the transition system. Determining “must” transitions
requires some analysis of the specification, and discovering how the system must
work. Our approach does not need such an analysis and the systems can be
completely declarative.

8 Conclusion

We have shown that every CTLFC formula can be encoded in first-order logic
plus transitive closure using a similar approach to Immerman and Vardi [10]. Our
encoding does not increase the size of the model, and the translation algorithm
is linear with respect to the size of the CTLFC formula. We have used this
translation to model check transition systems in Alloy by using the constraint
solver of the Alloy Analyzer to similar scopes as are used to check non-temporal
properties.

When an Alloy model of a transition system has more than one valid instance,
it represents a class of transition systems. We have defined two model checking
problems concerning a class of transition systems: 1) universal model checking
(Definition 4) 2) existential model checking (Definition 5); further, we have used
our encoding of CTLFC in Alloy, and the capability of the Alloy Analyzer in
valid instance finding to solve the model checking problems that we have defined.
The scalability of our approach is dominated by the SAT-solver’s capability in
solving constraints.

The declarative aspects of Alloy make it a very suitable language for model-
ing structural aspects of product. We are interested in provided more language
support for specifying declarative models of transition systems to help with the
readability of these models.

The witness (or counterexample) that is produced for existential (universal)
model checking is a transition system; by adding labels for each sub-formula of
the specification to states, a user can see why a witness (or counter-example)
satisfies (does not satisfy) the specification. Developing a post-processor that
takes a transition system generates SMV style counterexamples, which are com-
putation paths, will make our approach more accessible to a non-expert user.



Even though, we do not restrict the length of computation paths in our ap-
proach as is done in bounded model checking [20], bounding the signatures of an
Alloy model results in bounding the states. Bounding the signatures differently
may result in discovering different errors. The relationship between the system
and how its signatures are bounded can be studied to make this approach more
effective for declarative models.
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