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Abstract. In this paper we define and investigate a binary word operation that formalizes an
experimentally observed outcome of DNA computations, performed to generate a small gene li-
brary, and implemented using a DNA recombination technique called Cross-pairing Polymerase
Chain Reaction (XPCR). The word blending between two words αwγ1 and γ2wβ that share a
non-empty overlap w, results in αwβ. Interestingly, this phenomenon has been observed inde-
pendently in linguistics, under the name “blend word” or “portmanteau”, and is responsible for
the creation of words in the English language such as smog (smoke + fog), labradoodle (labrador
+ poodle), and Brangelina (Brad + Angelina). Technically, word blending is related to the binary
word operation Latin product, the crossover operation, and simple splicing. We study closure
properties of the families in the Chomsky hierarchy under word blending, language equations in-
volving this operation, and its descriptional state complexity when applied to regular languages.
We also define iterated word blending and show that, for a given alphabet, there are finitely many
languages that can be obtained from an initial language by iterated word blending.
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1. Introduction

Cross-pairing Polymerase Chain Reaction (XPCR) is an experimental DNA protocol introduced in [1]
for extracting, from a heterogeneous pool of DNA strands, all the strands containing a given substrand.
XPCR was then employed to implement several DNA recombination algorithms [2], for the creation
of the solution space for a SAT problem [3], and for mutagenesis [4]. The combinatorial power of
such a technique has been explained by logical-symbolic schemes in [5], while algorithms to create
combinatorial libraries were improved and experimented in [4, 6].

The formal language operation called overlap assembly, introduced in [7] under the name of self-
assembly, and further investigated in [8, 9, 10], also models a special case of XPCR: The overlap
assembly of two strings αx and xβ that share a non-empty overlap x results in the string αxβ. A
particular case of overlap assembly, called “chop operation”, where the overlap consists of a single
letter, was studied in [11, 12], and generalized to an arbitrary-length overlap in [13]. Other similar
operations have been studied in the literature, such as the “short concatenation” [14], which uses only
the maximum-length (possibly empty) overlap x between operands, the “Latin product” of words [15]
where the overlap occurs at the extremities of words and consists of only one letter, the “crossover”
operation [16] where an overlap consisting of only one letter may occur in the middle of the words,
and the operation ⊗ which imposes the restriction that at least one of the non-overlapping parts α, β
is not empty [17]. Overlap assembly can also be considered as a particular case of “semantic shuffle
on trajectories” with trajectory 0∗σ+1∗ or as a generalization of the operation �N from [18] which
imposes the length of the overlap to be at least N . Many similar biological phenomena and operations
can also be modelled using splicing systems [19, 20]. However, modeling these operations often does
not require the full power of splicing. Properties of splicing languages under restrictions such as
symmetry and reflexivity have been studied in [21, 22].

Returning to the biological process that motivated the study of overlap assembly, the XPCR
procedure has been successfully used to join two different genes if they are attached to compatible
primers [6]. Formally, αAγ and γDβ were combined to produce αAγDβ (here A and D are gene
sequences and α, γ and β are primers). However, when A = D, that is, when two sequences con-
taining the same gene were combined by XPCR, the result was not as expected. More specifically,
when using XPCR with the input αAγ, γAβ, α and β, instead of obtaining the expected αAγAβ, the
experiments repeatedly produced the result αAβ.

In this paper1, we define and investigate a binary word and language operation called word blend-
ing, that formalizes a generalization of this experimentally observed outcome of XPCR: The word
blending of two words xAy1 and y2Az that share a non-empty overlap A results in xAz. Note that
while y1 = y2 was experimentally observed, we do not require this for our definition of the opera-
tion. Interestingly, this phenomenon has been observed independently in linguistics [24], under the
name “blend word” or “portmanteau”, and is responsible for the creation of words in the English lan-
guage such as smog (smoke + fog), labradoodle (labrador + poodle), emoticon (emotion + icon), and
Brangelina (Brad + Angelina).

1The paper is an extended and modified version of [23]. In particular, this paper contains complete proofs for all results,
numerous examples, expanded discussion of inverses of blending, new results concerning the iterated blending of languages,
revised state complexity results, and remarks on open problems.
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The paper is organized as follows. Section 2 details the biological motivation behind the study of
word blending, and introduces the main definitions and notations. Section 3 studies closure properties
of the families in the Chomsky hierarchy under word blending, its right- and left-inverses, as well as
iterated word blending. Section 4 investigates decision problems, such as the decidability of existence
of solutions to some language equations involving word blending. In this section we also investigate
iterated word blending, and prove that for a given alphabet there are finitely many languages that
can be obtained by applying iterated word blending to a given initial language. Section 5 studies the
descriptional state complexity of the word blending operation when applied to regular languages.

2. Preliminaries

An alphabet Σ is a finite non-empty set of symbols. We denote by Σ∗ the set of all words over Σ,
including the empty word λ, and Σ+ denotes the set of all non-empty words over Σ. The length of the
wordw is denoted by |w|, and the number of occurrences of the letter a in a wordw is denoted by |w|a.
For words w, x, y, z ∈ Σ∗, where w = xyz, we call the subwords x, y, and z prefix, infix, and suffix
of w, respectively. The sets pref(w), inf(w), and suff(w) contain, respectively, all prefixes, infixes,
and suffixes of w. This notation is extended to languages, e.g., suff(L) =

⋃
w∈L suff(w). The mirror

image of a word w ∈ Σ∗ is defined as mi(λ) = λ, and mi(w) = ak . . . a2a1 iff w = a1a2 . . . ak. The
definition is extended to languages in the natural way, by mi(L) =

⋃
w∈L mi(w). The complement of

a language L ⊆ Σ∗ is Lc = Σ∗\L. For two languages L1 and L2, the right quotient of L1 by L2 is
defined as L1 ÷r L2 = {u ∈ Σ∗ | uv ∈ L1, v ∈ L2}, and the left quotient of L1 by L2 is defined as
L1÷lL2 = {v ∈ Σ∗ | uv ∈ L1, u ∈ L2}. We adopted this notation to clearly differentiate between the
left and right quotient, and because the multiplication symbol · is sometimes used to denote catenation.
We also use the convention that catenation has a higher precedence than left and right quotient.

An abstract family of languages (AFL) is a family of languages closed under λ-free morphism,
inverse morphism, intersection with regular languages, union, and positive Kleene closure. A full
AFL is a family of languages closed under morphism, inverse morphism, intersection with regular
languages, union, and Kleene closure.

The biological phenomenon we model in this paper was observed during the XPCR-based exper-
iments, initially intended to achieve the catenation of two or more genes (genomic DNA strands). It
was namely observed in [6] that, in the particular case where the two genes to be catenated were
one and the same, that is, when the two input DNA strands were αAγ and γAβ (here A repre-
sents a gene sequence), the output of an PCR-based amplification with primers α and β was αAβ.
This output was different from the expected αAγAβ, which had been the anticipated result. In-
deed, experiments using XPCR for the purpose of catenating two different genes A and D flanked by
primers, that is, when the two input strands were αAγ and γDβ, had resulted in the output αAγDβ.
This “expected” output of XPCR was modelled by the previously mentioned operation of overlap
assembly �, which would produce αAγDβ as an element of the set αAγ � γDβ. (Recall that
x�y = {z ∈ Σ+| ∃u,w ∈ Σ∗, ∃v ∈ Σ+ such that x = uv, y = vw, z = uvw}.)

We will generalize this experimentally newly-observed phenomenon by considering the case where
the end words of the input strings can also be different. We model this string recombination as follows.
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Definition 2.1. Given two words x, y over an alphabet Σ, we define the word blending, or simply
blending, of x with y as

x ./ y = {z ∈ Σ+ | ∃α, β, γ1, γ2 ∈ Σ∗, ∃w ∈ Σ+ such that x = αwγ1, y = γ2wβ, z = αwβ}.

Note that the result of blending between two words is the empty set (the operation is undefined), if
the words do not share a non-empty infix. If one or both words are empty, the operation is similarly
undefined. The definition of blending can be extended to languages L1 and L2 by

L1 ./ L2 =
⋃

x∈L1,y∈L2

x ./ y.

Example 2.2. First, consider u = bbac and v = caab. Then u ./ v = {b, bb, bbab, bbaab, bbacaab}
and v ./ u = {c, cac, caac, caabac, caabbac}. Next, consider L1 = {a∗b∗} and L2 = {b∗c∗}. Then
L1 ./ L2 = {a∗b+c∗} and L2 ./ L1 = {b+}. It is clear from this that blending is not commutative.

Remark 2.3. We emphasize that the definition of blending is a generalization of the experimentally
observed outcome of XPCR on DNA strings. Indeed, to match the experimentally-observed process,
we would have to take γ1 = γ2 in Definition 2.1. We also note that for a realistic model we would
need additional restrictions, such as the fact that the words w, γ1 and γ2 should be of a sufficient
length, and that these words should not appear as a substring in the other strings involved.

The blending operation resembles the Latin product [15] and the crossover operation [16, 25].
The Latin product, denoted by � was defined as u � v = u′av′ for u = u′a, v = av′ with a ∈ Σ,
u′, v′ ∈ Σ∗ and, by definition, u �λ = λ �u = u. Even though, as will be proven in Lemma 3.1, word
blending is equivalent to single-letter-overlap word blending, the Latin product differs from blending:
In the Latin product the overlap and blending can only occur at the extremities of the words, while in
word blending it can happen anywhere inside the two operand words. Given a subset of the alphabet
M ⊆ Σ, the crossover operation ]M was defined as L1]ML2 = pref(L1) �M suff(L2), where �M is
a restriction of the Latin product, defined by

u �M v =

{
u′av′ if u = u′a, v = av′, a ∈M , u′, v′ ∈ Σ∗,

undefined otherwise.

By definition, u �M λ = λ �M u = u, and the crossover on languages is defined as L1 �M
L2 =

⋃
u∈L1,v∈L2

(u �M v). The blending operation resembles the crossover operation ]M with M =
Σ. However, due to its biological motivation, unlike the Latin product and the crossover operation,
blending is not defined when one of the operands is λ, and this leads to additional differences. For
example, the crossover usingM = Σ = {a, b} between ab and ba is ab ]Σ ba = pref(ab)�suff(ba) =
{λ, a, ab, ba, aba}, while the Latin product of the same words is ab � ba = {aba}, and the blending
between the same words is ab ./ ba = {a, aba}. Also, both the Latin product and the crossover
operation ]M for a given M , are associative, while word blending is not. For example, (ba ./ a) ./
b∗a = ba ./ b∗a = b+a, while ba ./ (a ./ b∗a) = ba ./ a = ba.
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One can extend the blending operation to an iterated version, as follows. For L ⊆ Σ∗, the iterated
(word) blending of L is defined by L./0 = L, and L./i = L ./ L./i−1 , i ≥ 1. We define the iterated
blending closure of L by

L./∗ =
⋃
i≥0

L./i .

We observe that the result of the iterated blending operation resembles the result of a splicing
system. A splicing rule is of the form (u1, u2;u3, u4) [20]. The splicing of two strings x = x1u1u2x2

and y = y1u3u4y2, with x1, x2, y1, y2, u1, u2, u3, u4 ∈ Σ∗, using the splicing rule (u1, u2;u3, u4),
results in the word x1u1u4y2. It is easy to see that the language L./∗ can be generated by using a set
of rules of the form (w, λ;w, λ) for every word w ∈ Σ+. Splicing rules of this form are called null
context splicing rules [26]. In fact, we can show that iterated blending can be expressed as a simple
splicing system [25], where the splicing rules are restricted to rules of the form (a, λ; a, λ) for a ∈ Σ.
Simple splicing systems were first considered in [25], where the crossover operation described above
was also introduced as a “one step” of a simple splicing system. The relationship between iterated
blending and splicing will be discussed in greater detail in Section 3.

3. Closure properties

In this section, we prove that the families of regular, context-free and recursively enumerable lan-
guages are closed under blending, but that the family of context-sensitive languages is not. The section
also contains closure properties of the Chomsky families under the right- and left-inverse of blending,
as well as under iterated blending.

The following lemma shows that blending is equivalent to a restricted version where only one-
letter overlaps are utilized. A similar such simplification was made for synchronized insertion and
deletion and hairpin inversion by Daley et al. [27].

Lemma 3.1. If x, y are non-empty words over Σ, then

x ./ y = {z ∈ Σ+ | ∃α, β, γ1, γ2 ∈ Σ∗,∃a ∈ Σ : x = αaγ1, y = γ2aβ, z = αaβ}.

Proof:
Let A denote the right hand side of the equality. The inclusion A ⊆ x ./ y is obvious by the definition
of blending. To prove the converse, let z ∈ x ./ y. Then z = αwβ for some α, β, γ1, γ2 ∈ Σ∗ and
w ∈ Σ+ such that x = αwγ1, y = γ2wβ. As w ∈ Σ+, w can be written as w = w1a, where w1 ∈ Σ∗,
a ∈ Σ. It follows that x = αw1aγ1, y = γ2w1aβ and z = αw1aβ, that is, x = α′aγ1, y = γ′2aβ and
z = α′aβ with α′ = αw1 ∈ Σ∗ and γ′2 = γ2w1 ∈ Σ∗. Thus, z ∈ A, and the equality is proven. ut

From the above lemma it follows that word blending, ./, is a generalization of the chop operation
(also called fusion), as studied in [11, 12], whereby u�v equals u′av′ if u = u′a, v = av′, u′, v′ ∈ Σ∗,
a ∈ Σ, and undefined otherwise. Also note that the chop operation differs from the Latin product only
when one of the operands is λ, in which case the result of the Latin product equals the other operand,
while the result of the chop operation (fusion) is undefined. Lemma 3.1 can be extended to languages
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in the natural way. From this lemma, we can show that the blending of two languages can be obtained
by combining the right quotient, catenation, left quotient and union operations, as follows.

Proposition 3.2. Given languages L1, L2 ⊆ Σ∗, L1 ./ L2 =
⋃

a∈Σ(L1 ÷r aΣ∗)a(L2 ÷l Σ∗a).

Proof:
Let z ∈ L1 ./ L2. Then, by Lemma 3.1, z = αaβ, for some x ∈ L1 and y ∈ L2 such that x = αaγ1,
y = γ2aβ where a ∈ Σ, α, β, γ1, γ2 ∈ Σ∗. It is clear that α ∈ L1 ÷r aΣ∗ and β ∈ L2 ÷l Σ∗a, so
z = αaβ ∈ (L1 ÷r aΣ∗)a(L2 ÷l Σ∗a).

Conversely, let z ∈
⋃

a∈Σ(L1 ÷r aΣ∗)a(L2 ÷l Σ∗a). Then there exist a letter a ∈ Σ and words
α, γ1, γ2, β ∈ Σ∗, such that z = αaβ, where x = αaγ1 ∈ L1, y = γ2aβ ∈ L2, which implies that
z ∈ L1 ./ L2. ut

Corollary 3.3. The families of regular, context-free and recursively enumerable languages are closed
under blending.

Proof:
It follows from Proposition 3.2, the fact that every full AFL is closed under left/right quotient with
regular languages, catenation and union, and the fact that the families of regular, context-free and
recursively enumerable languages are all full AFLs [28]. ut

Proposition 3.4. The family of context-sensitive languages is not closed under blending.

Proof:
Let L0 be a recursively enumerable language over Σ, that is not context-sensitive. It is known that
a context-sensitive language L1 over Σ ∪ {a, b} with a, b 6∈ Σ, can be constructed such that L1 is a
subset of {Pbai | P ∈ L0, i ≥ 0} and, in addition, for every P ∈ L0 there is an i ≥ 0 such that
Pbai ∈ L1 (see, e.g., [28]).

Since it is obvious that L1 ./ {b} = {Pb | P ∈ L0} = L0b, which is not context sensitive, it
follows that the family of context-sensitive languages is not closed under blending. ut

A binary word operation ⊕ is a mapping ⊕ : Σ∗ × Σ∗ −→ 2Σ∗ . Recall that a right-inverse of a
binary operation ⊕ is a binary operation ⊕−1

r defined as follows [29]:

w ∈ (x⊕ y) iff y ∈ (x⊕−1
r w), for all x, y, w ∈ Σ∗.

The binary word operation ⊕−1
r was called right-inverse of ⊕ because it can be used to “recover”

the right operand y of x ⊕ y, from the other operand x and a word w ∈ (x ⊕ y) in the result. Note
that the definition of right-inverse can be rewritten as x ⊕−1

r w = {y ∈ Σ∗ | w ∈ (x ⊕ y)}, and that
(⊕−1

r )−1
r = ⊕. For example, the binary word operations catenation and “reverse left quotient” are

right-inverses of each other (given a binary operation ∗, its reverse ∗′ is defined as u ∗′ v = v ∗ u).

The right-inverse of an operation does not always resemble a binary operation in the traditional
sense. For example, if we define the operation u∗v = {a|u| | a ∈ Σ}, where Σ is the alphabet, then the
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right-inverse of this operation, x ∗−1
r y, equals Σ∗ if y = a|x|, and equals ∅ if y 6= a|x|. However, the

relation y ∈ x ∗−1
r (x ∗ y) still holds, and this will turn out to be sufficient for solving some language

equations involving binary word operations, as detailed in Section 4.
Also note that the right-inverse of a binary word operation inherits some of the properties of the

original binary operation. For example, a standard property of many familiar binary word operations
(catenation, left/right quotient, insertion, deletion, shuffle, etc) is that they have a right (left) identity: A
binary word operation with right identity is a binary word operation ⊕ with the property u⊕ λ = {u}
for all u ∈ Σ∗. The notion of binary word operation with left identity is defined similarly and, for
example, catenation, insertion and shuffle are binary operations with both right and left identity, while
deletion and left/right quotient are binary word operations with right identity only. The operation of
word blending has neither right identity nor left identity. In general, the following result holds.

Proposition 3.5. If ⊕ is a binary word operation with left identity, then its right-inverse ⊕−1
r is also a

binary operation with left identity.

Proof:
Let v be a word in (λ⊕−1

r w). By definition of right-inverse, v ∈ (λ⊕−1
r w) iff w ∈ (λ⊕ v) which,

in turn, equals {v}, as ⊕ is an operation with left identity. Thus, for all v ∈ (λ ⊕−1
r w), we have

that v = w, which means that {w} = (λ ⊕−1
r w), and therefore ⊕−1

r is a binary operation with left
identity. ut

Proposition 3.6. The right-inverse of a binary word operation ⊕ is unique.

Proof:
Assume the contrary, that is, assume that a binary word operation⊕ has two distinct right-inverses⊕1

and ⊕2. By definition, for all words u, y, w ∈ Σ∗, the following relations hold: w ∈ (u ⊕ y) iff y ∈
(u⊕1 w), and w ∈ (u⊕ y) iff y ∈ (u⊕2 w).

Since⊕1 and⊕2 are distinct, there exist some words α, β such that (α⊕1β) 6= (α⊕2β). Without
loss of generality, assume that there exists a word γ ∈ (α⊕1 β) such that γ /∈ (α⊕2 β).

By definition of ⊕1, from γ ∈ (α ⊕1 β) we have that β ∈ (α ⊕ γ), which by definition of ⊕2

implies that γ ∈ (α ⊕2 β). This contradicts our assumption about γ, therefore the right-inverse of a
binary word operation is unique. ut

Definition 3.7. For two words u,w ∈ Σ∗ the binary word operation ./−1
r is defined as

u ./−1
r w =

⋃
a∈Σ

Σ∗a(w ÷l (u÷r aΣ∗)a).

The definition of ./−1
r can be extended to languages by

L1 ./
−1
r L2 =

⋃
u∈L1,w∈L2

(⋃
a∈Σ

Σ∗a(w ÷l (u÷r aΣ∗)a)

)
.
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We observe that, similar to insertion, deletion, and other binary word operations [29], the result of
u ./−1

r w is in general a set of words (not necessarily a singleton word). In general, the operation ./−1
r

can be used to recover the right operand of blending two words: The right operand (a word) belongs to
the set obtained by applying ./−1

r to the other operand and one of the words in the result of blending.

Example 3.8. Let Σ = {a, b}. We have that aabb ./−1
r aab = Σ∗aab ∪ Σ∗ab ∪ Σ∗b = Σ∗b. The

result of blending aabb with ab is aabb ./ ab = {ab, aab, aabb}. The right operand ab is an element
of the set obtained by applying ./−1

r to the other operand and one of the words of the result of ./:
ab ∈ aabb ./−1

r aab = Σ∗b.

The next proposition shows that the operation ./−1
r is the right-inverse of ./.

Proposition 3.9. The operation ./−1
r is the right-inverse of ./.

Proof:
If w ∈ u ./ y, there exist α, β, γ1, γ2 ∈ Σ∗, b ∈ Σ such that w = αbβ, u = αbγ1, y = γ2bβ by
Lemma 3.1. Then, we have that

y = γ2bβ ∈ Σ∗bβ = Σ∗b(αbβ ÷l αb)

⊆ Σ∗b(αbβ ÷l (αbγ1 ÷r bΣ
∗)b)

⊆
⋃
a∈Σ

Σ∗a(αbβ ÷l (αbγ1 ÷r aΣ∗)a) = u ./−1
r w.

Conversely, if y ∈ u ./−1
r w =

⋃
a∈Σ Σ∗a(w ÷l (u ÷r aΣ∗)a), then there exist b ∈ Σ, γ2 ∈ Σ∗,

and γ3 ∈ (u÷r bΣ
∗)b such that y = γ2b(w ÷l γ3). This implies that

w ∈ (u÷r bΣ
∗)b(w ÷l γ3)

= (u÷r bΣ
∗)b(γ2b(w ÷l γ3)÷l γ2b)

⊆ (u÷r bΣ
∗)b(y ÷l Σ∗b)

⊆
⋃
a∈Σ

(u÷r aΣ∗)a(y ÷l Σ∗a) = u ./ y.
ut

Corollary 3.10. The operation ./−1
r is the unique right-inverse of the blending operation ./.

Corollary 3.11. The families of regular and recursively enumerable languages are closed under the
right-inverse of blending. Moreover, if L1 is an arbitrary language and L2 is a regular language, then
L1 ./

−1
r L2 is regular; if L1 is a regular language and L2 is a context-free language, then L1 ./

−1
r L2

is context free.

Proof:
The proof follows from Proposition 3.9. The family of regular languages is closed under right quotient
and catenation, and the family of context-free languages is closed under union, catenation and left
quotient with regular languages [28, 30], so the right-inverse of blending of a regular language with a
context-free language is context free. ut
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Proposition 3.12. The family of context-free languages is not closed under the right-inverse of blend-
ing.

Proof:
Consider the context-free languages L1 = {a$(bi1ai1$) · · · (binain$) | n ≥ 1, im ≥ 1 for 1 ≤ m ≤
n}, L2 = {(aj1$b2j1) · · · (ajk$b2jk)(aj$c2j) | j ≥ 1, k ≥ 1, jm ≥ 1 for 1 ≤ m ≤ k} and the regular
language R = {$c∗}.

We now show that (L1 ./
−1
r L2)∩R = {$c2n | n ≥ 2}. Since words inR start with $ and contain

only one symbol $, the only cases in which the words in L1 ./
−1
r L2 have the pattern of the words in

R are the cases of word pairs where the overlap letter is $, and a prefix ending in $ in the word from
L1 matches the prefix ending in the last occurrence of $ in the word from L2. More precisely, let u =
a$bi1ai1$bi2ai2$ · · · bimaim$ · · · binain$ ∈ L1 and v = aj1$b2j1aj2$b2j2 · · · ajm$b2jmaj$c2j ∈ L2.
For a word w ∈ (L1 ./

−1
r L2) to belong to R, we must have

a$bi1ai1$bi2ai2$ · · · bimaim$ = aj1$b2j1aj2$b2j2 · · · ajm$b2jmaj$,

which implies j1 = 1, j2 = i1 = 2j1 = 2, . . . , j = im = 2jm = 2m. Thus, w = $c2j = $c2m+1
,

which implies (L1 ./
−1
r L2) ∩R = {$c2n | n ≥ 2}.

Since the family of context-free languages is closed under intersection with regular languages, it
follows that it is not closed under the right-inverse of blending. ut

Proposition 3.13. The family of context-sensitive languages is not closed under the right-inverse of
blending.

Proof:
Let L0 be a recursively enumerable language over Σ, that is not context-sensitive, and L1 be the
language consisting of words of form aibP, P ∈ L0, i ≥ 0, constructed similarly as in the proof of
Proposition 3.4.

The result now follows as (L1 ./
−1
r {a∗b}) ∩ bΣ∗ = {bP | b /∈ Σ, P ∈ L0} = bL0, which is

not context sensitive, and L1 be the language containing words of form aibP, P ∈ L0 and constructed
similarly as in the proof of Proposition 3.4. ut

Recall that given a binary word operation ⊕, the binary word operation ⊕−1
l was called the left-

inverse of⊕ iff for all words x, y, w ∈ Σ∗ the following relation holds: w ∈ (x⊕y) iff x ∈ (w⊕−1
l y),

[29]. The left-inverse of⊕ can be used to “recover” the left operand x of x⊕y, from a wordw ∈ (x⊕y)
in the result, and the other operand y. Similarly to Proposition 3.5, we can prove that:

Proposition 3.14. If ⊕ is a binary word operation with right identity, then its left-inverse ⊕−1
l is also

a binary operation with right identity.

Define now the binary word operation w ./−1
l v = mi(mi(v) ./−1

r mi(w)). The operation ./−1
l

is the left-inverse of ./, and this can be proven similarly to Proposition 3.9 by invoking the mirror
image operation. Because all the families of languages in the Chomsky hierarchy are closed under



10 S.K. Enaganti et al. / Word Blending

mirror image, their closure properties under the left-inverse of blending are the same as their closure
properties under the right-inverse of blending. Lastly, similar to Proposition 3.6, we can also prove
that the left-inverse of a binary operation is unique and, as a consequence, the operation ./−1

l is the
unique left-inverse of the blending operation.

We now consider the iterated blending operation ./∗. Recall that, as mentioned in Section 2, for
any language L ⊆ Σ∗, the language L./∗ can be generated by a splicing system with null-context
splicing rules. This connection, together with Proposition 3.2, allows us to express iterated blending
using so-called simple splicing systems [25].

Definition 3.15. ([20])
Let σ = (Σ, R) be a splicing scheme, where Σ is the alphabet andR is a set of rulesR ⊆ Σ∗#Σ∗$Σ∗#
Σ∗, where #, $ /∈ Σ. A rule (u1, u2;u3, u4) is a word u1#u2$u3#u4 ∈ R. For two strings x, y ∈ Σ∗,
we have that

σ(x, y) = {x1u1u4y2 | x = x1u1u2x2, y = y1u3u4y2;x1, x2, y1, y2 ∈ Σ∗, u1#u2$u3#u4 ∈ R}.

For a language L, we define σ(L) = L ∪
⋃

x,y∈L σ(x, y) and we define the iterated splicing of L by
σ∗(L) =

⋃
i≥0 σ

i(L) with σ0(L) = L and σi+1(L) = σ(σi(L)), i ≥ 0.

Simple splicing schemes are splicing schemes as above, but they are restricted to rules of the form
(a, λ; a, λ) for a ∈ Σ. Note that for two languages L1 and L2 over Σ, we now have that

L1 ./ L2 =
⋃

x∈L1,y∈L2

σ./(x, y),

where σ./ is the simple splicing scheme σ./ = (Σ, R) with R = {a#λ$a#λ | a ∈ Σ}. Note that
in a simple splicing scheme that expresses word blending, each and every letter of the alphabet must
be used in a splicing rule. This observation, together with Proposition 3.2 which showed that the
blending of two languages can be written as L1 ./ L2 =

⋃
a∈Σ(L1 ÷r (aΣ∗))a(L2 ÷l (Σ∗a)), gives

us the following result.

Proposition 3.16. For any language L ⊆ Σ∗, we have σ./(L) = L ∪ (L ./ L) and σ∗./(L) = L./∗ .

We note that the splicing scheme σ./ is finite, since the number of rules depends only on the
number of symbols in Σ, and is unary (its rules use words of length at most 1). We also note that, even
though in [25] consideration is restricted to the case when L is a finite language, the properties of the
splicing systems obtained therein imply the following closure properties.

Proposition 3.17. The families of regular, context-free and recursively enumerable languages are
closed under iterated blending.

Proof:
Recall that L./∗ = σ∗./(L) and that σ./ is finite and unary. For a splicing rule u1#u2$u3#u4, the
words u1 and u4 are called visible sites and u2 and u3 are called invisible sites. In [19], it is shown
that full AFLs are closed under regular splicing systems with finitely many visible sites. Since σ./ is
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finite, the rules of σ./ contain only finitely many visible sites. Since the families of regular, context-
free and recursively enumerable are all full AFLs [28], we have that they are closed under iterated
blending. ut

It was shown in [25] that the class of languages generated by simple splicing systems is a subclass
of the class of strictly locally testable languages, which is a subregular language class. The authors
also showed that the class of languages generated by simple splicing systems contains the class of
finite languages. This is done by constructing a simple splicing system with a finite language L as the
initial language and introducing a new alphabet symbol to be used with a splicing rule. The effect is
that no splicing can be performed in this system, since no words in L contain the new symbol, and
therefore no new words are generated. This approach does not work in the case of iterated blending
because we cannot restrict the use of blending, which must occur whenever two words have a one-
letter overlap. The following example shows that, even though iterated blending is related to simple
splicing, there are differences between the two: In contrast to the case of simple splicing (whereby
every finite language can be generated by a simple splicing scheme), there exist finite languages that
cannot be generated via iterated blending.

Example 3.18. Let L = {aa}. We will show that L cannot be generated via iterated blending. Sup-
pose that there exists a language B such that B./∗ = L. Then there exist words u, v ∈ B such that
aa ∈ u ./ v. This means either u = aau′ and v = v′a for some u′, v′ ∈ Σ∗ or u = au′ and
v = v′aa for some u′, v′ ∈ Σ∗. In either case, together with aa ∈ B./∗ , we have a+ ⊆ B./∗ = L, a
contradiction.

4. Decision problems

This section investigates some decision problems related to the blending operation, such as the ex-
istence of solutions to language equations of the type X ./ L = R and L ./ Y = R (where L,R
are given known languages and X,Y are unknown languages), the closure of languages under ./∗,
and the existence of a (finite) language base for a given language. We also show that, for a given
alphabet, there exist finitely many languages that can be obtained by iterated blending from an initial
language.

Proposition 4.1. The existence of a solution Y to the equation L ./ Y = R is decidable for given
regular languages L and R.

Proof:
According to [29], since ./−1

r is the right-inverse of word blending, if there exists a solution Y to the
given equation, then Y ′ = (L ./−1

r Rc)c is also a solution. Moreover, in this case Y ′ is the maximal
solution, in the sense that it includes all the other solutions to the equation. Since the family of regular
languages is closed under ./−1

r and complement, the algorithm for deciding the existence of a solution
starts with constructing L ./ Y ′, which is also regular, and checking whether L ./ Y ′ equals R. As
equality of regular languages is decidable [31], if the answer to the question “Is L ./ Y ′ equal to R?”
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is “yes”, then a solution to the equation exists, and Y ′ is such a solution. If the answer is “no”, then
the equation has no solutions. ut

We note that the solution to a language equation of the type L ./ Y = R need not be unique.

Example 4.2. Let Σ = {a, b}. The equation {anbn|n ≥ 0} ./ Y = a+b+, has the maximal solution
Ymax = a∗b+ ∪ {λ}, but it also has the solution Y = b+ ⊆ Ymax.

As another example, the equation {anbn|n ≥ 0} ./ Y = a+ has the maximal solution Ymax =
({anbn|n ≥ 0} ./−1

r (a+)c)c = ({anbn|n ≥ 0} ./−1
r ({λ} ∪ Σ∗bΣ∗))c = ({anbn|n ≥ 0} ./−1

r

Σ∗bΣ∗)c = (Σ∗bΣ∗)c = a∗, but it also has the solution Y = a+ ⊆ Ymax.

Proposition 4.3. The existence of a singleton solution {w} to the equationL ./ {w} = R is decidable
for regular languages L and R.

Proof:
If R is empty, a singleton solution {w} to the equation L ./ {w} = R exists iff L does not use all the
letters from the alphabet Σ. The decision algorithm will check the emptiness of all regular languages
L ∩Σ∗aΣ∗, where a ∈ Σ: If any of them is empty, then {w} = {a} is a singleton solution, otherwise
no singleton solutions exist.

If R is not empty and λ ∈ R, then there are no singleton solutions by the definition of blending.
We now consider the case when R is not empty and λ /∈ R. If there is a singleton solution {w} to the
equation L ./ {w} = R, where L ⊆ Σ∗, R ⊆ Σ+, w ∈ Σ+, then there is a shortest singleton solution
of length k ≥ 1, denoted by ws = a1a2 · · · ak, with a1, a2, . . . , ak ∈ Σ. We now want to show that
the number of states in any DFA that recognizes R is at least k.

If |ws| = 1, then λ /∈ R, so the number of states of any DFA that recognizes R is at least 2, which
is greater than the length of ws.

Suppose k ≥ 2. Define Li = (L ./ ai)ai+1 · · · ak for 1 ≤ i < k, and define Lk = L ./ ak. Then,
we haveR =

⋃k
i=1 Li. Note that L1 6⊆

⋃k
i=2 Li, as otherwise a2a3 · · · ak would be a shorter singleton

solution than ws, which is a contradiction.

Let α ∈ L1 ⊆ R; α can be represented as α = α1a1a2 · · · ak, where α1 ∈ Σ∗. Assume now that
R is recognized by a DFA M = (Q,Σ, δ, q0, F ) with n < k states. Then there is a derivation

q0α1a1a2 · · · ak =⇒∗ qi1a1a2 · · · ak =⇒ qi2a2 · · · ak =⇒ · · · =⇒ qikak =⇒ qik+1
.

Because M has n < k states, there is a state that occurs twice in the set {qi2 , qi3 , . . . , qik+1
}.

If qij = qik+1
where 2 ≤ j ≤ k, then α1a1 · · · aj−1(aj · · · ak)+ ⊆ R, so there exists a word

α2 ∈ Σ∗ such that α1a1 · · · aj−1(aj · · · ak)+α2 ⊆ L. Thus, we have

α ∈ α1a1 · · · aj−1(aj · · · ak)+α2 ./ ak ⊆ Lk ⊆
k⋃

i=2

Li.
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If qij = qih where 2 ≤ j < h ≤ k, then α1a1 · · · aj−1(aj · · · ah−1)+ah · · · ak ⊆ R, so there exists a
word α2 ∈ Σ∗ such that α1a1 · · · aj−1(aj · · · ah−1)+α2 ⊆ L. Then

α ∈
(
α1a1 · · · aj−1(aj · · · ah−1)+α2 ./ ah−1

)
ah · · · ak ⊆ Lh−1 ⊆

k⋃
i=2

Li.

In either case, for all words α ∈ L1, α ∈
⋃k

i=2 Li. Thus, we have that L1 ⊆
⋃k

i=2 Li, which is a
contradiction.

For the equation L ./ Y = R, if there is a singleton solution, there is a singleton solution ws of
minimal length k, and the number of states in any DFA recognizing R is at least k. If the language R
is given as a DFA with k states, the algorithm for deciding the existence of a singleton solution will
check all the words β, where |β| ≤ k. The answer is“yes” if this algorithm finds a string β such that
L ./ {β} = R, and “no” otherwise. ut

Proposition 4.4. The existence of a singleton solution {w} to the equation L ./ {w} = R is unde-
cidable for regular languages R and context-free languages L.

Proof:
Assume, for the sake of contradiction, that the existence of a singleton solution {w} to the equation
L ./ {w} = R is decidable for regular languages R and context-free languages L.

Given an arbitrary context-free language L′ over an alphabet Σ, the context-free language L1 =
#Σ+# ∪ L′$ can be constructed where #, $ /∈ Σ. Note now that the equation L1 ./ {w} = Σ∗$
has a singleton solution {w} iff L′ = Σ∗ and the solution is {w} = {$}. Thus, if we could decide
the problem in the proposition, we would be able to decide whether or not L′ = Σ∗ for arbitrary
context-free languages L′, which is impossible [31]. ut

Corollary 4.5. The existence of a solution Y to the equation L ./ Y = R is undecidable for regular
languages R and context-free languages L.

Proposition 4.6. The existence of a (singleton) solution X to the equation X ./ L = R is decidable
for regular languages L andR, and undecidable for regular languagesR and context-free languages L.

Proof:
Similar to those of Proposition 4.1, Proposition 4.3, Proposition 4.4 and Corollary 4.5. ut

Next, we consider the decidability of the question of whether a language is closed under iterated
blending.

Proposition 4.7. Let L be a regular language. It is decidable whether or not L is closed under ./∗.

Proof:
By Proposition 3.16 and [32], we can construct an NFA A′ that recognizes L./∗ . Testing equivalence
of two NFAs is known to be decidable [31] and therefore, testing whether L = L./∗ is decidable. ut
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Proposition 4.8. It is undecidable whether or not L is closed under ./∗ where L is context free.

Proof:
Assume the contrary. Under this assumption, given an arbitrary context-free language L over an
alphabet Σ, and a letter # not in Σ, we claim that the context-free languageB = #L(#Σ∗)∗ is closed
under ./∗ iff L = Σ∗ or L = ∅.

It is clear that if L = Σ∗ or L = ∅, then B is closed under ./∗. Now, we consider the other
implication and assume that B is closed under ./∗. If B = ∅ then L = ∅. If B 6= ∅ then L 6= ∅.
Consider the languages #L and #L(#Σ∗)+, both included in B. As B is closed under ./∗, the
blending of these two languages should be included inB./∗ , that is, #L ./ #L(#Σ∗)+ = (#Σ∗)+ ⊆
B./∗ . Thus, B = (#Σ∗)+, and this implies that L = Σ∗.

Thus, if we could decide the problem in the proposition, since emptiness is decidable for context-
free languages [31], we would be able to decide whether or not L = Σ∗ for arbitrary context-free
languages L, which is impossible [31]. ut

Let L,B ⊆ Σ∗ be two languages. We say that B is a base of L (with respect to ./∗) if L = B./∗ .
In [25], it is shown that it is decidable whether or not a regular language is generated by a simple
splicing scheme and a finite language base, and we can prove similar results with respect to ./∗.

Note that a language L is closed under ./∗ iff it has a base with respect to ./∗. If L is closed under
./∗, L is a base for itself. Otherwise, if L is not closed under ./∗, it does not have a base. Indeed, if it
had a base B, we would have that L = B./∗ = {B./∗}./∗ = L./∗ , which is a contradiction.

A language L is said to be an iterated blending language iff it can be generated by iterated blend-
ing, that is, iff there exists a base B, such that L = B./∗ . Some languages are iterated blending
languages and some are not, as shown by the following examples.

Example 4.9. Let Σ = {0, 1}. The language L1 = Σ∗0, which consists of the binary representations
of all even natural numbers, is an iterated blending language because it can be generated by applying
iterated blending to the base B1 = L1, or to the finite base B2 = {110, 100, 010, 000}. On the other
hand, the language L2 consisting of the binary representations of all prime numbers, is not an iterated
blending language because it is not closed under ./∗.

Propositions 4.7 and 4.8 can now be rephrased as follows: The question of whether or not a lan-
guage L is an iterated blending language (has a base) is decidable if L is regular, and it is undecidable
if L is context free. The next proposition answers the analogous question regarding the existence of a
finite base.

Proposition 4.10. The question of whether or not a language L has a finite base with respect to ./∗ is
decidable if L is regular, and it is undecidable if L is context free.

Proof:
The proof is the same as that of the question of whether or not a language L can be generated by
a simple splicing system, which was proven to be decidable if L is regular, and undecidable if L is
context free [25]. ut
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A similar proof idea can also be used to prove the following result, showing that a language has a
base iff it has a finite base.

Proposition 4.11. Let L ⊆ Σ∗ be an arbitrary language. There exists a language R ⊆ Σ∗ such that
L = R./∗ iff L = B./∗ , where B = L ∩ {w ∈ Σ∗ | |w|a ≤ 2 for all a ∈ Σ}.

Proof:
It is clear that if L = B./∗ , then there exists a language R ⊆ Σ∗ such that L = R./∗ . For the other
implication, assume that there exists a language R ⊆ Σ∗ such that L = R./∗ . Since L = R./∗ , by
definition R is a base for L with respect to ./∗ and therefore, L is closed under ./∗, and L./∗ = L =
R./∗ .

Let w ∈ L such that there exists a ∈ Σ with |w|a ≥ 3, and let S0
w = {w}. Since |w|a ≥ 3, the

word w can be decomposed as w = w1aw2aw3aw4, where w1 ∈ Σ∗, and w2, w3, w4 ∈ (Σ \ {a})∗.
Consider the words w′ = w1aw2aw4 and w′′ = w1aw3aw4. It is clear that w ∈ w′ ./ w′′, that
w′ ∈ w ./ w ⊆ L, and that w′′ ∈ w ./ w ⊆ L.

Consider now the set S1
w = (S0

w \ {w}) ∪ {w′, w′′}. We have that w ∈ (S1
w)./∗ , (S1

w)./∗ ⊆ L./∗ ,
and |w′|a = |w′′|a = |w|a − 1. If there exists a word in S1

w wherein the number of occurrences of a
is at least 3, then we repeat the process for this word to obtain a new set; otherwise, choose another
letter b ∈ Σ \ {a}, and repeat the process. By repeating this process, after a finite number of steps,
we obtain a set Sw such that Sw ⊆ B, where B = L ∩ {w | |w|a ≤ 2 for all a ∈ Σ}. Moreover,
w ∈ S./∗

w , S./∗
w ⊆ B./∗ , and S./∗

w ⊆ L. It is clear that⋃
w∈L\B

Sw ∪ {w ∈ L | |w|a ≤ 2 for all a ∈ Σ} = B.

We claim that B./∗ = L. Indeed, since B ⊆ L and L is closed under ./∗, we have that B./∗ ⊆ L.
For the other inclusion, if w ∈ L and |w|a ≤ 2 for all a ∈ Σ, then w ∈ B ⊆ B./∗ . Otherwise, that is,
if w ∈ L but w has at least three occurrences of a for some a ∈ Σ, we have that w ∈ S./∗

w ⊆ B./∗ .
This proves that L ⊆ B./∗ . ut

Corollary 4.12. Given a language L ⊆ Σ∗, the following are equivalent:

(i) L is closed under iterated blending,
(ii) L is an iterated blending language,

(iii) L has a base R with respect to iterated blending, i.e., such that R./∗ = L,
(iv) L has a finite base B with respect to iterated blending, i.e., such that B./∗ = L.

Corollary 4.13. For an arbitrary language R ⊆ Σ∗, R./∗ is regular. All the families of languages in
the Chomsky hierarchy are closed under ./∗.

Corollary 4.14. Given an alphabet Σ, there are finitely many iterated blending languages over Σ.
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Proof:
Consider an alphabet Σ of cardinality n. Any word of length at least 2n + 1 must have a letter
repeated at least 3 times, so there are at most

∑2n
i=0 n

i different words containing each letter at most
twice. Therefore, by Proposition 4.11, there are at most 2

∑2n
i=0 n

i
different bases, and thus there are

finitely many iterated blending languages. ut

5. State complexity

By Proposition 3.2, the family of regular languages is closed under blending. Thus, we can con-
sider the state complexity of blending on two regular languages. Recall from Proposition 3.2 that the
blending of two languages can be expressed as a series of union, catenation, and quotient operations.
While the state complexity of each of these operations is known, the state complexity of a combi-
nation of operations is not necessarily the same as the composition of the state complexities of the
operations [33].

We will construct a DFA that recognizes the language of the blending of the two languages Lm

and Ln recognized respectively by DFAs Am = (Qm,Σ, δm, sm, Fm) and An = (Qn,Σ, δn, sn, Fn).
We construct a DFA A′ = (Q′,Σ, δ′, s′, F ′) where

• Q′ = Qm × 2Qn ,
• s′ = (sm, ∅),
• F ′ = {(q, P ) ∈ Qm × 2Qn | P ∩ Fn 6= ∅},
• δ′((q, P ), a) = (δm(q, a), P ′) for a ∈ Σ, where

P ′ =

{⋃
p∈P δn(p, a) if δm(q, a) is the sink state,⋃
p∈Qn

δn(p, a) otherwise.

Each state of A′ is a pair consisting of a state of Am and a subset of states of An. Informally,
we can divide the computation of a word into two phases. In the first phase, states of the form (q, P )
are reached where q is not the sink state of Am. Here, the set P is determined solely by the input
symbol as the machine tries to guess the symbol on which the blending occurs. In the second phase,
the machine reaches states (q∅, P ), where q∅ is the sink state of Am. The second phase only occurs
when the blending occurs and the input that has been read is no longer a prefix of a word recognized
by Am. In this phase, the set P is determined by the transition function of An. It follows from this
construction that A′ recognizes the language Lm ./ Ln. We give an example of the result of this
construction in Figure 1.

A simple count shows that the number of states in the state set of A′ is m · 2n. We will show
that, depending on the size of the alphabet, not all of these states are necessarily reachable. First, we
consider the case where the alphabet is unary.

Proposition 5.1. Let Lm and Ln be regular languages defined over a unary alphabet such that Lm is
recognized by an m-state DFA and Ln is recognized by an n-state DFA. Then the state complexity
of Lm ./ Ln is m + n − 2 if both Lm and Ln are finite or 2 otherwise. Furthermore, this bound is
reachable.
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Figure 1. The DFA C is constructed from the DFAs A and B and recognizes the language L(A) ./ L(B).

Proof:
Recall that by Proposition 3.2, Lm ./ Ln = (Lm ÷r (a+))a(Ln ÷l (a+)). If either Lm or Ln is
infinitely large, then we have Lm ./ Ln = a+, in which case the state complexity of Lm ./ Ln is 2. If
both Lm and Ln are finite, then it is easy to see that the state complexity of Lm ./ Ln ism+n−2. ut

Now, we will consider the state complexity when the languages are defined over alphabets of size
greater than 1.

Lemma 5.2. The DFA A′ requires at most (m− 1) · (k − 1) + 2n + 1 states, where k = |Σ| ≤ 2n.

Proof:
First, observe that in order to maximize the number of reachable states of A′, the DFA Am must
contain a state that cannot reach an accepting state. Otherwise, if every state of Am can reach an
accepting state, then by definition of A′, we have L(Am) ./ L(An) = L(A′) ⊆ pref(L(Am)). One
can construct a DFA for pref(L(Am)) by modifying Am so that every state of Am is a final state. In
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this case, A′ would then require at most m states. Thus, we assume that Am contains a sink state q∅
which cannot reach an accepting state.

Consider the transition function δ′ on a state (q, P ), where q 6= q∅. Then for each symbol a ∈ Σ,
there is only one possible reachable set of statesP inAn. This gives us up to (m−1)·k reachable states.
However, we claim that in order for two states (q, P ) and (q, P ′) with P 6= P ′ to be distinguishable,
q must contain a transition to q∅. Otherwise, for every symbol a ∈ Σ, we have δ′((q, P ), a) =
δ′((q, P ′), a) by definition. Thus, since every state must contain at least one transition to q∅ and Am

is deterministic, A′ has only at most (m− 1) · (k − 1) reachable states of this form.
Next, consider that there are up to 2n reachable states (q∅, P ) as derived from the subset construc-

tion.

Finally, we note that the initial state s′ = (sm, ∅) does not belong to any of the above sets. Adding
all of these states together, we have at most (m− 1) · (k − 1) + 2n + 1 reachable states. ut

Lemma 5.3. Let m,n ≥ 3, and 4 ≤ k < 2n. There exist families of DFAs Am with m states and Bn

with n states defined over an alphabet with k letters such that a DFA recognizing Am ./ Bn requires
at least (m− 1) · (k − 1) + 2n + 1 states.

Proof:
Let Σ = {a1, . . . , ak−2, b, c}. We will define the DFAs Am and Bn over Σ.

Let Am = (Qm,Σ, δm, sm, Fm) where Qm = {0, . . . ,m− 1}, sm = 0, and Fm = {m− 2}. We
define the transition function δm by

• δm(p, ai) = p for all 0 ≤ p ≤ m− 2 and 1 ≤ i ≤ k − 2,
• δm(p, b) = p+ 1 for 0 ≤ p ≤ m− 2,
• δm(p, c) = m− 1 for 0 ≤ p ≤ m− 2,
• δm(m− 1, a) = m− 1 for all a ∈ Σ.

The DFA Am is shown in Figure 2.

0start 1 2 · · · m− 2 m− 1

a1, . . . , ak−2 a1, . . . , ak−2 a1, . . . , ak−2

a1, . . . , ak−2 a1, . . . , ak−2, b, c

b b b b b, c

c
c

c

Figure 2. The DFA Am.

Let Bn = (Qn,Σ, δn, sn, Fn) where Qn = {0, . . . , n − 1}, sn = 0, and Fn = {n − 1}. We will
define the transition function δn by
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• δn(q, b) = q + 1 mod n for 0 ≤ q ≤ n− 1,
• δn(q, c) = q for 0 ≤ q ≤ n− 1.

For transitions on symbols ai with 1 ≤ i ≤ k − 2, we define an enumeration of the subsets of Qn and
let Qn[i] be the i-th subset of Qn. Any arbitrary enumeration of subsets of Qn suffices for this proof
subject to the condition that

1. for 0 ≤ i ≤ k− 2, each i corresponds to a distinct subset of Qn (that is, Qn[i] 6= Qn[j] iff i 6= j
for 0 ≤ i, j ≤ k − 2), and

2. we reserve the following: Qn[0] = Qn, Qn[1] = {0, 1, . . . , n− 2}, Qn[2] = {0}.

Also note that while we have defined Qn[0], there are no symbols a0. We will show later that, by
our definitions, the role of a0 will be played by b. If k > 2n, then this property cannot hold but it is
clear that we can enumerate all 2n subsets of Qn.

Then we define transitions on ai ∈ Σ by

δn(q, ai) =

{
q if q ∈ Qn[i],
(q + min(q+j mod n)∈Qn[i] j) mod n if q 6∈ Qn[i].

In other words, for each state q ∈ Qn, the transition on the symbol ai goes to the “next” state that is
in Qn[i]. If q ∈ Qn[i], then that q itself is the “next” state.

The DFA B3 is shown in Figure 3, with Q3[i] defined for 0 ≤ i ≤ 6 as follows:

Q3[0] = {0, 1, 2}
Q3[1] = {0, 1} Q3[2] = {0} Q3[3] = {1}
Q3[4] = {2} Q3[5] = {0, 2} Q3[6] = {1, 2}

0start 1 2

a1, a2, a5, c a1, a3, a6, c a4, a5, a6, c

a3, a6, b

a4

a2

a4, a5, b

a1, a2, b

a3

Figure 3. The DFA B3.

We will show that A′ contains (m− 1) · (k − 1) + 2n + 1 reachable and distinguishable states.

First, to show that the states are reachable, we note that s′ = (sm, ∅) is clearly reachable as the
initial state. Then, we observe that for 1 ≤ i ≤ k − 2, the state (q,Qn[i]) with q ∈ Qm \ {m − 1}
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is reachable on the word bqai and (q,Qn[0]) is reachable on the word bq. Since the only symbol not
used here is c, this gives us (m− 1) · (k − 1) states.

Now we consider states of the form (m − 1, P ), where P ⊆ Qn. Observe that (m − 1, Qn) can
be reached on the word bm−1. Also, note that (m− 1, ∅) can be reached on the letter c from (0, ∅).

Next, we will show that all states of the form (m − 1, P ), where P = Qn \ T for some T ⊆ Qn

are reachable from (m−1, Qn) by induction on |T |. First, consider |T | = 1, T = {t}, 0 ≤ t ≤ n−1.

Then, we have (m− 1, Qn)
a1bt+1

−−−−→ (m− 1, Qn \ {t}).
Assume that all states (m− 1, Qn \T ′) are reachable from (m− 1, Qn), where u = |T ′| ≥ 1. We

will show that all states (m− 1, Qn \T ) are reachable from (m− 1, Qn), where |T | = u+ 1 < |Qn|.
Let P = Qn \ T = {t1, t2, . . . , t`−1}, where elements in P are ordered in the ascending order. If
t1 = 0, t`−1 6= n− 1, then we have

(m− 1, {0, t2, · · · , t`−1, n− 1}) a1−→ (m− 1, {0, t2, . . . , t`−1}) = (m− 1, P ). (1)

Thus, (m−1, P ) is reachable from the state (m−1, P∪{n−1}), which is reachable from (m−1, Qn)
by assumption.

If t1 = 0, t`−1 = n− 1, there exists a largest integer v /∈ P , where 1 ≤ v < n− 1, then we have

(m− 1, {w + n− v − 1 mod n | w ∈ P}) bv+1

−−−→ (m− 1, P ).

Thus, (m− 1, P ) is reachable from (m− 1, Qn) by (1).

If t1 > 0, then we have

(m− 1, {0, t2 − t1, · · · , t`−1 − t1})
bt1−−→ (m− 1, {t1, t2, . . . , t`−1}).

That is, (m − 1, P ) is reachable from (m − 1, Qn) by (1). Thus, all states (m − 1, Qn \ T ) with
|T | = u+ 1 are reachable.

Thus, we have an additional 2n reachable states of the form (m − 1, P ), giving us a total of
(m− 1) · (k − 1) + 2n + 1 reachable states.

Next, we will show that these states are pairwise distinguishable. Consider two states (q, P ) and
(q′, P ′). First, we consider when P 6= P ′. In this case, reading c takes the state (q, P ) to (m− 1, P )
and (q′, P ′) to (m − 1, P ′). Then without loss of generality, there exists an element t ∈ P such that
t 6∈ P ′. Then these states are distinguished by the word bn−1−t.

Now, fix P = P ′ and assume without loss of generality that q > q′. First, suppose q < m − 1.
Then we have

(q, P )
bm−1−q

−−−−−→ (m− 1, Qn[0])
a2−→ (m− 1, Qn[2])

a1−→ (m− 1, {0}).

Recall that we had defined Qn[2] = {0}. Now, since q > q′, we have m − 1 − q + q′ < m − 1. Let
q′′ = m− 1− q + q′, and we have

(q′, P ′)
bm−1−q

−−−−−→ (q′′, Qn[0])
a2−→ (q′′, Qn[2])

a1−→ (q′′, Qn[1]).
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Since Qn[1] 6= {0}, the two states are now distinguishable by the prior case.

Now, suppose q = m− 1. Then we have

(q, P ) = (m− 1, P )
a2−→ (m− 1, Qn[2]) = (m− 1, {0}) a1−→ (m− 1, {0})

and
(q′, P ′) = (q′, P )

a2−→ (q′, Qn[2])
a1−→ (q′, Qn[1]).

Again, since Qn[1] 6= {0}, the two states are now distinguishable by the prior case.

Thus, we have shown that all (m − 1) · (k − 1) + 2n + 1 states are reachable and pairwise
distinguishable. ut

These results together give us the following theorem.

Theorem 5.4. Let Am be a DFA with m states recognizing the language Lm and let An be a DFA
with n states recognizing the language Ln, where Lm and Ln are defined over an alphabet Σ of size
k, and m,n ≥ 3. Then the state complexity of Lm ./ Ln is (m− 1) · (k− 1) + 2n + 1 if 4 ≤ k < 2n,
and (m− 1) · (2n − 1) + 2n + 1, if k ≥ 2n, and this bound can be reached in the worst case.

6. Conclusions

We have defined a word blending operation as a generalization of an experimentally observed outcome
of XPCR on DNA strings. Technically, word blending is related to the binary word operation Latin
product, the crossover operation, and simple splicing systems. We studied closure properties, deci-
sion problems, and the state complexity for this operation, as well as showed that given an alphabet,
there are finitely many languages that can be the result of iterated word blending applied to an initial
language.

We now mention a few directions for further research. The first is to consider a more realistic
definition for word blending. Indeed, the current definition is a generalization of the observed exper-
imental outcome, and various properties may be different if we impose the experimental restriction
γ1 = γ2 (for example, Lemma 3.1 no longer holds). Another direction is to consider the complexity
of the decision problems studied in Section 4, to find the exact number of different iterated blending
languages in Corollary 4.14, and to characterize the class of languages generated by iterated blending.
Finally, the question of determining the state complexity of iterated word blending remains open. Pos-
sible approaches could potentially make use of the connections between iterated blending and simple
splicing systems.
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