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Abstract

A probabilistic algorithm is presentedto find the de-
terminantof a nonsingular, integer matrix. For a matrix
A
��� n � n thealgorithmrequiresO � n3 � 5 � logn� 4 � 5 � bit oper-

ations (assumingfor now that entriesin A haveconstant
size) using standard matrix and integer arithmetic. Us-
ing asymptoticallyfast matrix arithmetic,a variant is de-
scribedwhich requiresO � n2� θ 	 2 
 log2nloglogn� bit oper-
ations, where two n � n matricescan be multiplied with
O � nθ � operations. Thedeterminantis foundby computing
the Smithform of the integer matrix, an extremelyuseful
canonicalform in itself. Our algorithm is probabilistic of
theMonteCarlo type. That is, it assumesa sourceof ran-
dombits andon any invocationof thealgorithmthere is a
smallprobabilityof error.

1 Intr oduction

Oneof themostfundamentalinvariantsof a squarema-
trix is thedeterminant.Applicationsfor computingthede-
terminantof a matrix arenumerous.For integer matrices
alonethey includecomputationalnumbertheory[4], com-
putationalgroup theory [9], and computationalgeometry
[2, 3]. In this paperwe presenta new algorithm for the
determinantwhich is fasterthanany previouslyknown. For
amatrix A

��� n � n this algorithmrequires

O � n3 � logn 
 log � A ��� 2 � log � detA � 
 log2n��
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bit operationsusing standardmatrix arithmetic, where� A ��� maxi j �Ai j � . Since,by Hadamard’sbound, � detA ���
O � n � logn 
 log � A ����� , this cost is at worst O � n3 � 5 � logn 

log � A ��� 2 � 5 
 log2n� bit operations,thoughthesensitivity to
thesizeof thedeterminantcanbebeneficial.

We will consideronly the exact computationof the de-
terminantof an integer matrix. Computingcost will be
countedin bit operations(and hencewill reflect both the
numberof integer operationsand the size of integersin-
volved). The fastestpreviously known methodfor com-
puting the determinantof an integer matrix usesthe Chi-
neseremainderalgorithm and matrix arithmetic modulo
primes. For a matrix A

��� n � n, this requiresO � n4 � logn 

log � A ����� logn 
 loglog � A ����
 n2 log2 � A ��� bit operations,
andis deterministic(seeAbbott et al. [1]). Thebestknown
Monte Carlo algorithm requiresO � n3 log � detA � 
 � logn 

loglog � A ����
 log2 � detA � � bit operations(seebelow).

It is well known that every nonsingularinteger matrix
is equivalentto a matrix in Smithcanonicalform. That is,
thereexist unimodularX � Y ��� n � n (i.e.,detX, detY ��� 1)
suchthat

S � XAY � � ! sn 0

0

. . .
s1

"$#% �&� n � n (1)

andsi � si � 1 for 1 ' i ' n. S is calledtheSmithnormalform
of A ands1 ��()()(*� sn

�+�-,
0 the invariant factors of A. Once

we have the Smith form, the determinantof A is s1s2

)
�
 sn

(and this is how our algorithm for the determinantpro-
ceeds).TheSmithnormalform alsohasmany applications
in computationalnumbertheory and group theory [4] as
well ascomputationsin homologytheory(e.g.,Dumas&
Saunders[7]). The bestknown deterministicalgorithmto
computethe Smith form of an integermatrix is by Storjo-
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hann[18] andrequiresO � n4 log � A �.
 n3 log2 � A ��� bit oper-
ations(ignoringpoly-logarithmicfactors).Whenthematrix
is sparsethealgorithmsof Giesbrecht[12, 13] do substan-
tially better, but arecomparablewhenthematrix is dense.

In this paperwe presentan algorithm which requires
O � n3 � logn 
 log � A ��� 2 � log � detA � 
 log2n� bit operations
for densematrices,or O � n3 � 5 � logn 
 log � A ��� 2 � 5 
 log2n� bit
operationsin theworstcase(i.e., independentof themagni-
tudeof thedeterminant),usingstandardmatrixarithmetic.

Using similar methodsand asymptoticallyfast matrix
arithmetic,wederiveanasymptoticallyfasteralgorithmfor
computingthe Smith form anddeterminant.Supposethat
two n � n over an arbitrary ring / canbe multiplied with
O � nθ � operationsin / . Using standardmatrix arithmetic
gives θ � 3, while the bestknown algorithm of Copper-
smith& Winograd[5] allows θ � 2 ( 376.Our algorithmfor
theSmithform anddeterminantthenrequires

O 0 n2� θ 	 2 
 � logn 
 log � A ��� 3	 2 � logn� 1	 2
 � loglogn 
 loglog � A ���21
bit operations.

In Section6 we examinethecostof our algorithmwhen
computingthe determinantandSmith form of a “random”
integer matrix. In particular, we show that if the entriesa
matrix arechosenuniformly andrandomlyfrom an inter-
val Λ �43 a � a 
 1 �)()(�(5� a 
 λ 6 1 7 for any integera

��� and
λ ���-8 2, theexpectednumberof non-trivial (i.e.,not equal
to � 1) invariantfactorsis O � logλ n� . This is consistentwith
previous experimentalevidence(and,perhaps,“folklore”)
that the numberof invariant factorsis small but is, to our
knowledge,thefirst proofof thissortof bound.In thiscase,
our algorithmfor the Smith form anddeterminantwill re-
quireO � n3 � logn 
 log � A ��� 2 
 log � n� logλ � n�)� bit operations.

1.1 An Overview of the Algorithm

Thealgorithmitself is relativelysimple.It employssome
analogousideasfor computationof the Frobeniusform of
a sparsematrix over anabstractfield developedby Villard
[20] andadaptsthemto Smithformsover theintegers.The
algorithmconsistsof threemainideas:

1. The largest invariant factor sn of any matrix can be
computedwith an expectednumberof O � n3 � logn 

log � A ��� 2 � bit operations.This is doneby solving the
equationAx � b for randomvectorsb �9� n � 1. With ap-
propriaterandomselectionof b, it canbe proventhat
theGCD of thedenominatorsof theentriesin theso-
lution vectorx is the largestinvariantfactorof A with
high probability. We solve for x usingp-adiclifting to
obtainthedesiredcost.This is discussedin Section2.

2. We show that we can capturethe kth invariant fac-
tor of A by meansof randomperturbationsof A. Let

B ��� n � n beanappropriatelyconstructedrandomma-
trix with rank k. If the largest invariant factor of
A 
 B is σn, then with sufficiently high probability
gcd� σn � sn �:� sn ; k. This is discussedin Section3.

3. The numberof distinct invariant factorss1 �)(�()(<� sn of
A is at most � log � detA � or O � � n � logn 
 log � A ���2� .
This will allow us to do what amountsto a binary
searchfor thedistinctinvariantfactors,which requires
O � � log � detA � 
 logn� computationsof thekth invari-
ant factorby meansof (1) and(2) above. This leads
to thetotal expectedcostof our Smithform anddeter-
minantalgorithms. The completedalgorithm and its
analysisis discussedin Section4.

1.2 PreviousAlgorithms

The best known methodsfor computing the determi-
nantarefraction free Gaussianeliminationandhomomor-
phic imaging. The latter (which is asymptoticallyfaster)
simply computesthe determinantmodulo a collection of
small(typically word-sized)primesandreconstructsthein-
tegral determinantvia the Chineseremaindertheorem.By
Hadamard’s bound,the productof theseprimesmusthave
O � n � logn 
 log � A ���)� bits to ensurecorrectness.The al-
gorithmobtainedwill requireO � n4 � logn 
 log � A ����� logn 

loglog � A ����
 n2 log2 � A ��� bit operations(see[1]).

By using asymptoticallyfast matrix multiplication we
can obtain a betterexponent,thoughpracticality quickly
vanishes.Usingfastmatrixarithmetic,theabovehomomor-
phic imagingschemeto computethe determinantrequires
O � nθ � 1 
 � logn 
 log � A ����� logn 
 loglog � A ����
 n2 � logn 

log � A ��� 2 � bit operations.

MonteCarloalgorithmsfor thedeterminanthavethead-
vantagethat their cost is sensitive to the sizeof the deter-
minant. The ideais to computethe determinantmoduloa
collection of small randomprimesin sequenceand build
the integerdeterminantasthe residuesareobtained.Once
the determinantremainsstablemoduloa small numberof
randomprimes, it is straightforward to boundthe proba-
bility that the obtaineddeterminantis the correctone. A
Monte Carlo algorithm is easily obtainedwhich requires
O � n3 log � detA � 
 � logn 
 loglog � A ����
 log2 � detA � � bit op-
erations.On any input, on any invocation,thealgorithmis
correctwith constantprobability.

The algorithm of Kaltofen [14] computesthe deter-
minant of a n � n matrix over an arbitrary ring with
O � n3 � 5 lognloglogn� ring operations. A careful analy-
sis of this algorithm for integer inputs reveals that this
algorithm also requires O � n3 � 5 � logn 
 log � A ����� logn 

loglog � A ����� loglogn 
 logloglog � A ����� bit operations,us-
ing asymptoticallyfastintegerarithmetic.Usingasymptot-
ically fastmatrix arithmeticoneshouldobtain further im-
provements[15].
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2 Computing the Lar gestInvariant Factor of
an Integer Matrix

Considerthe following Monte Carlo type probabilistic
algorithmto computethelargestinvariantfactorsn of anin-
tegermatrix A

��� n � n. Themethodis essentiallythesame
asthatof Abbott et al. [1], which is derivedfrom thealgo-
rithm of Pan[17] for polynomialmatrices.

Algorithm: LargestInvariantFactor
Input: = A

��� n � n;
Output: = sn

�&� , thelargestinvariantfactorof A;
(1) M : � 6 
 2n � log2n 
 log2 � A ��� ; > : �?3 0 �)(�()(<� M 6 1 7 ;
(2) s@ 0An : � 1;
(3) For k from 1 to 2 do
(4) Chooserandomb @ kA � > n � 1;
(5) SolveAx@ kA � b @ kA for x @ kA �CB n � 1;

(6) Let t @ k An : � lcm � denom� x @ kA1 �D�)(�()(<� denom� x @ kAn ��� ;
s@ k An : � lcm � s@ k ; 1A

n � t @ kAn � ;
wherex @ kAj is the jth entryin x @ j A anddenom� x @ kAj �
is its denominator;

od;

(7) Returns@ 2An .

THEOREM 2.1. The algorithm LargestInvariant-
Factor alwaysreturnsafactorof thelargestinvariantfac-
tor sn of A. Thealgorithmreturnssn with probabilityat least
1E 3 on any input matrixA.

PROOF. In [1] it is shown that in any iterationk, t @ k An is a

factorof sn, whences@ kAn is alwaysa factorof sn. It is also

shown thatfor any prime p � s@ kAn ,

Prob3 ordp t @ kAn F ordpsn 7G' 1
M

IH M

p J (
By repeatingthis twice,

ProbK sn L� s@ 2An M ' ∑
p N sn

ProbK ordp � sn � F ordp � s@ 2An � M
' ∑

p O sn
p prime

Prob PQ R ordp � sn � F ordp � t @ 1An �S
ordp � sn � F ordp � t @ 2An �UT VW� ∑

p O sn
p prime

0 1
M
H M

p J 1 2 F ∑
p O sn

p prime

0 1
p

 1

M
1 2

F ∑
p O sn

p prime

1
p2 
 1

M

 ∑

p O sn
p prime

1
p

 1

M2

 ∑

p O sn
p prime

1

F 1
2

 1

M
0 1

2

 1

3

 1

5

 log2 � sn �

7
1X
 log2 � sn �

M2F 2E 3 �

THEOREM 2.2. The algorithm LargestInvariant-
Factor requiresO � n3 � logn 
 log � A ��� 2 � bit operationson
inputA ��� n � n.

PROOF. The dominantcost in eachiteration of the main
loopis thesolutionof thelinearsystemin step(5),whichwe
dowith p-adiclifting [10, 6,19, 16]. Eachiterationrequires
O � n3 � logn 
 log � A ��� 2 � bit operations.Two iterationsare
sufficient.

3 Computing the kth Invariant Factor with
Random Rank k Perturbations

In this sectionwe show thatwe cancomputethekth in-
variantfactorof a matrix A

�Y� n � n by addinganappropri-
ately generatedrandomrank k matrix B to A. With suf-
ficiently high probability the GCD of the largestinvariant
factorof A 
 B with the largestinvariantfactorof A is the
kth largestinvariantfactorof A. The proof of this is non-
trivial andwill requirea numberof lemmas. Throughout
weassumethatA ��� n � n, s1 ��()()(<� sn

�C�Z,
0 aretheinvariant

factorsof A, andthatσ1 �)(�()(<� σn aretheinvariantfactorsof
A 
 B.

LEMMA 3.1. If B hasrankatmostk thensi dividesσi � k for
1 ' i ' n 6 k.

PROOF. Theproof of ananalogousresultof [20], Lemma
2.1,for matriceswhoseentriesarepolynomialsovera field
carriesover to theaboveresultwithoutchange.

In orderto developanefficientmethodto computesn ; k,
it will be useful to boundthe probability that the highest
power of a prime p dividing the largestinvariantfactorof
A 
 B is thesameasthatdividing sn ; k, whentheabovema-
trix B is computedastheproductB � UV, whereU

�&� n � k

andV
�[� k � n, whoseentriesare uniformly and indepen-

dentlychosenfrom thesetof integersbetween0 andβ 6 1,
andfor a positive integer β to be determinedlater. A suit-
ableboundwill bederivedin thenext threesubsections.It
will be used,in the final subsection,to producea reliable
MonteCarloalgorithmto computesn ; k.

3.1 A Sufficient Determinantal Condition

To begin, an additional assumptionwill be made —
namely, thatA � S is in Smithnormalform asin equation
(1). Onceagain,let p beprime,let h � ordpsn ; k� 1, sothat
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h \ 0 and

A �^] phD1 0
0 D2 _ � D1 � � ! p; hsn 0

...
0 p; hsn ; k� 1

"$#% �
D2 � � ! sn ; k 0

...
0 s1

"$#% (
By the choiceof h, both D1 andD2 are integer matrices.

Supposewe partitionU andV so thatU � ] U1

U2 _ andV �`
V1 V2 a , whereU1 � V1

��� k � k, andU2 � Vt
2
��� @ n ; kAb� k.

Finally, let m be a positive integer suchthat the deter-
minantof A is not divisible by pm. Sincenoneof the en-
tries of the diagonalmatrix D2 is divisible by ph� 1, there
exists a diagonalmatrix E2 with integer entriessuchthat
D2E2 � E2D2 � phI 
 pmF2 for yetanother(diagonal)inte-
germatrix F2.

LEMMA 3.2. SupposeA is in Smithform (1), andthatboth
of thefollowing conditionsaresatisfied:= detU1 Lc 0 mod p;= detdU1 � V1 
 V2E2U2U1D1 �+
 phD1 e Lc 0 mod p,

where U1 is an integer matrix such that
U1U1 � I 
 pm fU � for anintegermatrix fU .

Thengcd� p � σn E sn ; k �U� 1.

PROOF. We will show that these conditions imply a
strongerresult, namely, that gcd� p � σi � k E si �g� 1 for all i
suchthat 1 ' i ' n 6 k. By Lemma3.1, si divides σi � k

for all such i, so that detD2 � ∏n ; k
i h 1 si divides ∏n ; k

i h 1 σi � k,
which in turn divides the determinantof A 
 UV. Let
δA iU iV � det� A 
 UV ��E detD2

�j� ; clearly, the resultnow
follows if

ordpδA iU iV � 0 ( (2)

Theremainderof thisproofwill serveto establishthis iden-
tity.

If A, U andV havethedecompositionsgivenabove,then

A 
 UV � ] phD1 
 U1V1 U1V2

U2V1 D2 
 U2V2 _ (
Since detU1 Lc 0 mod p, matricesU1 and fU with the

propertiesmentionedin thefinal conditionin thestatement
of theLemmado exist,] I 06 U2U1 I _ � A 
 UV ��k] U1V1 
 phD1 U1V26 phU2U1D1 
 pmX2 i 1 D2 
 pmX2 i 2 _

for integermatricesX2 i 1 andX2 i 2, and] I 06 U2U1 I _ � A 
 UV � ] I 0
E2U2U1D1 I _� ] U1 � V1 
 V2E2U2U1D1 �l
 phD1 U1V2

pmY2 i 1 D2 
 pmX2 i 2 _� ] U1 � V1 
 V2E2U2U1D1 �l
 phD1 U1V2

0 D2 _ 
 pmZ

for anotherpair of integermatricesY2 i 1 andZ. Therefore

det� A 
 UV �c det ] U1 � V1 
 V2E2U2U1D1 ��
 phD1 U1V2

0 D2 _ mod pm (
(3)

Let fA � ] U1 � V1 
 V2E2U2U1D1 ��
 phD1 U1V2

0 D2 _ (
Then,sincedetdU1 � V1 
 V2E2U2U1D1 �l
 phD1 e Lc 0 mod p,

ordp � det fA�:� ordp � detdU1 � V1 
 V2E2U2U1D1 ��
 phD1 e �
 ordp � detD2 �� ordp � detD2 �' ordp � detA� F m�
andit followsby equation(3) that

ordp � det� A 
 UV �)�:� ordp � det fA�D�
sothat

ordp δA iU iV � ordp � det� A 
 UV �)�I6 ordp � detD2 �� ordp � det fA�I6 ordp � detD2 ��m� ordp � detdU1 � V1 
 V2E2U2U1D1 ��
 phD1 e �
 ordp � detD2 �)�I6 ordp � detD2 �� 0 
 ordp � detD2 �I6 ordp � detD2 �� 0 �
asrequired.

3.2 SpecialCase: p Dividesβ

Supposenow that p dividesβ. To eliminatetheassump-
tion (usedin Lemma3.2) that A is in Smith normalform,
notethat therealwaysexist unimodularinteger matricesL
andR suchthat A � LSR, whereS is in Smith form as in
(1). Now, the invariantfactorsof A 
 UV are identical to
thoseof S 
 fU fV if fU � L ; 1U and fV � VR; 1. Assuming
onceagainthat p dividesβ, onecanarguethatthematricesfU and fV arechosenunderthesameprobabilitydistribution
asU andV. Thenext resultnow follows.
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LEMMA 3.3. Supposep divides β, and that the entriesof
U ��� n � k andV �j� k � n areselecteduniformly and inde-
pendentlyfrom thesetof integersbetween0 andβ 6 1. Let
B � UV. Thengcd� p � σn E sn ; k �n� 1 with probabilityat least
2
25 if p � 2 andwith probabilityat least � 1 6 1 E�� p 6 1�)� 2 if
p o 3.

PROOF. As noted above we may assumewithout loss
of generality that A is in Smith normal form and that
Lemma3.2 is applicable.This lists two conditionsthat,to-
gether, imply thatgcd� σn E sn ; k �U� 1.

Thefirst of theseconditionsis thatdetU1 is not congru-
entto 0 modulop. It is well known that if theentriesof an
n � n matrix arechosenuniformly from the finite field � p

with p elementsfor any prime p, thenthematrix is nonsin-
gularwith probability at least1E 4 if p � 2 andwith prob-
ability at least1 E�� p 6 1� if p o 3. A slightly morecareful
approximationshows that theprobability is at least1

5 p 2 if
p � 2 — see,for example,[8] for details. Thus, the first
conditionis satisfiedwith probabilityat least1

5 p 2 if p � 2
andat least1E�� p 6 1� if p o 3, andthe resultwill follow
if the sameboundscanbe establishedfor the conditional
probability that the secondcondition is satisfiedwhenthe
first is.

Suppose,therefore,thatthefirst conditionis satisfied,so
thatthematrix qU1 � U1 mod p with entriesin � p is nonsin-
gular. SinceU1U1

c I mod p, it is sufficient to work in � p

andto boundtheprobabilitythatthematrix

V1 
 V2E2U2 qU1
; 1

D1 
 ph qU1
; 1

D1

is nonsingular:Whenthefirst conditionis satisfied,thesec-
ondconditionis equivalentto the conditionthat the deter-
minantof this matrix is nonzeroin � p. Now, it sufficesto
notethatfor any choiceof U2 andV2, andfor uniformly and
randomlychosenV1, theabovematrix is uniformly andran-
domlychosenfrom � k � k

p . Theresultthereforefollowsfrom
thebounds,thata randomlychosensquarematrix with en-
triesin � p is nonsingular, thathavebeengivenabove.

3.3 The GeneralCase

In orderto eliminatetheassumptionthatp dividesβ, we
will considertwo independenttypesof trials of theprocess
sketchedabove,involving two choicesof β.

The second type of trial will use a value β2 or
2n2 � log2n 
 log2 � A ���bs andwill be discussedlater. The

first type of trial will use an even value β1 o 21n2β2 o
21n2 r 2n2 � log2n 
 log2 � A ���ts .

Supposenow that p is a primethat is lessthanor equal
to β2; then β1

p o 21n2, sothatu
1 6 p

β1 v 2n2 o u
1 6 1

21n2 v 2n2 o 9
10 �

and,similarly,u
1 
 p

β1 v 2n2 ' u
1 
 1

21n2 v 2n2 ' 11
10 (

Supposetheentriesof integermatricesU andV arecho-
senuniformly and independentlyfrom the set of integers
between0 andβ1, andconsiderany pair of matrices(of the
samesizes) fU and fV with entriesbetween0 andp 6 1. Since
p doesnot necessarilydivideβ1, theprobabilitythat

U c fU mod p and V c fV mod p (4)

maydependon the choiceof fU and fV. However, if an in-
tegerα is uniformly chosenbetween0 andβ1 6 1, thenfor
any givenintegerb suchthat0 ' b ' p 6 1, theprobability

thatα c b mod p is at leastβ1 ; p
pβ1

� 1
p

u
1 6 p

β1 v andatmost

β1 � p
pβ1

� 1
p

u
1 
 p

β1 v . Consequentlytheratioof theprobabil-

ity thatequation(4) is satisfied,whenp ' β2, to theproba-
bility thattheequationis satisfiedin thecasethat p divides
β1, is at leastu

1 6 p
β1 v 2nk o u

1 6 p
β1 v 2n2 o 9

10

andat most u
1 
 p

β1 v 2nk ' u
1 
 p

β1 v 2n2 ' 11
10
(

In combinationwith Lemma3.3,this impliesthefollowing.

LEMMA 3.4. Let β1 beasdefinedaboveandsupposep is a
primesuchthat p ' β2. If theentriesof matricesU ��� n � k

and V
�w� k � n are selecteduniformly and independently

from a setof integersbetween0 andβ1 6 1, andB � UV,
thengcd� p � σn E sn ; k �:� 1 with probabilityat leastPxxxQ xxxR

2
25 if p � 2,
1
5 if p � 3,
1
2 if p � 5,

1 6 11
5 @ p ; 1A if p o 7.

In orderto simplify therequiredmathematics,it will be
useful to considersetsof five independenttrials. The fol-
lowing is a trivial consequenceof theabove lemmaandthe
factthat � 11E�� 5 � p 6 1���)� 5 '�� 2E�� p 6 1�)� 4 whenever p o 7.

COROLLARY 3.5. Let β1 be as definedabove, supposep
is a prime suchthat 7 ' p ' β2, and supposethe entries
of matricesU1 � U2 � U3 � U4 � U5

���
n � k andV1 � V2 � V3 � V4 � V5

�� k � n areselecteduniformly andindependentlyfrom a set
of integersbetween0 and β1 6 1. Let Bi � A 
 UiVi and
supposeBi haslargestinvariant factor σi i n for 1 ' i ' 5.
Then

gcd
u
p � σ1 y n

sn z k
� σ2 y n

sn z k
� σ3 y n

sn z k
� σ4 y n

sn z k
� σ5 y n

sn z k v � 1
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with probabilityat least1 6 u 2
p ; 1 v 4

.

Of course,theseprobabilitiesare quite low when p is
small. However, a constantnumberof independenttrials
canbeusedto boosttheprobabilityof success.

LEMMA 3.6. Let β1 be asdefinedabove, andsupposethe
entriesof Ui

�{� n � k and Vi
�|� k � n are integersselected

uniformly and independentlybetween0 and β1 6 1, for
1 ' i ' 15. Let σi i 1 � σi i 2 �)(�()(�� σi i n be the invariant factors
of A 
 UiVi for 1 ' i ' 15. Let

γ � gcd� σ1 y n
sn z k

� σ2 y n
sn z k

�)()(�(�� σ15y n
sn z k

�D(
Thenthe probability that γ hasa prime factor lessthanor
equalto β2 is lessthan 1

3.

PROOF. Sinceβ1 is even,it followsby Lemma3.3thatthe

probability that γ is even is at most } 23
25 ~ 15

. It follows by
Lemma3.4 that γ is divisible by 3 (if β1 o 3) with proba-

bility at most } 45 ~ 15
, andthatγ is divisible by 5 (if β1 o 5)

with probabilityatmost } 12 ~ 15
. Finally, it followsby Corol-

lary 3.5thatif p is aprimebetween7 andβ2, thentheprob-

ability that p dividesγ is at most
u

2
p ; 1 v 12

. Thustheproba-

bility thatγ hasa primefactorlessthanor equalto β2 is at
most} 23

25 ~ 15 
 } 45 ~ 15 
 } 12 ~ 15 
 ∑
7 � p � β2
p is prime

u
2

p ; 1 v 12

' } 23
25 ~ 15 
 } 45 ~ 15 
 } 12 ~ 15 
 ∑

p
8

7
p is odd

u
2

p ; 1 v 12

� } 23
25 ~ 15 
 } 45 ~ 15 
 } 12 ~ 15 
 ∑

j
8

3

u
1
j12 vF 1

3 �
asclaimed.

A single trial using β2 is sufficient to filter out larger
primes:

LEMMA 3.7. Let β2 be asdefinedabove andsupposethe
entries of U16

��� n � k and V16
��� k � n are chosenuni-

formly and independentlybetween0 and β2 6 1. Let
σ16i 1 � σ16i 2 ��()(�()� σ16i n betheinvariantfactorsof A 
 U16V16.
Thentheprobabilitythatgcd� sn � σ16i n E sn ; k � is divisible by
aprimethatis greaterthanβ2 is at most1 E n.

PROOF. Let p be a prime greaterthan β2, and (abusing
notation)considerΓ ��3 0 � 1 �)(�()(�� β2 6 1 7 asa subsetof β2

distinctvaluesin thefinite field � p.
Supposefirst thatA is in Smith normalform. Then,by

Lemma3.2,gcd� p � σ16i n E sn ; k ��� 1 aslongastwo determi-
nantalconditionsaresatisfied.

The first of theseconditionsis that the determinantof
the leadingk � k submatrixof U16 is relatively prime to p
and,sincetheentriesof (theresiduemodp of) U16 arecho-
senuniformly and independentlyfrom the above set Γ, it
canbearguedby theSchwartz-Zippellemmathat this first
condition fails with probability at most k E.�Γ ��' n E��Γ �I'
1E�� 2n2 � log2n 
 log2 � A ���)� .

Supposethe first condition succeeds,and considerthe
determinantusedin the secondcondition,asa functionof
theentriesof theleadingk � k submatrixof V16: For every
choiceof theremainingentriesof U16 andV16, thisdetermi-
nantis anonzerofunctionwith totaldegreeat mostk in the
entriesof the leadingk � k submatrixof V16, so it follows
onceagainby the Schwartz-Zippellemmathat the proba-
bility that the first conditionsucceedsandthe secondfails
is at most1E�� 2n2 � log2n 
 log2 � A ���)� .

The condition that A is in Smith normal form can be
eliminated,asusual,by noting that A � LSR for unimod-
ular matricesL andR andfor a matrix S in Smith normal
form, sothat

A 
 U16V16 � L � S 
�� L ; 1U16 ��� V16R
; 1 �)� R(

We mustnow considerdeterminantalconditionsinvolving
L ; 1U16 andV16R; 1, whereL andR arefixed unimodular
matricesdependingonly on A. Thefirst determinantalcon-
dition is that the leadingk � k submatrixof L ; 1U16 hasa
determinantrelatively prime to p. Onceagain,sincethe
entriesof this submatrixare(at most) linear in the entries
of U16, it canbearguedthat this conditionfails with prob-
ability at most1 E�� 2n2 � log2n 
 log � A ���)� . Thesecondcon-
dition involvesthe determinant(mod p) of a k � k matrix
aswell. Onceagain,assumingthat thefirst conditionsuc-
ceeds,it canbeobservedthat this determinantis a nonzero
function of the entriesof V16, for every possiblechoice
of U16. Sinceeachentryof thesubmatrix(whosedetermi-
nantonemustcheck)is at mostlinear in theentriesof V16,
theSchwartz-Zippelcanbeapplied,onceagain,to establish
thattheprobabilitythatthesecondconditionfailswhenthe
first succeedsis at most1E�� 2n2 � log2n 
 log2 � A ���)� . Thus,
theprobabilitythatgcd� p � σ16i n E sn ; k � is differentfrom 1 is
at most1 E n2 � log2 n 
 log2 � A ��� for any prime p \ β2.

Sincelog2sn ' log2 � detA��' n � log2n 
 log2 � A ��� , there
areat mostn � log2n 
 log2 � A ��� distinct primes p that di-
vide sn. Thus the probability that thereexists any prime
p \ β2 dividing gcd� sn � σ16i n E sn ; k � is at most1 E n.

Obviously, no prime p that is relatively prime to sn can
dividegcd� sn � σ16i n E sn ; k � , sothis impliesthedesiredresult.

3.4 Computing an Invariant Factor

THEOREM 3.8. Supposen o 6 andlet β1 andβ2 beasde-
fined in Subsection3.3,above. Supposethat the entriesof
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Ui
�X� n � k andVi

�X� k � n are chosenuniformly and inde-
pendentlyfrom thesetof integersbetween0 andβ1 6 1, for
1 ' i ' 15, andthattheentriesof U16

�9� n � k andV16
��� k � n

arechosenuniformly andindependentlyfrom thesetof in-
tegersbetween0 andβ2 6 1.

Let σi i 1 � σi i 2 �)(�()(�� σi i n be the invariantfactorsof the ma-
trix A 
 UiVi for 1 ' i ' 16. Then

gcd� sn � σ1 i n � σ2 i n ��()()(�� σ16i n �:� sn ; k

with probabilityat least1E 2.

PROOF. Sincesn ; k dividessn, andσi i n is divisibleby sn ; k

for 1 ' i ' 16,theaboveconditionis satisfiedif

gcd� sn � σ1 y n
sn z k

� σ2 y n
sn z k

�)(�()(�� σ16y n
sn z k

�U�
gcd� gcd� sn � σ16y n

sn z k
�D� gcd� σ1 y n

sn z k
��()()(<� σ15y n

sn z k
���:� 1

The desiredprobability now follows from Lemmas3.6
and3.7.

In the sequelwe will assumethat a Monte Carlo algo-
rithm OneInvariantFactor , on input A andk, com-
putessk as suggestedin the above theorem. Sinceβ0 � β1

aresmall,thenumberof bit operationsusedis O � n3 � logn 

log � A ��� 2 � – seeTheorem2.2andnotethataconstantnum-
berof trials of therequiredalgorithmssuffice to reducethe
failureprobabilityto 1E 2.

4 Computing the Smith form and determi-
nant

In this sectionwe presentthe algorithm for the Smith
form of an integer matrix A

�[� n � n. This will also give
an algorithmfor computingthe determinantoncewe have
computedits sign.

As we notedearlier, thealgorithmis essentiallyabinary
searchfor thedistinct invariantfactors,usingthealgorithm
LargestInvariantFactor to capturethe largestin-
variantfactor, andtheperturbationtheorydescribedin Sec-
tion 3, which isolatesan arbitrary invariant factor as the
greatestcommondivisor of the largestinvariant factor of
A andaconstantnumberof perturbedmatrices.

A key point is thatA hasa small numberof distinct in-
variantfactors:

THEOREM 4.1. Any A
� � n � n has at most� 3log2 � detA �j� O � n1	 2 � logn 
 log � A ��� 1	 2 � distinct

invariantfactors.

PROOF. SupposeA hasinvariant factorss1 �)(�()(<� sn
�j�Z,

0

with sj � sj � 1 for 1 ' j F n. Let si1 ��()(�(�� siµ be the distinct
invariantfactorsof A in increasingorder. We know

∏
1 � j � µ

si j ' ∏
1 � j � n

sj ��� detA ��(

As well 2si j ' si j � 1 for 1 ' j F µ sosi j o 2 j ; 1 for 1 ' j ' µ
and

∏
1 � j � µ

si j o 2∑1 � j � µ j ; 1 � 2µ @ µ; 1A�	 2 o 2µ2 	 3
for µ \ 1. Thuslog2 � detA ��o µ2 E 3 andµ ' � 3log2 � detA � .

ThealgorithmInvariantFactors recursively com-
putesthe invariant factorsof A. It maintainsa list σ �� σ1 ��()()(<� σn � of the invariant factors known so far, with
σi � si , the ith invariant factor (with high probability), or
σi ��� , if it hasnot yetbeencomputed.Thecompletealgo-
rithm is invokedby

InvariantFactors � A � 1 � n ��� s1 �t�l��()(�(��t��� sn �)� ; (5)

where s1 � gcd1 � i i j � n � Ai j � is the first invariant fac-
tor of A, and sn is the last (largest) invariant factor
of A, computedcorrectly with probability at least 1 6
1E�� 2n� usingLargestInvariantFactor(A) (calledr
log2 � 2n�ts timesto achievethedesiredprobability).Weas-

sumethats1 F sn (otherwisewearedone– all theinvariant
factorsarethesame).

Algorithm: InvariantFactors
Input: = A �C� n � n;= i � j �C� ;= σ �m� σ1 ��()(�(�� σn � � � ��� 3��*7�� n� 1 with σi � σ j

�&�
the ith and jth invariantfactorsof A respectively
andσi F σ j ;

Output: = σ � � �[� 35�<75� n, suchthat σk � sk is the kth in-
variantfactorof A for i ' k ' j;

(1) If i 
 1 � j returnσ;
(2) m : ���)� i 
 j ��E 2� ;
(3) Let σm : � OneInvariantFactor � A � m� , the mth

invariantfactorof A (computedcorrectlywith proba-
bility at least1 6 1 E�� 2n� );

(4) If � σm � σi �
(5) ThenFor � : � i 
 1 to m 6 1 do σ � : � σm;
(6) Elseσ : � InvariantFactors � A � i � m� σ � ;
(7) If � σm � σ j �
(8) ThenFor � : � m 
 1 to j 6 1 do σ � : � σm;
(9) Elseσ : � InvariantFactors � A � m� j � σ � ;

(10) Returnσ;

THEOREM 4.2. Given any A
�{� n � n, the algorithm In-

variantFactors computesall the invariant factorsof
A correctly with probability at least 1 E 2 on any invo-
cation as in (5). The algorithm requiresO � n3 � logn 

log � A ��� 2 � log � detA � 
 log2n� bit operations.In the worst
case(i.e., insensitive to thesizeof thedeterminantof A) it
requiresO � n3 � 5 � logn 
 log � A ��� 2 � 5 
 log2n� bit operations.
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PROOF. We first addressthe issueof correctness.Clearly,
whenit fills in any invariantfactor, it doessocorrectlywith
probability at least1 6 1 E�� 2n� . On output,every element
of σ is an invariantfactor. Thus,with probability 1 E 2 the
algorithmcorrectlycomputestheentireSmithform.

To seethecomplexity, we first notethatwe computethe
mth invariant factor of A in Step(3) using the technique
describedin Theorem3.8. It requiresa constantnumber
of calls to LargestInvariantFactor on very small
perturbationsof A, and henceeachcan be executedwith
O � n3 � logn 
 log � A ��� 2 � bit operations.

The algorithm is essentiallydoing a binary searchfor
eachof the points at which the invariant factorschange.
ThereareO � � log � detA � � suchpoints,sothetotal number
of evaluationsof step(3) is O � � log � detA � 
 logn� . Since
OneInvariantFactor returnscorrectlywith probabil-
ity at most1 E 2, we mustrun it

r
1 
 log2ns timesanduse

thesmallestvaluereturnedto achieveprobabilityof correct-
nessgreaterthan1 6 1 E�� 2n� .

Oncewe have computedtheinvariantfactorsof A, detA
is simply their productd � s1


)
�
 sn, up to the sign. To de-
terminethesign of thedeterminant,find a prime p greater
than2 which doesnot divide detA – a randomprime with
6 
 loglog � detA �5� O � logn 
 loglog � A ��� bits will satisfy
thiswith probabilityat least1E 2 (see,e.g.,Giesbrecht[11]).
ComputedetA mod p andcheckwhetherdetA c d mod p
or detA c 6 d mod p. This canbedonewith O � n3 � logn 

loglog � detA � � 2 � bit operations,which is dominatedby the
time requiredfor InvariantFactors . Notice that this
alsogivesa fastcheckthat the proposeddeterminantfrom
InvariantFactors is correct: if detA Lc � d mod p
thenour computationfor the determinantis incorrectand
shouldberepeated.

THEOREM 4.3. Givenany A �C� n � n, wecancomputedetA
correctly with probability at least1E 2 on any invocation
of the algorithmdiscussedabove. The algorithmrequires
O � n3 � logn 
 log � A ��� 2 � log � detA � 
 log3n� bit operations
using standardmatrix arithmetic. In the worst case(i.e.,
insensitive to the sizeof the determinantof A) it requires
O � n3 � 5 � logn 
 log � A ��� 2 � 5 
 log3n� bit operations.

The determinantcan be checked for correctnesswith
probabilityat least1E 2 (onany invocationof thecheck)us-
ing O � n3 � logn 
 loglog � detA � � 2 � bit operations.

5 An asymptotically faster algorithm

If asymptoticallyfastmatrix arithmeticis available,we
canexploit it througha tradeoff to thealgorithmof Storjo-
hann[18] for computingtheSmith form over � d for some
integerd. Morespecifically, weusethemethoddescribedin
Sections2 and3 to computeall the invariantfactorslarger

thansomepre-determinedboundC. We thencomputethe
remaininginvariantfactorsby computingtheSmithform of
A modulothefirst invariantfactorwhich is smallerthanC
usingStorjohann’salgorithm.

Algorithm: FastInvariantFactors
Input: = A

�C� n � n;
Output: = σ ��� σ1 �)(�()(<� σn � �&� n, whereσi is the ith invari-

antfactorof A;
(1) Let

C : ��� exp � n2 ; θ 	 2 � logn 
 log � A ��� 3	 2� logn 
 loglog � A ��� 1	 2 �Z� ;

(2) i : � n 
 1;
(3) Repeat
(4) i : � i 6 1;
(5) σi : � OneInvariantFactor � A � i � , the ith

invariant factor of A (computedcorrectly with
probabilityat least1 6 1E�� 2n� );

(6) Until σi F C;
(7) ComputetheSmith form of A modσi usingthealgo-

rithm of Storjohann[18] andextract invariantfactors
σ1 ��()()(*� σi ; 1

��� ;
(8) Returnσ �m� σ1 ��()(�(�� σn � .

THEOREM 5.1. Given any A ��� n � n, the algorithm
FastInvariantFactors computesall the invariant
factors of A correctly with probability at least 1 E 2 on
any invocation.The algorithmrequiresO � n2� θ 	 2 
 � logn 

log � A ��� 3	 2 log � n� 1	 2 
 � loglogn 
 loglog � A ����� bit opera-
tions.

PROOF. To seethat the algorithmworks we note that by
the sameargumentas in Theorem4.2 that σn ��()(�(�� σi are
correctlycomputedwith probabilityat least1 E 2 (whereσi

is the largestinvariantfactorsmallerthanC). The integer
pre-imagesof the invariantfactorsof A modσi areexactly
thoseof A up to a unit in � σi. By normalizingwith a GCD
with σi (as donein [18]), we obtain the desiredinvariant
factorsσ1 �)(�()(<� σi ; 1 of A.

To determine the complexity of this algorithm, we
note that Ci '�� detA � F nn �A � n, so we needto perform
O � n � logn 
 log � A ����E logC � iterationsof the loop (3)-(6).
By theanalysisof theprevioussection,this requires

T1 � O 0 n � logn 
 log � A ���
logC


 n3 � logn 
 log � A ��� 2 logn1
bit operations,and the probability that all thoseinvariant
factorscomputedarecorrectis at least1 E 2.

In step(6), Storjohann’salgorithmrequiresO � nθ � oper-
ationswith integersin � σi, eachof whichhasO � logC � bits.
Thecostof this stepis thus

T2 � O
u
nθ � logC ��� loglogC ��� logloglogC � v
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bit operations,usingfastintegerarithmetic.
With theselectedC, thetotal costof thealgorithmis

T1 
 T2 � O 0 n2� θ 	 2 � logn 
 log � A ��� 3	 2 log � n� 1	 2
 � loglogn 
 loglog � A ��� 1 (
asspecified.

6 On the ExpectedNumber of Invariant Fac-
tors

In this sectionwe considerthe expectednumberof in-
variantfactorsof ann � n matrix whoseentriesarechosen
uniformly andindependentlyfrom a small finite set. Sup-
pose,in particular, thata �C� , λ �C�Z8 2 and

Λ �43 a � a 
 1 � a 
 2 �)()(�(�� a 
 λ 6 1 7 (6)

is a setcontainingλ contiguousintegers. Supposethe en-
tries of an n � n matrix A arechosenuniformly andinde-
pendentlyfrom Λ. We will show that theexpectednumber
of nontrivial invariantfactorsof A is thenin O � logλ n� .

It will beusefulto considertwo kindsof events.For 1 '
i ' n, let Depi denotetheeventthatthefirst i columnsof A
arelinearly dependent(over the rationals),andlet MDepi

denotetheeventthat thereexistsat leastoneprime p such
thatthesubmatrixincludingthefirst i columnsof A mod p
hasrankat mosti 6 2, in thefield � p of integersmod p.

Sincea setof vectorsof sizeoneis only linearly depen-
dentif thevectorin thesetis thezerovector, theprobability
of event Dep1 is at mostλ ; n andthe probability of event
MDep1 is zero,whence

P dDep1 � MDep1 e ' λ ; n ( (7)

Supposenow that 2 ' i ' n and that neitherthe event
Depi ; 1 nor the event MDepi ; 1 is satisfied.Thenthe first
i 6 1 columnsof thematrix A arelinearly independent,and
thereexistsa setRi ; 1 of i 6 1 rows suchthat thesubmatrix
ARi z 1 including the entriesof A in the first i 6 1 columns
andthe rows in Ri ; 1 is nonsingular. Considerany choice
of entriesof A in therows in Ri ; 1 andin columni, andletfARi z 1 be the � i 6 1� � i submatrixof A includingentriesin
theserows andthe first i columns.The entriesof A in the
remainingrows andin columni areselectedindependently
of theentriesof fARi z 1, oneanother, andof all otherentries
of A. Thus if 1 ' j ' n, j E� Ri ; 1, andv j is the vectorof
dimensioni includingentriesin thefirst i columnsof row j
of A, then this vector is a linear combinationof the rows
of fARi z 1 with probabilityat mostλ ; 1, becausethereis only
choiceof the final entry of v j achieving this condition for
any choiceof the first i 6 1 entries. Consequently, since

therearen 6 i 
 1 rowsthatdonotbelongto Ri ; 1, theprob-
ability thatthefirst i columnsof A arelinearly dependentis
at mostλi ; n ; 1. Thatis,

P dDepi ��¡&� Depi ; 1 � MDepi ; 1 � e ' } 1
λ ~ n ; i � 1 ( (8)

Next, note that if p is any prime that doesnot divide
thedeterminantof ARi z 1 thenthe first i 6 1 columnsof the
matrix A mod p areclearly linearly independent(over the
finite field � p), so thesubmatrixof A mod p including the
first i columnsclearly hasrank at leasti 6 1 over the field
of integersmod p. ThustheeventMDepi canonly occurif
thereexistsaprimep dividing thedeterminantof ARi z 1 such
that thesubmatrixincludingthefirst i columnsof A mod p
hasrankatmosti 6 2 over � p.

In orderto boundtheprobability that this occurs,it will
beusefulto considerprimesp F λ andprimesp o λ sepa-
rately.

LEMMA 6.1. Let λ �Y�-8 2 and i F n 6 1, andsupposethat
the event MDepi ; 1 is false. The probability that thereex-
ists any prime p F λ suchthat the submatrixof A mod p
includingthefirst i columnshasrankatmosti 6 2 is atmost� 2 E 3� n ; i � 2 
�� 2 E 3� 
 � 1E 2� n ; i.

PROOF. The requiredanalysisdependson the size λ; if
λ � 2 thennosuchprimep existsandtheresultis trivial, so
thecasethatλ � 3 is thefirst nontrivial one.

In thiscase,theonly prime p to consideris p � 2. Since
the event MDepi ; 1 did not occur, the submatrixincluding
thefirst i 6 1 columnsof A mod2 hasrankat leasti 6 2. If
it hasmaximalrank i 6 1 thenthe submatrixincluding the
first i columnsof A mod2 hasrankat leasti 6 1 aswell and
theeventMDepi couldnotarise.Ontheotherhand,if it has
ranki 6 2 thenthereexistsasetRi ; 2 of i 6 2 rowsof A such
that the � i 6 2�¢� i submatrixof A mod2 including entries
in rows from Ri ; 2 andthefirst i columnshasfull rank. For
eachrow j E� Ri ; 2, if v j is thevectorof dimensioni includ-
ing thefirst i entriesof row j, thentheprobabilitythatv j is a
linearcombinationof therowsof theabovesubmatrixis at
least2

3, sincethereis only onechoice(mod2) for thefinal
entryof v j achieving this condition,for eachchoiceof the
initial entries,andsincethischoiceis madewith probability
atmost2E 3 whenp � 2 andλ � 3. Sincetheentriesof rows
areselectedindependently, it follows thatthesubmatrixin-
cludingthefirst i columnsof A mod2 hasranklessthanor

equalto i 6 2 with probabilityat most } 23 ~ n ; i � 2
.

If λ � 4 thenonemustconsiderthe primes p � 2 and
p � 3. For eachprime,onecanargueasabove to obtaina

boundof “f ailure” of } 24 ~ n ; i � 2
, sotheprobabilitythatthere

exists any prime p F λ � 4 suchthat the rank of the sub-
matrix with thefirst i columnsof A mod p is too smallis at

most2 } 12 ~ n ; i � 2
, andthis is lessthanor equalto } 23 ~ n ; i � 2

whenever i ' n 6 1.
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Similar analysesyield the bounds } 35 ~ n ; i � 2 
 } 25 ~ n ; i � 2

whenλ � 5 and } 12 ~ n ; i � 2 
 } 13 ~ n ; i � 2 
 } 25 ~ n ; i � 2
whenλ �

6. Eachof theseis lessthanor equalto } 23 ~ n ; i � 2
whenever

i ' n 6 1.
Finally, if λ o 7 andi ' n 6 1 thenit followsby asimilar

analysisthattherelevantprobabilityis atmost} 47 ~ n ; i � 2 
 } 37 ~ n ; i � 2 
 ∑
5 � p

p is odd

u
2

p ; 1 v n ; i � 2

'£} 23 ~ n ; i � 2 
4} 12 ~ n ; i � ζ � 2�I6 1�F } 23 ~ n ; i � 2 
 2
3 } 12 ~ n ; i �

asneededto completetheproof.

Now, if p is a prime that is greaterthanor equalto λ
that divides the determinantof ARi z 1, then the probability
thatthesubmatrixincludingthefirst i columnsof A mod p

hasrank at most i 6 2 is at most } 1
λ ~ n ; i � 2

, sincethe like-
lihood that a given entry of this matrix assumesany fixed
value,mod p, is either0 or 1

λ . Thedeterminantof ARi z 1 is a
nonzerointegerwith absolutevalueat most� i 6 1� !λi ; 1 F �)� i 6 1� λ � i ; 1 �
andthenumberof primesp o λ thatdividethisdeterminant
is atmost

logλ ��� i 6 1� λ � i ; 1 F � i 6 1��� 1 
 logλ n��(
Therefore,when neitherof the eventsDepi ; 1 or MDepi

arise,the probability that thereexists a prime p o λ such
thatthesubmatrixincludingthefirst i columnsof A mod p
hasrankat mosti 6 2 over � p is atmost� i 6 1��� 1 
 logλ n�¤} 1

λ ~ n ; i � 2 F n � 1 
 logλ n�U} 1
λ ~ n ; i � 2 (

It now followsby thedefinitionof theeventMDepi that

P
`
MDepi �¥¡&� Depi ; 1 � MDepi ; 1 � a' } 23 ~ n ; i � 2 
 2

3 } 12 ~ n ; i 
 n � 1 
 logλ n� } 1
λ ~ n ; i � 2 (

(9)

Now, equations(8) and(9) imply that if 1 ' i ' n 6 1
then

P dDepi � MDepi �¥¡&� Depi ; 1 � MDepi ; 1 � e' } 23 ~ n ; i � 2 
 2
3 } 12 ~ n ; i 
 } 1

λ ~ n ; i � 1 
 n � 1 
 logλ n� } 1
λ ~ n ; i � 2 (

(10)

This clearly implies (by the definition of conditional
probability)that

P dDepi � MDepi
S ¡¦� Depi ; 1 � MDepi ; 1 � e' } 23 ~ n ; i � 2 
 2

3 } 12 ~ n ; i 
 } 1
λ ~ n ; i � 1 
 n � 1 
 logλ n� } 1

λ ~ n ; i � 2

(11)

aswell. Thusif n o 2 then

P dMDepi e ' P ] i�
j h 1
� Dep j � MDep j � _' λ ; n 
 i

∑
j h 2

u
3 } 23 ~ n ; j � 1 
 n3 } 1

λ ~ n ; j � 2 v� λ ; n 
 3 } 23 ~ n ; i � 1
i ; 2

∑
hh 0

} 23 ~ h 
 n3 } 1
λ ~ n ; i � 2

i ; 2

∑
hh 0

} 1
λ ~ h' λ ; n 
 9 } 23 ~ n ; i � 1 
 n3 } 1

λ ~ n ; i � 1 (
THEOREM 6.2. If theentriesof ann � n matrix A arecho-
senuniformly andindependentlyfrom the setΛ shown in
equation(6), thentheprobability thatA hasat least j non-
trivial invariantfactorsis at most

λ ; n 
 9 } 23 ~ j ; 1 
 n3 } 1
λ ~ j ; 1 (

PROOF. Theclaim is trivial if j ' 3, sincethegivenprob-
ability boundexceedsonein this case.Suppose,therefore,
that j o 4.

If A hasat least j nontrivial invariantfactorsthenthereis
someprimep dividing thelargest j invariantfactors,sothat
A mod p is equivalentto a diagonalmatrix with at least j
zeroeson its diagonal.ThereforeA mod p hasrankatmost
n 6 j over � p. Clearly, then, the submatrixincluding the
first n 6 j 
 2 columnsof A mod p hasrankatmostn 6 j as
well, implying thattheconditionMDepn ; j � 2 is satisfied.

The claim now follows by the above probability bound
for MDepi , with i � n 6 j 
 2.

COROLLARY 6.3. If the entriesof an n � n matrix A are
chosenuniformly andindependentlyfrom thesetΛ shown
in equation(6), thentheexpectednumberof nontrivial in-
variantfactorsof A is in O � logλ n� .
PROOF. It follows trivially by the previousclaim that the
probability that A hasat least j nontrivial invariantfactors
is at mosttheminimumof 1 and

λ ; n 
 9 } 23 ~ j ; 1 
 n3 } 1
λ ~ j ; 1 (

Theexpectednumberof nontrivial invariantfactorsis there-
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foreat most

∑
j � § 3logλ n̈

1 
 n

∑
j h¢§ 3logλ n̈©� 1

u
λ ; n 
 9 } 23 ~ j ; 1 
 n3 } 1

λ ~ j ; 1 v' ∑
j � § 3logλ n̈

1 
 n

∑
j h�§ 3logλ n̈t� 1

λ ; logλ n
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n

∑
j h¢§ 3logλ n̈©� 1

} 23 ~ j ; 1 
 n3
n

∑
j h¢§ 3logλ n̈t� 1

} 1
λ ~ j ; 1

' 3
r
logλ ns:
 n

∑
j h 1

1
n 
 9 ∑

h
8

0

} 23 ~ h
 n3 } 1
λ ~ 3 § logλ n̈ ∑

h
8

0
} 1

λ ~ h' 3
r
logλ ns:
 1 
 27 
 n3

n3

u
λ

λ ; 1 v' 3
r
logλ ns:
 29 ' 3logλ n 
 32� O � logλ n���

asrequired.

The algorithm InvariantFactors from Section4
will quickly identify the non-trivial invariant factors. The
cost,aswe have notedearlier, is dependentuponthenum-
ber of distinctnon-trivial invariantfactors.

THEOREM 6.4. Let Λ �?3 a � a 
 1 ��()()(5� a 
 λ 6 1 7 for a
���

andλ �X�Z8 2, andsupposethat the n � n matrix A
�X� is

chosenuniformly andrandomlyfrom Λn � n. The expected
cost of the algorithm InvariantFactors to find the
Smithform anddeterminantof A is O � n3 � logn 
 log � A ��� 2 

log � n� logλ � n��� .
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