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Abstract

The bisectors are geometric constructions which are common in several fields of applications such as CAD, CAGD, path generation,
movement planning, the median axis, the computation of the Voronoi Diagram, structural biology, etc. In this work we present a new
algorithmic approach for computing the exact representation for the bisector of two planar curve segments of degree 1 or 2. For two
parametric curve segments 𝑠𝑖 (𝑢), 𝑢 ∈ [0, 1] and 𝑠 𝑗 (𝑡), 𝑡 ∈ [0, 1] with their respective endpoints 𝐴𝑖 = 𝑠𝑖 (0), 𝐵𝑖 = 𝑠𝑖 (1), 𝐴 𝑗 = 𝑠 𝑗 (0) and
𝐵 𝑗 = 𝑠 𝑗 (1), and open segments 𝑐𝑖 and 𝑐 𝑗 , such that 𝑠𝑖 = {𝐴𝑖 , 𝑐𝑖 , 𝐵𝑖 } and 𝑠 𝑗 = {𝐴 𝑗 , 𝑐 𝑗 , 𝐵 𝑗 }, a process to compute the exact representation
of their bisector will be established. This representation will derive from a combination of point-point bisector, point-curve bisector and
curve-curve bisector representations.

The process involves, for each endpoint of one curve segment, determine, if possible, the position of the corresponding footpoint on the
other curve segment and the corresponding bisector point. Then by fixing the curve segment 𝑠 𝑗 and sweeping each element of the curve
segment 𝑠𝑖 with the elements of 𝑠 𝑗 . This allows us to identify and properly store all components to obtain the exact bisector of two curve
segments.

The resulting bisector may combine rational and semi-algebraic representations.
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1 Introduction
Consider two geometric objects𝑂1 and𝑂2 in a metric space R𝑑 , 𝑑 ∈ {2, 3}, with respective parameterizations O1 (𝑢), 𝑢 ∈ 𝐼1 and
O2 (𝑣), 𝑣 ∈ 𝐼2, where 𝐼1 and 𝐼2 are intervals or rectangles (eventually reduced to a point). Their bisector B(𝑂1,𝑂2) is defined as
the equidistant set of points from the two objects, i.e.:

B(𝑂1,𝑂2) =
{
𝐵 ∈ R𝑑 : min

𝑢∈𝐼1
∥𝐵 − O1 (𝑢)∥ = min

𝑣∈𝐼2
∥𝐵 − O2 (𝑣)∥

}
. (1)

The computation of an algebraic representation for the bisector is not an obvious task from the definition (1). Indeed, even if
the parametric object is given with a regular and proper parametrization, it should be noted that the distance function

𝑑 : (𝐵,𝑂) ↦→ inf
𝑢∈𝐼

∥𝐵 − O(𝑢)∥, (2)

is not always differentiable with respect to the point 𝐵, and a minimum of the distance function could be achieved at more
than one parameter value. To overcome these difficulties, the notion of untrimmed bisector is introduced (see [5, 6]).

Definition 1. The untrimmed bisector of 𝑂1 and 𝑂2 is defined as the set of centres of spheres which are tangent to 𝑂1 and 𝑂2
simultaneously.
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This definition does not imply the same minimum distances measured from the two objects, in the presence of critical shapes
on the objects (singular point, inflection point, self-intersection point). There are some extraneous parts that should be trimmed
in order to achieve the true bisector.

For two regular plane rational curves 𝑠 and 𝑟 , with their parametrizations, respectively 𝑠 (𝑢) and 𝑟 (𝑡), the untrimmed bisector
can be described as follow. A point B = (𝑋,𝑌 )𝑇 ∈ R2 is in the untrimmed bisector of the curves 𝑠 and 𝑟 if it satisfies the
following system of equations (see [1, 4]):

• the point B is in the normal lines of 𝑠 and 𝑟 , at 𝑠 (𝑢) and 𝑟 (𝑡), respectively:
⟨(𝑋,𝑌 ) − 𝑠 (𝑢), 𝑠′ (𝑢)⟩ = 0, ⟨(𝑋,𝑌 ) − 𝑟 (𝑡), 𝑟 ′ (𝑡)⟩ = 0, (3)

where 𝑠′ and 𝑟 ′ denote derivatives.

• the point B is at equal distance from 𝑠 (𝑢) and 𝑟 (𝑡):
⟨(𝑋,𝑌 ), 2 (𝑟 (𝑡) − 𝑠 (𝑢))⟩ + ∥𝑠 (𝑢)∥2 − ∥𝑟 (𝑡)∥2 = 0. (4)

The Equations (3) can be written in matrix form as follows:

AB = V, A =

[
s′𝑥 (𝑢) s′𝑦 (𝑢)
r′𝑥 (𝑡) r′𝑦 (𝑡)

]
, V =

[
⟨s(𝑢), s′ (𝑢)⟩
⟨r(𝑡), r′ (𝑡)⟩

]
. (5)

Our goal is to compute a parametrization of the bisector of the curves 𝑠 and 𝑟 in terms of one parameter, either 𝑢 or 𝑡 . Our
approach consists in:

• First solve the system (5) for B in terms of 𝑢, 𝑡 , using Cramer’s rule: For det(A) ≠ 0, we have:

B(𝑢, 𝑡) = A−1V, (6)

and substituting B(𝑢, 𝑡) in (4), we obtain the equation:

𝐹 (𝑢, 𝑡) = ⟨B(𝑢, 𝑡), 2(𝑟 (𝑡) − 𝑠 (𝑢))⟩ + ∥𝑠 (𝑢)∥2 − ∥𝑟 (𝑡)∥2 = 0. (7)

• Then, express one of the parameters, say 𝑢 in terms of 𝑡 , in the best possible way, from the equation (7). Since there might
be more than one solution, we get

𝑢𝑖 = 𝑢𝑖 (𝑡), 𝑖 = 1, . . . ,𝑚.

• Finally, substitute 𝑢 by 𝑢𝑖 (𝑡) in B(𝑢, 𝑡), for each solution, and obtain the parametrization of the untrimmed bisector of the
form:

b𝑖 (𝑡) = B(𝑢𝑖 (𝑡), 𝑡) = [𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡)]𝑇 , (8)
where 𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡) are in general non-rational.

For given values of the parameters 𝑢 and 𝑡 , a bisector point can be computed from the formula (6). Then for two corresponding
footpoints 𝑝1 (𝑢0) ∈ 𝑠 and 𝑝2 (𝑡0) ∈ 𝑟 , their corresponding bisector point is given by 𝐵(𝑢0, 𝑡0).

The bisector of a point and rational curve has a rational parametrization and the process of the computation and trimming
extraneous part is given in ([5]).

The bisector of two planar rational curves is not a rational curve in general (see [6]). The algebraic representation is of high
degree, the trimming extraneous process is not evident. An approximate representation can also be used in the nonrational
case (see [4]). An algebraic approach is given in ([1, 2]) to compute an algebraic (rational and non rational) parametrization for
the bisector for some particular curves. The trimming process is also shown.

For this work we propose an algorithmic method to calculate the exact representation for the bisector of two curve segments.
The latter can be applied, among other things, two the characterization of the medial axis and Voronoi diagram for objects
constructed from segments of curves see [3, 7].

The output of the method includes:

(1) The exact representation for the bisector of an endpoint 𝐴𝑖 and open curve segment 𝑐 𝑗 denoted by B(𝐴𝑖 , 𝑐 𝑗 ) is computed
from the process in ([5]).

(2) The bisector of endpoints 𝐴𝑖 and 𝐴 𝑗 denoted by B(𝐴𝑖 , 𝐴 𝑗 ) is a half line or line segment which representation is trivial.
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(3) The exact representation for the bisector of two open curve segments 𝑐𝑖 and 𝑐 𝑗 denoted by B(𝑐𝑖 , 𝑐 𝑗 ) is computed either
from the formula (8), or from an implicit reprensentation 𝐹 (𝑥,𝑦) = 0 (see [1]) of the bisector of the two corresponding
curves:

B(𝑐𝑖 , 𝑐 𝑗 ) =
{
(𝑥,𝑦) ∈ R2 : 𝐹 (𝑥,𝑦) = 0, 𝑥1 ≤ 𝑥 ≤ 𝑥2 and 𝑦1 ≤ 𝑦 ≤ 𝑦2

}
where B(𝑐𝑖 , 𝑐 𝑗 ) is delimited by 𝐵1 = (𝑥1, 𝑦1) and 𝐵2 = (𝑥2, 𝑦2) such that 𝑥1 ≤ 𝑥2 and 𝑦1 ≤ 𝑦2.

2 Bisector of two curve segments
In this section we consider 𝑠𝑖 and 𝑠 𝑗 two curve segments of degree 1 or 2 and by ★we denote 0 or 1 (i.e. ★ = 0, or 1).

We have two possible configurations: a couple of curve segments with the same endpoints and one of disjoint curve seg-
ments.

The process to compute the bisector of a couple of curve segments involves, for each endpoint of 𝑠𝑖 , to determine, if possible,
the corresponding footpoint on 𝑠 𝑗 . These allow us to identify and properly store the various components to achieve the bisector.
The determination of a footpoint will be done by computing the corresponding parametric values through the equation
(7).

Proposition 1. Let 𝑠𝑖 (𝑢), 𝑢 ∈ [0, 1] and 𝑠 𝑗 (𝑡), 𝑡 ∈ [0, 1] be two curve segments. The set of solutions of the equation (7) on the
border of the parameters domain [0, 1] × [0, 1] , if non empty, corresponds to the couples of parameter values of an endpoint of 𝑠𝑖
and its corresponding footpoint (might be more than one) on 𝑠 𝑗 .

Let us introduce some technical definitions.

Definition 2. (1) An endpoint of a segment is said Free-Point (FP) if it has no corresponding footpoint on the other segment
sharing curve-curve bisector points.

(2) An endpoint of a segment is said Non-Free-Point-type1 (NFP1) if it corresponds to solution couple (𝑢0,★) (resp. or (★, 𝑡0)) where
𝑢0 (resp. or 𝑡0 ), is a unique value corresponding to a unique footpoint on the other segment sharing curve-curve bisector points.

(3) An endpoint of a segment is said Non-Free-Point-type2 (NFP2) if it corresponds to solution couple (𝑢0,★) (resp. or (★, 𝑡0))
where 𝑢0 (resp. or 𝑡0) has two values, i.e. an endpoint with exactly two corresponding footpoints on the other segment sharing
curve-curve bisector points.

We have the following theorem.

Theorem 1. Let 𝑠𝑖 and 𝑠 𝑗 be two disjoint curve segments of degree 1 or 2. The bisector of 𝑠𝑖 and 𝑠 𝑗 is composed of at least one
component and not more than 7 curve segments components.

The following lemma is necessary in the proof of the theorem.

Lemma 1. Let 𝑠𝑖 (𝑢), 𝑢 ∈ [0, 1] and 𝑠 𝑗 (𝑡), 𝑡 ∈ [0, 1] be two curve segments with their respective endpoints 𝐴𝑖 = 𝑠𝑖 (0), 𝐵𝑖 = 𝑠𝑖 (1),
𝐴 𝑗 = 𝑠 𝑗 (0), 𝐵 𝑗 = 𝑠 𝑗 (1).

(1) A FP point 𝐴𝑖 of a curve segment 𝑠𝑖 generates:

• 1 bisector component B(𝐴𝑖 , 𝐴 𝑗 ), if the two curve segments are entirely on one side (of 𝑠 𝑗 ) with respect to the line (𝐴𝑖 , 𝐴 𝑗 ).

• 2 bisector components B(𝐴𝑖 , 𝐴 𝑗 ) and B(𝐴𝑖 , 𝑐 𝑗 ), if a portion of 𝑐 𝑗 is on the other side of the line (𝐴𝑖 , 𝐴 𝑗 ).

• 3 bisector components B(𝐴𝑖 , 𝐴 𝑗 ), B(𝐴𝑖 , 𝑐 𝑗 ) and B(𝐴𝑖 , 𝐵 𝑗 ), if a portion of 𝑐 𝑗 and the endpoint 𝐵 𝑗 are on the opposite side of
𝑠 𝑗 with respect to the line (𝐴𝑖 , 𝐴 𝑗 ). The Figure 1 gives an illustration.

(2) A NFP1 endpoint 𝐴𝑖 of a curve segment 𝑠𝑖 generates up to 3 bisector components: B(𝐴𝑖 , 𝐴 𝑗 ), B(𝐴𝑖 , 𝑐 𝑗 ) and B(𝐴𝑖 , 𝐵 𝑗 ), where 𝑐 𝑗
is an open segment, and 𝐵 𝑗 is an endpoint of 𝑠 𝑗 .

(3) A NFP2 endpoint 𝐴𝑖 of a curve segment 𝑠𝑖 generates

(a) a single bisector component B(𝐴𝑖 , 𝑐 𝑗 ) for portion of segment 𝑐 𝑗 bounded by the two corresponding footpoints of 𝐴𝑖 ,

(b) or the components of bisector B(𝐴𝑖 , 𝑐 𝑗 ), B(𝐴𝑖 , 𝐴 𝑗 ) and B(𝐴𝑖 , 𝐵 𝑗 ), where 𝑐 𝑗 is an open segment, and 𝐵 𝑗 is an endpoint of 𝑠 𝑗 .
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Fig. 1. FP configuration with 1, 2 and 3 component bisectors: point-point bisector in red color point-curve bisector in orange color

3 Effective computation of bisector of two curve segments
3.1 Stopping Condition
The Stopping Condition (see [7]) is the criterion giving the end of process in the search for components of the bisector. For a
FP 𝐴𝑖 of a curve segment 𝑠𝑖 it allows to determine the elements of curve segment 𝑠 𝑗 that interact with it.
The criterion is detailed at (1) of the Lemma 1.

3.2 Computing process of the bisector of two curve segments
The process starts by computing the solutions of equation (7) w.r.t. 𝜕 ( [0, 1] × [0, 1]):

{(★, 𝑡0), (𝑢0,★), 𝑢0, 𝑡0 ∈ [0, 1]}.

(1) If the solutions of equation (7) is not empty then:

(a) If 𝑠𝑖 and 𝑠 𝑗 have the same endpoints (𝐴𝑖 = 𝐴 𝑗 ), then the endpoints 𝐵𝑖 and 𝐵 𝑗 are either respectively FP and NFP1, or
both FP, or NFP1, and B(𝑠𝑖 , 𝑠 𝑗 ) is consisting respectively of:

(i) the components B(𝑐𝑖 , 𝑐 𝑗 ), B(𝐵 𝑗 , 𝑐𝑖 ) and B(𝐵𝑖 , 𝐵 𝑗 ),

(ii) the components B(𝑐𝑖 , 𝑐 𝑗 ) and B(𝐵𝑖 , 𝐵 𝑗 ), or

(iii) the single component B(𝑐𝑖 , 𝑐 𝑗 ). The Figure 2 is an illustration of this case.

Fig. 2. The bisector of two curve segments with one common endpoint: B(𝑐𝑖 , 𝑐 𝑗 ) in blue color, B(𝐵𝑖 , 𝑐 𝑗 ) in orange color and B(𝐵𝑖 , 𝐵 𝑗 ) in
red color.

(b) If 𝑠𝑖 and 𝑠 𝑗 are disjoint curve segments, we fix 𝑠𝑖 = {𝐴𝑖 , 𝑐𝑖 , 𝐵𝑖 } such that 𝑥𝐴𝑖
≤ 𝑥𝐵𝑖

, 𝑥𝐴 𝑗
, 𝑥𝐵 𝑗

.

(i) We compute first 𝐵(★, 𝑡0) and 𝐵(𝑢0,★) (delimiting the components B(𝑐𝑖 , 𝑐 𝑗 )) from (6).

(ii) Then we scan 𝑠 𝑗 from the elements of 𝑠𝑖 : successively we determine the bisector components linked to 𝐴𝑖 , then to 𝑐𝑖
and finally to 𝐵𝑖 .

The linked components of each element of 𝑠𝑖 are respectively connected in the order of the distance to the corresponding
element of 𝑠 𝑗 starting with the farthest or the nearest. The Figure 3 gives an illustration.

(2) If the solutions of equation (7) is empty the bisector of the two curve segments is essentially made up of point-curve and
point-point bisector components. We determine the bisectors components linked to 𝐴𝑖 , then to 𝑐𝑖 and finally to 𝐵𝑖 . The
Figure 4 gives an illustration.
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Fig. 3. The bisector points 𝐵(𝑢0, 0) and 𝐵(1, 𝑡0) are computed. The scanning process from 𝐴1: B(𝐴1, 𝐵2), then B(𝐴1, 𝑐2) and B(𝐴1, 𝐴2)

Fig. 4. The two endpoints of 𝑠𝑖 are FP: point-point bisector in red color and point-curve in orange color

4 Conclusion
An algorithmic approach is presented to compute the exact representation of the bisector of two curve segments of degree 1 or
2. The computed representation is either a rational parametrization, or the combination of a rational parametrization and a
semi-algebraic representation.
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