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Abstract

A probabilistic algorithm is presentedto find the de-
terminantof a nonsingulay integer matrix. For a matrix
A € Z™" the algorithmrequiresO(n®5(logn)*®) bit oper
ations (assumingfor now that entriesin A have constant
size) using standad matrix and integer arithmetic. Us-
ing asymptoticallyfast matrix arithmetic, a variant is de-
scribedwhich requires O(n?t9/2. log? nloglogn) bit oper
ations, whee two n x n matricescan be multiplied with
O(n®) opemations. Thedeterminanis foundby computing
the Smithform of the integer matrix, an extremelyuseful
canonicalform in itself. Our algorithmis probabilistic of
the Monte Carlo type Thatis, it assumes souice of ran-
dombits and on any invocationof the algorithmthere is a
smallprobability of error.

1 Intr oduction

Oneof the mostfundamentalnvariantsof a squarema-
trix is the determinant Applicationsfor computingthe de-
terminantof a matrix are numerous. For integer matrices
alonethey includecomputationahumbertheory[4], com-
putationalgroup theory [9], and computationalgeometry
[2, 3]. In this paperwe presenta new algorithm for the
determinantvhichis fasterthanary previously known. For
amatrix A € Z™"this algorithmrequires

O(n*(logn + log||Al|)?y/log| detA - log?n)
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bit operationsusing standardmatrix arithmetic, where
[|All = max;|Aij| . Since,by Hadamards bound,| detA| =
O(n(logn+ logl|A||)), this costis at worst O(n®>°(logn +
log||Al|)%® - log? n) bit operationsthoughthe sensitvity to
the sizeof thedeterminantanbe beneficial.

We will consideronly the exact computationof the de-
terminantof an integer matrix. Computingcostwill be
countedin bit operations(and hencewill reflectboth the
numberof integer operationsand the size of integersin-
volved). The fastestpreviously known methodfor com-
puting the determinantof an integer matrix usesthe Chi-
neseremainderalgorithm and matrix arithmetic modulo
primes. For amatrix A € Z"™", this requiresO(n*(logn +
log||Al|) (logn + loglog||Al|) + n?log?||Al|) bit operations,
andis deterministi(seeAbbottetal. [1]). Thebestknown
Monte Carlo algorithm requiresO(n®log| detA| - (logn +
loglog ||Al|) + log? | detA|) bit operationgseebelaw).

It is well known that every nonsingularinteger matrix
is equivalentto a matrix in Smith canonicalform. Thatis,
thereexistunimodularX,Y € Z"™" (i.e.,detX, dety = +1)
suchthat

= 0

S=XAY = YA 1)

0 S1
ands | s+1 for 1 <i < n. Sis calledthe Smithnormalform
of Aands,,... ,s, € Zso theinvariant factors of A. Once
we have the Smith form, the determinanbf A is 515+ -5,
(and this is how our algorithm for the determinantpro-
ceeds).The Smithnormalform alsohasmary applications
in computationalnumbertheory and group theory [4] as
well ascomputationsn homologytheory (e.g., Dumas&

Saunderg7]). The bestknown deterministicalgorithmto
computethe Smith form of aninteger matrix is by Storjo-



hann[18] andrequiresO(n*log |A|| +n®log?||Al|) bit oper
ations(ignoringpoly-logarithmicfactors).Whenthe matrix
is sparsehe algorithmsof Giesbrech{12, 13] do substan-
tially better but arecomparablevhenthe matrix is dense.

In this paperwe presentan algorithm which requires
O(n3(logn + log||Al|)%\/log| detA - log®n) bit operations
for densematricesor O(n>°(logn+ log||A||)%° - log? n) bit
operationsn theworstcase(i.e.,independenof themagni-
tudeof thedeterminant)usingstandardnatrix arithmetic.

Using similar methodsand asymptoticallyfast matrix
arithmetic,we derive anasymptoticallyfasteralgorithmfor
computingthe Smith form and determinant.Supposethat
two n x n over an arbitraryring R canbe multiplied with
O(n®) operationsin R. Using standardmatrix arithmetic
gives 8 = 3, while the bestknown algorithm of Copper
smith& Winograd[5] allows 6 = 2.376. Our algorithmfor
the Smithform anddeterminanthenrequires

o(n2+9/2- (logn+ log||Al|)¥/?(logn)/?
- (loglogn+ Ioglog||A||)>

bit operations.

In Section6 we examinethe costof our algorithmwhen
computingthe determinantind Smith form of a “random”
integer matrix. In particular we shav thatif the entriesa
matrix are chosenuniformly and randomlyfrom aninter
valA={aa+1,...,a+ A — 1} for ary integera € Z and
A € Z>», theexpectednumberof non-trivial (i.e., notequal
to +1) invariantfactorsis O(log, n). Thisis consistentvith
previous experimentalevidence(and, perhaps,‘folklore”)
that the numberof invariantfactorsis small but is, to our
knowledge thefirst proof of thissortof bound.In thiscase,
our algorithmfor the Smith form anddeterminanwill re-
quireO(n3(logn+log||A||)?-log(n) log, (n)) bit operations.

1.1 An Overview of the Algorithm

Thealgorithmitselfisrelatively simple. It employssome
analogousdeasfor computationof the Frobeniusform of
a sparsematrix over an abstracffield developedby Villard
[20] andadaptghemto Smithformsovertheintegers.The
algorithmconsistof threemainideas:

1. The largestinvariantfactor s, of any matrix can be
computedwith an expectednumberof O(n®(logn +
log||Al|)?) bit operations.This is doneby solving the
equationAx= b for randomvectorsb € Z"<1, With ap-
propriaterandomselectionof b, it canbe proventhat
the GCD of the denominator®f the entriesin the so-
lution vectorx is the largestinvariantfactorof A with
high probability. We solve for x using p-adiclifting to
obtainthedesiredcost. Thisis discussedn Section2.

2. We show that we can capturethe kth invariant fac-
tor of A by meansof randomperturbationof A. Let

B € Z"*" beanappropriatelyconstructedandomma-
trix with rank k. If the largestinvariant factor of
A+ B is 0,, thenwith sufiiciently high probability
gcd(on, Sn) = S—k- Thisis discussedn Section3.

3. The numberof distinct invariantfactorssy, ... ,s, of
A'is at most/log|detA] or O(y/n(logn + log||A]])).
This will allow us to do what amountsto a binary
searchor thedistinctinvariantfactorswhichrequires
O(+/log|detA| - logn) computationf the kth invari-
ant factorby meansof (1) and(2) above. This leads
to thetotal expectedcostof our Smithform anddeter
minant algorithms. The completedalgorithm andits
analysisis discussedn Sectiond.

1.2 PreviousAlgorithms

The bestknown methodsfor computingthe determi-
nantarefraction free Gaussiareliminationand homomor
phic imaging. The latter (which is asymptoticallyfaster)
simply computesthe determinantmodulo a collection of
small(typically word-sized)primesandreconstructshein-
tegral determinanvia the Chineseremaindertheorem.By
Hadamard bound,the productof theseprimesmusthave
O(n(logn+ log||A||)) bits to ensurecorrectness.The al-
gorithmobtainedwill requireO(n*(logn+log||Al|)(logn+
loglog||Al|) + n?log? ||A]]) bit operationgsee[1]).

By using asymptoticallyfast matrix multiplication we
can obtain a better exponent,though practicality quickly
vanishesUsingfastmatrix arithmetic theabore homomor
phic imaging schemeto computethe determinantequires
O(n®*1. (logn+ log||Al|) (logn + loglog ||Al|) + n?(logn +
log||Al|)?) bit operations.

Monte Carloalgorithmsfor thedeterminanhave thead-
vantagethat their costis sensitve to the size of the deter
minant. The ideais to computethe determinanimoduloa
collection of small randomprimesin sequencend build
theintegerdeterminantsthe residuesare obtained.Once
the determinantremainsstablemoduloa small numberof
randomprimes, it is straightforward to boundthe proba-
bility that the obtaineddeterminants the correctone. A
Monte Carlo algorithm is easily obtainedwhich requires
O(n®log| detA| - (logn + loglog||Al|) + log?| detA|) bit op-
erations.On ary input, on ary invocation,the algorithmis
correctwith constanprobability.

The algorithm of Kaltofen [14] computesthe deter
minant of a n x n matrix over an arbitrary ring with
O(n®lognloglogn) ring operations. A careful analy-
sis of this algorithm for integer inputs reveals that this
algorithm also requires O(n>°(logn + log||Al|)(logn +
loglog||Al|) (loglogn + logloglog||Al|)) bit operationsus-
ing asymptoticallyfastintegerarithmetic. Using asymptot-
ically fastmatrix arithmeticone shouldobtainfurtherim-
provementg15].



2 Computing the Lar gestinvariant Factor of
an Integer Matrix

Considerthe following Monte Carlo type probabilistic
algorithmto computethelargestinvariantfactors, of anin-
tegermatrix A € Z"™". The methodis essentialljthe same
asthatof Abbott et al. [1], which is derivedfrom the algo-
rithm of Pan[17] for polynomialmatrices.

Algorithm: LargestinvariantFactor

Input: e Ae Z™",
Output: e s, € Z,thelargestinvariantfactorof A;
(1) M:=6+2n(log,n+log, ||Al]); £ :={0,... ,M—1};
@ s =1;
(3) Forkfrom1to2do
(4) Choosaandomb® e £*1;
(5) Solve AXK = b® for xK e Qn*1;
(6) Lett\ .= Icm(denom{xlk )y-n- ,denon(xﬁk)));
s Icm( (k-1) t(k)),

wherexf Y isthe jth entryin x() anddenon(x ))
is its denominator;
od;
(7 Returns,(qz).
THEOREM 2.1. The algorithm Lar gest | nvari ant -
Fact or alwaysreturnsafactorof thelargestinvariantfac-

tors, of A. Thealgorithmreturnss, with probabilityatleast
1/3 onary input matrix A.

PrROOF. In [1] it is shawvn thatin ary iterationk, tr(,k) isa
factorof s,, Whences,(qk) is alwaysa factorof s,. It is also
shavn thatfor ary prime p | sﬁ )

1 [M™M
P Aot < ordpsi} < — - [ = |.
rob{orpn < or p&}_M [p-‘
By repeatinghistwice,
Prob{s1 + sr(f)} z Prob{ordp ) < ordp( sﬁz)

plsn

ord < ord t
< z Prob p(Sh) ol n
e Aordp(sn) < ordp )

1 1 logy(sh)Y , logy(sn)
+3+5+ 7 + M2

THEOREM 2.2. The algorithm Lar gest | nvari ant -
Fact or requiresO(n*(logn+ log||A||)?) bit operationon
inputA € Z™".

PROOF. The dominantcostin eachiteration of the main
loopisthesolutionof thelinearsystemin step(5), whichwe
dowith p-adiclifting [10, 6,19, 16]. Eachiterationrequires
O(n*(logn + log||AJ|)?) bit operations. Two iterationsare
sufficient. O

3 Computing the kth Invariant Factor with
Random Rank k Perturbations

In this sectionwe shav thatwe cancomputethe kth in-
variantfactorof a matrix A € Z"" by addingan appropri-
ately generatedandomrank k matrix B to A. With suf-
ficiently high probability the GCD of the largestinvariant
factorof A+ B with the largestinvariantfactorof A is the
kth largestinvariantfactor of A. The proof of this is non-
trivial andwill requirea numberof lemmas. Throughout
weassumehatA € Z™"N, s, ..., s, € Z-oaretheinvariant
factorsof A, andthatas, ... , o, aretheinvariantfactorsof
A+B.

LEMMA 3.1. If B hasrankatmostk thens divideso;.y for
1<i<n-k

PrRoOF. The proof of ananalogousesultof [20], Lemma
2.1,for matriceswhoseentriesarepolynomialsover afield
carriesoverto theabove resultwithout change. O

In orderto developanefficient methodto computes,_,
it will be usefulto boundthe probability that the highest
power of a prime p dividing the largestinvariantfactor of
A+ B isthesameasthatdividing s,_k, whentheabove ma-
trix B is computedastheproductB = UV, whereU € z™K
andV € Z¥*", whoseentriesare uniformly and indepen-
dently choserfrom the setof integersbetweerD andp — 1,
andfor a positive integer 3 to be determinedater. A suit-
ableboundwill bederivedin the next threesubsectionslt
will be used,in the final subsectionto producea reliable
Monte Carloalgorithmto computes, .

3.1 A Sufficient Determinantal Condition

To begin, an additional assumptionwill be made —
namely thatA = Sis in Smithnormalform asin equation
(1). Onceagain,let p beprime,let h = ordy sh—k+1, Sothat



h>0and

Dy 0 p"s 0
A=1", D, |’ D1= . ;
) 0 P ki1
Ex 0
D, =
| O S1

By the choiceof h, both D; and D, areinteger matrices.
3; andV =
Vi V], whereU,V; € ZK*K andU,,V} € Z(—KxK

Finally, let m be a positive integer suchthat the deter
minantof A is not divisible by p™. Sincenoneof the en-
tries of the diagonalmatrix D, is divisible by p™?, there
exists a diagonalmatrix E; with integer entriessuchthat
D2E> = E;D, = p"l + p™F; for yetanother(diagonal)inte-
germatrix F.

Supposewve partitionU andV sothatU = [

LEMMA 3.2. Supposé is in Smithform (1), andthatboth
of thefollowing conditionsaresatisfied:

e detU; Z 0 mod p;

e defU;(Vi + VoE:UUID:) + p'Di] # O0modp,
where Ui is an integer matrix such that
U1U; = | + p"0, for anintegermatrixU.

Thengcd(p, on/sh—k) = 1.

ProOF. We will showv that these conditions imply a
strongerresult, namely that gcd(p, 0i1+k/s) = 1 for all i
suchthat1 <i < n-k. By Lemma3.l, s divides gj.
for all suchi, sothatdetD, = [1"=Fs divides "X oi«,
which in turn divides the determinantof A+ UV. Let
dauyv = defA+UV)/detD; € Z; clearly, the resultnow
follows if

ordp 6A,U,V =0. (2)
Theremaindeof this proofwill seneto establistthisiden-
tity.

If A,U andV havethedecompositiongivenabove,then

Ui\Vo
Do +Us\Vp|

h
_ |P'D1+Uii
A+UV = [ U\s
Since detU; # 0 mod p, matricesU; and U with the
propertieamentionedn thefinal conditionin the statement
of theLemmado exist,

[—UIZU_:L ?] (A+UV)

_ [ UiVi + p"D1 UiV
—p'UoUiD1 + p™21 D2+ p™Xa2

for integermatricesXp 1 andXz, and

|0 | 0
[—Uzu_l |] (A+UV) [Ezuzu_lol |]

_ [Ul(V1+V2E2U2U_1D1) + p'D1

UiV ]
P21

D2+ p™Xz2

_ [Ul(Vl+V2E2U2U_1D1)+ p'D1 UiV

m
- 2]+ oz

for anotherpair of integermatricesY, 1 andZ. Therefore

detA+UV)
— det U1(V1+VoEoUoUiDy) + p'D1 - UgVe mod p™.
0 D2
3)
Let
A [Ul(V1+V2E2U2U_1D1) +p"D; ulvz]
- 0 Do |~

Then,sincedefU; (V1 + V2EU,U1D1) + p"D1] # 0 mod p,

ordp(detA) = ordy(defUs (V1 + V2E2U2U1D1) + p'Da])
+ ordy(detD)
= ordy(detD>)
< ordp(detA) < m,

andit follows by equation(3) that
ordy(defA+UV)) = ordp(deb&),
sothat

ordp0au v = ordp(detA+UV)) — ordy(detD>)
= ordp(detﬂ) — ordp(detDy)
= (ordp(del[Ul(Vl +V2E2U2U_1D1) + pthD
+ ordp(detD>)) — ord,(detD>)
= 0+ ordp(detD>) — ord,(detD>)
=0,

asrequired. O
3.2 SpecialCase: p Dividesp

Supposeow that p divides. To eliminatethe assump-
tion (usedin Lemma3.2) that A is in Smith normalform,
notethattherealways exist unimodularinteger matricesL
andR suchthat A = LSR, whereSis in Smith form asin
(2). Now, the invariantfactorsof A+ UV areidenticalto
thoseof S+ UV if U = L=U andV = VR™L. Assuming
onceagainthat p dividesf3, onecanarguethatthe matrices
U andV arechoserunderthe sameprobability distribution
asU andV. Thenext resultnow follows.



LEMMA 3.3. Supposep divides3, andthat the entriesof

U e Z™X andV e Z¥*" are selectecuniformly andinde-
pendentlyfrom the setof integersbetweerD and — 1. Let
B=UV. Thengcdp,on/sh—k) = 1 with probabilityatleast
235 if p= 2 andwith probabilityatleast(1—1/(p— 1))? if

p>3.

PrRoOOF. As noted above we may assumewithout loss
of generality that A is in Smith normal form and that
Lemma3.2is applicable.This lists two conditionsthat, to-
getherimply thatgcd(on/sh—k) = 1.

Thefirst of theseconditionsis thatdetU; is not congru-
entto 0 modulop. It is well known thatif the entriesof an
n x n matrix are chosenuniformly from thefinite field Z
with p elementdor ary prime p, thenthe matrix is nonsin-
gularwith probability atleast1/4 if p =2 andwith prob-
ability atleastl/(p—1) if p> 3. A slightly morecareful
approximatiorshows thatthe probability is at Ieast%\/i if
p = 2 — see,for example,[8] for details. Thus, the first
conditionis satisfiedwith probability at Ieast%\/i if p=2
andat least1/(p—1) if p > 3, andthe resultwill follow
if the sameboundscan be establishedor the conditional
probability that the secondconditionis satisfiedwhenthe
firstis.

Supposethereforethatthefirst conditionis satisfied so
thatthematrixU; = U1 mod p with entriesin Z p is nonsin-
gular SinceU;U; = | mod p, it is sufficientto work in Z,
andto boundthe probability thatthe matrix

~_1 ~_1
Vi+VoEoUoU; D1+ p'U; D

is nonsingularWhenthefirst conditionis satisfiedthesec-
ond conditionis equivalentto the conditionthatthe deter
minantof this matrix is nonzeroin Zp. Now, it sufiicesto
notethatfor any choiceof U, andV,, andfor uniformly and
randomlychoserVy, theabove matrixis uniformly andran-
domly choserfrom Z';Xk. Theresultthereforefollows from
the boundsthata randomlychosersquarematrix with en-
triesin Zp is nonsingulasthathave beengivenabove. O

3.3 The General Case

In orderto eliminatethe assumptiorthat p dividesf3, we
will considertwo independentypesof trials of theprocess
sketchedabove, involving two choicesof (3.

The second type of trial will use a value (; >
[2n?(log,n+ log, ||Al|)] andwill be discussedater The
first type of trial will usean even value ; > 21n°B; >
21n?[2r?(log, n+ log, [|A)].

Supposenow that p is a primethatis lessthanor equal
to B; thenB—pl > 21n2, sothat

()" 2 (1-2)" 2 %

and,similarly,
2n? 2n?
p 1 11
<1+E) S(l"'m) < 15
Supposegheentriesof integermatricedJ andV arecho-
senuniformly and independentlyfrom the set of integers
betweerD and;, andconsiderary pair of matrices(of the

samesizes)J andV with entriesbetweerD andp—1. Since
p doesnot necessarilgivide 31, the probabilitythat

U=Umodp and V=V modp (4)

may dependon the choiceof U andV. However, if anin-
tegera is uniformly choserbetweerD andf; — 1, thenfor
ary givenintegerb suchthat0 < b < p— 1, theprobability

= i Bi=p _1(1_ P
thata = b mod pis atleast o = (1 Bl) andatmost

B;glp = % (1+ B_pl) Consequentlyheratio of the probabil-
ity thatequation(4) is satisfiedwhenp < 32, to the proba-
bility thatthe equationis satisfiedn the casethat p divides
By, is atleast

(]__B_pl)znk2 (1_B_pl)2n221_90

andat most

(14_3_2)2%S (1+B—2)2n23 %

In combinatiorwith Lemma3.3,thisimpliesthefollowing.

LEMMA 3.4. LetB1 beasdefinedabose andsuppose is a
primesuchthatp < B,. If theentriesof matrices) € 7"k
andV € Z¥<" are selecteduniformly and independently
from a setof integersbetweer0 andf; — 1, andB = UV,
thenged(p,on/sh—k) = 1 with probability atleast

2 ifp=2,
i ifp=3,
3 ifp=5,
1-2 - ifp>7.

~ 5(p-1)

In orderto simplify the requiredmathematicsit will be
usefulto considersetsof five independentrials. The fol-
lowing is atrivial consequencef theabose lemmaandthe
factthat(11/(5(p—1)))° < (2/(p—1))* wheneerp > 7.

COROLLARY 3.5. Let 31 be as definedabove, supposep

is a prime suchthat7 < p < B2, and supposehe entries
of matriced)1,Uz,U3,U4,Us € Znywk @andV,Vo,V3,Vy, Vs €

Z¥<" are selecteduniformly andindependentlyfrom a set
of integersbetweer0 andf; — 1. Let B = A+U\V; and
supposeB; haslargestinvariantfactorain for 1 <i <5.

Then



4
with probabilityat leastl — (pél) .

Of course,theseprobabilitiesare quite low when p is
small. However, a constantnumberof independentrials
canbeusedto boostthe probability of success.

LEMMA 3.6. Let 31 be asdefinedabore, and supposahe

entriesof U; € Z™X andV; € Z*<" are integers selected
uniformly and independentlybetween0 and 31 — 1, for

1<i<15 Leto1,02,...,0in be the invariantfactors
of A+U)\V, for1<i <15 Let

Oi1n O2 015,
y=ged g, 2o Jan)

Thenthe probability thaty hasa prime factorlessthanor
equalto B, is lessthany.

PROOF. Sincep; is even,it followsby Lemma3.3thatthe

probability thaty is evenis at most (3—2)15. It follows by
Lemma3.4thaty is divisible by 3 (if 31 > 3) with proba-

bility atmost(£)*°, andthaty is divisible by 5 (if By > 5)
with probabilityatmost(3) ' Finally, it follows by Corol-
lary 3.5thatif pisaprimebetweery’ andf,, thenthe prob-
ability that p dividesy is at most(p%l) 12. Thustheproba-
bility thaty hasa prime factorlessthanor equalto 3; is at
most

7<p<B2
pisprime

15 15 15
<(B)T+E)THE) T+

> ()

pieszodd
=B+ @+ "+ 3 (&)
§ %7 >
asclaimed. O

A singletrial using 3, is sufficient to filter out larger
primes:

LEMMA 3.7. Let B, be asdefinedabore and supposehe
entries of Uyg € Z"™K and Vg € ZX" are chosenuni-
formly and independentlybetween0 and 3 — 1. Let
0161,01672, - - -,016n betheinvariantfactorsof A+ U1gVise.
Thenthe probability thatgcd(s,, 016n/Sn—k) is divisible by
aprimethatis greaterthanf;, is atmostl/n.

PrROOF. Let p be a prime greaterthan 32, and (alkusing
notation)consider” = {0,1,...,B2 — 1} asa subsetwof B,
distinctvaluesin thefinite field Z .

Supposdirst that A is in Smith normalform. Then,by
Lemma3.2,gcd(p,016n/Sh—k) = 1 aslong astwo determi-
nantalconditionsaresatisfied.

The first of theseconditionsis that the determinantof
the leadingk x k submatrixof U4g is relatively primeto p
and,sincethe entriesof (theresiduemod p of) U;¢ arecho-
senuniformly andindependentlyfrom the above setT, it
canbe amguedby the Schwartz-Zippellemmathat this first
condition fails with probability at mostk/|'| < n/|l'| <
1/(2n%(log, n + log, [|A))).

Supposethe first condition succeedsand considerthe
determinanusedin the secondcondition,asa function of
the entriesof theleadingk x k submatrixof Vi4: For every
choiceof theremainingentriesof U1 andV, this determi-
nantis anonzerdunctionwith total degreeat mostk in the
entriesof the leadingk x k submatrixof Vi, soit follows
onceagainby the Schwartz-Zippellemmathat the proba-
bility thatthe first conditionsucceedsndthe secondfails
is at most1/(2n?(log, n+ log, ||Al])).

The conditionthat A is in Smith normal form can be
eliminated,as usual,by noting that A = LSR for unimod-
ular matricesL and R andfor a matrix Sin Smith normal
form, sothat

A+U1gVig = L(S+ (L71U16) (ViR H)R.

We mustnow considerdeterminantatonditionsinvolving
L~1U;5 andVigR™1, whereL andR arefixed unimodular
matricesdependingonly on A. Thefirst determinantaton-
dition is thatthe leadingk x k submatrixof L=1U;¢ hasa
determinantrelatively prime to p. Onceagain,sincethe
entriesof this submatrixare (at most)linearin the entries
of Uyg, it canbe arguedthatthis conditionfails with prob-
ability atmost1/(2n?(log,n+ log||A||)). The secondcon-
dition involvesthe determinant{mod p) of a k x k matrix
aswell. Onceagain,assuminghatthefirst conditionsuc-
ceedsjt canbe obsenedthatthis determinants anonzero
function of the entriesof Vi, for every possiblechoice
of U1g. Sinceeachentry of the submatrix(whosedetermi-
nantonemustcheck)is at mostlinearin the entriesof Vi,
theSchwartz-Zippelcanbeapplied,onceagain,to establish
thatthe probabilitythatthe secondconditionfails whenthe
first succeedss at most1/(2n?(log,n+ log, ||Al])). Thus,
the probabilitythatgcd(p, 016n/Sh—k) is differentfrom 1 is
atmost1/n?(log, n+ log, ||Al|) for ary prime p > B2.
Sincelog, s, < log,(detA) < n(log, n+ log, ||Al]), there
areat mostn(log, n+ log, ||Al|) distinct primes p that di-
vide s,. Thusthe probability that there exists arny prime
p > B2 dividing gcd(sh, 016n/Sh—k) is atmostl/n.
Obviously, no prime p thatis relatively primeto s, can
dividegcd(sn, 016n/Sh—k), Sothisimpliesthedesiredresult.
O

3.4 Computing an Invariant Factor

THEOREM 3.8. Supposen > 6 andlet 31 andB, beasde-
finedin SubsectiorB.3, abore. Supposéhatthe entriesof



Ui € Z™K andV; e Z¥" are chosenuniformly and inde-
pendentlyfrom the setof integersbetweerD andp1 — 1, for
1< i < 15, andthattheentriesof U, € Z"™K anaVyg € ZX"
arechoseruniformly andindependentlyfrom the setof in-
tegersbetweerD andf, — 1.

Let 0y 1,0i2,...,0in betheinvariantfactorsof the ma-
trix A+U;V; for 1< i < 16. Then

ng%’ O1,n,02n,- .. 70—16,n) =Sk
with probabilityatleastl/?2.

PROOF. Sinces,_k dividess,, anda; is divisible by s,k
for 1 <i < 16,theabove conditionis satisfiedf

O1n O2n O16ny __
ng(Sn’S’l—k’ Sk’ Sﬂfk) -

gedgedsn, gor),ged( g - o)) = 1

The desired probability now follows from Lemmas 3.6
and3.7. O

In the sequelwe will assumehat a Monte Carlo algo-
rithm OnelnvariantFactor , on input A andk, com-
putessc assuggestedn the aborve theorem. Since 3o, 1
aresmall,thenumberof bit operationsisedis O(n®(logn+
log||Al|)?) — seeTheoren?.2 andnotethata constanhum-
berof trials of the requiredalgorithmssuffice to reducethe
failure probabilityto 1/2.

4 Computing the Smith form and determi-
nant

In this sectionwe presentthe algorithm for the Smith
form of an integer matrix A € Z"™". This will also give
an algorithmfor computingthe determinanbncewe have
computedts sign.

As we notedearlier the algorithmis essentiallya binary
searchfor thedistinctinvariantfactors,usingthealgorithm
LargestinvariantFactor to capturethe largestin-
variantfactor andthe perturbatiortheorydescribedn Sec-
tion 3, which isolatesan arbitrary invariant factor as the
greatesttommondivisor of the largestinvariant factor of
A andaconstannumberof perturbedmatrices.

A key pointis that A hasa small numberof distinctin-
variantfactors:

THEOREM 4.1. Any A € Z™" has at most

v/3log,|detA] = O(nY?(logn + log||A||)Y/?) distinct
invariantfactors.

PROOF. SupposeA hasinvariantfactorss,... ,s € Zso
with sj|sj+1 for 1< j <n. Lets,,... ,S, bethe distinct
invariantfactorsof A in increasingorder We know

|_| §; < |_| sj = |detA|.

1<j<p 1<j<n

Aswell 25, <s
and

sifori<j<usos; >2-tori<j<p

s, > 2Y1gjspi=1 — pH(H=1)/2 > oH/3
1<j<p

for p> 1. Thuslog, | detA| > 12/3andu < /3log, | detA].
|

ThealgorithmInvariantFactors recursvely com-
putesthe invariant factorsof A. It maintainsa list o =
(01,...,0n) of the invariant factorsknown so far, with
0; = §, theith invariantfactor (with high probability), or
0; = *, if it hasnotyetbeencomputed.Thecompletealgo-
rithm is invokedby

InvariantFactors (ALn,(s1,%,...,%,%)); (5)
where s; = gcdig; j<n(Aij) is the first invariant fac-
tor of A, and s, is the last (largest) invariant factor
of A, computedcorrectly with probability at least 1 —
1/(2n) using LargestinvariantFactor(A) (called
[log,(2n)] timesto achieve thedesiredorobability). We as-
sumethats; < s, (otherwisewe aredone—all theinvariant

factorsarethesame).

Algorithm: InvariantFactors
Input: e AeZ™",

o i,j€Z;

e 0=(01,...,0n) € (ZU{x})"twith 0j,0j € Z
theith and jth invariantfactorsof A respectiely
ando; < 0j;

Output:e 0 € (Z U {x})", suchthatoy = & is the kth in-
variantfactorof Afori <k < j;
(1) If i+1= jreturno;
@ m:=[(i+])/2);
(3) Let o, := OnelnvariantFactor (A,m), the mth
invariantfactorof A (computedcorrectlywith proba-
bility atleastl— 1/(2n));

(4) If (om= 0i)

(5) ThenForf:=i+1tom—1doo; := Op;
(6) Elseo :=InvariantFactors (A,i,m 0);
(7) If (om=0j)

(8) ThenForf:=m+1toj—1doo;:=0m;
9) Elseo :=InvariantFactors (A,m, j,0);

(10) Returng;

THEOREM 4.2. Given ary A € Z™", the algorithm| n-

vari ant Fact or s computesall the invariant factorsof
A correctly with probability at least1/2 on ary invo-
cation as in (5). The algorithm requiresO(n3(logn +
log||Al|)%\/log|detA| - log?n) bit operations.In the worst
case(i.e., insensitve to the size of the determinanpf A) it
requiresO(n>3(logn + log||A||)%° - log?n) bit operations.



ProoF. We first addressheissueof correctnessClearly,
whenit fills in any invariantfactor it doessocorrectlywith
probability at leastl — 1/(2n). On output, every element
of o is aninvariantfactor Thus,with probability 1/2 the
algorithmcorrectlycomputeghe entire Smithform.

To seethe compleity, we first notethatwe computethe
mth invariant factor of A in Step(3) using the technique
describedn Theorem3.8. It requiresa constantnumber
of callsto LargestinvariantFactor on very small
perturbationsof A, and henceeachcan be executedwith
O(n3(logn + log||A||)?) bit operations.

The algorithmis essentiallydoing a binary searchfor
eachof the points at which the invariant factorschange.
ThereareO(,/log|detA|) suchpoints,sothetotal number
of evaluationsof step(3) is O(/log|detA| -logn). Since
OnelnvariantFactor returnscorrectlywith probabil-
ity at most1/2, we mustrunit [1+ log,n] timesanduse
thesmallestvaluereturnedo achieve probabilityof correct-
nesgyreaterthanl — 1/(2n). O

Oncewe have computedheinvariantfactorsof A, detA
is simply their productd = s; - - - S, up to the sign. To de-
terminethe sign of the determinantfind a prime p greater
than2 which doesnot divide detA — a randomprime with
6+ loglog| detA| = O(logn + loglog||A||) bits will satisfy
thiswith probabilityatleastl/2 (seee.g.,Giesbrechf11]).
ComputedetA mod p andcheckwhetherdetA = d mod p
or detA = —d mod p. This canbe donewith O(n*(logn +
loglog|detA|)?) bit operationswhich is dominatedby the
time requiredfor InvariantFactors . Notice thatthis
alsogivesa fastcheckthatthe proposeddeterminanfrom
InvariantFactors is correct: if detA # +d modp
then our computationfor the determinants incorrectand
shouldberepeated.

THEOREM 4.3. Givenary A € Z™", we cancomputedetA
correctly with probability at least1/2 on ary invocation
of the algorithmdiscussedbore. The algorithmrequires
O(n3(logn + log||Al|)%2\/log| detA| - log®n) bit operations
using standardmatrix arithmetic. In the worst case(i.e.,
insensitye to the size of the determinaniof A) it requires
O(n%5(logn+ log||A||)%° - log®n) bit operations.

The determinantcan be checled for correctnesswith
probabilityatleastl/2 (on ary invocationof the check)us-
ing O(n3(logn + loglog| detA|)?) bit operations.

5 An asymptotically faster algorithm

If asymptoticallyfastmatrix arithmeticis available,we
canexploit it throughatradeof to the algorithmof Storjo-
hann[18] for computingthe Smith form over Z4 for some
integerd. More specifically we usethemethoddescribedn
Section2 and3 to computeall the invariantfactorslarger

thansomepre-determinedboundC. We thencomputethe
remaininginvariantfactorsby computingthe Smithform of
A modulothefirst invariantfactorwhich is smallerthanC
usingStorjohanns algorithm.

Algorithm: FastlnvariantFactors

Input: e Ae Z™",
Output:e 0= (01,...,0n) € Z", whereg; is theith invari-
antfactorof A;
(1) Let
2-8/2 3/2
o ’Vexp<n (logn + log | Al ﬂ
(logn+ loglog||A||)Y/
(2) i:=n+1,;
(3) Repeat
4) i=i—1;
(5) g; := OnelnvariantFactor (A)i), the ith

invariant factor of A (computedcorrectly with
probabilityatleastl — 1/(2n));

(6) Until 0; <C;

(7) Computethe Smithform of A mod o; usingthe algo-
rithm of Storjohann[18] andextractinvariantfactors
01,...,0i_1 € Z;

(8) Returnc = (01,...,0n).

THEOREM 5.1. Given ary A € Z™", the algorithm
Fast | nvari ant Fact ors computesall the invariant
factors of A correctly with probability at least1/2 on
ary invocation. The algorithmrequiresO(n?t%/2. (logn +
log||Al|)%2log(n)Y/2 - (loglogn + loglog||A||)) bit opera-
tions.

PrROOF. To seethat the algorithmwaorks we note that by
the sameargumentasin Theorem4.2 that o,,...,0; are
correctlycomputedwith probability at least1/2 (whereg;
is the largestinvariantfactorsmallerthanC). Theinteger
pre-imagef the invariantfactorsof A modg; areexactly
thoseof A upto aunitin Zg,. By normalizingwith a GCD
with o; (asdonein [18]), we obtainthe desiredinvariant
factorsoy,...,0i_1 of A.

To determinethe compleity of this algorithm, we
note that C' < |detA| < n"|A]", so we needto perform
O(n(logn+ log||A||)/1ogC) iterationsof the loop (3)-(6).
By the analysisof the previoussection this requires

_ n(logn+log||A||)
=0 ( logC

-n®(logn+ log||A]|)?log n)

bit operations,and the probability that all thoseinvariant
factorscomputedarecorrectis atleastl/2.

In step(6), Storjohanns algorithmrequiresO(n®) oper
ationswith integersin Zg,, eachof which hasO(logC) bits.
The costof this stepis thus

T,=0 (ne(logC)(IoglogC)(IogIogIogC))



bit operationsusingfastintegerarithmetic.
With the selectedC, thetotal costof thealgorithmis

Ti+T= o<n2+6/2(|og n+log||Al)¥/?log(n)/?

- (loglogn+ IogIog||A||)) .

asspecified. O

6 On the ExpectedNumber of Invariant Fac-
tors

In this sectionwe considerthe expectednumberof in-
variantfactorsof ann x n matrix whoseentriesarechosen
uniformly andindependenthfrom a small finite set. Sup-
pose,n particularthata€ Z, A € Z>» and

AN={a,a+1l,a+2,...,.a+A—-1} (6)

is a setcontainingA contiguousintegers. Supposehe en-
tries of ann x n matrix A are chosenuniformly andinde-
pendentlyfrom A. We will shav thatthe expectednumber
of nontrivial invariantfactorsof A is thenin O(log, n).

It will beusefulto considertwo kindsof events.For 1 <
i <n, let Dep; denotethe eventthatthefirsti columnsof A
arelinearly dependenfover the rationals),andlet MDep;
denotethe eventthat thereexists at leastoneprime p such
thatthe submatrixincludingthefirst i columnsof A mod p
hasrankatmosti — 2, in thefield Z , of integersmod p.

Sincea setof vectorsof sizeoneis only linearly depen-
dentif thevectorin the setis the zerovector, theprobability
of eventDep; is at mostA~" andthe probability of event
MDep; is zero,whence

P[Dep1VMDep;] <A~". (7)

Supposenow that 2 < i < n andthat neitherthe event
Depj_1 nor the event MDep;_1 is satisfied. Thenthe first
i — 1 columnsof thematrix A arelinearly independentand
thereexistsa setR,_; of i — 1 rows suchthatthe submatrix
Ar_, including the entriesof A in the first i — 1 columns
andthe rows in Ri_; is nonsingular Considerary choice
of entriesof A in therows in Ri_1 andin columni, andlet
Ar_, bethe (i — 1) x i submatrixof A including entriesin
theserows andthe first i columns. The entriesof A in the
remainingrows andin columni areselectedndependently
of the entriesof Ag_,, oneanotherandof all otherentries
of A. Thusif 1< j <n, j¢ R_1, andy; is the vectorof
dimensioni includingentriesin thefirsti columnsof row j
of A, thenthis vectoris a linear combinationof the rows
of '&Ri—l with probabilityat mostA—1, becausehereis only
choiceof the final entry of v; achieving this condition for
ary choiceof the first i — 1 entries. Consequentlysince

therearen—i + 1 rowsthatdo notbelongto R;_1, theprob-
ability thatthefirsti columnsof A arelinearly dependenis
atmostA—"1, Thatis,

P[Dep; | -~ (Depi—1VMDepi_1)] < ()", (8)

Next, notethat if p is any prime that doesnot divide
the determinanof Ag_, thenthefirsti — 1 columnsof the
matrix A mod p areclearly linearly independent{over the
finite field Z ), sothe submatrixof A mod p includingthe
firsti columnsclearly hasrank at leasti — 1 over the field
of integersmod p. ThustheeventMDep; canonly occurif
thereexistsaprime p dividing thedeterminanof Ag_, such
thatthe submatrixincludingthefirst i columnsof A mod p
hasrankatmosti — 2 over Z,.

In orderto boundthe probability that this occurs,it will
be usefulto considemprimesp < A andprimesp > A sepa-
rately.

LEMMA 6.1. Let A € Z>» andi < n— 1, andsupposéehat
the eventMDepj_1 is false. The probability that thereex-
ists ary prime p < A suchthat the submatrixof A mod p
includingthefirsti columnshasrankatmosti — 2 is atmost
(2/3"*2+(2/3) - (1/2)"".

PrROOF. The requiredanalysisdependson the size A; if
A = 2thennosuchprime p existsandtheresultis trivial, so
thecasethatA = 3 is thefirst nontrivial one.

In this casetheonly prime p to consideris p = 2. Since
the eventMDep;_1 did not occur, the submatrixincluding
thefirsti — 1 columnsof A mod2 hasrankatleasti — 2. If
it hasmaximalranki — 1 thenthe submatrixincluding the
firsti columnsof A mod 2 hasrankatleasti — 1 aswell and
theeventMDep; couldnotarise.Ontheotherhand,if it has
ranki — 2 thenthereexistsasetR,_, of i — 2 rows of A such
thatthe (i — 2) x i submatrixof A mod2 including entries
in rows from R_» andthefirsti columnshasfull rank. For
eachrow j ¢ Ri_p, if v; is thevectorof dimensioni includ-
ing thefirsti entriesof row j, thentheprobabilitythatv; is a
linear combinationof the rows of the above submatrixis at
Ieast%, sincethereis only onechoice(mod 2) for thefinal
entry of v; achieving this condition, for eachchoiceof the
initial entries andsincethis choiceis madewith probability
atmost2/3whenp = 2 andA = 3. Sincetheentriesof rows
areselectedndependentlyit follows thatthe submatrixin-
cludingthefirsti columnsof A mod 2 hasranklessthanor
equalto i — 2 with probabilityat most (%) 2

If A = 4 thenonemustconsiderthe primesp = 2 and
p = 3. For eachprime, onecanargueasabove to obtaina

boundof “failure” of (2)"'*?, sotheprobabilitythatthere
existsary prime p < A = 4 suchthat the rank of the sub-
matrix with thefirsti columnsof A mod p is too smallis at
most2 (%)n_'+2, andthis is lessthanor equalto (%)n_|+2

wheneveri <n-—1.



Similar analysesyield thebounds(%)n 2 + (£ )n +2
When)\_Sand(—)n |+2 ( )n i+2 ( )n i+2
6. Eachof theseis lessthanor equalto (
i<n-1.

Finally, if A > 7 andi < n— 1thenit follows by asimilar
analysighattherelevantprobabilityis at most

+ (% whenA =
n—i+2
2) whenever

n—i n—i n—i+2
(471) +2 % +2+ Ez (p l) +
pISOdd
<@+ €@-y
<@+

asneededo completethe proof.
O

Now, if p is a prime thatis greaterthanor equalto A
that divides the determinanif Ag_,, thenthe probability
thatthe submatrixincludingthefirst i columnsof A mod p

hasrank at mosti — 2 is at most(%)n_'ﬂ, sincethe like-
lihood that a given entry of this matrix assumesry fixed
value,mod p, is eitherO or . Thedeterminanbf Ag_, isa
nonzerantegerwith absolutevalueat most

(i— DN < (=N,

andthenumberof primesp > A thatdivide this determinant
is atmost

logy (i = DA) < (i -

Therefore,when neitherof the eventsDep;_1 or MDep;

arise,the probability that thereexists a prime p > A such
thatthe submatrixincludingthefirst i columnsof A mod p
hasrankat mosti — 2 over Z is atmost

1)(1+logy n).

(i— DA +logyn) (2)""% < n(1+1logyn) (1)
It now follows by the definition of the eventMDep; that
P[MDep; | = (Depi—1V MDep;_1)]

—i+2 —i42
DTG .

(9)

Now, equationg8) and (9) imply thatif 1 <i<n-—1
then

P[Dep; V MDep; | - (Depi-1V MDep;_

2(3)"

3

<( " n(1+logyn) (1)

1)]

L +n(1+logn) (3

)
2)!’1 I+ i

1
z )n i+

<( TG

+
(10)

This clearly implies (by the definition of conditional
probability)that

P[Depi V MDep; A —(Depj_1 vV MDepj_1)]

(%)n—i+2 % (;_ZL)n—i n (%)n—i+l )n—i+2

(11)

< + +n(1+logyn) (3

)n—i+2

10

aswell. Thusif n> 2then

P[MDepi] <P [Y (Dep; V'V'Depj)]

<N "+ Zz(
433y <%>“+n3<%)"‘i“f (

<AT+9(2)"Tnd(

2nJ+l

3

THEOREM 6.2. If the entriesof ann x n matrix A arecho-
senuniformly andindependentlyfrom the set/\ shavn in
equation(6), thenthe probabilitythatA hasat leastj non-
trivial invariantfactorsis at most

j—1

re(3) e (1)

PrROOF. Theclaimis trivial if j < 3, sincethegivenprob-
ability boundexceedsonein this case.Supposetherefore,
thatj > 4.

If Ahasatleastj nontrivial invariantfactorsthenthereis
someprime p dividing thelargestj invariantfactors sothat
A mod p is equivalentto a diagonalmatrix with at least |
zeroeonits diagonal. ThereforeA mod p hasrankat most
n— j over Zp Clearly, then,the submatrixincluding the
firstn— j+ 2 columnsof A mod p hasrankatmostn— j as
well, implying thatthe conditionMDepn— 4 is satisfied.

The claim now follows by the above probability bound
for MDep;, withi =n— j+ 2. O

COROLLARY 6.3. If the entriesof ann x n matrix A are
choseruniformly andindependentlyrom the set/\ shavn
in equation(6), thenthe expectednumberof nontrivial in-
variantfactorsof A is in O(logy n).

ProoF. It follows trivially by the previous claim thatthe
probability that A hasat leastj nontrivial invariantfactors
is atmostthe minimumof 1 and

AT9(2) T end (3Tt

Theexpectechumberof nontrivial invariantfactorsis there-



fore atmost

n

1+ 3 A‘”+9(§)j_1+n3(%)j_l)

i<[3logy N j=[3logy n]+1
n
< z 1+ )\—IogAn
j<[3logy n] j=[3log, n]+1
C ni-l, 3 < 1yi—1
+9 Y (5 T+ 3 (3)
j=[3logy n]+1 j=[3log) n]+1
n
<3flogynl+y 1+9F (3)"
=1 h>0

3 (L 3[logy n 1\h
(%) h;(x)

<3flogy il +1+27+% ()

< 3[logy n] +29< 3log, n+ 32
= O(log)\ n):

asrequired. O

The algorithm InvariantFactors from Section4
will quickly identify the non-trivial invariantfactors. The
cost,aswe have notedearlier, is dependenuponthe num-
ber of distinctnon-trivial invariantfactors.

THEOREM 6.4. LetA = {a,a+1,...,a+A—1} forae Z
and\ € Z>,, andsupposehatthen x n matrix A € Z is
chosenuniformly andrandomlyfrom A"<". The expected
cost of the algorithm| nvar i ant Fact or s to find the
Smithform anddeterminanbf A is O(n3(logn+log||A|[)?-

log(n)log, (n)).
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