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ABSTRACT
“Fibonacci strings” were first defined by Knuth in his 1968 “The Art of Computer Program-
ming,” as being an infinite sequence of strings obtained from two initial letters f1 = a and
f2 = b, by the recursive definition fn+2 = fn+1 · fn, for all positive integers n ≥ 1, where “·”
denotes word concatenation. Motivated by theoretical studies of DNA computing, several
generalizations of Fibonnaci words have been proposed under the umbrella term involutive
Fibonacci words. These include φ-Fibonacci words and indexed φ-Fibonacci words, where φ
denotes either a morphic or an antimorphic involution. (In the particular case of the DNA
alphabet ∆ = {A,C,G,T}, where φ is the Watson-Crick complementarity (antimorphic) invo-
lution on ∆∗ that maps A to T, G to C, and vice versa, the φ-Fibonacci words are termed
atom Watson-Crick Fibonacci words.) In this paper, we investigate the properties of atom
φ-Fibonacci words over a four-letter alphabet, whereby “atom” indicates that the two initial
words are singleton letters. The results are different from the case of the classical Fibonacci
words over a two-letter alphabet, which are all primitive, in that for some (anti)morphic in-
volutions, some initial letters, and some indices n, we have that the n-th atom φ-Fibonacci
word is primitive, while for some others it is not. In the particular case of the Watson-Crick
complementarity antimorphic involution, regardless of the initial two letters in the Fibonacci
recursion (different, or the same), for all n > 3, the n-th atom Watson-Crick Fibonacci word is
primitive.
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1. Introduction

Fibonacci words or Fibonacci strings were introduced as word counterparts of the Fi-
bonacci numbers defined by F0 = 0, F1 = 1, and the recursion Fn = Fn−1 +Fn−2 for all
n ≥ 2. Fibonacci words form an infinite sequence of strings obtained from two initial
letters f1 = a and f2 = b, by the recursive definition fn+2 = fn+1 · fn, for all positive inte-
gers n ≥ 1, where “·” denotes word concatenation. A natural generalization is to replace
the two initial letters a and b by non-empty words u and v, and many other general-
izations of Fibonacci words have also been proposed, see [3,5,6,9,11,24,25,26,29,32],
to name just a few. In particular, involutive Fibonacci words were introduced and in-
vestigated in [15], motivated by theoretical studies of DNA computing. Involutive Fi-
bonacci words over an alphabet Σ were formally defined as φ-Fibonacci words, where
φ is a morphic or an antimorphic involution on Σ∗. Their connection to DNA comput-
ing stems from the Watson-Crick DNA complementarity of DNA strands (words over
the four-letter DNA alphabet ∆ = {A,C,G,T}) whereby two such Watson-Crick (W/C)
complementary DNA single strands of opposite orientations bind to each other to form
a helical DNA double strand. The Watson-Crick complementarity has been mathe-
matically formalized as an antimorphic involution, see [13, 22]. More precisely, the
antimorphic involution θDN A that models Watson-Crick complementarity is defined
by θDN A(A) = T and θDN A(C) = G, and by the additional requirements that it models
the biochemical properties of Watson-Crick complementarity by being both an involu-
tion on ∆ (whereby θDN A(θDN A(w)) = w for all w ∈ ∆∗), and an antimorphism on ∆∗
(whereby θDN A(uw) = θDN A(w)θDN A(u) for all u,w ∈ ∆∗). In light of this formaliza-
tion, when φ= θDN A , these particular θDN A-Fibonacci words are termed Watson-Crick
Fibonacci words.

Most of the bio-operations involved in DNA computations rely on the capability of
controlling the bonds that can be formed between (single-stranded) DNA molecules,
via the Watson-Crick complementarity, θDN A . It is important to note that bonds can
also form between complementary parts of two DNA molecules and that, moreover,
a DNA molecule containing two complementary parts can even bind to itself. The
success of a DNA bio-operation relies on the assumption that no undesired bonds form
between DNA molecules in the test tube before the bio-operation is initiated. With
this motivation, one of the foremost problems in DNA computing is to design DNA
strands that are not (partially) W/C complementary to each other, and that have no
W/C complementary parts within themselves, [10,12,14,19,20,22,23,30]. This has led
to the concept of φ-primitivity, [7], whereby a word w is called φ-primitive if there is
no shorter word u such that w can be written as repetitions of u and φ(u). A word over
the DNA alphabet that is suitable for computations should thus be θDN A-primitive,
and the need also arises for methods to generate sufficiently many, and sufficiently
long, θDN A-primitive DNA words. One such method is the simple iterative process that
gives rise to Watson-Crick Fibonacci words and, for such words to be useful for DNA
computations, they have to be θDN A-primitive. The first step towards a comprehensive
study of θDN A-primitivity is the study of primitivity, and this paper studies primitivity
properties of atom Watson-Crick Fibonacci words.

It is well known that for all n ≥ 1, the n-th atom Fibonacci word is primitive [8].
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The qualifier “atom” indicates that the two initial words of the Fibonacci recursion are
singleton letters and, as a consequence, all atom Fibonacci words are over a two-letter
alphabet. In this paper, we present an exhaustive study of the primitivity properties
of atom φ-Fibonacci words for all morphic and antimorphic involutions φ over a four-
letter alphabet. Section 3 studies the primitivity of φ-Fibonacci words when the two
initial letters are different from each other, while Section 4 studies the primitivity of
φ-Fibonacci words when the two initial letters coincide. As it turns out, the situation is
different from the classical case of atom Fibonacci words, in that for some morphic or
antimorphic involutions φ, some initial Fibonacci letters, and some indices n, we have
that the n-th φ-Fibonacci word is primitive, while in other situations it is not primi-
tive (see Tables 8 and 12 for a summary). In the particular case of the Watson-Crick
complementarity antimorphic involution θDN A over the DNA alphabet ∆, our results
imply that regardless of the two initial letters of the Fibonacci recursion (different, or
the same), for all n > 3, the n-th atom Watson-Crick Fibonacci word is primitive.

2. Preliminaries

An alphabet Σ is a finite non-empty set of symbols or letters, and Σ∗ denotes the set
of all words over Σ including the empty word λ, while Σ+ is the set of all non-empty
words over Σ. The length of a word u ∈ Σ∗ (i.e., the number of symbols in a word) is
denoted by |u|. We denote by |u|a, the number of occurrences of the letter a in u and by
Alph(u), the set of all symbols occurring in u. Throughout the paper, we either use the
convention that the set Σ4 denotes an alphabet consisting of exactly 4 (distinct) letters,
or use the DNA alphabet ∆= {A,C,G,T}.

A word w ∈ Σ+ is said to be primitive if w = ui implies w = u and i = 1. Let Q
denote the set of all primitive words. For every word w ∈ Σ+, there exists a unique
word ρ(w) ∈ Σ+, called the primitive root of w, such that ρ(w) ∈ Q and w = ρ(w)n for
some n ≥ 1.

The left derivative of a language L with respect to a word w is defined as ∂l
wL = {u ∈

Σ∗|wu ∈ L}, and the right derivative is defined analogously, see [4]. Since in this paper
we only use the left derivative, the superscript l will be omitted, and we will denote
the left derivative of a language L with respect to a word w simply by ∂wL.

A function h : Σ∗ → Σ∗ is called a morphism on Σ∗ if for all words u,v ∈Σ∗ we have
that φ(uv) = φ(u)φ(v), and an antimorphism on Σ∗ if φ(uv) = φ(v)φ(u). A function f is
called an involution if f ( f (x)) = x for all x in the domain of f . A function φ : Σ∗ → Σ∗
is called a morphic involution on Σ∗ (respectively, an antimorphic involution on Σ∗) if
it is an involution on Σ extended to a morphism (respectively, to an antimorphism) on
Σ∗. For convenience, in the remainder of this paper, we use the convention that the
letter φ denotes an involution that is either morphic or antimorphic (such a function
will be termed an (anti)morphic involution), that the letter θ denotes an antimorphic
involution, and that the letter µ denotes a morphic involution.

A word w ∈Σ∗ is called a palindrome if w = wR , where the reverse, or mirror image
operator is defined as λ= λR and (a1a2 . . .an)R = an . . .a2a1, when ai ∈Σ for all 1 ≤ i ≤
n. A word w ∈Σ∗ is called a φ-palindrome if w =φ(w), and the set of all φ-palindromes
is denoted by Pφ. If φ = µ is a morphic involution on Σ∗ then the only µ-palindromes
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are the words over Σ′, where Σ′ ⊆ Σ, and µ is the identity on Σ′. Lastly, if φ = θ is
the identity function on Σ extended to an antimorphism on Σ∗, then a θ-palindrome
is a classical palindrome, while if φ = µ is the identity function on Σ extended to a
morphism on Σ∗, then every word is a µ-palindrome.

The standard Fibonacci words fn(u,v), for the particular case when u,v ∈ Σ, were
first introduced in [16,17] and studied in, e.g. [1,2,8,21,27,28].

Definition 1. Let Σ be an alphabet with |Σ| ≥ 2 and let u,v ∈Σ+ with u ̸= v. The n-th
standard Fibonacci words are defined recursively as:

f1(u,v)= u, f2(u,v)= v,

fn(u,v)= fn−1(u,v) · fn−2(u,v), n ≥ 3.

The sequence of standard Fibonacci words is defined as F(u,v) = { fn(u,v)}n≥1, i.e.,
F(u,v) = {u,v,vu,vuv,vuvvu,vuvvuvuv,vuvvuvuvvuvvu, . . .}. Similarly, the n-th re-
verse Fibonacci words are defined recursively as:

f ′1(u,v)= u, f ′2(u,v)= v,

f ′n(u,v)= f ′n−2(u,v) · f ′n−1(u,v), n ≥ 3,

and the sequence of the reverse Fibonacci words is defined as F ′(u,v) = { f ′n(u,v)}n≥1,
that is, F ′(u,v)= {u,v,uv,vuv,uvvuv,vuvuvvuv,uvvuvvuvuvvuv, . . .}.

If the initial words u and v are singleton letters, the resulting words are called atom
standard Fibonacci words and, respectively, atom reverse Fibonacci words.

Note that the length of the n-th atom Fibonacci word fn is in fact the Fibonacci number
Fn for n ≥ 1. The following observations will be used in the remainder of the paper.

Lemma 2. For n, m ≥ 1, the following hold.
(I) gcd(n,n+1)= 1.

(II) For m even, if gcd(n,m)= 1, then gcd(n, m
2 )= 1.

(III) gcd(n,n+2) is 1 if n is odd and 2 if n is even.

We will also make use of the following identities on Fibonacci number Fn, that can
be proved using Lemma 2 and induction.

Lemma 3. For all n ≥ 1, the following identities hold.
(I) gcd(Fn,Fn+1)= 1.

(II) gcd(Fn, Fn+1
2 )= 1 for Fn+1 even.

(III) gcd( Fn
2 ,Fn+1)= 1 for Fn even.

(IV) gcd(Fn −1,Fn +1) is 1 if Fn is even and 2 if Fn is odd.
(V) gcd( Fn−1

2 , Fn+1
2 )= 1 if Fn is odd.

We recall the definition of involutive Fibonacci words, recently introduced in [15].
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Definition 4. [15] Let Σ be an alphabet with |Σ| ≥ 2, let φ be an (anti)morphic invo-
lution on Σ∗, and u,v ∈ Σ+. If the first two φ-Fibonacci words are u, respectively, v,
the three types of n-th standard φ-Fibonacci words, gφn(u,v), wφ

n(u,v), zφn(u,v), n ≥ 3, are
defined recursively as follows:

gφn(u,v)=φ(gφn−1(u,v)) · gφn−2(u,v) (standard alternating φ-Fibonacci words),

wφ
n(u,v)=φ(wφ

n−1(u,v)) ·φ(wφ

n−2(u,v)) (standard palindromic φ-Fibonacci words),

zφn(u,v)=zφn−1(u,v) ·φ(zφn−2(u,v)) (standard hairpin φ-Fibonacci words).

Similarly, the three types of n-th reverse φ-Fibonacci words, [gφn(u,v)]′, [wφ
n(u,v)]′,

[zφn(u,v)]′, n ≥ 3, are defined recursively as follows:

[gφn(u,v)]′ =[gφn−2(u,v)]′ ·φ([gφn−1(u,v)]′) (reverse alternating φ-Fibonacci words),

[wφ
n(u,v)]′ =φ([wφ

n−2(u,v)]′) ·φ([wφ

n−1(u,v)]′) (reverse palindromic φ-Fibonacci words),

[zφn(u,v)]′ =φ([zφn−2(u,v)]′) · [zφn−1(u,v)]′ (reverse hairpin φ-Fibonacci words).

If the first two words of the sequence are singleton letters in Σ, the φ-Fibonacci words
will be called atom φ-Fibonacci words.

In the remainder of this paper, when the particular (anti)morphic involution φ in-
volved in the Fibonacci recursion needs to be emphasized, we will use the notation
gφn(u,v), or wφ

n(u,v), or zφn(u,v) to denote the corresponding φ-Fibonacci words for n ≥ 1.
However, if either the initial words u and v or the mapping φ are clear from the context
(as is the case in Definition 4), they will sometimes be omitted.

In the sequel, we will often have to make statements that hold for several types of
φ-Fibonacci words. For brevity, we will use the notational convention that a statement
of the type “αn ∈ {gn,wn, zn} for all n ≥ 1” means either we have that αn = gn for all
n ≥ 1, or that αn = wn for all n ≥ 1, or that αn = zn for all n ≥ 1.

Similar to the case of the atom Fibonacci words defined in Definition 1, the length
of the n-th atom φ-Fibonacci word αφn(a,b) is the Fibonacci number Fn for n ≥ 1, where
αn ∈ {gn,wn, zn} for all n ≥ 1.

Given a set Σ4 = {x1, x2, x3, x4}, out of all possible permutations of Σ4 of the form

φ=
(

x1 x2 x3 x4

φ(x1) φ(x2) φ(x3) φ(x4)

)
,

there are 10 mappings that are involutions on Σ4. We denote them by φi, 1 ≤ i ≤ 10,
and they are listed in Table 1.

Note that the mapping φ1 is the involution whereby all letters are mapped to them-
selves (the identity on Σ4). The mappings φi, 2 ≤ i ≤ 7, are the involutions whereby
two of the letters are mapped to each other, and the other two are mapped to them-
selves. The mappings φ8, φ9, φ10, are the only involutions whereby two of the letters
are mapped to each other, and the other two letters are also mapped to each other.

Throughout this paper, we use the convention that for a sequence (x1, x2, x3, x4) of
letters from Σ4, we have xi ̸= x j whenever i ̸= j. In the particular case of the DNA
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φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9 φ10

x1 x1 x2 x3 x4 x1 x1 x1 x2 x3 x4

x2 x2 x1 x2 x2 x3 x4 x2 x1 x4 x3

x3 x3 x3 x1 x3 x2 x3 x4 x4 x1 x2

x4 x4 x4 x4 x1 x4 x2 x3 x3 x2 x1

Table 1: List of all possible involutions over the set Σ4 = {x1, x2, x3, x4}. If the letter in the
cell of the column of φi and row of x j is xk, where 1 ≤ i ≤ 10 and 1 ≤ j,k ≤ 4, this denotes
that φi(x j)= xk. For example, φ3(x3)= x1.

alphabet, that is, where Σ4 = ∆ = {A,C,G,T}, there are a total of 4! = 24 possibilities
for the choice of (x1, x2, x3, x4) for xi ̸= x j, i ̸= j. For each such choice of (x1, x2, x3, x4),
the Watson-Crick involution θDN A will coincide, on ∆∗, with one of φ8,φ9,φ10. For
example, if we fix (x1, x2, x3, x4) = (A,C,G,T), then φ10 coincides with θDN A on ∆∗,
whereas if we fix (x1, x2, x3, x4)= (C,G, A,T), then φ8 coincides with θDN A on ∆∗, and if
we fix (x1, x2, x3, x4)= (A,C,T,G), then φ9 coincides with θDN A on ∆∗.

Table 2 illustrates a particular case of Table 1, where (x1, x2, x3, x4) = (A,C,G,T),
and for this example we list all possible mappings φ on ∆ that can be extended to an
(anti)morphic involution on ∆∗.

φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9 φ10

A A C G T A A A C G T
C C A C C G T C A T G
G G G A G C G T T A C
T T T T A T C G G C A

Table 2: List of all possible involutions over the DNA alphabet ∆= {A,C,G,T}.

In the remainder of the paper, the mapping φi on ∆ extended to a morphic involution
on ∆∗ will be denoted by µi, for 1≤ i ≤ 10, and similarly, the mapping φi on ∆ extended
to an antimorphic involution on ∆∗ will be denoted by θi, for 1 ≤ i ≤ 10. Note that
for (x1, x2, x3, x4) = (A,C,G,T), the morphic involution µ1 is the identity on ∆∗, the
antimorphic involution θ1 is the mirror image, and the antimorphic involution θ10 =
θDN A formalizes the Watson-Crick complementarity of DNA strings in ∆∗, see [13,22].

It is well known that atom Fibonacci words are primitive [8]. In this paper, we study
the primitivity of n-th atom φ-Fibonacci words for all possible involution mappings φ on
a four-letter alphabet (see Table 1), and all n ≥ 1. Note that the first and second atom φ-
Fibonacci words are singleton letters and hence primitive, and therefore we only need
to prove primitivity results for n ≥ 3. We recall the following from [8,15,18,31].

Theorem 5. [8] For n ≥ 1, the atom Fibonacci word fn is primitive.

Lemma 6. [18] Let x, y ∈Σ+ be two non-empty words.
(I) If xy= pi, p ∈Q, i ≥ 1, then, yx = qi for some q ∈Q.
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(II) If xy= yx, then ρ(x)= ρ(y).

Proposition 7. [31] Let p and q be primitive and d = gcd(|p|, |q|). If pm = qx, for
m ≥ 2 with q = xy, for y ∈Σ+ and |x| ≥ |p|−d, then p = q.

Proposition 8. [15] Let u,v ∈ Σ+ and φ be an (anti)morphic involution on Σ∗ such
that φ(u)= v. Then, for all n ≥ 3, we have:

(I) If n is odd, gφn(u,v)= uFn , and if n is even, gφn(u,v)= vFn .
(II) If φ= θ is an antimorphic involution and u and v are palindromes, then we have

wθ
n(u,v)= (uv)i, where n mod 3= 0, i = |Fn|

2 .

Theorem 9. [15] Let φ = µ be a morphic involution on Σ∗, u,v ∈ Σ+, and (αn,βn) ∈
{( fn, gn), (gn, fn), (zn,wn), (wn, zn)}, for all n ≥ 1. Then, for all n ≥ 1, we have αµn(u,v) =
β
µ
n(u,µ(v)) if n is odd, and α

µ
n(u,v)=β

µ
n(µ(u),v) otherwise.

Theorem 10. [15] Let φ be an (anti)morphic involution on Σ∗, αn ∈ {gn,wn, zn} for
all n ≥ 1, and u,v ∈ Σ+ be two palindromes. Then, for all n ≥ 1, we have [αφn(u,v)]′ =
[αφn(u,v)]R .

From Theorem 10 and the fact that words of length 1 are palindromes, we have the
following observation.

Lemma 11. Let φ be an (anti)morphic involution on Σ∗, αn ∈ {gn,wn, zn} for all n ≥ 1,
and a,b ∈Σ. For n ≥ 1, the atom standard φ-Fibonacci word α

φ
n(a,b) is primitive iff the

atom reverse φ-Fibonacci word [αφn(a,b)]′ is primitive.

By Lemma 11 it is sufficient to discuss the primitivity of atom standard φ-Fibonacci
words.

Lastly, in the remainder of this paper, we will make an extensive use of the following
result.

Lemma 12. For a word x over an alphabet Σ, we have that if gcd(|x|a, |x|b)= 1 for any
two letters a,b ∈Σ, then x is primitive.

Proof. We prove the contrapositive. By definition, if x is not primitive, then it can be
written as x = pi, where p ∈Q and i > 1. For all pairs of letters a,b ∈ Alph(x), we have
|x|a = i · |p|a and |x|b = i · |p|b. Therefore, we have, gcd(|x|a, |x|b) is a multiple of i, thus,
gcd(|x|a, |x|b) ̸= 1. For all pairs of letters a,b ∈ Σ, if one of the letters is not in Alph(x),
then gcd(|x|a, |x|b) ̸= 1. □

3. Primitivity of atom φ-Fibonacci words with different initial letters

In this section, we discuss the primitivity of atom φ-Fibonacci words αφn(a,b) with dif-
ferent initial letters a,b ∈ Σ4, for all n ≥ 1, where φ is an (anti)morphic involution
on Σ∗

4 , and αn ∈ {gn,wn, zn} for all n ≥ 1. We first show that if we have an alpha-
bet Σ4 = {x1, x2, x3, x4} and a sequence (x1, x2, x3, x4), if we choose x1 and x2 as the two
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initial letters of the φ-Fibonacci sequence {αφn(x1, x2)}n≥1, it is enough to discuss the
primitivity properties of atom φ-Fibonacci words for the mappings φ1,φ2,φ4,φ5,φ10.

Note that if φ=µ1, the identity function on Σ∗
4 , and αn ∈ {gn,wn, zn} for all n ≥ 1, we

have that the atom φ-Fibonacci words αµ1
n (x1, x2) coincide with the classical Fibonacci

words fn(x1, x2), which are primitive when x1, x2 ∈Σ4, for all n ≥ 1, see [8].
Lastly, note that the proofs for the results of this section hold for any choice of

(x1, x2, x3, x4) and with x1 and x2 as the initial letters of the φ-Fibonacci sequence: This
justifies stating/proving the subsequent results for only one of the cases (usually the
sequence (A,C,G,T) with A and C as the two initial letters).

In the sequel, we denote by [x]a→b the word obtained from x by replacing all occur-
rences of a in x by b, and denote by [x]a⇄b the word obtained from x by replacing all
occurrences of a by b and all occurrences of b by a. For example, if x = abbab then
[x]a→b = [abbab]a→b = bbbbb and [x]a⇄b = [abbab]a⇄b = baaba. We first observe the
following.

Lemma 13. Let a,b ∈Σ and x ∈Σ∗. We have that:
(I) [x]a⇄b = [x]b⇄a.

(II) If b ∉Alph(x), we have that [x]a→b = [x]a⇄b.
(III) If b ∉Alph(x), we have [[x]a→b]b→a = x.

Lemma 14. Let a,b ∈ Σ, x ∈ Σ∗ and i ≥ 0. We have that [xi]a→b = ([x]a→b)i and
[xi]a⇄b = ([x]a⇄b)i.

Lemma 15. Let a,b ∈Σ and x ∈Σ∗. We have that:
(I) If b ∉Alph(x), then x is primitive iff [x]a→b is primitive.

(II) If a,b ∈Alph(x), then x is primitive iff [x]a⇄b is primitive.

Proof. For statement (I), if a ∉ Alph(x), then x = [x]a→b and hence x is primitive iff
[x]a→b is primitive. Let, a ∈Alph(x). Assume x is not primitive but [x]a→b is primitive.
Since x is not primitive, we have x = qi, where q ∈Q and i ≥ 2. By Lemma 14, we have
[x]a→b = [qi]a→b = ([q]a→b)i, which is a contradiction. The case where x is primitive
but [x]a→b is not primitive can be proved similarly. Therefore, x is primitive iff [x]a→b
is primitive. The statement (II) can be proved similarly using Lemma 14. □

Theorem 16. Let φi ∈ {µi,θi}, 1 ≤ i ≤ 10, be an (anti)morphic involution on Σ∗
4 and

αn ∈ {gn,wn, zn} for n ≥ 1. For n ≥ 1, the following statements hold for φi-Fibonacci
words αφi

n (x1, x2) :

(I) [αφ4
n (x1, x2)]x4→x3 is primitive iff αφ4

n (x1, x2) is primitive.

(II) [αφ5
n (x1, x2)]x3→x4 is primitive iff αφ5

n (x1, x2) is primitive.

(III) [αφ10
n (x1, x2)]x4⇄x3 is primitive iff αφ10

n (x1, x2) is primitive.

Proof.
(I) Let αn ∈ {gn,wn, zn} for all n ≥ 1. One can easily prove by induction that, for all

n ≥ 1, we have x3 ∉Alph(αφ4
n (x1, x2)). Hence by Lemma 15, the statement holds.
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(II) Let αn ∈ {gn,wn, zn} for all n ≥ 1. One can prove by induction that x4 ∉
Alph(αφ5

n (x1, x2)) for all n ≥ 1. Hence by Lemma 15, the statement holds.
(III) We have two cases. The first one is when αn ∈ {wn, zn} for all n ≥ 1. In this case,

if 1 ≤ n ≤ 4, the statement can be easily verified. If n ≥ 5, then one can easily
prove by induction that x3, x4 ∈ Alph(αφ10

n (x1, x2)). Thus, the statement holds by
Lemma 15.

The second case is when αn = gn for all n ≥ 1. In this case, one can first prove
by induction that, for all n ≥ 1, we have x3 ∉ Alph(gφ10

n (x1, x2)) if n is even, and
x4 ∉ Alph(gφ10

n (x1, x2)) if n is odd. Using this fact, if n is even then by Lemma
13, we have [gφ10

n (x1, x2)]x4⇄x3 = [gφ10
n (x1, x2)]x3⇄x4 = [gφ10

n (x1, x2)]x3→x4 . Also if n
is even, then by Lemma 15, we have that [gφ10

n (x1, x2)]x4⇄x3 = [gφ10
n (x1, x2)]x3→x4

is primitive iff gφ10
n (x1, x2) is primitive. The case where n is odd can be proved

similarly.
□

We now show the equivalence of various φ-Fibonacci words α
φ
n(x1, x2) for certain

values of φ ∈ {φi | 1 ≤ i ≤ 10}. We use the following lemma, which can be proved easily
by induction on n.

Lemma 17. Let φi ∈ {µi,θi}, 1≤ i ≤ 10, be an (anti)morphic involution on Σ∗
4 and αn ∈

{gn,wn, zn} for n ≥ 1. The following equalities hold, for φi-Fibonacci words αφi
n (x1, x2)

and for all n ≥ 1:
(I) φ1(αφ1

n (x1, x2))=φ7(αφ7
n (x1, x2)) iff αφ1

n (x1, x2)=α
φ7
n (x1, x2).

(II) φ2(αφ2
n (x1, x2))=φ8(αφ8

n (x1, x2)) iff αφ2
n (x1, x2)=α

φ8
n (x1, x2).

(III) [φ4(αφ4
n (x1, x2))]x4→x3 =φ3(αφ3

n (x1, x2)) iff [αφ4
n (x1, x2)]x4→x3 =α

φ3
n (x1, x2).

(IV) [φ5(αφ5
n (x1, x2))]x3→x4 =φ6(αφ6

n (x1, x2)) iff [αφ5
n (x1, x2)]x3→x4 =α

φ6
n (x1, x2).

(V) [φ10(αφ10
n (x1, x2))]x4⇄x3 =φ9(αφ9

n (x1, x2)) iff [αφ10
n (x1, x2)]x4⇄x3 =α

φ9
n (x1, x2).

Proof.
We only prove statement (I), by induction, and it is sufficient to prove it for one of

αn ∈ {gn,wn, zn} for all n ≥ 1 since the other cases are similar. Let φ1 be a morphic
involution, and, without loss of generality, let αn = zn for all n ≥ 1. By Definition 4
and Table 1, the result holds for n = 1 and n = 2. For the inductive step, assume that
φ1(zφ1

i (x1, x2)) = φ7(zφ7
i (x1, x2)) iff zφ1

i (x1, x2) = zφ7
i (x1, x2) for all 3 ≤ i < k. We now have

to prove that the equivalence holds for k.
For the direct implication, assume φ1(zφ1

k (x1, x2)) = φ7(zφ7
k (x1, x2)). Therefore, we

have φ1(zφ1
k (x1, x2)) = φ1(zφ1

k−1(x1, x2)φ1(zφ1
k−2(x1, x2))) = φ1(zφ1

k−1(x1, x2))zφ1
k−2(x1, x2),

and similarly we have φ7(zφ7
k (x1, x2)) = φ7(zφ7

k−1(x1, x2))zφ7
k−2(x1, x2). By

φ1(zφ1
k (x1, x2)) = φ7(zφ7

k (x1, x2)), and the fact that |zφ7
k−2(x1, x2)| = |zφ1

k−2(x1, x2)|, we
have zφ7

k−2(x1, x2) = zφ1
k−2(x1, x2) and φ7(zφ7

k−1(x1, x2)) = φ1(zφ1
k−1(x1, x2)). Therefore, we

have zφ1
k (x1, x2) = zφ1

k−1(x1, x2)φ1(zφ1
k−2(x1, x2)) = zφ7

k−1(x1, x2)φ7(zφ7
k−2(x1, x2)) = zφ7

k (x1, x2)
by inductive hypothesis.
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For the converse implication, assume zφ1
k (x1, x2) = zφ7

k (x1, x2). There-
fore, we have zφ1

k (x1, x2) = zφ1
k−1(x1, x2)φ1(zφ1

k−2(x1, x2)), and similarly we
have zφ7

k (x1, x2) = zφ7
k−1(x1, x2)φ7(zφ7

k−2(x1, x2)). By zφ1
k (x1, x2) = zφ7

k (x1, x2),
and the fact that |zφ7

k−1(x1, x2)| = |zφ1
k−1(x1, x2)|, we have zφ7

k−1(x1, x2) =
zφ1

k−1(x1, x2) and φ7(zφ7
k−2(x1, x2)) = φ1(zφ1

k−2(x1, x2)). Therefore, we have
φ1(zφ1

k (x1, x2)) = φ1(zφ1
k−1(x1, x2)φ1(zφ1

k−2(x1, x2))) = φ1(zφ1
k−1(x1, x2))zφ1

k−2(x1, x2) =
φ7(zφ7

k−1(x1, x2))zφ7
k−2(x1, x2) = φ7(zφ7

k−1(x1, x2)φ7(zφ1
k−2(x1, x2))) = φ7(zφ7

k (x1, x2)) by in-
ductive hypothesis. The case when φ1 is an antimorphic involution is similar.

□

We now prove the following.

Lemma 18. Let φi ∈ {µi,θi}, 1 ≤ i ≤ 10, be an (anti)morphic involution on Σ∗
4 and

αn ∈ {gn,wn, zn} for n ≥ 1. For all n ≥ 1, the following equalities hold for φi-Fibonacci
words αφi

n (x1, x2) :
(I) α

φ1
n (x1, x2)=α

φ7
n (x1, x2).

(II) α
φ2
n (x1, x2)=α

φ8
n (x1, x2).

(III) [αφ4
n (x1, x2)]x4→x3 =α

φ3
n (x1, x2).

(IV) [αφ5
n (x1, x2)]x3→x4 =α

φ6
n (x1, x2).

(V) [αφ10
n (x1, x2)]x4⇄x3 =α

φ9
n (x1, x2).

Proof. We only prove statement (I), by induction, as the other cases are similar. By
Definition 4, the result holds for n = 1 and n = 2. We assume α

φ1
i (x1, x2) = α

φ7
i (x1, x2)

holds for 3 ≤ i < k. It is enough to prove for one of αn ∈ {gn,wn, zn} for all n ≥ 1.
Without loss of generality, let αn = zn for all n ≥ 1. Then, αφ1

k (x1, x2) = zφ1
k (x1, x2) =

zφ1
k−1(x1, x2)φ1(zφ1

k−2(x1, x2)). By inductive hypothesis and by Lemma 17 we have,

zφ1
k (x1, x2)= zφ7

k−1(x1, x2)φ7(zφ7
k−2(x1, x2))= zφ7

k (x1, x2).

Hence, the result. □

As a consequence of Theorem 16 and Lemma 18, we only need to study
the primitivity of atom φ-Fibonacci words α

φ
n(x1, x2) for all n ≥ 1, when φ ∈

{θ1,θ2,θ4,θ5,θ10,µ2,µ4,µ5,µ10}, and αn ∈ {gn,wn, zn} for all n ≥ 1.
Note that the results obtained above hold for any choice of (x1, x2, x3, x4) and with x1

and x2 as the initial letters of the φ-Fibonacci sequence. Therefore, in the remainder of
this section, we will only prove primitivity results about one of the cases, namely the
sequence (A,C,G,T) over the DNA alphabet ∆, with A and C as the two initial letters.

3.1. Atom alternating φ-Fibonacci words

We first discuss the primitivity of atom alternating φ-Fibonacci words gn for n ≥ 1.
In Table 3, we give the first few values of the sequences {gφn(A,C)}n≥1 for

(anti)morphic involutions φ ∈ {µ1,µ2,µ4,µ5,µ10,θ1,θ2,θ4,θ5,θ10}. We recall the follow-
ing lemma from [15].
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φ gφ3 (A,C) gφ4 (A,C) gφ5 (A,C) gφ6 (A,C) gφ7 (A,C)
µ1 CA CAC CACCA CACCACAC CACCACACCACCA
µ2 AA CCC AAAAA CCCCCCCC AAAAAAAAAAAAA
µ4 CA CTC CACCA CTCCTCTC CACCACACCACCA
µ5 GA CAC GAGGA CACCACAC GAGGAGAGGAGGA
µ10 GA CTC GAGGA CTCCTCTC GAGGAGAGGAGGA
θ1 CA ACC CCACA ACACCACC CCACCACACCACA
θ2 AA CCC AAAAA CCCCCCCC AAAAAAAAAAAAA
θ4 CA TCC CCACA TCTCCTCC CCACCACACCACA
θ5 GA ACC GGAGA ACACCACC GGAGGAGAGGAGA
θ10 GA TCC GGAGA TCTCCTCC GGAGGAGAGGAGA

Table 3: List of words gφn(A,C), where 3≤ n ≤ 7 and φ ∈ {µ1,µ2,µ4,µ5,µ10,θ1,θ2,θ4,θ5,θ10}.

Lemma 19. [15] Let Σ= {A,C}, and f1 = A and f2 = C. Then, for n ≥ 3, we have that
fn = sndn and f ′n = d′

nsn where d′
n = dR

n such that sn is a palindrome, and dn = AC if n
is even, while dn = CA if n is odd.

Using Lemma 19, we prove the following theorem. Note that the cyclic shift by
1 position from the front of a word x ∈ Σ∗ to the end of it, can be represented by a
composition of (left) derivative, concatenation and finite union, that is, by

⋃
a∈Σ(∂ax)a.

Theorem 20. Let φ = θ1. For all n ≥ 1, the atom φ-Fibonacci word gθ1
n (A,C) is a

conjugate of f ′n(A,C). More precisely,

gθ1
n =

{
(∂C f ′n)C : n mod 2= 0,
(∂A f ′n)A : n mod 2= 1.

Proof. For 1 ≤ n ≤ 7, this can be easily checked from Table 3. Assume the statement
holds for gθ1

i , where 7 ≤ i < k. We now prove this for gk. Without loss of generality, let
k be even. Then, by definition and Lemma 19, we have

gθ1
k = θ1(gθ1

k−1)gθ1
k−2 = (gθ1

k−1)R gθ1
k−2 = ((∂A f ′k−1)A)R · ((∂C f ′k−2)C)

= (((∂A f ′k−3 f ′k−2))A)R · ((∂C f ′k−2)C)= A(Csk−3CAsk−2)R Ask−2C
= Ask−2 ACsk−3CAsk−2C = Ask−2( f ′k−3 f ′k−2)C = Ask−2 f ′k−1C
= (∂CCAsk−2 f ′k−1)C = (∂C f ′k−2 f ′k−1)C = (∂C f ′k)C.

□

By Theorem 5 and Lemma 6, we have the following corollary.

Corollary 21. Let φ= θ1. For all n ≥ 1, the atom φ-Fibonacci word gθ1
n (A,C) is primi-

tive.
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We now use the following lemma which is a generalized version of a result proved
in [15]. The result was proved in [15] when φ is a morphic involution. We show that
the result also holds when φ is an antimorphic involution.

Lemma 22. Let φ be an (anti)-morphic involution on Σ∗, let µ1 be a morphic involution
on Σ∗ such that µ1φ=φµ1, and let u,v ∈Σ+. If αn ∈ { fn, gn,wn, zn} for all n ≥ 1, then for
all n ≥ 1, we have µ1(αφn(u,v))=α

φ
n(µ1(u),µ1(v)), and µ1([αφn(u,v)]′)= [αφn(µ1(u),µ1(v))]′.

Proof. We consider the standard φ-Fibonacci words gn. The proof is by induction on
n. By definition of gn (Definition 4), we have µ1(g1(u,v)) = µ1(u) = g1(µ1(u),µ1(v)),
and µ1(g2(u,v)) = µ1(v) = g2(µ1(u),µ1(v)), so the base case holds. Assume that
µ1(g i(u,v)) = g i(µ1(u),µ1(v)), for all 1 ≤ i ≤ k. Using the definition of gn (Definition
4), the fact that µ1 is a morphism, and the induction hypothesis, we have,

µ1(gk+1(u,v))=µ1(φ(gk(u,v)) · gk−1(u,v))

=φ(µ1(gk(u,v))) ·µ1(gk−1(u,v))

=φ(gk(µ1(u),µ1(v))) · gk−1(µ1(u),µ1(v))

= gk+1(µ1(u),µ1(v)).

The proofs for other φ-Fibonacci words are similar. □

We have the following result which can be proved by induction and Lemma 22. We first
observe that θi = θ1µi =µiθ1 for 1≤ i ≤ 10.

Lemma 23. For i ∈ {4,5,10} and for all n ≥ 1, the following relations between the
atom alternating φ-Fibonacci words gθ1

n and the atom alternating φ-Fibonacci words
gθi

n (A,C) hold.
(I) If i = 10, for n ≥ 1, we have that

gθ10
n (A,C)=

{
gθ1

n (T,C) : n mod 2= 0,
gθ1

n (A,G) : n mod 2= 1.

(II) If i = 5, for n ≥ 1, we have that

gθ5
n (A,C)=

{
gθ1

n (A,C) : n mod 2= 0
gθ10

n (A,C) : n mod 2= 1
=

{
gθ1

n (A,C) : n mod 2= 0,
gθ1

n (A,G) : n mod 2= 1.

(III) If i = 4, for n ≥ 1, we have that

gθ4
n (A,C)=

{
gθ10

n (A,C) : n mod 2= 0
gθ1

n (A,C) : n mod 2= 1
=

{
gθ1

n (T,C) : n mod 2= 0,
gθ1

n (A,C) : n mod 2= 1.

Proof. We only prove statement (I), by induction on n, as the other cases are similar.
By definition of gn (Definition 4), the result holds for n = 1 and n = 2. Assume the
statement to be true for gθ10

i (A,C), where 3 ≤ i < k. If k is even, then k mod 2 = 0 and
by inductive hypothesis,

gθ10
k (A,C)= θ10(gθ10

k−1(A,C)) gθ10
k−2(A,C)= θ10(gθ1

k−1(A,G)) gθ1
k−2(T,C)
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= θ1(µ10(gθ1
k−1(A,G))) gθ1

k−2(T,C).

Then by Lemma 22, we have,

gθ10
k (A,C)= θ1(gθ1

k−1(µ10(A),µ10(G))) gθ1
k−2(T,C)= θ1(gθ1

k−1(T,C)) gθ1
k−2(T,C)= gθ1

k (T,C).

The case when k is odd is similar. □

Hence, we conclude the following.

Theorem 24. For all n ≥ 1 and φ ∈ {θ4,θ5,θ10}, the atom φ-Fibonacci word gφn(A,C) is
primitive.

Proof. It is clear from Corollary 21, that the atom φ-Fibonacci words gθ1
n (T,C),

gθ1
n (A,G) and gθ1

n (A,C) are primitive for n ≥ 1. Hence, from Lemma 23, we conclude
that gφn(A,C) are primitive for all n ≥ 1 and φ ∈ {θ4,θ5,θ10}. □

We now show (Theorem 25), that for all µ = µi, i ∈ {4,5,10}, the atom µ-Fibonacci
words gn are primitive for all n ≥ 1.

Theorem 25. Let φ ∈ {µ4,µ5,µ10}. For all n ≥ 1, the atom φ-Fibonacci word gφn(A,C)
is primitive.

Proof. By Theorem 9, we have gφn(A,C) = fn(A,φ(C)) if n is odd, and gφn(A,C) =
fn(φ(A),C), otherwise. Note that φ(A) ̸= C and φ(C) ̸= A for φ ∈ {µ4,µ5,µ10}. Then,
by Theorem 5, the word gφn(A,C) is primitive for φ ∈ {µ4,µ5,µ10} and n ≥ 1. □

We have the following theorem.

Theorem 26. Let φ ∈ {µ2,θ2}. For all n ≥ 3, the atom φ-Fibonacci word gφn(A,C) is not
primitive.

Proof. Note that for φ ∈ {µ2,θ2}, φ maps A to C and vice versa, and hence, by Proposi-
tion 8, we have, gφn = AFn when n is odd and gφn = CFn when n is even. Thus, gφn is not
primitive for φ ∈ {µ2,θ2} for n ≥ 3. □

3.2. Atom palindromic φ-Fibonacci words

In this subsection, we discuss the primitivity of atom palindromic φ-Fibonacci words.
In Table 4, we give the first few values of the sequences {wφ

n(A,C)}n≥1 for (anti)morphic
involutions φ ∈ {µ1,µ2,µ4,µ5,µ10,θ1,θ2,θ4,θ5,θ10}.

By definition of φ and wφ
n and using induction, we calculate the number of oc-

currences of letters in the words wφ
n(A,C), for n ≥ 3 and an (anti)morphic involution

φ ∈ {φ1,φ4,φ5,φ10}, and these values are summarized in Table 5.
We now discuss the primitivity of wµ2

n (A,C) for all n ≥ 1, and we use the following
lemma.
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φ wφ

3 (A,C) wφ

4 (A,C) wφ

5 (A,C) wφ

6 (A,C) wφ

7 (A,C)
µ1 AC CAC CACCA CACCACAC CACCACACCACCA
µ2 AC CAA ACCCA CAAACACC ACCCACAACAAAC
µ4 CT CAC CTCCA CACCTCTC CTCCACACCACCT
µ5 GA CAG GACCA CAGGAGAC GACCACAGCAGGA
µ10 GT CAG GTCCA CAGGTGTC GTCCACAGCAGGT
θ1 CA ACC CCAAC CAACCCCA ACCCCAACCAACC
θ2 AC ACA CACAC ACACACAC ACACACACACACA
θ4 CT ACC CCT AC CT ACCCCT ACCCCT ACCT ACC
θ5 GA ACG CGAAC GAACGCGA ACGCGAACGAACG
θ10 GT ACG CGT AC GT ACGCGT ACGCGT ACGT ACG

Table 4: List of words wφ
n(A,C), where 3≤ n ≤ 7 and φ ∈ {µ1,µ2,µ4,µ5,µ10,θ1,θ2,θ4,θ5,θ10}.

i = 1 i = 2 i = 5
n mod 3 ≥ 0 0 1 2 0 1 2

|wφi
n (A,C)|A Fn−2 Fn

2

Fn+1
2

Fn−1
2 Fn−2

|wφi
n (A,C)|C Fn−1

Fn−1
2

Fn+1
2

Fn−1−1
2 Fn−1

2

Fn−1+1
2

|wφi
n (A,C)|G − − Fn−1+1

2
Fn−1−1

2

i = 4 i = 10
n mod 3 0 1 2 0 1 2

|wφi
n (A,C)|A Fn−2−1

2
Fn−2+1

2
Fn−2

2
Fn−2−1

2
Fn−2+1

2
Fn−2

2

|wφi
n (A,C)|C Fn−1

Fn−1−1
2 Fn−1

2

Fn−1+1
2

|wφi
n (A,C)|G − Fn−1+1

2
Fn−1−1

2

|wφi
n (A,C)|T Fn−2+1

2
Fn−2−1

2
Fn−2

2
Fn−2+1

2
Fn−2−1

2
Fn−2

2

Table 5: The numbers of occurrences of letters in the atom palindromic φi-Fibonacci words
wφi

n (A,C) for φi ∈ {θi ,µi}, i ∈ {1,2,4,5,10} and n ≥ 3.

Lemma 27. Let Σ be an alphabet and a,b ∈Σ be letters. The following hold.
(I) For all n ≥ 1, Fn mod 2= 0 iff n mod 3= 0.

(II) For φ ∈ {µ2,µ8} and for all n ≥ 2, wφ

3n(a,b) ̸= xφ(x) where x ∈Σ+.

Proof. Statement (I) can be proved easily by induction and using properties of modulo
operation. We now prove statement (II) for the case φ = µ2 (the case when φ = µ8
is similar). One can easily verify from Table 4 that the statement holds for n = 2.
Assume now that w3i ̸= xµ2(x), with x ∈ Σ+, for all 3 ≤ i < k. Then, by definition of
wn (Definition 4) and by the inductive hypothesis, we have w3k =µ2(w3k−1)µ2(w3k−2)=
w3k−2w3k−3µ2(w3k−2) ̸= w3k−2xµ2(x)µ2(w3k−2). Hence, the result holds. □
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Proposition 28. Let φ=µ2. For all n ≥ 1 such that n mod 3= 0, the atom palindromic
φ-Fibonacci word wµ2

n (A,C) is primitive.

Proof. By Table 4, wn is primitive for 1 ≤ n ≤ 7. Suppose wn is not primi-
tive for n > 7 and n mod 3 = 0, then we have wn = p j, where j ≥ 2 and
p ∈ Q. By definition of wn (Definition 4), the word wn can be decomposed as
wn = µ2(wn−1)µ2(wn−2) = wn−2wn−3wn−3wn−4 = wn−4wn−5µ2(wn−4)wn−3wn−3wn−4.
Let y = wn−4wn−5µ2(wn−4)wn−3wn−3 such that wn = yx and x = wn−4. Note that
(n − 4) mod 3 = 2 and by Table 5, we have |wn|A = |wn|C , and |x|A + 1 = |x|C , so
|y|A = |y|C + 1. Hence, by Lemma 3 and Lemma 12, both y and x are primitive.
Since x = wn−4, we have |x| = Fn−4 ≥ 7Fn−4−Fn−8

7 − 1 = Fn
7 − 1 and for j ≥ 7 we get,

|x| ≥ Fn
j −1≥ Fn

j −gcd(|p|, |y|)= |p|−gcd(|p|, |y|), as gcd(|p|, |y|)≥ 1. Then, by Proposition
7, we have, p = y, which is impossible. Hence, wn ̸= p j for j ≥ 7 and p ∈Q.

We now consider the cases when 2 ≤ j ≤ 6. We split it into three cases when j is
even, j = 3 and j = 5.

(I) If j is even, then wn can be written as wn = pp, where |p| = Fn
2 > 4. Since by

Lemma 27, |wn−3| is even, there exist x, y ∈ ∆+ such that |x| = |y| and wn−3 =
xy. Then, by definition wn = wn−2wn−3µ2(wn−2), we have p = wn−2x = yµ2(wn−2)
for wn−3 = xy. Thus, p = wn−2x = µ2(wn−3)µ2(wn−4)x = µ2(x)µ2(y)µ2(wn−4)x =
yµ2(wn−2) implies y=µ2(x) and wn−3 = xµ2(x) which is a contradiction to Lemma
27, and hence, j cannot be even.

(II) If j = 3, then by induction, we have Fn mod 3 = 0 iff n mod 4 = 0. There-
fore, if n mod 4 ̸= 0, then wn cannot be written as wn = q3, where q ∈
Q, so we only need to consider the case where n mod 12 = 0. Note
that the word wn can be written as wn = µ2(wn−3)µ2(wn−4)wn−3wn−3wn−4 =
wn−4wn−5µ2(wn−4)µ2(wn−4)µ2(wn−5)µ2(wn−4)µ2(wn−5)wn−4 = q3 and |Fn−4| is di-
visible by 3. Then, there exist x, y, r ∈∆+ such that |x| = |y| = |r| and wn−4 = xyr
and since wn = q3, we have, q = xyrwn−5µ2(xy) = µ2(r)µ2(xyr)µ2(wn−5)µ2(x) =
µ2(yr)µ2(wn−5)xyr. Thus, we have, x = µ2(y) = µ2(r) = y which is a contradiction
as µ2 is not the identity mapping. Hence, j ̸= 3.

(III) If j = 5, by induction, we have Fn mod 5 = 0 iff n mod 5 = 0. Therefore, if
n mod 5 ̸= 0, wn cannot be written as wn = q5, where q ∈ Q, so we only need to
consider the case where n mod 15 = 0. Note that the word wn can be written as
wn = wn−4wn−5µ2(wn−4)µ2(wn−4)µ2(wn−5)µ2(wn−4)µ2(wn−5)wn−4 = q5 and |Fn−5|
is divisible by 5. Then, there exist x, y, r, s, t ∈∆+ such that |x| = |y| = |r| = |s| = |t|
and wn−5 = xyrst and since wn = q5, we have, q = wn−4xyr = stµ2(wn−4)s′ =
t′µ2(xyrs) = µ2(t)µ2(wn−4)µ2(xy) = µ2(rst)wn−4 where µ2(wn−4) = s′t′ for some
s′, t′ ∈ ∆+. Then, we have, r = µ2(r) which is a contradiction as µ2 is not the
identity mapping. Hence, j ̸= 5.

□
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Theorem 29. Let φ ∈ {θ1,θ2,θ4,θ5,θ10,µ2,µ4,µ5,µ10}. The primitivity properties of the
atom palindromic φ-Fibonacci words wφ

n(A,C), for n ≥ 3, are as follows:
(I) For φ= θ2, the atom φ-Fibonacci word wθ2

n (A,C) is primitive iff n mod 3 ̸= 0.

(II) If φ ∈ {θ1,θ4,θ5,θ10,µ2,µ4,µ5,µ10}, the atom φ-Fibonacci word wφ
n(A,C) is primi-

tive.

Proof.
(I) Given that φ= θ2. From Table 4, we have wθ2

3 = AC, which is primitive. By Propo-
sition 8, the words wθ2

n are not primitive for n > 3 and n mod 3= 0. Conversely, if
n mod 3 ̸= 0, then by Table 5, gcd(|wθ2

n |A , |wθ2
n |C) = 1, for all n ≥ 3. Therefore, by

Lemma 12, the words wθ2
n are primitive for n ≥ 3 and n mod 3 ̸= 0.

(II) For φ = µ2, by Proposition 28, the words wµ2
n are primitive for n mod 3 = 0. By

Table 5, for the converse and for all other cases of φ, there exist two letters a,b ∈
∆, where gcd(|wφ

n |a, |wφ
n |b) = 1, for all n ≥ 3. Therefore, by Lemma 3 and Lemma

12, the words wφ
n are primitive for all n ≥ 3.

□

3.3. Atom hairpin φ-Fibonacci words

In Table 6, we begin by giving the first few values of the sequences {zφn(A,C)}n≥1 for
(anti)morphic involutions φ ∈ {µ1,µ2,µ4,µ5,µ10,θ1,θ2,θ4,θ5,θ10}.

φ zφ3 (A,C) zφ4 (A,C) zφ5 (A,C) zφ6 (A,C) zφ7 (A,C)
µ1 CA CAC CACCA CACCACAC CACCACACCACCA
µ2 CC CCA CCAAA CCAAAAAC CCAAAAACAACCC
µ4 CT CTC CTCCA CTCCACAC CTCCACACCACCT
µ5 CA CAG CAGGA CAGGAGAC CAGGAGACGACCA
µ10 CT CTG CTGGA CTGGAGAC CTGGAGACGACCT
θ1 CA CAC CACAC CACACCAC CACACCACCACAC
θ2 CC CCA CCAAA CCAAACAA CCAAACAACCCAA
θ4 CT CTC CTCAC CTCACCAC CTCACCACCTCAC
θ5 CA CAG CAGAG CAGAGCAG CAGAGCAGCACAG
θ10 CT CTG CTGAG CTGAGCAG CTGAGCAGCTCAG

Table 6: List of words zφn(A,C), where 3≤ n ≤ 7 and φ ∈ {µ1,µ2,µ4,µ5,µ10,θ1,θ2,θ4,θ5,θ10}.

Similar to that of Table 5, we calculate the number of occurrences of letters in the
words zφn(A,C), for all n ≥ 3 and φ ∈ {φ1,φ4,φ5,φ10}, as summarized in Table 7.

Lemma 30. Let φ ∈ {θ2,µ2}. For all n > 3, the atom hairpin φ-Fibonacci word zφn(A,C)
cannot be a square.
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i = 1 i = 2 i = 5
n mod 6 ≥ 0 0 1,5 2,4 3 0,5 1,4 2,3

|zφi
n (A,C)|A Fn−2

Fn
2 +1 Fn+1

2
Fn−1

2
Fn
2 −1 Fn−2

|zφi
n (A,C)|C Fn−1

Fn
2 −1 Fn−1

2
Fn+1

2
Fn
2 +1 Fn−1−1

2
Fn−1

2
Fn−1+1

2

|zφi
n (A,C)|G − − Fn−1+1

2
Fn−1

2
Fn−1−1

2

i = 4 i = 10
n mod 6 0,1 2,5 3,4 0 1 2 3 4 5

|zφi
n (A,C)|A Fn−2+1

2
Fn−2

2
Fn−2−1

2
Fn−2+1

2
Fn−2

2
Fn−2−1

2
Fn−2

2

|zφi
n (A,C)|C Fn−1

Fn−1−1
2 Fn−1

2

Fn−1+1
2 Fn−1

2

Fn−1−1
2

|zφi
n (A,C)|G − Fn−1+1

2
Fn−1−1

2
Fn−1+1

2

|zφi
n (A,C)|T Fn−2−1

2
Fn−2

2
Fn−2+1

2
Fn−2−1

2
Fn−2

2
Fn−2+1

2
Fn−2

2

Table 7: The numbers of occurrences of letters in the atom hairpin φi-Fibonacci words
zφi

n (A,C) for φi ∈ {θi ,µi}, i ∈ {1,2,4,5,10} and n ≥ 3.

Proof. First, we consider the case where φ= θ2. By Table 6, the statement is true for
4 ≤ n ≤ 7. Assuming that the statement holds for zφi (A,C), where 7 ≤ i < k, we now
prove it for zφk (A,C). We only need to consider the condition where k mod 3 = 0, since
by induction, we have Fk mod 2 = 0 iff k mod 3 = 0. By definition of zn (Definition 4),
we have zk = zk−2θ2(zk−3)θ2(zk−2) = pp. As, (k−3) mod 3 = Fk−3 mod 2 = 0 and hence,
there exist x, y ∈ ∆+ such that zk−3 = xy and |x| = |y|. We have, p = zk−2θ2(y), and
p = θ2(x)θ2(zk−2) = θ2(x)zk−4θ2(zk−3) = θ2(x)zk−4θ2(y)θ2(x). Therefore, θ2(x) = θ2(y), so
zk−3 = x2, which contradicts the inductive hypothesis.

Next, we consider the case where φ = µ2. By Table 6, the statement is true for
4 ≤ n ≤ 7. Assuming the statement holds for zφi (A,C), where 7 ≤ i < k, we now
prove it for zφk (A,C). We only need to consider the condition where k mod 3 = 0,
since by induction, we have Fk mod 2 = 0 iff k mod 3 = 0. By definition of zn (Defi-
nition 4), we have zk = zk−2µ2(zk−3)µ2(zk−2) = pp. As, (k− 3) mod 3 = Fk−3 mod 2 =
0 and hence, there exist x, y ∈ ∆+ such that zk−3 = xy and |x| = |y|. We now
have p = zk−2µ2(x) = zk−3µ2(zk−4)µ2(x) = xyµ2(zk−4)µ2(x), and p = µ2(y)µ2(zk−2) =
µ2(y)µ2(zk−3)zk−4 = µ2(yxy)zk−4. This implies, x = µ2(y) and µ2(zk−4)µ2(x) = xzk−4.
Note that, zk−3 = zk−4µ2(zk−5)= xy, and hence, zk−4 = xµ2(y1) for some y= y1 y2. Thus,
xzk−4 = xxµ2(y1) = µ2(zk−4)µ2(x) = µ2(xy1)µ2(x), which implies x = µ2(x), and hence,
zk−3 = x2, a contradiction. □

Theorem 31. Let φ ∈ {θ1,θ2,θ4,θ5,θ10,µ2,µ4,µ5,µ10}. For all n ≥ 1, we have:

(I) If φ ∈ {θ2,µ2} and n ̸= 3, then the atom hairpin φ-Fibonacci word zφn(A,C) is prim-
itive.

(II) If φ ∈ {θ1,θ4,θ5,θ10,µ4,µ5,µ10}, then the atom hairpin φ-Fibonacci word zφn(A,C)
is primitive.
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Proof.
(I) Let φ ∈ {θ2,µ2}. Note that z3 = CC is not primitive. By Table 7, for n mod 6 ∈

{1,2,4,5}, we have gcd(|zφn |A , |zφn |C)= 1, so by Lemma 12, the word zφn is primitive
in these cases. For n mod 6 ∈ {0,3}, the number of occurrences of A and C are
consecutive positive even or odd integers. If they are consecutive positive odd
integers, by Lemma 12, the word zφn is primitive in this case. If they are consecu-
tive positive even integers, the only non-trivial common divisor is 2, and we can
prove that zφn is primitive by contradiction. Assume zφn is not primitive in this
case, which means that zφn = pi (refer to proof of Lemma 12 to show that i = 2)
where p ∈Q, and this contradicts Lemma 30.

(II) By Table 7, for all other cases of φ, there exist two letters a,b ∈ ∆, where
gcd(|zφn |a, |zφn |b) = 1, for all n ≥ 3. Therefore, by Lemma 12, the word zφn is primi-
tive for all n ≥ 3.

□

Let αn ∈ {gn,wn, zn} for all n ≥ 1 and let φ ∈ {θ1,θ2,θ4,θ5,θ10,µ2,µ4,µ5,µ10}. Based
on Corollary 21, Theorems 24, 25, 26, 29 and 31, we conclude that the words gθ2

n and
gµ2

n are not primitive for all n ≥ 3, the word wµ2
n is primitive if n mod 3 ̸= 0 and n ≥ 3,

and for all other cases, the word α
φ
n is primitive. These are summarized in Table 8.

i ∈ {1,7} i ∈ {2,8} i ∈ {3,4} i ∈ {5,6} i ∈ {9,10}

gθi
n (A,C) ✓ ✗(except n = 1,2) ✓ ✓ ✓

gµi
n (A,C) ✓ ✗(except n = 1,2) ✓ ✓ ✓

wθi
n (A,C) ✓ ✓(except n mod 3= 0,n > 3) ✓ ✓ ✓

wµi
n (A,C) ✓ ✓ ✓ ✓ ✓

zθi
n (A,C) ✓ ✓(except n = 3) ✓ ✓ ✓

zµi
n (A,C) ✓ ✓(except n = 3) ✓ ✓ ✓

Table 8: Primitivity of atom φ-Fibonacci words αφn(A,C) for all n ≥ 1, with different initial
letters A,C ∈∆, where αn ∈ {gn,wn, zn} for all n ≥ 1, and φ ∈ {θi ,µi | 1≤ i ≤ 10}

(here, ✓ means that the words are primitive, and ✗ means that they are not
primitive).

4. Primitivity of atom φ-Fibonacci words with identical initial letters

In this section, we discuss the primitivity of atom φ-Fibonacci words αφn(a,a) with iden-
tical initial letters, for all n ≥ 1, where a ∈ Σ4, φ ∈ {θi | 1 ≤ i ≤ 10}∪ {µi | 1 ≤ i ≤ 10},
and αn ∈ {gn,wn, zn} for all n ≥ 1. The primitivity results of this section hold for any
choice of (x1, x2, x3, x4) and with x1 and x1 as the initial letters of the φ-Fibonacci se-
quence. Therefore, we only prove primitivity results for one of the cases, the sequence
(A,C,G,T) over the DNA alphabet ∆, with A and A as the first two initial letters.

We can classify φ into two categories, where φ(a) = a and φ(a) ̸= a. If φ(a) = a, then
for all n ≥ 1 we have that αφn(a,a) = aFn , where αn ∈ {gn,wn, zn} for all n ≥ 1. Hence,
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α
φ
n(a,a) is not primitive for all n ≥ 3. Therefore, we only need to consider the case where

φ(a) ̸= a. The set of all (anti)morphic involutions φ for the sequence (x1, x2, x3, x4) with
x1 = a and φi(a) ̸= a is {φi | i = 2,3,4,8,9,10}. It is enough if we discuss the primitivity
for one of such φi, say φ2. We first show that it is sufficient to study the primitivity
only for αφ2

n (a,a), where n ≥ 1.
We use the following lemma.

Lemma 32. Let φi ∈ {µi,θi}, i ∈ {2,3,4,8,9,10}, be an (anti)morphic involution on Σ∗
4

and αn ∈ {gn,wn, zn} for all n ≥ 1. For all n ≥ 1, the following equalities hold regarding
φi-Fibonacci words αφi

n (x1, x1):

(I) φ2(αφ2
n (x1, x1))=φ8(αφ8

n (x1, x1)) iff αφ2
n (x1, x1)=α

φ8
n (x1, x1).

(II) φ3(αφ3
n (x1, x1))=φ9(αφ9

n (x1, x1)) iff αφ3
n (x1, x1)=α

φ9
n (x1, x1).

(III) φ4(αφ4
n (x1, x1))=φ10(αφ10

n (x1, x1)) iff αφ4
n (x1, x1)=α

φ10
n (x1, x1).

(IV) [φ2(αφ2
n (x1, x2))]x2→x3 =φ3(αφ3

n (x1, x2)) iff [αφ2
n (x1, x2)]x2→x3 =α

φ3
n (x1, x2).

(V) [φ2(αφ2
n (x1, x2))]x2→x4 =φ4(αφ4

n (x1, x2)) iff [αφ2
n (x1, x2)]x2→x4 =α

φ4
n (x1, x2).

Proof. The proof, by induction on n, is similar to that of Lemma 17. □

Based on Lemma 32, we have the following result.

Lemma 33. Let φi ∈ {θi,µi}, i ∈ {2,3,4,8,9,10} be an (anti)morphic involution on Σ∗
4 ,

and let αn ∈ {gn,wn, zn} for all n ≥ 1. For all n ≥ 1, the following equalities regarding
φi-Fibonacci words αφi

n (x1, x1) hold:

(I) α
φ2
n (x1, x1)=α

φ8
n (x1, x1).

(II) [αφ2
n (x1, x1)]x2→x3 =α

φ3
n (x1, x1)=α

φ9
n (x1, x1).

(III) [αφ2
n (x1, x1)]x2→x4 =α

φ4
n (x1, x1)=α

φ10
n (x1, x1).

Proof. The proof, by induction on n and using Lemma 32, is similar to that of Lemma
18. □

One can easily observe that for αφn(a,a), we have |Alph(αφn(a,a))| ≤ 2, for all n ≥ 3, φ
an (anti)morphic involution, and αn ∈ {gn,wn, zn} for all n ≥ 3. Thus, by Lemma 33, it
is enough to discuss the primitivity for αφ2

n (x1, x1), n ≥ 3. As the choice of initial letter
does not matter, we choose for convenience, A and A to be the two initial letters. We
now study the primitivity of the words αφ2

n (A, A) for all n ≥ 3, where αn ∈ {gn,wn, zn}
for all n ≥ 3.

4.1. Atom alternating φ-Fibonacci words

The first few values of the sequence {gφn(A, A)}n≥1 for φ ∈ {µ2,θ2} are given in Table 9.
We first show that for a morphic involution µ2, the µ2-Fibonacci words gn with

identical initial letters are primitive. The proof is similar to that of Theorem 25.

Theorem 34. Let φ = µ2. For all n ≥ 1, the atom alternating φ-Fibonacci word
gµ2

n (A, A) is primitive.
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φ gφ3 (A, A) gφ4 (A, A) gφ5 (A, A) gφ6 (A, A) gφ7 (A, A)
µ2 CA ACA CACCA ACAACACA CACCACACCACCA
θ2 CA CAA CCACA CACAACAA CCACCACACCACA

Table 9: List of words gφn(A, A), where 3≤ n ≤ 7 and φ ∈ {µ2,θ2}.

Proof. By Theorem 9, we have gφn(A, A) = fn(A,φ(A)) if n is odd, and gφn(A, A) =
fn(φ(A), A), otherwise. Note that, φ(A) ̸= A for φ = µ2. Then, by Theorem 5, the word
gφn(A, A) is primitive for φ=µ2 and n ≥ 1. □

We now discuss the primitivity of θ2-Fibonacci words gθ2
n (A, A), n ≥ 3. The following

result can be proved by induction and we omit the proof.

Theorem 35. Let φ ∈ {θ1,θ2}. For all n ≥ 1, the atom alternating φ-Fibonacci word
gθ2

n (A, A) can be represented by atom alternating φ-Fibonacci words gθ1
n (A,C) and

gθ1
n (C, A) as follows:

gθ2
n (A, A)=

{
gθ1

n (C, A) : n mod 2= 0,
gθ1

n (A,C) : n mod 2= 1.

Proof. The proof, by induction on n and using Lemma 22, is similar to that of Lemma
23. □

Using Theorem 35 and Corollary 21, we have the following corollary.

Corollary 36. Let φ = θ2. For all n ≥ 1, the atom alternating φ-Fibonacci word
gθ2

n (A, A) is primitive.

4.2. Atom palindromic φ-Fibonacci words

The first few values of the sequences {wφ
n(A, A)}n≥1 for φ ∈ {µ2,θ2} are given in Table

10.

φ wφ

3 (A, A) wφ

4 (A, A) wφ

5 (A, A) wφ

6 (A, A) wφ

7 (A, A)
µ2 CC AAC CCAAA AACCCCCA CCAAAAACAACCC
θ2 CC AAC ACCAA CCAACACC AACACCAACCAAC

Table 10: List of words wφ
n(A, A), where 3≤ n ≤ 7 and φ ∈ {µ2,θ2}.

Therefore, we have the following theorem.

Theorem 37. Let φ = µ2. For all n ≥ 1, the atom palindromic φ-Fibonacci word
wµ2

n (A, A) is primitive.

Proof. We have by Theorem 9, wµ2
n (A, A) = zµ2

n (A,C) if n is odd, and wµ2
n (A, A) =

zµ2
n (C, A), otherwise, and hence, by Theorem 31, wµ2

n (A, A) is primitive for n ≥ 1. □
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We now count the number of occurrences of the letters A and C in the atom palin-
dromic φ2-Fibonacci words.

Lemma 38. Let φ ∈ {µ2,θ2}. For all n ≥ 1, the numbers of occurrences of letters in the
atom palindromic φ-Fibonacci word wφ

n(A, A) satisfy:

|wφ
n |A =

{ Fn
2 −1 : n mod 3= 0,

Fn+1
2 : n mod 3= 1,2,

|wφ
n |C =

{ Fn
2 +1 : n mod 3= 0,

Fn−1
2 : n mod 3= 1,2.

Proof. The proof uses the fact that |wφ

n+2|A = |wφ

n+1|C+|wφ
n |C , |wφ

n+2|C = |wφ

n+1|A+|wφ
n |A

and is by induction on n. □

By induction on n, we have the following lemma.

Lemma 39. Let φ = θ2. For all n > 3, the atom palindromic φ-Fibonacci word
wθ2

n (A, A) cannot be a square.

Proof. The proof is by induction on n. One can easily check that the statement is
true for 4 ≤ n ≤ 10. We now assume that wθ2

i (A, A) is not a square for all 10 ≤ i < k.
We prove that this is true for wθ2

k (A, A). We only need to consider the condition
where k mod 3 = 0, since by induction, we have Fk mod 2 = 0 iff k mod 3 = 0. By def-
inition of wn (Definition 4), we have wk = θ2(wk−1)θ2(wk−2) = wk−3wk−2wk−4wk−3 =
wk−3θ2(wk−3)θ2(wk−4)wk−4wk−3 = wk−3wk−5wk−4wk−6wk−5wk−4wk−3 = pp. As, (k −
6) mod 3 = Fk−6 mod 2 = 0, and hence, there exist x, y ∈ ∆+ such that wk−6 = xy
and |x| = |y|. We now have p = wk−3wk−5wk−4x = θ2(wk−4)θ2(wk−5)wk−5wk−4x =
wk−6wk−5θ2(wk−5)wk−5wk−4x = xywk−5θ2(wk−5)wk−5wk−4x, and p = ywk−5wk−4wk−3.
Therefore, we have x = y, so wk−6 = x2, which contradicts the inductive hypothesis. □

Theorem 40. Let φ= θ2. For n ≥ 1, the atom palindromic φ-Fibonacci word wθ2
n (A, A)

is primitive iff n ̸= 3.

Proof. The proof is similar to part (I) of the proof of Theorem 31, and uses Lemma 39.
□

4.3. Atom hairpin φ-Fibonacci words

In Table 11, we give the first few values of the sequences {zφn(A, A)}n≥1 for φ ∈ {µ2,θ2}.

φ zφ3 (A, A) zφ4 (A, A) zφ5 (A, A) zφ6 (A, A) zφ7 (A, A)
µ2 AC ACC ACCCA ACCCACAA ACCCACAACAAAC
θ2 AC ACC ACCAC ACCACAAC ACCACAACACAAC

Table 11: List of words zφn(A, A), where 3≤ n ≤ 7 and φ ∈ {µ2,θ2}.
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Theorem 41. Let φ = µ2. For all n ≥ 1, the atom hairpin φ-Fibonacci word zµ2
n (A, A)

is primitive.

Proof. We have by Theorem 9, zµ2
n (A, A) = wµ2

n (A,C) if n is odd, and zµ2
n (A, A) =

wµ2
n (C, A), otherwise, and hence, by Theorem 29, zµ2

n (A, A) is primitive for all n ≥ 1.
□

We now count the number of occurrences of the letters A and C in the atom hairpin
φ2-Fibonacci words. The proof is by induction, and we omit it.

Lemma 42. Let φ ∈ {µ2,θ2}. For all n ≥ 1, the numbers of occurrences of letters in the
atom hairpin φ-Fibonacci word zφn(A, A) satisfy:

|zφn |A =


Fn
2 : n mod 6= 0,3,

Fn+1
2 : n mod 6= 1,2,

Fn−1
2 : n mod 6= 4,5,

|zφn |C =


Fn
2 : n mod 6= 0,3,

Fn−1
2 : n mod 6= 1,2,

Fn+1
2 : n mod 6= 4,5.

Proof. The proof is by induction on n and uses the fact that for all n ≥ 1, |zφn+2|A =
|zφn+1|A + |zφn |C , |zφn+2|C = |zφn+1|C + |zφn |A , where |zφ1 |A = |zφ2 |A = 1 and |zφ1 |C = |zφ2 |C = 0.
Hence, using inductive hypothesis, one can obtain the result for |zφk |A and |zφk |C . □

We next show that the atom hairpin µ2-Fibonacci words zµ2
n (A, A) are primitive for

n ≥ 3. We need the following lemma which can be proved by induction on n.

Lemma 43. Let φ= θ2. The following hold for all n ≥ 1:
(I) If n mod 3= 0, then zθ2

n (A, A) ̸= q2 for any θ2-palindrome q.
(II) If n mod 4= 0, then zθ2

n (A, A) ̸= q3 for any θ2-palindrome q.
(III) If n mod 5= 0, then zθ2

n (A, A) ̸= q5 for any θ2-palindrome q.

Proof. We only prove statement (I). Given that n mod 3 = 0. Then, Fn mod 2 = 0,
and there exist x, y ∈ ∆+ such that |zn| = xy and |x| = |y|. One can easily verify the
statement for n = 3 and n = 6. Assume the statement to be true for zθ2

i (A, A), where
i mod 3 = 0 and 3 ≤ i < k. Let k be a number such that k mod 3 = 0 and k > n. Sup-
pose, zk = zk−1θ2(zk−2) = p2 where p is a θ2-palindrome, then, zk = zk−1θ2(zk−2) =
zk−2θ2(zk−3)θ2(zk−2) and p = zk−2x = yθ2(zk−2) for θ2(zk−3) = xy. Since, p is a θ2-
palindrome, x = θ2(y) and zk−2 = zk−3θ2(zk−4) = xθ2(x)θ2(zk−4). This implies that
x = y = θ2(x) and hence zk−3 = x2, a contradiction to our induction hypothesis. Hence,
the result. □

The following result uses Lemma 43 and has a proof similar to that of Proposition 28.

Theorem 44. Let φ = θ2. For all n ≥ 1, the atom hairpin φ-Fibonacci word zθ2
n (A, A)

is primitive.

Based on Corollary 36 and Theorems 34, 37, 40, 41 and 44, the results can be gen-
eralized to non-trivial φ-Fibonacci words with the same initial letters. The primitivity
properties of the n-th atom φ-Fibonacci word with the same two initial letters, for all
n ≥ 1, are summarized in Table 12.
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i ∈ {2,3,4,8,9,10} i ∈ {1,5,6,7}

gφi
n (A, A) ✓ ✗

wφi
n (A, A) ✓(except n = 3) ✗

zφi
n (A, A) ✓ ✗

Table 12: Primitivity of atom φ-Fibonacci words αφn(A, A) for all n ≥ 1, with identical initial
letters A ∈∆, where αn ∈ {gn,wn, zn} for all n ≥ 1, and φ ∈ {θi ,µi | 1≤ i ≤ 10}

(here, ✓ means that the words are primitive, and ✗ means that they are not
primitive).

5. Conclusions and future work

This paper analyzed the primitivity properties of atom involutive Fibonacci words over
a four-letter alphabet and concluded that, for some (anti)morphic involutions, some ini-
tial letters, and some indices n, we have that the n-th φ-Fibonacci word is primitive,
while for some others, it is not. In the particular case of the Watson-Crick complemen-
tarity involution θDN A over the DNA alphabet ∆ = {A,C,G,T}, our results imply that
regardless of the initial two letters in the Fibonacci recursion (different, or the same),
the n-th atom Watson-Crick Fibonacci word is primitive for all n > 3.

Future topics of research include studying the φ-primitivity of φ-Fibonacci words,
as well combinatorial properties of φ-Fibonacci words (counting their distinct factors,
squares, φ-squares, cubes, φ-cubes, palindromes, φ-palindromes, etc.).
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