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Abstract—Learning the structure of Bayesian network is useful
for a variety of tasks, ranging from density estimation to scien-
tific discovery. Unfortunately, learning the structure from data
considering all possible structures exhaustively is an NP-hard
problem. Hence, structure learning require either sub-optimal
heuristic search algorithms or algorithms that are optimal under
certain assumptions. In light of these requirements, this paper
distills a set of criteria for comparison of structure learning
algorithms: time and space complexity, completeness of search
space, search optimality, structural correctness and classification
accuracy. Based on these criteria, a representative set of existing
algorithms are summarized and compared.

I. INTRODUCTION

A Bayesian network (BN) is a directed graph that represents
the joint probability distribution among a large number of vari-
ables and allows for performing probabilistic inference with
these variables. It has been applied to a wide range of tasks
such as natural spoken dialog systems, vision recognition,
expert systems, medical diagnosis, and genetic regulatory net-
work inference to name a few. A BN consists of two important
components: a directed acyclic graph (DAG) representing the
dependency structure among the variables in the network and
a conditional probability table (CPT) for each variable in the
network given its parent set. Learning the structure of these
networks from data is one of the most challenging problems.
For complete data, best exact known methods take exponential
time on the number of variables and are applicable to small
settings (around 20 to 30 variables). Approximate procedures
can handle larger networks, but usually they get stuck in local
maxima.

The importance of correctly reconstructing the network
structure depends on our learning goal. One is for knowledge
discovery: by examining the dependencies in the learned
network, we can learn both the dependency structure relating
variables in our domain. A Bayesian network structure reveals
much finer structure than statistical independence tests. For
instance, it can potentially distinguish between direct and
indirect dependencies. The second and more common reason
is to perform density estimation: that is to estimate a statistical
model of the underlying distribution. This model can then be
used reasoning about instances that were not in the training
data. In other words, we want our network model to generalize
to new instances.

Constructing a network structure for a given application
by domain experts is a time-consuming task. It is extremely
difficult to build a network of moderate size by hand. In
some domains, the amount of knowledge required is just too

large or the expert’s time is too valuable. In others, there are
simply no experts who have sufficient understanding of the
domain. In many domains, the properties of the distribution
change from one application site to another or over time, and
we cannot expect an expert to sit and redesign the network
every few weeks. Alternatively, one may learn the dependency
structure automatically from data, via computational methods.
In recent years, there has been a growing interest in learning
the structures of BNs from data. Consequently, many structure-
learning methods have been proposed in the literature, in-
cluding methods based on conditional independence tests and
methods based on a scoring metric and a search algorithm.

The rest of the paper is organized as follows: Section II
briefly categorizes the main approaches for learning Bayesian
network from data. Section III introduces the criteria for
comparing the existing algorithms. A brief overview of the
structure learning algorithms is given in Section IV and
the comparison between them is presented in Section V.
Section VI outlines some guidelines for selecting a learning
algorithm and the current state-of-the-art in various domains.
Some open problems are discussed in Section VII. Finally,
Section VIII concludes the paper and provides some future
directions.

II. PRIMARY APPROACHES FOR STRUCTURE LEARNING

Structure learning of Bayesian network is an active field of
research and has drawn a lot of attention from various areas of
science in recent years. Though there are numerous algorithms
in the literature for structure learning, all of them fall under
the three principle approaches discussed below:

A. Search and Score (S&S)

One approach to structure learning known as Search and
Score (S&S), which combines a strategy for searching through
the space of possible structures with a scoring function mea-
suring the fitness of each structure to the data. The structure
achieving the highest score is then selected. But the space
of Bayesian networks is a combinatorial space, consisting
of a super—exponential number of structures — O(n!2(g)),
where n is number of nodes in the network. For this reason,
S&S algorithms are mostly heuristic and usually have no
proof of correctness. These algorithms may also require node
ordering, in which a parent node precedes a child node so
as to narrow the search space. Search-and-score algorithms
allow the incorporation of user knowledge through the use
of prior probabilities over the structures and parameters. By



considering several models altogether, the S&S approach may
enhance inference and account better for model uncertainty.
Recently, it was shown that when applied to classification, a
structure having a higher score does not necessarily provide a
higher classification accuracy.

There are also exact search algorithms, which are typically
based on dynamic programming. These algorithms search a
restricted version of the search space (super-structures of a
bounded tree width and depth), but the search is completely.
Even with the restricted search space, all currently available
exact algorithms have an exponential time and memory com-
plexity. Such complexity makes them unsuitable for large
networks mostly due to memory consumption.

Score base methods consider the whole structure at once;
they are therefore less sensitive to individual failures and better
at making compromises between the extend to which variables
are dependent in the data and the “cost” of adding the edge.
The disadvantage of these methods is that they pose a search
problem that may not have an elegant and efficient solution.

B. Constraint Based (CB)

In a second approach known as constraint-based (CB),
which view a Bayesian network as a representation of in-
dependence and each structure edge is learned if meeting
a constraint usually derived from comparing the value of
a statistical or information-theory-based test of conditional
independence (CI) to a threshold. Meeting such constraints
enables the formation of an undirected graph, which is then
further directed based on orientation rules. CB algorithms are
quite intuitive: the decouple the problem of finding structure
from the notion of independence, and they follow more closely
the definition of Bayesian networks. Given a distribution that
satisfies a set of independence, they attempt to find an I-map
for this distribution.

Algorithms of the CB approach are generally asymptotically
correct. They are relatively quick and have a well-defined
stopping criterion. However, they depend on the threshold
selected for CI testing and may be unreliable in performing CI
tests using large condition sets and a limited data size. They
can also be unstable in the sense that a CI test error may lead
to a sequence of errors resulting in an erroneous graph.

C. Bayesian Model Averaging (BMA)

This Approach does not attempt to learn a single structure;
instead it generates an ensemble of possible structures. These
methods use the Bayes theorem to compute a posterior over all
the possible structures. If we are interested in the probability
of some structural feature f (e.g., f(G) = 1 if there is an
edge from node i to j and f(G) = 0 otherwise), we can com-
pute posterior mean estimate E(f|D) = . f(G)p(G|D).
Similarly, to predict future data, we can compute the posterior
predictive distribution p(xjD) = >, p(z|G)p(G|D). Since
the number of possible structures is super-exponential these
may seem impossible. For some class of methods this can be
done efficiently, and for others approximation methods are our
best choice.

Additional information on the above three approaches, their
advantages and disadvantages, may be found in [1]-[4]. In
addition, hybrid algorithms have been suggested in which a CB
algorithm is employed to create an initial ordering, to obtain
a starting graph or to narrow the search space for an S&S
algorithm.

III. DESCRIPTION OF CRITERIA

To provide a comprehensive and in-depth analysis of the
various approaches to structure learning, we hereby define a set
of evaluation criteria. These criteria are generated from issues
considered in a various structure learning algorithms, and from
the discussion presented earlier. This section provides a short
description of each criterion and the rationale for its inclusion.

A. Time Complexity

This measure expresses the amount of computational time
required to run the algorithms. In most cases this is expressed
using the number of nodes n, in the learned structure, number
of data samples m and maximum parent set size k.

B. Space Complexity

Space complexity is the amount of memory required my
the algorithm. Almost all algorithms for learning BNs require
exponential amount of memory. This is mostly for computing
different scores e.g. Mutual Information, Conditional Indepen-
dence, Bayesian Dirichlet score etc.

C. Search Space Completeness

This criteria evaluates whether the search space considered
by the algorithm is complete or not.

D. Search Optimality

An algorithm has search optimality if it can guarantee that,
it will find the optimal structure if it exists in the search space
(may be restricted).

E. Structural Correctness

Structural correctness can be measured using different
scores. However, some of the scores suggested in the literature
are for example, BDeu score, KL divergence, SHD metric etc.
If the true structure is known then SHD metric can be used.
It measures the structural errors by measuring number like
missing edges, miss—directed edges, extra edges etc. On the
other hand if the true structure is no know then measures
like BDeu and KL divergence are mostly used. Roughly
speaking, these metrics measure the difference between the
data generated by the learned network and the true underlying
distribution.

F. Classification Accuracy

This measures the performance of a learned bayesian net-
work when applied to the task of classification in a supervised
or unsupervised learning model. Most of the algorithms con-
sidered in this survey have provided experiments on the UCI
Repository [5] databases.



IV. OVERVIEW OF STRUCTURE LEARNING ALGORITHMS

In this section we give a brief overview of several existing
approaches to structure learning.

A. Search and Score (S&S) Algorithms

1) Ancestrally Constrained Optimal Search (ACOS): The
ACOS algorithm [6] divides the super—structure into several
clusters and performs an optimal search on each of them.
During the search within a cluster an Ancestral Constraint
(AC) is maintained at all times to avoid cycles. An optimal BN
and its score on a cluster obtained by merging two clusters are
computed for every cluster maintaining AC. After the repeated
computation of optimal BNs and scores on merged clusters,
an optimal BN and its score on a single cluster covering the
entire super—structure are finally computed.

2) Bayesian Dirichlet Scores (BDS): The Bayesian Dirich-
let score is one of the most common criteria for evaluating
Bayesian networks. Its a decomposable score and can be
written with respect to local nodes of the graph, s(G) =
Z?:l S; (Hi), with
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s; is the contribution of node X, with parent set II; to
the global score. Properties of this score have been exten-
sively studied in [7] and the authors have provided a caching
mechanism for the local scores of nodes and their parents
with reduced memory consumption and these scores can be
later used by the search algorithm. Central to this algorithm
is a non-increasing monotonicity of the scoring function [7]
with increasing parent set size that makes it possible to
discard parent sets without even inspecting them. As all the
previously computed scores are cashed in memory substantial
computational improvement is achieved.

3) Akaike Information Criteria with Branch and Bound
(AIC-B&B): Another well known score function is the AIC
score defined as, s(G) = maxg(Lp(0)—1t), where 6 represent
all parameters of the model and ¢ = Y . (gi(r; — 1)) is
the number of free variables and Lp is the log-likelihood
function:
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where n;;, indicate how many elements of D contains both
o¥ and TI]. As the BD score AIC is also fully decomposable
and the same approach of caching as the BDS algorithm
is applied in [8]. The Branch and Bound algorithm is used
for decomposing the structure into smaller subgraphs and
computing local structure scores. Then the overall score is
measured by merging the subgraphs into a single structure.

4) Order based on Mutual Information — Classification Rate
for parent selection (OMI-CR): Pernkopf et. al. [9] introduced
a simple order—based greedy heuristic algorithm that estab-
lishes an order of n random variable based on conditional
mutual information between nodes and then selects eligible
parents from the ordering by employing Classification Rate
(i.e. Risk) testing. OMI-CR builds upon the naive Bayesian
model and each iteration of the greedy algorithm, the node
yielding the highest information about the root node C' in the
naive Bayesian model conditioned on previously chosen nodes
is selected. More specifically, the algorithm forms an ordered
sequence of nodes X1" = {XL, X2 ..., X"} according to

X7, [1(C; x|1X57 ],
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where j € {1,...,n}

Here I is the Conditional Mutual Information (CMI) mea-
sure and I(C; X4|Xp) = —H(C,Xa,Xp)+ H(Xa,XB)+
H(C,Xp) — H(Xp), where entropy of X is defined by
H(X) = = 5, p() log p(x).

In the second step, parent set for each node is selected. The
maximum number of parent is bounded by k and for selecting
the k best parents, all O((Z)) possibilities are evaluated using
CR. The CR test can be defined as
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R(B,|S) =

where the expression &(Bs(z1?,),c™) = 1 if the Bayesian
network classifies B (z17,) trained with samples in .S assigns
the correct class label ¢™ to the attribute values 277, and is
equal to O otherwise. There will be some parent less nodes
after the above procedure and according to the naive Bayesian
assumption C' is considered the only parents of these nodes.

5) Bayesian Network Structure Simplification (BSIM):
In [10] the authors have proposes two generic algorithm to
improve the structure learned by different structure learning
algorithms. One of them is the BSIM algorithm, which is a
score based algorithm that removes extra parents of the overly
complex nodes. BSIM takes as inputs a pre-learned DAG G,
the data set D and the threshold k& representing the upper
bound of the CPT size. It goes through each node X; in G, if
the CPT size of X is larger than k, then it calculates an array
containing the scores of the node X, for each of its current
parent. BSIM then deletes one parent with the lowest score at
a time until the CPT size of X is smaller than the threshold
k. Empirical study shows that BSIM could correctly control
and effectively limits the CPT size of a node without deleting
correct arcs in the learned structure.

6) Score-based Partial Order Refinement (SPORT): The
second generic algorithm proposed in [10] is the SPORT al-
gorithm, which uses a score based heuristic to re-select parents
based on the original parent set of each node. It also makes
good use of a specially designed procedure to determine the



direction of arcs, preventing correct arcs from being deleted.
The SPORT algorithm focuses on reducing added arcs. The
improvement is more significant on the learning algorithms
that learn structures with more false positive. Overall, after
applying the SPORT algorithm, the BN structures are becom-
ing less complex, more correct and closer to the probability
distribution of training data set.

B. Constraint Based (CB) Algorithms

1) Recursive Autonomy Identification (RAI): The Recursive
Autonomy Identification (RAI) algorithm is proposed in [11],
which is a CB model that learns the structure of a BN by
sequential application of CI tests, edge direction and structure
decomposition into autonomous sub-structures that comply
with the Markov Blanket property. This sequence of operations
is performed recursively for each autonomous sub-structure.
In each recursive call of the algorithm, the order of the CI
test is increased. By performing CI tests of low order (i.e.,
tests employing small conditions sets) before those of high
order, the RAI algorithm performs more reliable tests first,
and thereby obviates the need to perform less reliable tests
later.

By directing edges while testing conditional independence,
the RAI algorithm can consider parent—child relations so
as to rule out nodes from condition sets and thereby to
avoid unnecessary CI tests and to perform tests using smaller
condition sets. CI tests using small condition sets are faster to
implement and more accurate than those using large sets.

By decomposing the graph into autonomous sub-structures,
further elimination of both the number of CI tests and size of
condition sets is obtained. Graph decomposition also aids in
subsequent iterations to direct additional edges. By recursively
repeating both mechanisms for autonomies decomposed from
the graph, further reduction of computational complexity,
database queries and structural errors in subsequent iterations
is achieved.

2) Mutual Information based Ordering in K2 (MIO-K2):
MIO-K2 can be divided in two steps. In the first step an
ordering of the n variables is achieved by using Mutual
Information (MI) and Conditional Independence (CI) tests.
This step can be further subdivided in three steps. In the
first step, MI and CI is used to obtain a Undirected Network
(UDN). MI between two random variables X and Y is,
I(X;Y)=H(X)— H(X|Y), where H(X) is the entropy of
random variable X and H(X|Y") is the conditional entropy of
X given Y. Next, the graph structure is refined by d—separation
rule and CI tests. All triangular loops are eliminated by means
of CI tests. Finally, the edges are assigned direction again by
application of CI tests. All subgraphs with four and five nodes
loops are identified and exhaustive search in this subgraph are
used to assign edge directions.

After the node ordering is obtained the K2 algorithm [12]
is used for learning the BN from data. K2 is a greedy search
algorithm that imposes a restriction on the maximum number
of parents a node can have and keeps adding parents to a nodes
parent set until there are no more legal parents or the addition

do not improve the score. It attempts to select the network
structure that maximizes the network’s posterior probability
given the data.

C. Bayesian Model Averaging (BMA) Algorithms

1) Active Learning of Bayesian Networks (ALBN): The
ALBN algorithm introduced by Murphy [13], uses experimen-
tal interventions to distinguish between Bayesian models that
are Markov equivalent. All of the above mentioned algorithms
are able to learn up to a Markov equivalent class. Though this
is adequate for density estimation, but its not enough if the
goal is causal discovery. Two BNs may be Markov equivalent
eg. X - Y and Y — X, but make very different assertions
about the effect on Y of changing X.

The ALBN algorithm performs interventional experiments
by clamping a subset of the variables to fixed values. An
existing Bayesian scoring method can be adapted for this
operation by simply refraining from updating the parameters of
the nodes that are clamped. This algorithm provides an elegant
way to evaluate which kind of interventions to perform in an
efficient manner.

The basic idea is to compute a posterior probability distribu-
tion over graph structures given the data, P(G|D), and then
for each possible experimental action compute the expected
utility of the action with respect to the current belief about the
model. Then the current belief is updated given the outcome
of the experiment and repeat. Since the number of DAGs
grows super—exponentially with the number of nodes, a form
of online MCMC is used to approximate the belief state. In
addition, computing the expected utility of an action requires
enumerating all possible observations, which takes O(2")
time. This step is approximated by using importance sampling.

2) Dynamic Programming with MCMC (DP-MCMC): This
algorithm introduced in [14], [15] is an extension of the ALBN
algorithm and it uses the Dynamic Programming procedure
outlined in [16] to marginalize over orders analytically. The
DP algorithm in [16] has three major problem: modular prior,
posterior of modular features and difficulty to compute a
predictive density. These problems are avoided in DP-MCMC
algorithm by combining DP with the Metropolis Hastings
(MH) algorithm. The basic idea is simply to use the DP
algorithm as an informative (data driven) proposal distribution
for moving through DAG space, thereby getting the best of
both worlds: a fast deterministic approximation, plus unbiased
samples from the correct posterior. These samples can then
be used to compute the posterior mean of arbitrary features
or the posterior predictive distribution. The only limitation of
this method is its current limit of 22 nodes, imposed by the
exponential time and space complexity of the underlying DP
algorithm.

D. A Theoretical Complexity Bound

In [17] the authors have studied the worst-case time com-
plexity of exact Bayesian structure learning under graph-
theoretic restrictions on the super-structure. In particular,
they have considered bounds on the tree—width and on the



maximum—degree of super-structures. Their results can be
summarized as follows:

1) Exact Bayesian structure learning is feasible in non-
uniform polynomial time if the tree—width of the super-
structure is bounded by an arbitrary constant.

2) Exact Bayesian structure learning is feasible in linear
time if both tree—width and maximum degree of the
super-structure are bounded by arbitrary constants.

By non-uniform it means that the order of the polynomial
depends on the tree—width. From this result it is clear that
without bounding the super—structure (i.e. restricting the search
space) there is no way to escape exponential complexity.

V. COMPARISON OF STRUCTURE LEARNING ALGORITHMS

Based on the criteria defined earlier we now compare and
contrast naming approaches introduced in the previous section.

A. Time Complexity

1) Ancestrally Constrained Optimal Search (ACOS): If the
maximum degree of the super—structure is d, then the time
complexity is O(n.2¢). If we also restrict the maximum
number of parents per node to k, then the time complexity
becomes O(n.d").

2) Bayesian Dirichlet Scores (BDS): The worst case time
complexity is O(n.2"), but in many practice networks the time
complexity is much smaller.

3) Akaike Information Criteria with Branch and Bound
(AIC-B&B): The worst case time complexity is O(n.2"),
but in many practice networks the time complexity is much
smaller.

4) Order based on Mutual Information — Classification Rate
for parent selection (OMI-CR): For a given ordering this
algorithm requires O(n*) operations, where n is the number of
nodes and k is the maximum three width (maximum number
of parents) of the sub—graph considered over the variables.

5) Recursive Autonomy Identification (RAI): In the worst
case it will neither decompose the structure nor direct any
edge, as a result identifying the entire structure as a single
autonomous system. Given the maximum number of possible
parents k£ and the number of nodes n, the worst case time
complexity will be bounded by O(nF).

6) Mutual Information based Ordering in K2 (MIO-K2):
Time complexity of this algorithm is O(n*)+O(m.n?), where
m is the number of samples. Though the time complexity is
polynomial in n it has dependency on the data size.

7) Active Learning of Bayesian Networks (ALBN): Time
complexity of the algorithm is mostly dominated by the
clamping operation and if the maximum number of nodes
clammed simultaneously is ¢, then the worst case complexity
is O(n°).

8) Dynamic Programming with MCMC (DP-MCMC): The
DP algorithm has exponential time complexity.

B. Space Complexity

1) Ancestrally Constrained Optimal Search (ACOS): For
storing information about the different clusters and maintain-
ing a acyclic graph the worst case memory requirement can
be as bad as O(m.d"™), where m is the number if clusters and
d is the maximum degree.

2) Bayesian Dirichlet Scores (BDS): The worst case space
complexity is also O(n.2"), but in many practice networks
its much smaller. Due to caching memory requirement can be
bounded by O(n.2"/"), where [ is called the reduction factor
and it has value between 2 to 4.

3) Akaike Information Criteria with Branch and Bound
(AIC-B&B): The worst case space complexity is also O(n.2"),
but in many practical networks its much smaller. Due to
caching memory requirement can be bounded by O(n.2"/ b,
where [ is called the reduction factor and it has value between
2 to 4.

4) Order based on Mutual Information — Classification Rate
for parent selection (OMI-CR): For performing CMI and CR
testing an exponential amount of memory is required to store
information about all parent child relations.

5) Recursive Autonomy lIdentification (RAI): The BDeu
scoring function (part of the BNT toolbox) is used for selecting
a threshold for the CI tests and this causes the required
memory space to grow exponentially O(n.2™) with the number
of nodes n, even if only two parents are allowed per node.

6) Mutual Information based Ordering in K2 (MIO-K2):
As most structure learning algorithms, this algorithm also
requires exponential amount of memory.

7) Active Learning of Bayesian Networks (ALBN): As with
most other algorithms, space complexity is O(n.2"),

8) Dynamic Programming with MCMC (DP-MCMC): The
DP algorithm has exponential space complexity.

C. Search Space Completeness

1) Ancestrally Constrained Optimal Search (ACOS):
Search space is not complete but it can learn Bayesian network
considering super—structures of high degree (up to 4) and
hundreds of nodes.

2) Bayesian Dirichlet Scores (BDS): Using the BD score
metric the search space is reduced to a restricted version, so
the search space is not complete.

3) Akaike Information Criteria with Branch and Bound
(AIC-B&B): Using the AIC score metric the search space
is reduced to a restricted version, so the search space is not
complete.

4) Order based on Mutual Information — Classification Rate
for parent selection (OMI-CR): This algorithm only considers
one ordering of the nodes so the search space is restricted to
only those structures representable by the chosen ordering.

5) Recursive Autonomy Identification (RAI): RAI always
starts with a completely connected super—structure and as a
result the search space is complete.

6) Mutual Information based Ordering in K2 (MIO-K2):
The MI and CI based node ordering reduces the search space.
But as there is no guarantee that the ordering will be optimal,
the search space is not complete.



7) Active Learning of Bayesian Networks (ALBN): Search
space is not complete, as importance sampling is used instead
of exhaustively enumerating all possible actions.

8) Dynamic Programming with MCMC (DP-MCMC): The
search space is complete and exponential as the DP algorithm
considers all possible ordering sequences.

D. Search Optimality

1) Ancestrally Constrained Optimal Search (ACOS): The
search strategy is optimal and a detailed proof of its optimality
is provided in [6].

2) Bayesian Dirichlet Scores (BDS): The reduction in the
search space with the BD score guarantees that the optimal
network according to the BD score will remain in the restricted
space. So the search is optimal in the restricted search space.

3) Akaike Information Criteria with Branch and Bound
(AIC-B&B): The reduction in the search space with the AIC
score guarantees that the optimal network according to the AIC
score will remain in the restricted space. The B&B search is
an any-time procedure and because, if stopped, it provides
the best current solution and an estimation about how far it is
from the global solution.

4) Order based on Mutual Information — Classification Rate
for parent selection (OMI-CR): As Classification Rate (CR)
is not decomposable and OMI-CR only considers k—trees as
underlying structure, so it can’t guarantee that it will find the
best structure in the restricted search space.

5) Recursive Autonomy Identification (RAI): RAI intro-
duces a tradeoff between run—time and search optimality by
application of edge direction and structural decomposition in
the early stage of the algorithm. It reduces time complexity
but looses search optimality guarantee, as early edge direction
and structural decomposition may leave out some potential
networks from the search space.

6) Mutual Information based Ordering in K2 (MIO-K2):
The K2 algorithm performs a greedy search based on the
posterior probability of the structure given the data. So the
search is not guaranteed to be optimal.

7) Active Learning of Bayesian Networks (ALBN): Due the
use of MCMC for approximating the posterior probability over
the BNs, search optimality can’t be claimed.

8) Dynamic Programming with MCMC (DP-MCMC): 1t
applies a greedy search method based on the Metropolis
Hastings algorithm with a proposal distribution that is a
mixture of the standard local proposal, that adds, deletes or
reverses an edge at random. So the search is not guaranteed
to return the optimal result.

E. Structural Correctness

1) Ancestrally Constrained Optimal Search (ACOS): The
authors didn’t provide any structural correctness proofs or
experimental evaluation.

2) Bayesian Dirichlet Scores (BDS): The target of the
BDS algorithm is to approximate the underlying distribution,
so it can’t provide any kind of guarantees about structural
correctness.

TABLE I
A COMPARISON OF CLASSIFICATION ACCURACY

Database RAI OMI-CR
australian 85.5 (0.5) 82.0
breast 96.5 (1.6) 97.4
chess 93.5 94.9
cleve 81.4 (5.4) 81.7
corral 100 (0) 99.2
crx 86.4 (2.6) 84.1
flare C 84.3 (2.5) 82.74
iris 93.3 (2.4) 93.3
mofn 3-7-10 93.2 91.41
shuttle (s) 99.2 99.2
vehicle 70.2 (2.8) 67.4

3) Akaike Information Criteria with Branch and Bound
(AIC-B&B): The target of the AIC-B&B algorithm is to
approximate the underlying distribution, so it can’t provide
any kind of guarantees about structural correctness.

4) Order based on Mutual Information — Classification Rate
for parent selection (OMI-CR): OMI-CR can’t provide any
structural guarantees as the search is based on a single ordering
and only k-trees are considered as potential structures.

5) Recursive Autonomy Identification (RAI): It can guaran-
tee that if there is a dependency between two nodes in the data
then there will be a path between them in the learned network.
But it can’t guarantee that direct and indirect dependencies will
be captured correctly.

6) Mutual Information based Ordering in K2 (MIO-K2):
Though there is no theoretical correctness guarantee but ex-
perimental results show that MIO-K2 can learn complex and
large networks with very little errors.

7) Active Learning of Bayesian Networks (ALBN): Instead
of learning a single structure, ALBN learns a posterior distri-
bution over all possible structures given data for approximating
an underlying distribution, so structural correctness is not an
issue here.

8) Dynamic Programming with MCMC (DP-MCMC): Like
ALBN, DP-MCMC also learns a posterior distribution over all
possible structures given data for approximating an underlying
distribution, so structural correctness is not an issue.

E. Classification Accuracy

For testing classification accuracy the databases of the UCI
Repository [5] are a very popular choice. Two of the algo-
rithms considered in this survey have provided experiments
on these databases. So we have summarized the classification
accuracy and standard deviation from different papers in Ta-
ble I. The comparison may not be accurate due to nonuniform
testing methodology applied by different papers.

VI. GUIDELINES FOR SELECTION

Depending on the final target, Bayesian structure learning
algorithms tend to vary in super—structure properties, search
space restrictions, search methodology, score metrics etc. From
the above discussion it is clear that Bayesian structure learning
is a very active field of research and an explosive amount
of methodological variations exists in the literature. Though



TABLE II
COMPARISON OF THE STRUCTURE LEARNING ALGORITHMS

Algorithm Time Complexity Space Complexity | Is the Search Space Complete? | Is the Search Optimal? | Is the Structural Correct?
ACOS O(n.2%) and O(n.dF) O(m.d™) NO YES NO
BDS O(n.2™) O(n.2"/Y) NO YES NO
AIC-B&B O(n.2™) O(n.2n/t) NO YES NO
OMI-CR O(nF) O(n.2™) NO NO NO
RAI O(nF) O(n.2™) YES NO NO
MIO-K2 O(n?) + O(m.n?) O(n.2™) NO NO NO
ALBN O(n°) O(n.2™) NO NO NO
DP-MCMC O(n.2™) O(n.2™) YES NO NO

Here, n = number of nodes in BN, m = number of data samples, ¢ = maximum number of nodes clammed simultaneously, d = maximum three width,
k = maximum parent set size, and [ = reduction factor (2 to 4).

researchers haven’t yet been able to handle the exponential
growth of these algorithms, there are algorithms like RAI,
BDS, AIC-B&B which can perform quite good in many
practical situations. If we need to chose a Bayesian structure
learning algorithm then our first step should be to decide
the ultimate application of the learned structure. Some of the
causes why we should consider learning a Bayesian Network
from sample data and the appropriate algorithm for that cause
is presented below:

A. Classification

If our target is to apply the learned structure to classification
then algorithms like RAI and OMI-CR are the best choice.
From Table I is seems that the RAI algorithm is slightly better
than the OMI-CR algorithm in classification accuracy. RAI
is also a fast algorithm and can handle large and complex
network structures, which makes it even more suitable for
classification task.

B. Causal Reasoning

Causal relationship between random variable can be learned
by different statistical methods from data. But a BN goes
much father than statistical methods, as a BN can represent
both direct and indirect dependencies with a clear and highly
reperesentable graph—based model. Among the algorithms dis-
cussed here, both of the Bayesian model averaging algorithms
namely ALBN and DP-MCMC are the most suitable, as they
output an ensemble of learned structures along with a posterior
probability over them, which expresses its confidence in a
learned structure. If we are interested in the probability of
some structural feature f (e.g., f(G) = 1 if there is an edge
from node ¢ to j and f(G) = 0 otherwise), we can compute
posterior mean estimate E(f|D) = > f(G)p(G|D). Sim-
ilarly, to predict future data, we can compute the posterior
predictive distribution p(z|D) = >, p(x|G)p(G|D).

The ACOS and MIO-K?2 algorithms also gives emphasis on
the causal relations between nodes by application of AC with
CI and MI tests respectively. The structure learned by this
algorithms can be also used for causal relationship estimation.
Among the four algorithms, DP-MCMC has the exponential
complexity but it searches a complete search space. So, if
running time is of no concern then it can be used for near
optimal results. If on the other hand run time is crucial (as it is

often is) then MIO-K2 is our best choice. As this algorithm has
a polynomial time complexity and produces quite comparable
results.

C. Concerned with Memory

All of the presented algorithms have exponential memory
requirements except for BDS and AIC-B&B. These algorithms
reduce the memory requirement by applying caching from
exponential O(2") to O(2"/!), where [ is between 2 to 4.
Many algorithms are restricted to learn networks with 20 to
30 nodes mostly due to memory requirements. The technique
applied by BDS and AIC-B&B can be adapted by other
algorithms for overcoming this limitation. Among these two
algorithms the AIC score penalizes complex structures more
than the BD score, so if complex structures are preferred, then
AIC-B&B is suitable otherwise BDS is our choice.

D. Going Further

The other two algorithms namely BSIM and SPORT are
generic algorithms that improves upon a BN that has been
learned by another BN structure learning algorithm. Applica-
tion of this algorithms can be considered where accuracy in
terms of density estimation is of utmost importance.

A tabular representation of the comparison of the structure
learning algorithms based on our chosen criteria is presented
in Table II.

VII. SOME OPEN PROBLEMS

Some open problems that were identified during surveying
papers on Bayesian structure learning, are discussed follows:

A. Learning with the Presence of Corrupted Data

All of the algorithms presented here assume a perfect data,
which is quite unrealistic in practice. How the conditional tests
and scoring metrics can be adapted to handle corrupted data
can be an interesting research topic.

B. Learning with Hidden Variables

Another research topic can be the case when some of the
attribute values are never observed.



C. Learning to Introduce Hidden Variables

If can be solved this problem will have a huge effect on the
machine learning community. The problem here is to identify
the presence of hidden variables from data and introducing
them in the correct place.

D. Discriminative vs Generative

Typically discriminative models are applied to classification
tasks, whereas generative models are appropriate (or thought
to be) from density estimation. In recent years there have
been a couple of approaches with promising performance that
discriminately learns a generative model or vice versa. But to
what extend these hybrid models will impact structure learning
tasks is yet to be discovered.

E. Online Learning

All of the structure learning algorithms are suitable for
off-line learning model, but what about an online structure
learning approach! There is yet to be such an approach in the
literature.

E. Continuous Variables

All of the structure learning algorithms assume discrete
random variables. Can they be extended to handle continuous
random variables?

G. Score Caching

Can the caching technique of BDS and AIC-B&B algo-
rithms be extended to other algorithms like the RAI or OMI-
CR? This will improve the scalability of these algorithms.

VIII. DISCUSSION AND FUTURE DIRECTIONS

This paper has investigated the characteristics and chal-
lenges in designing a BN structure learning algorithm. As a
guideline for analysis, and to ease the readers through various
aspects of a BN learning algorithm, we first presented an
overview of some state-of-the-art algorithms along with a set
of evaluation criteria. Next we provided a detailed comparison
of the algorithms based on our selected criteria.

There are basically three major approaches to structure
learning. First, the search and score methods attempt to find
a ordering of nodes that maintains parent—child relationship
and then use this ordering to find a high scoring network.
By restricting the search space to super—structures of bounded
tree—width and limited number of parents per node these
methods attempts to narrow the search space. For most of the
approaches the search is optimal though the search space is not
complete. The second type of methods known as the constraint
based approaches also consider super—structures of bounded
tree—width, but instead of scoring the whole network together,
they test each edge one by one. Structures learned in this
way are more accurate but most of the time these algorithms
have an exponential running time. Structural decomposition
is used for overcoming this problem. Finally, Bayesian model
averaging methods do not try to learn a single structure but
instead learns a posterior probability distribution over the

possible structures, which tells us about the confidence of the
learning algorithm over a particular structure.

Recent state-of-the-art algorithms belonging to these pri-
mary approaches have been summarized and contrasted in this
paper. The algorithms have been described very briefly due to
space limitations, but this survey can be the starting point of
a extensive survey over the BN structure learning algorithms.
For future research direction, one obvious choice is to tackle
the open problems mentioned in the previous section. Then,
there are also other issues like: inclusion of prior domain
knowledge in structure learning, optimal graph partitioning
based on conditional tests, formulating better decomposable
scores etc. to name a few.
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