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1 INTRODUCTION

Network design problems are generally about finding a minimum cost subgraph that satisfies cer-
tain “connectivity” requirements. One of the most well studied problems is the survivable network
design problem [1, 22, 25, 26, 29], where the requirement is to have a specified number 7, ., of edge-
disjoint paths between every pair of vertices u, v. Other combinatorial requirements are also well
studied in the literature, including vertex connectivity [7, 9, 13, 18, 33, 34] and shortest path dis-
tances [14, 15].

Some spectral requirements are also studied, including spectral expansion [2, 32], total effective
resistances [24, 40], and mixing time [5], but in general much less is known about these problems.
See Section 1.1 for more discussions of previous work.

In this article, we study a basic problem in designing networks with a spectral requirement—the
effective resistance between two vertices.

Definition 1.1 (The s-t Effective Resistance Network Design Problem). The input is an undirected
graph G = (V, E), two specified vertices s, t € V, and a budget k. The goal is to find a subgraph H of
G with at most k edges that minimizes Reff (s, t), where Reff i (s, t) denotes the effective resistance
between s and t in the subgraph H. See Section 2.2 for the definition of effective resistance and
Section 3.1 for a mathematical formulation of the problem.

The s-t effective resistance is an interpolation between s-t shortest path distance and s-t edge
connectivity. To see this, let f € RIFl be a unit s-t flow in G and define the {p-energy of f as
Ep(f) == (Xe |£.1P)/P, and let Ep(s,t) = ming{E,(f) | f is a unit s-t flow} be the minimum £,,-
energy of a unit s-t flow that the graph G can support. Thomson’s principle (see Section 2.2) states
that Reff (s, t) = E2(s, t), so that a graph of small s-t effective resistance can support a unit s-
flow with small £,-energy. Note that the shortest path distance between s and ¢ is &;(s, t) (as the
{1-energy of a flow is just the average path length and is minimized by a shortest s-t path), and so
a graph with small & (s, t) has a short path between s and t. Note also that the edge-connectivity
between s and t is equal to the reciprocal of Ex (s, t) (because if there are k edge-disjoint s-t paths,
we can set the flow value on each path to be 1/k), and so a graph with small Ec (s, t) has many
edge-disjoint s-t paths. As ¢, is between ¢; and £, the objective function Reff(s, t) = E2(s, t) takes
both the s-t shortest path distance and the s-t edge-connectivity into consideration.

A simple property suggests that {;-energy may be even more desirable than ¢; and ¢ as a
connectivity measure. Conceptually, adding an edge e to G would make s and t more connected. For
{1 and £, however, adding e would not yield a better energy if e does not improve the shortest path
and the edge connectivity, respectively. In contrast, the ¢;-energy would typically improve after
adding an edge, and so {;-energy provides a smoother quantitative measure that better captures
our intuition how well s and ¢t are connected in a network.

Traditionally, the effective resistance has many useful probabilistic interpretations, such as the
commute time [8], the cover time [38], and the probability of an edge in a random spanning
tree [31]. These interpretations suggest that the effective resistance is a useful distance function
and have applications in the study of social networks. Recently, effective resistance has found sur-
prising applications in solving problems about graph connectivity, including constructing spectral
sparsifiers [47] (by using the effective resistance of an edge as the sampling probability), computing
maximum flow [11], finding thin trees for ATSP [3], and generating random spanning trees [39, 45].

Thomson’s principle [30] also states that the electrical flow between s and ¢ is the unique flow
that minimizes the {,-energy (see Section 2.2). So, designing a network with small s-t effective
resistance has natural applications in designing electrical networks [16, 24, 28]. One natural for-
mulation is to keep at most k wires in the input electrical network to minimize Reff(s, ), so that
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the electrical flow between s and ¢ can still be sent with small energy while we switch off many
wires in the electrical network.

Based on the above reasons, we believe that the effective resistance is a nice and natural alter-
native connectivity measure in network design. More generally, it is an interesting direction to
develop techniques to solve network design problems with spectral requirements.

1.1 Main Results

Unlike the classical problems of shortest path and min-cost flow (corresponding to the ¢; and ¢«
versions of the problem), the s-t effective resistance network design problem is NP-hard.

THEOREM 1.2. The s-t effective resistance network design problem is NP-hard.

On the other hand, we analyze a natural convex programming relaxation for the problem
(Section 3.1), and use it to design a constant factor approximation algorithm for the problem.

THEOREM 1.3. There is a convex programming-based randomized algorithm that returns an
8-approximate solution in polynomial time with high probability for the s-t effective resistance net-
work design problem.

The algorithm crucially uses a nice characterization of the optimal solutions to the convex pro-
gram (Lemma 3.2) to design a randomized path-rounding procedure (Section 3.2) for Theorem 1.3.
A simple example shows that the integrality gap of the convex program is at least two. When
the budget k is much larger than the length of a shortest s-¢ path, we show how to achieve an
approximation ratio close to two with a randomized “short” path rounding algorithm (Section 3.5).

THEOREM 1.4. There is a (2+0(¢))-approximation algorithm for the s-t effective resistance network
design problem, when k > 2ds;/'® where ds; is the length of a shortest s-t path.

1.2 Other Results

We consider some variants of the s-t effective resistance network design problem, including the
weighted version, the dual version, and the problem on special graphs.

There is a natural weighted generalization of the s-t effective resistance network design problem,
where we associate a cost ¢, and resistance r, to each edge e of the input graph.

Definition 1.5 (The Weighted s-t Effective Resistance Network Design Problem). The input is an
undirected graph G = (V, E) where each edge e has a non-negative cost ¢, and a non-negative
resistance r., two specified vertices s,t € V, and a cost budget k. The goal is to find a subgraph H
of G that minimizes Reff (s, t) subject to the constraint that the total edge cost of H is at most k.
In the following, we may refer to this problem as the weighted problem for simplicity.

In the weighted problem, the integrality gap of the convex program (Section 3.1) becomes un-
bounded, even when the cost on the edges are the same (c, = 1 for all e € E). This suggests that
the weighted version may be strictly harder. Indeed, we show stronger hardness result for the
weighted problem assuming the small-set expansion conjecture [43, 44].

THEOREM 1.6. Assuming the small-set expansion conjecture, it is NP-hard to approximate the
weighted s-t effective resistance network design problem within a factor of 2 — ¢ for any € > 0, even
when c, = 1 for every edge e.

On the other hand, when the cost on the edges are the same, the following approximation follows
from the randomized path rounding algorithm in a black box manner.

CoROLLARY 1.7. There is a convex programming-based O(R)-approximation randomized algo-
rithm for the weighted s-t effective resistance network design problem when c, = 1 for every edge
e, where R = max, r./min, r. is the ratio between the maximum and minimum resistance.
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As our problem is related to electrical network design, it is natural to consider the special case
when the input graph is a series-parallel graph. In this setting, we can use dynamic programming to
design an exact algorithm for the original problem, and a fully polynomial time approximation
scheme (FPTAS) for the weighted problem.

THEOREM 1.8. There is an exact algorithm for the s-t effective resistance network design problem
with running time O(|E| - k) when the input graph is a series-parallel graph.

There is a (1 + ¢)-approximation algorithm for the weighted s-t effective resistance network de-
sign problem when the input graph is a series-parallel graph. The running time of the algorithm is
O(|E|"R?%/e®) where R = max, r./min, r. is the ratio between the maximum and minimum resistance.
By a simple preprocessing scaling step, we can assume that R is bounded by a polynomial, and so the
algorithm is a FPTAS for the weighted problem.

We note that the integrality gap examples in Section 3.1 are actually series-parallel graphs, and
so the dynamic programming algorithms go beyond the limitation of the natural convex program.
We leave it as an open problem whether the weighted problem admits a constant factor approxi-
mation algorithm (possibly by combining these techniques).

We also consider the “dual” problem, where we set the effective resistance as a hard constraint,
and the objective is to minimize the number of edges in the solution subgraph. We present similar
results as the original problem in Section 3.6.

1.3 Related Work

In the survivable network design problem, we are given an undirected graph and a connectivity
requirement ry, ., for every pair of vertices u, v, and the goal is to find a minimum cost subgraph
such that there are at least r,, ., edge-disjoint paths for all u, v. This problem is extensively studied
and captures many interesting special cases [1, 22, 25, 26]. The best approximation algorithm for
this problem is due to Jain [29], who introduced the technique of iterative rounding to design a
2-approximation algorithm. His result has been extended in various directions, including element-
connectivity [10, 19], directed graphs [21, 22], and with degree constraints [17, 20, 35, 36].

Other combinatorial connectivity requirements were also considered. A natural variation is to
require 7y, ., internally vertex disjoint paths for every pair of vertices u,v. This problem is much
harder to approximate [33, 34], but there are good approximation algorithms for global connec-
tivity [9, 18] and when the maximum connectivity requirement is small [7, 13]. Another natural
problem is to require a path of length [, ., between every pair of vertices u, v. This problem is also
hard to approximate in general but there are better approximation algorithms when every edge
has the same cost and the same length [15].

Spectral connectivity requirements were also studied, including algebraic connectivity [23, 32]
(closely related to graph expansion), total effective resistances [24], and mixing time [5]. In partic-
ular, Ghosh, Boyd and Saberi [24] studied the related problem of minimizing the sum of effective
resistances over all pairs of vertices. They gave a convex programming relaxation of the problem
but did not provide any result for the discrete optimization setting. Most of the earlier works only
proposed convex programming relaxations and heuristic algorithms, and approximation guaran-
tees are only obtained recently for the more general experimental design problems. When every
edge has the same cost, there is a (1+¢)-approximation algorithm for minimizing the total effective
resistance when the budget is at least Q(|V|/e) [40], and there is a (1 + ¢)-approximation algorithm
for both maximizing the algebraic connectivity and minimizing the total effective resistance when
the budget is at least Q(|V|/e?) [2]. For general edge costs, subsequent to our work, there is a
randomized (1 + ¢)-approximation algorithm for both maximizing the algebraic connectivity and
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minimizing the total effective resistance when the budget is at least Q(cmax|V|/e?) [37], where cimax
is the maximum edge cost in the input graph.

We remark that those methods in recent papers on experimental design [2, 37, 40] are closely re-
lated to the s-t effective resistance network design problem, where they consider each edge/vector
as a unit and use convex relaxation-based rounding techniques. In Reference [40], a probability
distribution on the edges/vectors is carefully designed for an dependent randomized rounding. Al-
though this technique can be used to minimize total effective resistance and to handle some more
general settings, it is highly unlikely that it can be applied to the s-t effective resistance network
design problem as the objective functions are very different. In References [2, 37], a potential func-
tion as in spectral sparsification is used to guide a local search algorithm to swap two edges/vectors
at a time to improve the current solution. These techniques can be applied to the s-t effective re-
sistance network design problem. However, they only work in the case when the solutions form
a spanning set so that the “contribution” of each individual edge/vector is well-defined. Thus, the
techniques in References [2, 37] only apply when k > Q(|V|/&?) for the desired precision ¢ < 1.
In this article, the interesting regime is when k is much smaller than |V|. We have developed a
set of new techniques for analyzing and rounding the solutions to the convex program that will
hopefully find applications for solving related problems in the regime when k is small.

1.4 Techniques

Our main technical contribution is in designing rounding techniques for a convex programming
relaxation of our problem. There is a natural convex programming relaxation, by using the con-
ductance of the edges as variables, and writing the s-t effective resistance as the objective function
and noting that it is convex with respect to the variables (Section 3.1).

We show that optimal solutions of this convex program enjoy some nice properties.! Given an
optimal fractional solution x* and the unit s-t electrical flow f* supported in x*, we derive from
the KKT optimality conditions that there is a flow-conductance ratio & > 0 such that f)" = ax; for
every fractional edge e with 0 < x; < 1 and f;” > « for every integral edge e with x; = 1. The
flow-conductance ratio « is crucial in the rounding algorithm and the analysis.

Our approach is based on a randomized rounding procedure on s-t paths. Given x*, we compute
the unit s-t electrical flow f* supported in x*, and decompose f* as a convex combination of s-t
paths. The rounding algorithm has T = 1/« iterations (recall that « is the flow-conductance ratio
of the optimal solution x*), where we pick a random path P; from the convex combination in each
iteration, and return H := UiTzlPi as our solution. One difference from the previous techniques in
the literature is that each unit in the rounding algorithm is a s-t path, so in particular s and ¢t are
always connected in our solution. Another difference is that our problem has some extra structure,
so that we can compute the electrical flow f* to guide our rounding procedure, where the vari-
ables f," are not in the convex program. These allow us to obtain a constant factor approximation
algorithm for all budget k > ds; (note that when k < dg; there is no feasible integral solution).

In the analysis, we prove in Lemma 3.6 that the expected number of edges in H is at most k,
and in Lemma 3.7 that the expected effective resistance is Reffy(s,t) < 2Reff«(s, t). To bound
the expected effective resistance, we use Thomson’s principle and construct a unit s-t flow F to
show that Reff (s, t) < Ex(F) < 2Reff,- (s, t). To construct the unit s-t flow F, we keep the flow-
conductance ratio and send « units of flow on each sampled path P; (ie, fo = « and x, = 1).
The flow-conductance ratio plays a crucial role in the proofs of both lemmas. This is because the
rounding algorithm is based on the flow variables f, and thus the performance guarantees are in

1We can also show that there exists an optimal solution such that the fractional edges form a forest, but this is not included
in the article, as we have not used this property in the rounding algorithm.
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terms of f;', but the ratio « allows us to relate them back to the variables x} in the convex program.
Combining the two lemmas give us a constant factor bicriteria approximation algorithm for the
problem. This can be turned into a true approximation algorithm by scaling down the budget to
k/2 and run the bicriteria approximation algorithm with some additional claims (Section 3.4).

The improvement on the approximation ratio when budget k is large comes from two observa-
tions. The first is that if k is much larger than the length of the shortest s-t path, then the number
of independent iterations in the rounding scheme is large (Lemma 3.3). The second is that we can
ignore some s-¢ paths in the flow decomposition with many fractional edges without affecting the
performance much. Combining these, we can apply a Chernoff-Hoeffding bound to show that the
number of edges is at most (1 + ¢)k with high probability. Then it is not necessary to scale down
the budget by a factor of 2 and we can prove a stronger bound that the effective resistance is at
most 2 + O(¢) times the optimal value.

1.5 Organization

In Section 2, we define the notations used in this article and cover background knowledge on effec-
tive resistances. We present the convex programming relaxation and our two rounding procedures
in Section 3, and the dynamic programming algorithm in Section 4. The NP-hardness and small
set expansion hardness results are provided in Section 5.

2 PRELIMINARIES

We introduce the notations and definitions for graphs and matrices in Section 2.1, and then we
define electrical flow and effective resistance and state some basic results in Section 2.2.

2.1 Graphs and Matrices

Let G = (V, E) be an undirected graph with edge weight w, > 0 on each edge e € E. The number of
vertices and the number of edges are denoted by n := |V| and m := |E|. For a subset of edges F C E,
the total weight of edges in F is w(F) := ) .cr We. For a subset of vertices S C V, the set of edges
with one endpoint in S and one endpoint in V -5 is denoted by §(S). For a vertex v, the set of edges
incident on a vertex v is 6(v) := §({v}), and the weighted degree of v is deg(v) := w(5(v)). The
volume of a set vol(S) := s deg(v) is defined as the sum of the weighted degrees of vertices in
S. The conductance of a set ¢(S) := w(5(S))/vol(S) is defined as the ratio of the total weight on
the boundary of S to the total weighted degrees in S. For two disjoint subsets S, S; C V, the set of
edges with one endpoint in S; and one endpoint in S, is denoted by E(S1, S3).

In this article, an undirected graph G = (V,E) with non-negative edge weights w € RF is
interpreted as an electrical network, where each edge e is a resistor with conductance w, (not to
be confused with the conductance ¢(S) of a set S as defined above), or equivalently with resistance
re := 1/we. The adjacency matrix A € RYXV of the graph is defined as A, , = wy , forallu,v € V.
The Laplacian matrix L € RV*V of the graph is defined as L = D—Awhere D € RV*V is the diagonal
degree matrix with D, ,, = deg(u) for allu € V. For each edge e = uv € E, let b, := y, — Yv, Where
Xu € R" is the vector with one in the uth entry and zero otherwise (the orientation from u to v is
chosen arbitrarily). The Laplacian matrix can also be written as

L= webeb! = BWB',
eckE

where W = diag(w) and B € RV*F is the n-by-m matrix with b, being the eth column.

Let ; < Ay < -+ < A, be the eigenvalues of L with corresponding orthonormal eigenvectors
V1,0,...,0p s0 that L = 31, /Iivivl.T. It is well-known that the Laplacian matrix is positive semi-
definite and A; = 0 with v; = 1/y/n as the corresponding eigenvector, and A, > 0 if and only if G
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is connected (see, e.g., Chapter 1 of Reference [12]). The pseudo-inverse of the Laplacian matrix L
of a connected graph is defined as

which maps every vector x orthogonal to v to a vector y such that Ly = x.

2.2 Electrical Flow and Effective Resistance

We start with defining a unit s- flow on an undirected graph G = (V, E). We first fix an orientation
of the edges of G arbitrarily. Let B € RV*E be the matrix defined in Section 2.1 that is consistent
with this orientation. A unit s-t flow f : E — R is an m-dimensional vector that satisfies flow
conservation constraints:

1 v=s
Bf =xs—xt or equivalently Z fe— Z fo=4-1 v=t
e=uv : uest(v) e=uv : ued™(v) 0  otherwise,

where 6*(v) and 6~ (v) are the set of outgoing and incoming neighbours of v with respect to
the fixed orientation. Note that positive f, indicates the flow on e is in the same direction as the
orientation of e, while negative f, indicates the opposite.

The unit s-t electrical flow is a unit s-¢ flow f that also satisfies the Ohm’s law: There exists a
potential vector ¢ € R” such that for all e = uv € E oriented from u to v,

fe=we - (p(u) — ¢(v)).

Given a potential vector ¢, we will use the orientation where all edges are pointing from the
high potential endpoint to the low potential endpoint, so that f, is nonnegative for all e € E in the
rest of this article.

The effective resistance between s and t is defined as

Reff(s, £) = (s) - (),

which is the potential difference between s and ¢t when one unit of electrical flow is sent from s
to t. The s-t effective resistance can be interpreted as the resistance of the whole graph G as a big
resistor when an electrical flow is sent from s to .

One can write the effective resistance in terms of the Laplacian matrix. For u,v € V, let b, =
Xu — Xo. Combining the flow conservation constraint and the Ohm’s law, it can be checked that
the potential vector ¢ € RY of the unit s-t electrical flow is a solution to the linear system

L- Q= bSl"
Note that ¢ = Lby, is a solution, and if G is connected then any solution is given by ¢ + ¢ - 1 for
¢ € R. Therefore, Reff (s, t) = ¢(s) — ¢(t) is (uniquely) well-defined, and we can write
Reff(s, t) = (s) — o(t) = b, L7bs,.

The effective resistance can also be characterized by the energy of a flow. The energy of an s-t

flow f is defined as
fe 2
E(f) = = = refs.
(D=2, = 2k
Thomson’s principle [30] states that the unit s-¢ electrical flow is the unique unit s-t flow that
minimizes the energy. This can be verified by writing down the optimality condition of the min-
imization problem. Moreover, this energy is exactly the s-t effective resistance. To see this, note
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that the flow value on edge uv in the unit s-t electrical flow satisfies f(uv) = wy,, - (p(u) —@(v)) =
Wyo b,{vLTbst, and thus

&(f) = Z Wuo(bE L'bg;)? = bL L (Z Wyoby Ubgv) L'bgs = bL,LTLL by, = Reff(s, t).

uveE uveE

To summarize, we will use the following result from Thomson’s principle.
FacT 2.1 (THOMsON’s PRINCIPLE [30]). Let f* be the unit electrical s-t flow in G. Then,

Reffg(s,t) = n}in{(‘}(f) | f is a unit s-t flow in G} = E(f7).

A corollary of Thomson’s principle is the following intuitive result known as the Rayleigh’s
monotonicity principle.

FAacT 2.2 (RAYLEIGH'S MONOTONICITY PRINCIPLE). The s-t effective resistance cannot increase if
the resistance of an edge is decreased.

We will also use the following result to write a convex programming relaxation of our problem.

Fact 2.3 ([24]). The s-t effective resistance is a convex function with respect to the conductance of
the edges.

3 CONVEX PROGRAMMING ALGORITHM

In this section, we analyze a convex programming relaxation for our problem in Definition 1.1.
We first describe the convex program and prove a characterization of the optimal solutions in
Section 3.1. We then present a randomized rounding algorithm using flow decomposition in
Section 3.2, and show that it is a constant factor bicriteria approximation algorithm in Section 3.3.
Then, we show how to convert the bicriteria approximation algorithm into a true approximation
algorithm in Section 3.4, and how to modify the algorithm slightly to achieve a better approxima-
tion guarantee when the budget k is large in Section 3.5. Finally, we discuss the dual problem of
minimizing the cost while satisfying the effective resistance constraint in Section 3.6.

3.1 Convex Programming Relaxation

The formulation is for the weighted problem, where each edge has a weight w, := 1/r.. We intro-
duce a variable x, for each edge e to indicate whether e is chosen in our subgraph. Let

Ly := Z xewebebeT

ecE
be the Laplacian matrix of the fractional solution x, and Reff (s, t) be the s-t effective resistance of
the graph with conductance x.w, on edge e € E. The following is a natural convex programming
relaxation for the problem:

min Reft, (s, t)

x€eRm

subject to Z Cexe <k, (Cp)
ecE
0<x,<1, VeckE.

This is an exact formulation if x, € {0,1} for all e € E. The objective function is convex in x
by Fact 2.3. The convex program can be solved in polynomial time by the ellipsoid method to in-
verse exponential accuracy, or by the techniques described in Reference [2] to inverse polynomial
accuracy, which are both sufficient for the rounding algorithm.
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Fig. 1. Integrality gap example with arbitrary cost and unit resistance.

Fig. 2. Integrality gap example with arbitrary resistance and unit-cost.

3.1.1 Integrality Gap Examples. We show some limitations of the convex program for general
w, and c,. Figure 1 shows a simple example where the integrality gap is unbounded if the cost
could be arbitrary.

In this graph, the top path has length n—2 where each edge has cost 1/(n—2). The bottom path
has two edges with cost 1. The resistance of each edge is 1, and the budget is k = 1. The integrality
gap of this example is Q(n). To see this, the integral solution can only afford the top path, and the
effective resistance is n—2. However, the fractional solution can set x, = 1/2 for each of the two
bottom edges, and the effective resistance of this fractional solution is 4.

Figure 2 shows another simple example where the integrality gap is unbounded if the edge costs
are the same but the resistances could be arbitrary.

In this example, the top path has length n—1 with each edge of resistance 1. The bottom path
has only one edge with resistance R. All edges have cost 1 and the budget k = n—2. The integral
solution can only afford the bottom path, with effective resistance R. The fractional solution can
set x, = (n—2)/(n—1) for each edge in the top path, with effective resistance O(n). When R > n,
the integrality gap could be arbitrarily large.

Even in the unit-cost unit-resistance case, the integrality gap is unbounded if k is smaller than
the s-t shortest path distance. Henceforth, in view of these observations, we assume the following
in the rest of this section.

AssumPTION 3.1. We assume that c, = w, = r. = 1 for every edge e € E, which is the setting
of the s-t effective resistance network design problem, and the budget k is at least the shortest path
distance ds; between s and t in the input graph.

The integrality gap of the convex program is still at least two with Assumption 3.1. For a simple
example, consider a graph with two vertex-disjoint s-t paths, each of length k/2+1, and the budget
is k. Then the optimal integral value is k/2 + 1 while the optimal fractional value is close to k/4,
and so the integrality gap gets arbitrarily close to two.

We will show that the integrality gap of the convex program is at most 8 with these assump-
tions. Note that just to connect s and ¢, then k must be at least the s-t shortest path distance. It is
interesting that this small additional assumption could reduce the integrality gap from unbounded
to a constant.

3.1.2  Characterization of Optimal Solutions. In the case ¢, = w, = r, = 1 for all edges e €
E, we will prove that the electrical flow f* supported in the optimal solution x* to the convex
program (CP) satisfies a crucial property about the flow-conductance ratio f;/x;.

LEMMA 3.2 (CHARACTERIZATION OF OPTIMAL SOLUTION). Let G = (V,E) be the input graph with
ce =W, =1 forall edgese € E. Let x* : E — Ry be an optimal solution to the convex program (CP).
Let Er C E be the set of fractional edges with0 < x, < 1, and E; C E be the set of integral edges with
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x; =1.Let f*: E = Ry be the unit s-t electrical flow supported in x*. There exists & > 0 such that

f) =ax,Ye € Er and f; > aVee€E.

e

Proor. By removing edges with x; = 0, we can assume x; > 0 for every e € E. By removing
isolated vertices, we can further assume that the nonzero edges form a connected graph. So, we
can write Reff,« (s, t) = bSTtLLbst, where L, has rank n — 1 and the null space of Ly« is span(f).
Since bg; L i we have Lx*LL bs; = bg; and LL b L T, which implies that LL* bsy = (Ly++ %])_lbst
where ] is the all-ones matrix. Let d, denote the partial derivative with respect to the variable x,,
and using the fact that JA™! = —A"1(QA)A™! (see, e.g., Reference [41]), we derive

1\7! 1\ 1 \7!
OcReff (Ss t) = aebzt (Lx* + ;]) b = _bsTt (Lx* + ;J) (aeLx*) (Lx* + ;J) bs:

= -bLLL. (ae( Z x:webebZ))L;bst = —bLLL b L by, = —(bLLE. b, ),
e€E

where we used the assumption that w, = 1 for all e € E. With this, we write down the KKT

conditions for the convex program. Let i be the dual variable for the budget constraint 3 ,cg cex; <

k, and A} and A7 be the dual variables for the upper bound x} < 1 and the nonnegative constraint

x; > 0, respectively. The KKT conditions states if x* is an optimal solution to (CP), then there exist

A*,A” and p such that

Zx: <k, 0<x,<1VYec€kE, (Primal feasibility)
ecE
p>0, AY>0andA, >0Ve€E, (Dual feasibility)

E (k - ij) =0, A-(x;-1)=0andA, -x, =0Ve € E, (Complementary slackness)
ecE

(beTLL bst)? =AY — A, +cepp=AF — A, +puVe € E, (Lagrangian optimality)

where we used the assumption that ¢, = 1 for all e € E. For an integral edge with x} = 1, we
have A; = 0 by the complementary slackness condition. Since A} > 0, it follows from the La-
grangian optimality condition that (beTLjC*bS,)2 > p. For a fractional edge with 0 < x} < 1, we
have A¥ = A; = 0 by the complementary slackness condition, and therefore (b1 LL bst)? = u by
the Lagrangian optimality condition. We can assume that pz > 0. Otherwise, p = 0 implies that the
flow on all fractional edges are zero, and so we can delete them from the graph without affecting
the s-t effective resistance, and we have an integral solution.
Let ¢ be a potential vector of the electrical flow f* supported in x*. For an edge e = uv € E,

2

(£ = o - o) = (b12].0)",

where the first equality is by Ohm’s law and the assumption that wy,, = 1 for all uv € E, and the
second equality uses that Ly-¢ = b as explained in Section 2.2. The lemma then follows from the
above paragraph and writing y as a?. O

The flow-conductance ratio o will be crucial in the rounding algorithm and its analysis. Intu-
itively, @ measures the “effectiveness” of the fractional edges. A larger ¢ means that the fractional
edges make more contributions when sending electrical flows from s to t. Lemma 3.2 says all
fractional edges are equally “effective”, and the integral edges are at least as “effective” as those
fractional edges.
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The following lemma shows an upper bound on « using the budget k and the shortest path
distance d,; between s and .

LEMMA 3.3. Under the conditions in Assumption 3.1, it holds that a® < dg;/k < 1.

PRrRooF. Let x* be an optimal solution to (CP), and f* be the unit s-t electrical flow supported
in x*. As k > ds;, a shortest path is a feasible solution to (CP), and thus Reff, (s, t) < dg;. On the
other hand, by Thomson’s principle and Lemma 3.2,

_ (fe*)z _ %) 2 (fe*)z 2 2. % _ 2 * _ 2
Reﬁx*(s,t)—zx—:— Z(fe) + Z x—:z Za + Z a’x, =« er—ak,
ecE ecEr ecEp ecEy ecErp ecE
where the last equality holds, since we can assume ) g x, = k for the optimal solution x* without
loss of generality by Rayleigh’s principle (or, otherwise, we have an integral optimal solution). The
lemma follows by combining the upper bound and the lower bound. O

3.2 Randomized Path-Rounding Algorithm

Our rounding algorithm uses the unit electrical flow f* supported in the optimal solution x* to
construct an integral solution. The property of x* and f* in Lemma 3.2 is the key of the success of
the rounding algorithm.

Remark. In this subsection, we present the rounding algorithm assuming we have an exact opti-
mal solution x*, to focus on the main ideas of the analysis. However, standard convex optimization
techniques (e.g., ellipsoid method) can only guarantee to return an approximately optimal solution
x to (CP) such that Reff,(s,t) < Reffy«(s,t) + ¢ in O(poly(n, m) log %) time. We will explain the
modifications needed for rounding an approximately optimal solution in Appendix A.

The algorithm will first decompose the flow ™ as a convex combination of flow paths, and then
randomly choose the flow paths and return the union of the chosen flow paths as our solution. The

following lemma about flow decomposition is by the standard argument to remove one (fractional)
flow path at a time, which holds for any unit directed acyclic s-t flow.

LEmMMA 3.4 (FLow DECOMPOSITION). Given the unit s-t electrical flow f, there is a polynomial
time algorithm to find a set P of s-t paths with |P| < |E| such that the flow vector f : E — R can
be written as a convex combination of the characteristic vectors of the paths in P, i.e.,

f:va~)(p and vazl and v, > 0foreachp e P,
peP peP

where y, € R'El is the characteristic vector of the path p with one on each edge e € p and zero
otherwise.

With the flow decomposition, we are ready to present the rounding algorithm.

Randomized Path Rounding Algorithm

(1) Let x* be an optimal solution to the convex program (CP). Let f* be the unit s-t electrical
flow supported in x*. Let & be the flow-conductance ratio defined in Lemma 3.2.
(2) Compute a flow decomposition P of f* as defined in Lemma 3.4.
(3) Forifrom1toT := [1/a] do
e Let P; be a random path from # where each path p € P is sampled with probability
V).
(4) Return the subgraph H formed by the edge set UiTzlP,-.
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The following lemma shows that the rounding algorithm will always return a non-empty sub-
graph.

LEMMA 3.5. Suppose the input instance satisfies the conditions in Assumption 3.1. Let x* be an
optimal solution to (CP) and & > 0 be the flow-conductance ratio as defined in Lemma 3.2. Then

1 1
—>T>—>0.
a 2a

Proor. Since we assumed that the budget k is at least the length d; of a shortest s-¢ path, it
follows from Lemma 3.3 that < 1. This implies that

1 1
ZT=[—JZmaX{1,——1} B 1>Ta > max{a,1—a} >
a o

N =

1
a

3.3 Bicriteria Approximation

The analysis of the approximation guarantee goes as follows. First, we show that the expected
number of edges in the returned subgraph H is at most the budget k. Then, we prove that the
expected effective resistance of the returned subgraph is at most two times that of the optimal
fractional solution. Both of these steps use the flow-conductance ratio « crucially. These combine
to show that the randomized path rounding algorithm is a constant factor bicriteria approximation
algorithm.

Let x* be an optimal solution to (CP). Let Er and E; be the set of fractional edges and integral
edges in x*. We assume that each edge e € E; will be included in the subgraph H returned by the
rounding algorithm. We focus on bounding the number of edges in Ef that will be included in H.

LEMMA 3.6 (EXPECTED BUDGET). Let x* be an optimal solution to (CP) when w, = 1 for all edges
e € E. Let X, be an indicator variable of whether e is included in the returned subgraph H by the
rounding algorithm, Then,

E ZXe STaZxZS sz

ecEfp ecEp ecEfp

Proor. Note that an edge e is contained in P; with probability 3 ,cp.pse vp- By the union bound,
an edge e is included in the returned subgraph H by the rounding algorithm with probability

T
PXe=1)< ). > u=T > u,=Tf, (3.1)
i=1 peP:pse pEP:p3e

where the last equality holds by the property of the flow decomposition # of the electrical flow
f*in Lemma 3.4.
By Lemma 3.2, f;" = ax for each fractional edge e € Er, and this implies that

P(X, =1) < Tf; =Tax, Ve € Ep.
Therefore,

E ZXe =ZP(X6=1)STaZxZ=l$JaZx:S Zx:

e€Erp ecEr ecEr e€Er ecEr
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The key step is to show that E[Reff g (s, )] < 2Reff - (s, t). To prove this, we construct a unit s-¢
flow F and show that E[Ey (F)] < 2Reff (s, t), and hence by Thomson’s principle E[Reff (s, )] <
E[En (F)] < 2Refty- (s, t). To construct the flow F, the idea is to follow the ratio « in the fractional
solution x* and send « units of flow on each path P; selected.

LEmMA 3.7 (EXPECTED EFFECTIVE RESISTANCE). Suppose the input instance satisfies the conditions
in Assumption 3.1. Let x* be an optimal solution to (CP) and f™ be the unit s-t electrical flow supported
in x*. The expected s-t effective resistance of the subgraph H returned by the rounding algorithm is

1 1

E [Reffy (s, 1)] < (1 _ % + T—) S (f*) = (1 o+ T—la) Reffy- (s, 1) < 2Reffy- (s, £).

Proor. Consider the flow vector F : E — Ry defined by sending « units of flow on each path P;
chosen by the rounding algorithm, i.e., the random variable F = Zl o xp, WithFe = a-#{P; | 1 <
i < T,P; > e} for each edge e € E. We would like to upper bound the expected energy g (F) to
upper bound Reffy (s, ).

Each P; is a random s-¢ path sampled from the flow decomposition ¥ of the flow vector f*
E — Ry of the unit s-t electrical flow supported in x*, and yp, € R™ is its characteristic vector
with expected value

Elxe]= ) v xp = [
peP
Since each edge in H is of conductance one, the expected energy of F in H is

<Za XP;s Za XP>
As each path P; is sampled independently, for i # j,
E[(xp,» xp,)] = Blxp L Elxp, 1) = (F £ = D (f).

ecE

F2| = = Zaz E[{xp,» xp,)]-

i=1 j=1

E[&u(F)] =E

EF, F)] =

ecE

Fori =},

E[(xp,, xp )] = Z UplXps Xp) = Z Up Zl = Z Z Up = Zf:’

peEP peP eep e€E peP:pse ecE

where the last equality follows from the property of the flow decomposition in Lemma 3.4. Com-
bining these two terms, it follows that

E[6n(F)] =T ) f +a*T(T=1) Y ()
ecE ecE
Thomson’s principle states that the Reff (s, t) is upper bounded by the energy of any one unit

s-t flow. Note that F is an s-t flow of T« units, and T > 0 by Lemma 3.5. Scaling F to a one unit
s-t flow by dividing the flow on each edge by T« gives an upper bound on

BlRelt(s,0) s S = 1 3 + (1= 5) T 62
L Z(fe)z ( )Z:(fe)2
T Ta
_ (1—%+%). ()
_ (1 - % + %) Reff,- (s, 1),
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where the second inequality follows from Lemma 3.2 that f;'/x} > « for every edge e € E and also
x; < 1for every edge e € E, and the last equality is from Thomson’s principle that Reff,- (s, t) =
Ex+(f). Finally, notice that 1 — 1/T + 1/(Ta) < 2as1/a -1 < [1/a] =T. |

Combining Lemmas 3.6 and 3.7, it follows from a simple application of Markov’s inequality
that there is an outcome of the randomized path-rounding algorithm that uses at most 2k edges
with s-t effective resistance at most 4Reff (s, t). In the following, we apply Markov’s inequality
more carefully to show that the success probability is at least Q (). In the next subsection, we will
argue that @ can be assumed to be Q(1/m) and so the path-rounding algorithm is a randomized
polynomial time algorithm.

THEOREM 3.8 (BICRITERIA APPROXIMATION). Suppose the input instance satisfies the conditions in
Assumption 3.1. Let x* be an optimal solution to (CP). Given x*, the randomized path rounding algo-
rithm will return a subgraph H with at most 2k edges and Reff (s, t) < 4Reff,- (s, t) with probability
at least Q(a).

Proor. First, we bound the probability that the subgraph H has more than 2k edges. Let X, be
an indicator variable of whether the edge e is included in the returned subgraph H. Recall that
Er and E; denote the set of fractional edges and integral edges in x*, respectively. We assume
pessimistically that all edges in E; will be included in the subgraph H returned by the rounding
algorithm. Then, by Markov’s inequality and Lemma 3.6,

E [ZeeEp Xe] TaY .ce. Xs Ta
P X, >2k| <P X, > 2k — |Ef|| < < eetrte < 2
r(Z ¢ )— r(z ¢ "')— ok~ B~ 2k—|E| _ 2

ecE ecEp

where the last inequality is by .ep, x; < k — |Ej].
Next, we bound the probability that Reffy(s,t) > 4Reff,-(s,t). By Markov’s inequality and
Lemma 3.7,

1 1 1 Ta+1 1 Ta+1
( )= < - Q(a),

Pr |Reff t) > 4Reff .+ (s, 8) | < = |1 — = + — R
r(eH(s’)> e"(s’))‘z; T 'Ta) ™ aTa ~aT = 4Ta

where the last inequality is because T = [1/a] < 1/a.
To prove the theorem, it remains to show that

T Ta+1
7“+ ZT <1 e 2Ta)?-3(Ta)+1=(2Ta-1)(Ta-1) <0,
04

which follows from Lemma 3.5. O

3.4 Constant Factor Approximation

We showed that the randomized path rounding algorithm is a bicriteria approximation algorithm.
To achieve a true approximation algorithm, a natural idea is to scale down the budget from k to
k/2 and apply the randomized path rounding algorithm. The following lemma takes care of the
case of k/2 < d;, when the shortest path assumption does not hold after scaling, by showing that
simply returning a shortest s-¢ path is already a good enough approximation.

LEMMA 3.9. When the budget k is at least the length ds; of a shortest s-t path, any s-t shortest path
is a (k/ds;)-approximate solution for the s-t effective resistance network design problem.

Proor. When k > d;;, an s-t shortest path is a feasible solution to the problem with s-t effective
resistance at most ds;. To prove the lemma, we will show that Reff, (s, t) > d?,/k for any feasible
solution x to (CP), and so an s-t shortest path is already a (k/ds;)-approximation.
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Let G, be the graph G with fractional conductance x, on each edge e € E. To show a lower
bound on Reff, (s, t), we identify the vertices in G to a form a path graph P, as follows: For each
i > 0, let U; be the set of vertices in G with shortest path distance i to s, where the shortest path
distance is defined where each edge in G is of length one. First, for each 0 < i < dg; — 1, we
identify the vertices in U; to a single vertex u;. Then, we identify all the vertices in U;»4,,U; to
a single vertex ug4,,. The path graph P, has vertex set {ug,...,uq,,} and edge set {ab € E | a €
U; and b € Uy for 0 < i < ds; — 1}. For each edge e in Py, its conductance x, in Py is the same as
that in Gy. As an electrical network, identifying two vertices uv is equivalent to adding an edge of
resistance zero between u and v. So, it follows from Rayleigh’s monotonicity principle (Fact 2.2)
that Reffg_ (s, t) > Reftp_(up,uq,,) ass € Upand t € Uy,.

As P, is a series-parallel graph, we can compute Reffp_(s,t) directly. For each 1 < i < dy;, let
E; be the set of parallel edges connecting u; 1 and u; in Py, and ¢; = 3, ¢f, X, be the effective
conductance between u;_; and u; in Py. Then, by Fact 4.3,

QU

st 1
Ci . C:
! 1

dit
1 ,

Reffp (uj—1,u;) = — and Reffp (up,uq,,) = E Reffp (ui—1,u;) =
i=1

1 1

Note that Zldjl ci = Zfl;’l DiecE; Xe < YeepXe < k for any feasible solution x. Using Cauchy-

Schwarz inequality,
< Vk - \JReffp, (4o, uq,,).

dst
1
dst = Ve — <
; Ci

Therefore, we conclude that

ReffG_(s,t) > Reffp,_(ug,uq,,) > d2, /k. (3.3)

We are ready to prove our main approximation result.

THEOREM 3.10. Suppose the input instance satisfies the conditions in Assumption 3.1. There is a
polynomial time 8-approximation algorithm for the s-t effective resistance network design problem.

Proor. If the budget k < 2d,;, then Lemma 3.9 shows that simply returning an s-¢ shortest path
would give a 2-approximation. Henceforth, we assume k > 2ds;.

Let opt(k) be the objective value of an optimal solution x™ to the convex program (CP) with bud-
get k, so Reff .+ (s, t) = opt(k). As %x* is a feasible solution to (CP) with budget %k, by Thomson’s
principle,

k * T il
opt (E) < Reffy . (5.1) = bSTt(Z x—;bebZ) by = zbsTt(ZbeebeT) bes = 2Reffy- (s, £) = 20pt(k).
ecE ecE

Given the original budget k > 2d;;, our algorithm is to find an optimal solution z* to (CP) with
budget k/2 > ds;, and use the path-rounding algorithm with input z* to return a subgraph H. By
Theorem 3.8, with probability Q(«), the subgraph H satisfies

|E(H)| < ZZZZ <2 (g) =k and Reffy(s,t) < 4dopt (g) < 8opt(k),

ecE

and so H is an 8-approximate solution to the s-t effective resistance network design problem.
Finally, we consider the time complexity of the algorithm. The number of iterations in the path
rounding algorithm is O(1/«), and we need to run the path rounding algorithm O(1/«) times to

ACM Transactions on Algorithms, Vol. 18, No. 3, Article 22. Publication date: October 2022.



22:16 P. H. Chan et al.

boost the success probability to a constant. This is a randomized polynomial time algorithm when
a=Q(1/m).

In the following, we show that when a < 1/(4m), it is easy to obtain a 2-approximate solution
without running the path-rounding algorithm. Let x* be an optimal solution to (CP) with budget
k, and f* be the unit s-t electrical flow supported in x*. Let # be the flow decomposition of f* as
in Lemma 3.4. We call a path p € P an integral path if every edge e € p has x; = 1; otherwise,
we call p a fractional path. When a < 1/(4m), we simply return the union of all integral paths as
our solution H. Clearly, H has at most k edges as it only contains integral edges. Next, we bound
Reffy (s, t) by the energy of the flow supported in the integral paths. By Lemma 3.2, an edge e
with x} < 1has ) = ax} < a < 1/(4m). This implies that each fractional path p has flow value
v, < 1/(4m) in the flow decomposition. Since # has at most m paths (Lemma 3.4), the total flow
in the fractional paths is at most 1/4, and thus the total flow in the integral paths is at least 3/4. By
scaling the flow supported in the integral paths to a one unit s-t flow, we see that

8x* (f*)
Reffr(s,t) < ——5- <28+ (f") = 2Reff (s, 1).
effn(s,1) < 7 < 260 () = PReff (1)
To summarize, in all cases including k < 2d,; and a < 1/(4m), there is a polynomial time algorithm
to return an 8-approximate solution to the s-t effective resistance network design problem. O

We make two remarks about improvements of Theorem 3.10.

Remark 3.11 (Approximation Ratio). The analysis of the 8-approximation algorithm is not tight.
By a more careful analysis of the expected energy in Lemma 3.7 and the short path idea used in
Section 3.5, we can show that the approximation guarantee of the same algorithm in Theorem 3.10
is less than 5. However, the analysis is quite involved and not very insightful, so we have decided
to omit those details and only keep the current analysis.

Remark 3.12 (Deterministic Algorithm). Using the standard pessimistic estimator technique [42],
we can derandomize the path-rounding algorithm to obtain a deterministic 8-approximation algo-
rithm. The analysis is standard, and we omit the details that would take a few pages.

3.5 The Large Budget Case

In this subsection, we show how to modify the algorithm in Theorem 3.10 to achieve a better
approximation ratio when the budget is much larger than the s-¢ shortest path distance.

The observation is that when k > d;, then « is small by Lemma 3.3, and so there are many iter-
ations in the path-rounding algorithm. Since each iteration is independent, we can use Chernoft-
Hoeffding’s bound to prove a stronger bound on the probability that the number of edges in the
returned solution is significantly more than k (which outperforms the bound proved in Lemma 3.6
using Markov’s inequality). We can then show that the expected s-t effective resistance is close to
two times the optimal value by arguments similar to the proof of Lemma 3.7.

Modified Rounding Algorithm. For our analysis, we slightly modify the path-rounding algorithm
to ignore “long” paths in the flow decomposition, so that we have a worst case bound to apply
Chernoff-Hoeftding’s bound. Unlike the flow decomposition in Lemma 3.4, the short-path flow
decomposition definition is specific to the electrical flow of an optimal solution to (CP). In the fol-
lowing definition, c is a parameter (not to confused with the edge cost ¢, in the weighted problem)
that will be set to be 1/e > 1 to achieve a (2 + O(¢))-approximation.

Definition 3.13 (Short-Path Decomposition of Electrical Flow of Optimal Solution). Let x* be an
optimal solution to the convex program (CP). Let f* be the unit s-¢ electrical flow supported in x™.
Let a be the flow-conductance ratio defined in Lemma 3.2.
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Let #* be a flow decomposition of f* as defined in Lemma 3.4. Let x}, := ¥ g, x; be the total
fractional value on the fractional edges Ef in the optimal solution x™.

We call a path p € P* a long path if p has at least cax}, edges in Ef, i.e, [p N Er| > caxj.
Otherwise, we call a path p € " a short path.

Let P := {p € P* | p is a short path} be the collection of short paths in P*. Let fp := 3 ,cp vp Xp
be the s-t flow defined by the short paths, and vp := 3,cp v}, be the total flow value of fp.

The modified algorithm is very similar to the randomized path-rounding algorithm in Section 3.3.
The only difference is that we only sample the paths in the short-path flow decomposition in
Definition 3.13, and we adjust the sampling probability of a path p to v, /v so that the sum is one.

Randomized Short Path Rounding Algorithm

(1) Let x* be an optimal solution to the convex program (CP). Let f* be the unit s-t electrical
flow supported in x*. Let & be the flow-conductance ratio defined in Lemma 3.2.
(2) Compute a short-path flow decomposition # of f* as described in Definition 3.13.
(3) Forifrom1toT = [1/a] do
e Let P; be a random path from # where each path p € P is sampled with probability
vy /Up.
(4) Return the subgraph H formed by the edge set UiTzlP,-.

The following simple lemma shows that the total flow on the long paths is negligible when c is
large, which will be useful in the analysis.

LEmMMA 3.14. For the short-path flow decomposition in Definition 3.13, vp > 1 — %

Proor. Using ax, = f; for e € Er from Lemma 3.2 and the properties of the flow decomposition
P* of f* in Lemma 3.4,

axy = Z fo= Z v - IpNEp| > Z vp - |p N Ep| > caxy Z vp = caxp(1—vp),
ecEp peP* pEP*-P pEP*-P
where the last inequality is by the definition of long paths and the last equality is because ™" is a
unit s-t flow. O

Analysis of Approximation Guarantee. First, we consider the expected s-t effective resistance of
the returned subgraph H. Essentially the same proof as in Lemma 3.7 can give us the following
lemma. We only provide a sketched proof here.

LEmMA 3.15. Suppose the input instance satisfies the conditions in Assumption 3.1. Let x* be an
optimal solution to (CP) and f* be the unit s-t electrical flow supported in x*. The expected s-t effective
resistance of the subgraph H returned by the randomized short path rounding algorithm is

2 2
E [Reff (s, 1)] < —Ex (f*) = —Reffr (s, 1),
A A

where P is the short-path flow decomposition of f* as described in Definition 3.13.

Proor SKETCcH. With the same idea in the proof of Lemma 3.7, we can define a random s-t flow
F with expectation E[F] = fp/vp. Then, going through the same analysis until Equation (3.2), it

holds that ) ’
15 frle 1 frle
E[ReﬂH(s7 t)] < T é ? + (1 - T) ;; ?
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We notice that fp < f* entry-wise by the definition of the short-path decomposition and vp < 1.
Thus, the expected s-t effective resistance is further upper bounded by

B[Refli(s, )] < — (% r(i-5) Z(f:)z) < =& (f),
P ecE

v

ecE P
where the last inequality follows by the same remaining analysis as in Lemma 3.7. ]
The main difference in the analysis is to apply the following Hoeffding’s inequality (instead of

Markov’s inequality) to bound the probability that the returned subgraph has significantly more
than k edges.

Fact 3.16 (HOEFFDING s INEQUALITY). Let X3, ..., X, € [0, M] be independent random variables.
LetX = 3", X;, and p = E[X], then for any § > 0,

2 ZHZ
Pr(X>(1+6 < - .
(O (14000 < exp (-t
LEMMA 3.17. Suppose the input instance satisfies the conditions in Assumption 3.1. Let x* be an
optimal solution to (CP) and f* be the unit s-t electrical flow supported in x*. Let H be the subgraph
returned by the randomized short path rounding algorithm given x* as input, and |E(H)| be the
number of edges in H. Then, for any § > 0,
252
Pr(IE(H)| = (1+6)k) <exp|-——]|,
cca
where c is the parameter in the short-path flow decomposition in Definition 3.13 and « is the flow-
conductance ratio of f* and x™* as defined in Lemma 3.2.

ProoF. Asin Lemma 3.6, we assume pessimistically that all integral edges E; will be included in
H, and so we focus on the fractional edges Er. Let X; . be the indicator variable of whether the edge
e is sampled in the ith iteration of the short path rounding algorithm, and X; r := }.cg, Xi e be
the total number of fractional edges sampled in the ith iteration. Let X be the total number of frac-
tional edges in H. Note that X < 3\, X; F, since if some fractional edge was sampled in different
iterations, then we only count it once in Xp. By linearity of expectation, E[Xfr] < ZiT=1 E[X; r].

Let $* be the flow path decomposition of f* in Lemma 3.4, and # be the short-path flow
decomposition of f* as described in Definition 3.13. For an edge e, recall that (fp)e := X pcppse Up
is the total flow value on e from the short paths in . As we scaled the probability of each path
by 1/ve in the rounding algorithm, the probability that edge e is sampled in the ith iteration is
(fp)e/vp. Let ]7e = f;" = (fp). be the total flow value on e from the long paths in £* — #. The
expected value of X; r is

E[Xi’F]:ZE[XLe]:Zﬂzzu:ZM.

ecErp ecEp ’07) ecErp vp ecEp vp
By the definition of the long paths,
Zfez Z Z v, = Z vy - [p N EF| > caxy Z vp = caxp(1—vp),
ecEp e€Ep peP*—P pEP-P pEP*-P

where we recall that x}, = 3. cg, x;. Therefore,

ax; — 1—c+ -1
E[X;r] = —< < fe < axy - _Tereor axy - (c— S ) < ax;,
i,F F F F
Vp Vp Vp

ecEp

where the last inequality uses that vp < 1 and ¢ > 1. It follows that E[Xr] < Tax}. < x}.
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As each iteration is independent, the random variables X; r for 1 < i < T are independent.
Since we only use short paths, the maximum value of each X; r is at most cax}.. So, we can apply
Hoeftding’s inequality to show that

\ 26%(x})? 25?2
Pr (XF > (1 + 5)XF) < exp(_m < exp (—%)
Let X be the total number of integral edges in H. As X; < |E;|, we conclude that

Pr (lE(H)I > (1+5)k) =Pr (XI +Xp > (1+6)(E;] +x})) <Pr (XF > (1+5)x;) < exp (—%) .
m]

As in Section 3.3, we can combine Lemmas 3.17 and 3.15 to show that the randomized short path
rounding algorithm is a bicriteria approximation algorithm.

THEOREM 3.18. Suppose the input instance satisfies the conditions in Assumption 3.1. Suppose fur-
ther thatk > dg; /€', where e > 0 is an error parameter satisfying ¢ < 1 for a small constant . Let x*
be an optimal solution to (CP). Given x*, the randomized short path rounding algorithm withc = 1/¢
will return a subgraph H with at most (1 + €)k edges and Reff (s, t) < (2 + 10¢) - Reff 1+ (s, t) with
probability at least €.

ProoF. The additional assumption k > ds,/e'* implies that < ¢> by Lemma 3.3.
Setting ¢ = 1/¢ and § = ¢, it follows from Lemma 3.17 that
2

Pr(|[E(H)| = (1 + ¢)k) < exp (—%) < exp <_E) <e,

where the last inequality holds for ¢ > 0.
Since ¢ = 1/¢, Lemma 3.14 implies that vp > 1 — ¢ for the short-path flow decomposition in

Definition 3.13. Using Markov’s inequality and Lemma 3.15, for sufficiently small ¢, we have
E [Reff (s, t)]
(2 + 10¢) - Reff = (s, t)
2 2
< <
v%,(2+106) ~ (1—€)*(2 + 10¢)

Pr (ReffH(s, 1) > (2+10¢) - Reffy (s, t)) <

1-—2e¢.

Therefore, with probability at least ¢, the subgraph H returned by the randomized short path round-
ing algorithm satisfies both properties. O

Using the same arguments as in Section 3.4, we can turn the above bicriteria approximation
algorithm into a true approximation algorithm.

THEOREM 3.19. Suppose the input instance satisfies the conditions in Assumption 3.1. Suppose fur-
ther that k > 2dg,/e'°, where ¢ > 0 is an error parameter satisfying e < n for a small constant 1.
There is a polynomial time (2+ O(¢))-approximation algorithm for the s-t effective resistance network
design problem.

ProOF. As in the proof of Theorem 3.10, we apply the bicriteria approximation algorithm in
Theorem 3.18 with input x*, an optimal solution to (CP) with the scaled-down budget k/(1 + ¢),
to return a subgraph H. As the new budget k/(1 + ¢) is still greater than d,;/¢'°, by Theorem 3.18,
with probability at least ¢ the subgraph H satisfies |[E(H)| < (1 +¢)k/(1 + ¢) = k and

Reffy (s, t) < (2 + O(e)) - opt (%) < (2 + O(s))(l +¢) - opt(k) < (2 + O(e)) - opt(k),

where we used the notations and arguments in Theorem 3.10.
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s @5 ~®t

Fig. 3. Q(n) integrality gap example.

For the time complexity, note that & < &° by Lemma 3.3 and the large budget assumption, and so
we can assume that ¢ > a > 1/(4m), as otherwise there is a simple 2-approximation algorithm in
the case o < 1/(4m) described in Theorem 3.10. Therefore, the success probability can be boosted
to a constant in polynomial number of executions of the bicriteria algorithm in Theorem 3.18. O

3.6 Cost Minimization with s-t Effective Resistance Constraint

In this subsection, we consider a “dual” problem of the s-t effective resistance minimization prob-
lem. In the dual problem, we are given a graph G = (V,E) and a target effective resistance R,
and the objective is to find a subgraph H of minimum number of edges such that Reffy (s, t) <
R. The same NP-hardness proof in Section 5.1 can be used to show that the dual problem is
NP-complete.

Using the same techniques for the s-t effective resistance minimization problem, we can obtain
a constant factor bicriteria approximation algorithm for this problem. As the proofs are very sim-
ilar, we will just state the results and highlight the differences. The main difference is that the
convex program has unbounded integrality gap, and as a consequence, we cannot turn the bicrite-
ria approximation algorithm into a true approximation algorithm as in the s-t effective resistance
network design problem. Using the same technique as in Theorem 3.10, however, we can return
an 8-approximation to the optimal number of edges without violating the effective resistance con-
straint, if we are allowed to buy up to four copies of the same edge (see Theorem 3.20).

Convex Programming Relaxation. We consider the following natural convex programming relax-
ation for the dual problem:
min x
x€R™ Z ¢

eckE
subject to  Reff,(s,t) = bI,LTbs, <R,
0<x.<1 Ve € E.

(DCP)

Integrality Gap Examples. Unlike the s-t effective resistance network design problem, the dual
convex program (DCP) has unbounded integrality gap. Consider the following example in
Figure 3, where the top path has length n—1, and the bottom path has only one edge. The tar-
get effective resistance is R = (n—1)2/((n—1)? + ¢) for some constant ¢ > 0. Since R < 1, to satisfy
the effective resistance constraint, any integral solution must contain both paths and thus has cost
n. However, the fractional solution can set x, = ¢/(n—1) for each edge in the top path and set
x. = 1 for the bottom edge. It can be checked that this fractional solution satisfies the constraint,
and the total cost is 1+¢. Therefore, the integrality gap of this example is Q(n).

Optimal Solutions. Although the convex program (DCP) has a large integrality gap, the same
rounding technique can be used to obtain a constant factor bicriteria approximation algorithm.
Exactly the same characterization of the optimality conditions as in the s-t effective resistance
network design problem holds, such that any optimal solution satisfies the flow-conductance ratio
a > 0 as described in Lemma 3.2.

ACM Transactions on Algorithms, Vol. 18, No. 3, Article 22. Publication date: October 2022.



Network Design for s-t Effective Resistance 22:21

Analogous to Lemma 3.3, we can prove an upper bound on « that

R

2
< —.
* _dst

Analogous to Lemma 3.9, we can prove a lower bound on any optimal solution x that

dg,
opt := er > R
ecE

We can assume that R < d;, as otherwise a shortest s-¢ path is an optimal solution, and so we can
assume that 0 < o < 1.

Rounding Algorithm. The rounding algorithm is exactly the same as in Section 3.3. The same
proofs as in Lemmas 3.6 and 3.7 will imply that, with probability Q(«), the subgraph H returned
by the randomized path rounding algorithm satisfies

|E(H)| < ZZxZ and Reffy (s, t) < 4Reffy (s, 1),

ecE

where x* is an optimal solution to (DCP) and so |[E(H)| < 2opt. The same lower bound on

a = Q(1/m) as described in Theorem 3.10 applies, and so this is a randomized polynomial time
algorithm.

An Alternative Bicriteria Approximation Algorithm. In the s-t effective resistance network design
problem, we turn a bicriteria approximation algorithm into a true approximation algorithm, by
scaling down the budget k by a factor of two and running the bicriteria approximation algorithm.
For the proof, we argue opt(k/2) < 2 - opt(k) by scaling down an optimal solution x* with budget
k to a solution x*/2 with budget k/2.

In the dual problem, we can also try a similar approach, by scaling down the target effective
resistance R by a factor of 4 and run the bicriteria approximation algorithm. However, we cannot
argue that opt(R/4) < 4 - opt(R), as an optimal solution x* with effective resistance R may not be
able to scale up to 4x™ with effective resistance R/4 because of the capacity constraints 0 < x, < 1
for e € E. This approach would work if we are allowed to violate the capacity constraint by a factor
of 4.

THEOREM 3.20. Given an weighted input graph G = (V, E), there is a polynomial time algorithm
for the dual problem that returns a multi-subgraph H with |E(H)| < 8opt and Reffg (s, t) < R where
there are at most four parallel copies of each edge.

4 DYNAMIC PROGRAMMING ALGORITHMS FOR SERIES-PARALLEL GRAPHS

In this section, we will present the dynamic programming algorithms for solving the weighted s-t
effective resistance network design problem on series-parallel graphs. We first review the defini-
tions of series-parallel graphs in Section 4.1. Then, we present the exact algorithm in Theorem 1.8
when every edge has the same cost in Section 4.2, and the fully polynomial time approximation
scheme in Theorem 1.8 in Section 4.3.

4.1 Series-Parallel Graphs

Definition 4.1 (Two-terminal Series-parallel Graph). A two-terminal series-parallel graph (SP
graph) is a graph with two distinguished vertices (the source s and the target t) that can be con-
structed recursively as follows:
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Fig. 4. An example of a SP-tree.

e Base case: A single edge (s, t)
e Compose step: If G; and G, are two series parallel graphs with source s; and target ¢; (i = 1, 2),
then we can combine them in two ways:
—Series-composition: We identify ¢; with s, as the same vertex, the source of the new graph
is s; and the target is t,.
—Parallel-composition: We identify s; with s, as the same vertex and t; with #, as the same
vertex, the new source is s; = s, and the new target is t; = 1.

Given the sequence of steps of constructing a series-parallel graph G, we can define a tree T
(SP-tree) as follows.

Definition 4.2 (SP-tree). An SP-tree of a given two-terminal series-parallel graph G is a binary
tree that is recursively defined as follows (see Figure 4 for an example):

e Leaf node: If G is a single edge, then T is a single node containing the edge.

e Recurse step: G is either a series-composition (S) or a parallel-composition (P) of G; and G,,
then T is a S-node (P-node) containing G, and its children are roots of the SP-trees of G,
and Gz.

For a tree node v in a SP-tree T, let G, be the subgraph that v represents, s,, t, be the two
terminals of G,,, and vy, v, be its left and right child if v is an internal node. Note that the SP-tree
is a fully binary tree with 2m—1 nodes where m is the number of edges in the graph.

Given a two-terminal SP graph, the corresponding SP-tree can be computed in O(n+m) time.
The linear time SP-graph recognition algorithm in Reference [48] will give us the construction
sequence of G, and we can build the SP-tree bottom-up.

4.2 Exact Algorithm for Unit-Cost

The following fact shows that the weighted s-t effective resistance can be computed easily from
the SP-tree.
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FAcT 4.3 (RESISTANCE OF SERIES-PARALLEL NETWORK). Let G be a two-terminal SP graph and
each edge e has a non-negative resistance r.. Let T be the corresponding SP-tree. For every tree node
v, we can compute the source-target effective resistance as follows:

Leaf node: Reff g, (so, tv) = re if v is a leaf node with a single edge e,
S-node: Reft g, (55, ty) = Refval (50,5 toy) + Reﬂ’Gvr (So,st0,),
ReﬁGyl (svl s t‘ul) . ReﬁGv, (svr s tvr)

Reﬁle (Sops toy) + Reff,, (So,.t0,)

P-node: Reff g, (s, ty) =

We design the dynamic programming algorithm by defining the subproblems using the SP-tree
T. For every tree node v and b = 0, 1. .. k, we define the subproblem

R(v,b) := hx{l&l(r}lv {ReﬁH(sv,tv) | ;{ce < b}.
e

Since we assume that every edge e has cost ¢, = 1, there are at most 2mk subproblems, as the
SP-tree has at most 2m nodes and there are at most k possibilities for the cost of a subgraph.

It follows from the definition that R(vyo0t, k) would be the optimal s-t effective resistance for our
problem. To compute R(v, b), with Fact 4.3, we can use the following recurrence, which exhausts
all possible distributions of the budget among the two children:

00 if v is a leaf node and b < c,,
Te if v is a leaf node and b > c,,

R(v,b) = b/liqoian(vl, b’) + R(vr,b—b") ifvisaS-node,
R(v;,b’) - R(vy, b —b')

b’rzl’%)l.r.l‘b R(vl, b/) + R(’Ur, b— b,) if v 1s a P-node

As there are O(mk) subproblems and each subproblem can be computed in O(k) time, the time
complexity of this dynamic programming algorithm is O(mk?).

4.3 Fully Polynomial Time Approximation Scheme

In this subsection, we use dynamic programming to design a fully polynomial time approximation
scheme to prove Theorem 1.8. In the previous subsection, we assume that every edge has the
same cost to obtain an exact algorithm, by having a bounded number of subproblems in dynamic
programming. When the cost could be arbitrary, the number of subproblems can no longer be
bounded by a polynomial. Since the cost constraint must be satisfied, we do not change the cost of
the edges, but instead discretize the resistance of the edges and optimize over the cost. We show
that this gives an arbitrarily good approximation provided that the discretization is fine enough.

Rescaling: First, by rescaling, we assume that min, r, = 1 and max.r. = U in G. Let m = |E|
and L = ¢/m? where ¢ > 0 is the error in the approximation guarantee. We further rescale the
resistance by setting r, < r./L. This rescaling ensures that for any subgraph of G in which s-t is
connected, the s-t effective resistance is upper bounded by Um/L (when all the edges are in series)
and is lower bounded by 1/(mL) (when all the edges are in parallel).

Subproblems and Recurrence: Let T be the SP-tree of G and let vo0t be the root of T. We
define two similar sets of subproblems. For every tree node v and a value R € [1/(mL), Um/L], we
define the subproblem

C(v,R) := min {Z ce | Reffy(sy, ty) < R}.

HEGy eeH
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Similar to the reasoning in the previous subsection, the subproblems satisfy the following recur-
rence relation:

ce if v is a leaf node with a single edge e and R > r,

o0 if v is a leaf node with a single edge e and R < r,

C(v,R) = min {C(v;,Ry) + C(vy,Ry) | Ry + R; < R} ifvisaS-node,
Ry, Ry€[1/(mL),Um/L]
RR
min {C(v;,Ry) + C(vy, Ry) | 2 < R} ifvisaP-node.
Ry, Ry€[1/(mL),Um/L] Ry +Ry

Discretized subproblems: We cannot use dynamic programming to solve the above recurrence
relation efficiently as there are unbounded number of subproblems. Instead, we use dynamic pro-
gramming to compute the solution of all the “discretized” subproblems using the same recurrence
relation. For every integer R from [1/(mL)] to [Um/L], we define

ce if v is a leaf node with a single edge e and R > [r.],
oo if v is a leaf node with a single edge e and R < [r,],

C(v,R) = min {C(v1,Ry) + C(vy,Ry) | Ry + Ry < R) if v is a S-node,
Ri,Ry€{[1/(mL)]...[Um/L1}
_ — RiR
min {C(vr, Ry) + C(vr, Ry) | {R#

} < R} ifwvisaP-node.
Ri,R€{[1/(mL)]...[Um/L1}

1+ Ry
We can think of C(v, R) as the minimum cost required to select a subset of edges such that the
effective resistance between s, and t,, is at most R, when the effective resistance is rounded up to
an integer during each step of the computation in the recurrence relation.
Algorithm and Complexity: After computing all C(v, R), the algorithm will return

mln{R | a(vroot’R) < k}

as the approximate minimum s-t effective resistance. Given a tree node v, by trying all possible in-
tegral values of R; and Ry, we can compute the values of C(v, R) for each possible R in O((Um/L)?)
time. Therefore, the total running time of computing all C(v, R) is O(m)-((Um/L)?) = O(m’U?/?).
To output the optimal edge set, we can store the optimal values of Ry, R, for each pair of (v, R) to
reconstruct the edge set.

Correctness and Approximation Guarantee: Since we have not changed the edge cost, the
solution returned by the algorithm will have total cost at most k. It remains to show that the s-t
effective resistance is at most (1 + ¢) times the optimal s-t effective resistance. For every tree node
v and every b € [0, k], we define

R(v,b) := min{R | C(v,R) < b,R € [1/(mL),Um/L]},
R(v,b) := min{R | C(v,R) < b,R € {[1/(mL)],...,[Um/L1}}.

It follows from the definitions that the optimal s-t effective resistance is R(vroot, k), and the
output of our algorithm will be R(vroot, k). The following lemma establishes the approximation
guarantee.

LEMMA 4.4. For every tree node v and for every b € [0, k], it holds that
- E(G
R(o.b) < (1 ; M) R(v. b).
m

Proor. We prove the lemma by induction on the tree node of the SP-tree.
Base Case: Suppose v is a leaf node of T and G, is a graph of a single edge e.
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e For b < c., we have R(v, b) = R(v,b) = co
e For b > c., we have R(v, b) = r,, and

m

Rw,b) =[rel Sre+1=r+ (i) (ﬁ) <re+ %re = (1 + @)R(v,b),

where the second inequality uses the fact that every resistance is at least 1/(mL), and the last
equality uses |[E(G,)| = 1 and r, = R(v, ).
S-node: Suppose v is a S-node. For every b € [0, k], we have

R(v,b) = min  {R(v;, b)) + R(vy, by))}

b1, by |b1+by=b
E( le Go,
= by, bz\b1+b2 {(1 + glE ) (R(vl’ ) (UV’bZ))}
- ( e )|) br.balbr +by=b (R(@1, b1) + R(vr, b2))
— (1 " ElE( o) )R(U,b),
m

where the first inequality follows from the induction hypothesis, and the second inequality follows
from the fact that max(|E(Gy,)l, |[E(Gy,)|) < [E(Gy)| — 1.
P-node: Suppose v is a P-node. For every b € [0, B], we have

CECRW W (e ey o
R(v,b) = min — —
bbbt \| 1/R(or, by) + 1/R(0r, by)

i {Hl | eUE(Gy)| - 1)) 1 }}
T by by |by+by=b m 1/R(v;, by) + 1/R(vy, by)

_ H |E(G )| - 1))R(U b)}

S(H (ECe - ))R(v,b)+1
=(1+5('E 1)) (v,b)+%ﬁ
s(1+ 'E(G )= ))R(v,b)+%R(v,b)

= (1 W)R( ,b),

where the first inequality follows from the induction hypothesis and the fact that max(|E(G,)I,
|E(Gy,)1) < |E(Gy)| — 1, and the last inequality holds as the minimum resistance of any subgraph
is at least 1/(mL).

Therefore, the lemma follows by induction on the SP-tree. O

By substituting v = vye0t and b = k, we have
ﬁ(vroots k) < (1 + E) R(vroot’k) = (1 + E)R(vroot’ k),
m

which completes the proof of first part of Theorem 1.8.
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The following lemma shows that we actually do not lose too much by focusing on the input
graphs with polynomially bounded resistance ratio.

LEMMA 4.5. Given any input graph G = (V,E,{r.},{c.}) of the weighted problem with the
designated vertices s and t, within polynomial time, we can transform G into a graph G’ =
(V' E" {r.},{c.}) containing both s and t such that the following three conditions are satisfied.

(1) The graph G’ is a subgraph of G, V' C V and E’ C E. Moreover, for any edge e € E’, the
resistance does not decrease r, > r. and the cost does not change c,, = c,.

(2) The ratio between maximum resistance and minimum resistance in G’ is polynomially bounded,
in particular maxecp r)/ mingcg r, € O(n’).

(3) The s-t effective resistance of an optimal solution in G’ does not increase too much, i.e.,
opt(G’) < (1 + O(¢))opt(G), where opt(:) is the optimal value of an input graph and ¢ is
an arbitrary small constant.

Proor. Let P (k) be the minimum effective resistance of an s-t path in G with cost at most k.
We consider the following transformation procedure, given some small constant &,

e Delete all edges with resistance larger than mPf,(k)/e from E, ie., E' = {e € E : re <
mP(,(k)/e}.
e Round up the minimum resistance to ePg(k)/mzn, ie., forany e € E’, set
€ . . £ "
—_— 'PG(k), ifr, < % 'PG(k),

r _ 2
Ty = men

Te, otherwise.

The first condition is satisfied trivially according to the transformation procedure. The second
condition is also satisfied as the ratio max,cp ./ mingcp . < m3n/e?, which is in O(n”) for small
constant ¢.

It remains to prove the last condition. We start with a claim that P (k) is a polynomially bounded
approximation to the optimal s-t effective resistance opt(G).

Cramm. PZ(k)/mn < opt(G) < P (k).

Proor. The second inequality is easy as any s-t path with cost at most k is a feasible solution
to the weighted problem. We just focus on the first inequality.

Let H be an optimal solution with input G, then any s-t path in H has total resistance at least
P{,(k). As any simple s-t path has at most n edges, there must be an edge with resistance at least
P{,(k)/n in any simple s-t path. This implies there must be an s-t cut (S, T) in H such that all edges
e € 5(S) have resistance at least P(;(k)/n.

Now, we identify all vertices in S and T, respectively, to form a new graph H” with two vertices
and multiple parallel edges between these two vertices. Note that there are at most m such parallel
edges and each edge has resistance at least P;(k)/n as it belongs to the cut 6(S). Thus, the s-t
effective resistance in H' is lower bounded by Reff g (s, t) > Py, (k)/mn.

According to Rayleigh’s monotonicity principle (Fact 2.2), identifying vertices never increases
the effective resistance, hence opt(G) = Reffy (s, t) > Reffg (s, ) > P5(k)/mn. O

With the above claim, we are ready to show that deleting edges with large resistances and
rounding up edges with small resistances do not change the optimal value too much.

Let H be an optimal solution of G, i.e., Reff (s, t) = opt(G) and cost(H) < k. To prove a lower
bound on opt(G), we first perform the deletion step on H to get H; € H. Then, with the rounding
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up step on H;, we obtain H, € G’. We are going to show each of these steps does not increase the
s-t effective resistance too much:

Reffy, (s, t) < (1 + 2¢) - opt(G) and Reffp, (s, t) < € - opt(G) + Reffy, (s, t).

As H, has the same cost as H;, which is less than cost of H, H, is a feasible solution for G’. Com-
bining together, we establish the third condition of the Lemma, opt(G’) < (1 + 3¢) - opt(G).

We prove Reffy, (s,t) < (1 + 2¢) - opt(G) first. Let f be the unit s-t electrical flow on H. We are
going to modify f into a unit s-t flow supported on H;. Consider an edge e in H with resistance
re > mP;(k)/e, the potential difference between the two endpoints of e is 7 - fe, which is at most
the potential difference between s and ¢, i.e., Reffy (s, t) < P(;(k). Thus, the flow f. on edge e is
at most Pj(k)/r. < &/m. Since there are at most m edges with resistance r. > mP(k)/e, with
standard argument to remove one fractional s-t flow path at a time, we can obtain an s-t flow
f" < f with flow value at least 1 —¢ and f, = 0 on any edge e with resistance r. > mP(;(k)/e. Note
that f” is supported on H; and the energy of f” on Hj is the same as the energy on H, which is less
than the energy of f. After rescaling f’ to an unit s-t flow, the g, (f”) is at most Eg (f)/(1—¢)? <
(1 + 2¢) - opt(G). By Thomson’s principle (Fact 2.1), Reft, (s, t) < Em, (f') < (1 + 2¢) - opt(G).

Then, we move on to show that Reffy, (s,t) < ¢ - opt(G) + Reffy, (s, t). Let f” be the unit s-t
electrical flow on H;. Again, by Thomson’s principle (Fact 2.1), the s-t effective resistance of H, is
bounded by the energy of f”” on Hy:

’ ’ ’ e Py (k) , ,
Reffy (.0 < Em (/) = (0= 3. SO S g2y
e€H, re<e-P5(k)/m?n re>e-P5(k)/m?n
e PL(k) )
<m- m—fn + Z re - (f/')? < & opt(G) + Reffy, (s, ).

ecH,;

The first inequality on the second line holds as f;” < 1 in the unit s-¢ electrical flow. The second
inequality on the second line is because of the claim P{,(k)/mn < opt(G) and f”’ is the unit s-t
electrical flow on Hj.

We have established opt(G’) < (1+3¢)-opt(G), and almost finish the proof of the lemma except
that we do not know how to calculate the exact value of P/, (k) efficiently. Fortunately, finding an
affordable s-t path with effective resistance P, (k) is equivalent to the so called Restricted Shortest
Path problem, which admits an FPTAS [27]. By using a (1 + ¢)-estimation of Pf,(k), the same
analysis works only with a slightly worse dependence on ¢. As finding approximate Py (k), deleting
and rounding up edges all run in polynomial time, we can transform G to G’ efficiently. O

Given an input graph G of the weighted problem and a fixed arbitrary small constant ¢, with a
polynomial time preprocessing as suggested in Lemma 4.5, we end up with a graph G” with poly-
nomially bounded resistance ratio. Then, with the discretized dynamic programming algorithm,
we return a feasible H” C G’ in polynomial time, such that Reff (s, t) < (1+¢) - opt(G’). Let H be
a graph the same as H’, but with the original resistance (from G) on each edge. Since we did not
increase any edge resistance from H' to H (Lemma 4.5), Reff (s, t) < Reffp (s, t) by monotonicity
principle (Fact 2.2). Again, according to Lemma 4.5, we have

Reffy(s,t) < (1+¢) - opt(G’) < (14 O(e))opt(G).
As a conclusion, we have an FPTAS for the weighted problem on SP-graphs, completed the whole

proof of Theorem 1.8.
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Fig. 5. An illustration of the construction of the graph G from a 3DM instance.

5 HARDNESS RESULTS

In this section, we first prove that the s-t effective resistance network design problem is NP-hard
in Section 5.1. Then, we prove that the weighted problem is APX-hard assuming the small-set
expansion conjecture in Section 5.2.

5.1 NP-Hardness
We will prove Theorem 1.2 in this subsection. The following is the decision version of the problem.

PROBLEM 5.1 (s-t EFFECTIVE RESISTANCE NETWORK DESIGN).

Input: An undirected graph G = (V, E), two vertices s,t € V, and two parameters k and R.
Question: Does there exist a subgraph H of G with at most k edges and Reffy(s,t) < R?

We will show that this problem is NP-complete by a reduction from the 3-Dimensional Match-
ing (3DM) problem.

PROBLEM 5.2 (3-DIMENSIONAL MATCHING).

Input: Three disjoint sets of elements X = {x1,...,x¢},Y = {y1,...,yq},Z = {z1,...,24}; a
set of triples T~ C X X Y X Z where each triple contains exactly one element in X, Y, Z.
Question: Does there exist a subset of q pairwise disjoint triples in T ?

Reduction: Given an instance of 3DM with {(X,Y,Z),7 }, let t = |7 | and denote the triples
by 7 ={Ty,...,T.}.
We construct a graph G = (V, E) as follows (see Figure 5 for an illustration):
Vertex Set: The vertex set V is the disjoint union of five sets {s}, {t}, V4, V5, and D. Each
vertex in V4 corresponds to a triple in 7, that is V4 = {Ty,...,T;}. Each vertex in Vg cor-
responds to an element in X U Y U Z, that is Vg = {x1,...,%¢, y1,...,Yq,21,...,24}. Let
I = 37 +3q. The set D consists of 7 - | “dummy” vertices {d; ; | 1 < i < 7,1 < j < [}. So, there
are totally 7 + 3q + 2 + 7(37 + 3q) vertices in G, which is polynomial in the input size of the
3DM instance.
Edge Set: The edge set E is the disjoint union of three edge sets F;, F, and P defined as follows.
There are 37 edges in F;, where we have three edges (T, x,), (T, yp) and (T, z.) for each triple
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Fig. 7. The subgraph H when U is non-empty.

T = (X2, Yp,2c) € T . There are 3q edges in F,, where there is an edge from each vertex in
Vp to t. There are 7(I + 1) edges in P, where there is a path P; := (s,d; 1,di 2, .. ..d;i 1, T;) for
each triple T; € 7,1 < i < 7. So, there are totally 37 + 3q + 7(37 + 3q + 1) edges in E, which
is polynomial in the input size of the 3DM instance.

The following claim completes the proof of Theorem 1.2.

LEmMA 5.3. Letk = q(I+1) + 37 +3q and R = (3(l + 1) + 2)/3q. The 3DM instance has q disjoint
triples if and only if the graph G has a subgraph H with at most k edges and Reffy(s,t) < R.

ProoF. One direction is easy. If there are g disjoint triples in the 3DM instance, say {T1, .. ., Ty},
then H will consist of the g paths P, .. ., Py, the 3q edges in F; incident on Ty, .. ., Ty, and all the
3qg edges in F,. There are (I+1)g+3q+3q < k edgesin H, and Reft (s, t) = (I+1)/q+1/3g+1/3q =
(3(I+1) +2)/3q = R, as in the graph in Figure 6.

The other direction is more interesting. If there do not exist g disjoint triples in the 3DM instance,
then we need to argue that Reffy(s,t) > R for any H with at most k edges. First, note that k <
(g + 1)(I + 1), and so the budget is not enough for us to buy more than g paths. As it is useless
to buy only a proper subset of a path, we can thus assume that H consists of g paths and all the
edges in Fy, F,. H has a total of exactly q(I + 1) + 37 + 3q = k edges. For any such H, we will argue
that Reff (s, t) > R. Without loss of generality, assume that H consists of Py, . . ., P4 and all edges
in F; and F;. As Ty, . . ., T4 are not disjoint, there are some vertices in Vp that are not neighbors of
Ty U...UT,. Call those vertices U.

We consider the following modifications of H to obtain H’, and use Reffy (s, t) to lower bound
Reff (s, t). For every pair of vertices in Vg, we add an edge of zero resistance. For each edge inci-
dent on Tyy1, ..., Ty, we decrease its resistance to zero. By the monotonicity principle, the modi-
fications will not increase the s-t effective resistance, as we either add edges with zero resistance
or decrease the resistance of existing edges. The modifications are equivalent to contracting the
vertices with zero resistance edges in between, and so H’ is equivalent to the graph in Figure 6.
Therefore, we have Reffy (s, t) > Reffy/ (s, t) > R.
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We will prove that one of the inequalities in Reff g (s, t) > Reffy (s, ) > R must be strict when
U # 0 (Figure 7). To argue the strict inequality, we look at the unit s-t electrical flow f in H and
consider two cases.

o If there exists some vertex u € U with no incoming electrical flow, then we can delete such
a vertex without changing Reffy (s, ¢). But then in the modified graph H’, the number of
parallel edges to t is now strictly smaller than 3q, and therefore Reff (s, t) > R.

o If there exists some vertex u € U with some incoming electrical flow, then f(Tju) > 0 for
some j > g + 1. Since we have decreased the resistance of such an edge Tju to 0, the energy
of f in H’ is strictly smaller than the energy of f in H. By Thomson’s principle, we have
Reffy (s, t) < Eg (f) < Eu(f) = Reffy (s, £).

Since the 3DM instance has no g disjoint triples, it follows that U # 0 and thus one of the above
two cases must apply. In either case, we have Reffy (s, t) > R and this completes the proof of the
other direction. ]

5.2 Improved Hardness Assuming Small-Set Expansion Conjecture

In this subsection, we will prove Theorem 1.6 that it is NP-hard to approximate the weighted s-
t effective resistance network design problem within a factor smaller than 2. First, we will state
the small-set expansion conjecture and its variant on bipartite graphs, and present an overview
of the proof in Section 5.2.1. Next, we will reduce the bipartite small-set expansion problem to
the weighted s-t effective resistance network design problem in Section 5.2.2, and then reduce
the small-set expansion problem to the bipartite small-set expansion problem in Section 5.2.3 to
complete the proof.

5.2.1 The Small-Set Expansion Conjecture and Proof Overview. The gap small-set expansion
problem was formulated by Raghavendra and Steurer [43]. We use the version stated in Refer-
ence [44].

Definition 5.4 (Gap Small-Set Expansion Problem [43, 44]). Given an undirected graph G = (V, E),
two parameters 0 < f < a < 1and § > 0, the («, f)-gap 5-small-set expansion problem, denoted
by SSEs(a, p), is to distinguish between the following two cases:

e YEs: There exists a subset S € V with vol(S) = § vol(V) and ¢(S) < S.
e No: Every subset S € V with vol(S) = § vol(V) has ¢(S) > a.

It is conjectured in Reference [43] that the gap small-set expansion problem becomes harder
when § becomes smaller.

CONJECTURE 5.5 (SMALL-SET ExPANSION CONJECTURE [43, 44]). For any ¢ € (0, %), there exists
sufficiently small § > 0 such that SSEs(1 — ¢, ¢) is NP-hard even for regular graphs.

It is known that the small-set expansion conjecture implies the Unique Game Conjecture
(UGC) [43] and is equivalent to some variant of the UGC, i.e., the conjecture that UGC still holds
when the input constraint graphs are required to be small-set expanders (see Reference [44] for
more details).

We will show the SSE-hardness of the weighted s-t effective resistance network design problem
in two steps, and use the small-set expansion problem on regular bipartite graphs as an intermedi-
ate problem.

PROPOSITION 5.6. For any ¢ > 0, there is a polynomial time reduction from SSEs(1 — ¢,¢) on
d-regular graphs to SSEs(1 — 16¢, €) on d-regular bipartite graphs.
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PROPOSITION 5.7. Given an instance of SSEs(a, ) on a d-regular bipartite graph B, there is a
polynomial time algorithm to construct an instance of the weighted s-t effective resistance network
design problem with graph G and cost budget k satisfying the following properties.

o [fB is a YEs-instance, then there is a subgraph H of G with cost at most k and

2
Reffy (s, t) < m

e if B is a No-instance, then every subgraph H of G with cost at most k has

2
Reffy(s,t) > ———.
(1- 9)dk

The two propositions immediately lead to the following theorem.

THEOREM 5.8. For any ¢’ > 0, it is NP-hard to approximate the weighted s-t effective resistance
network design problem to within a factor of 2—¢’, assuming that SSEs(1 — ¢, ¢) is NP-hard on regular
graphs for sufficiently small e > 0.

Proor. First, given a d-regular instance of SSEs(1 — ¢, €), we apply Proposition 5.6 to obtain a
d-regular bipartite instance of SSEs(1—16¢, ¢). Then, we apply Proposition 5.7 with ¢ = 1—16¢ and
B = ¢ and see that the ratio between the s-t effective resistance of the No-case and the YEs-case is
at least

(1-p)dk 1—¢ 2(1—¢
(1—£)dk T T1ise 1(+165) >2-¢,
2 2

for sufficiently small e. O

The hardness result of the general weighted s-t effective resistance network design problem
in Theorem 1.6 follows from Theorem 5.8 directly. For the hardness of the special setting where
ce = 1for all e € E, we provide more details in Remark 5.10 after we presented the reduction to
the weighted s-t effective resistance network design problem.

In the remaining of this section, we will prove Proposition 5.7 in Section 5.2.2 and Proposition 5.6
in Section 5.2.3.

5.2.2  From Bipartite Small-set Expansion to Weighted s-t Effective Resistance Network Design.
We prove Proposition 5.7 in this subsection. In the YEs-case of bipartite Small-set Expansion
(SSE), we use the small dense subgraph (from the small low conductance set) to construct a small
subgraph with small s-t effective resistance. In the No-case of bipartite SSE, we argue that every
small subgraph has considerably larger s-t effective resistance.

Construction: Given an SSEs (e, ) instance with a d-regular bipartite graph B = (Vy, Vy; Ep),
we construct an instance of the weighted s-t effective resistance network design problem with
graph G = (V, E) as follows. See Figure 8 for an illustration.

Vertex Set: The vertex set V of G is simply the disjoint union of {s}, Vx, Vy, {t}.

Edge Set: The edge set E of G is the disjoint union of three edge sets E, Ep, E;. The edge set
E; has |Vx| edges, where there is an edge from s to each vertex v € Vx. The edge set E; has
|Vy| edges, where there is an edge from each vertex v € Vy to t.

Costs and Resistances: Every edge e in Eg hasc, = 0 and r, = 1. Every edge e € E; UE,
hasc, =1andr, = 0.

Budget: The cost budget k is §|Vx U Vy]|.
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s t
‘ = D '
Vx VY

Fig. 8. Reduction from bipartite small set expansion to weighted s-t effective resistance network design.

|X| edges i - |Y| edges
s X > : < Y t
> 2(1 - p)dk edges

Fig. 9. In the YEs-case, the solid edges are included in H and the dashed edges are deleted.

1
2

YEs-case: Suppose B is a YEs-instance of SSEs(«, ). Since B is regular, there exist subsets X C
Vx and Y C Vy such that XU Y| = §|Vx UVy| = kand ¢p(X UY) < . We construct the subgraph
H of G as follows.

Subgraph H: The subgraph H includes all the edges from s to X, all the edges from X to Y,
and all the edges from Y to ¢. Since edges from X to Y are of cost zero, the total cost in H is
equal to |X]| + |Y]| = k.

The following claim will complete the proof of the first item of Proposition 5.7.
LEMMA 5.9. Reffy (s, t) < 2/((1 — p)dk).

Proor. Since B is a d-regular bipartite graph, we have
d(IX] +1Y]) = volg(X UY) = [85(X U Y)| + 2IE5(X, Y)I,

where Eg(X,Y) denotes the set of edges with one endpoint in X and one endpoint in Y. Since

¢pp(X UY) < f, we have [6(X U Y)| < f-volg(X UY) = dp(]X| + |Y]|). Hence, the number of

edges between X and Y is

_ dIXT+ 1Y) ~ 165X VU Y)
2

In terms of s-t effective resistance, H is equivalent to the graph in Figure 9, where Z = (Vx\X) U
(Vy\Y) is the set of vertices not in X and Y. Notice that the edges from s to X and from Y to ¢ have

[Es (X, Y)|

> (1= Hd(X] + 1Y) = (1 - pdk.
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(1 - a)dk edges

2

Fig. 10. The subgraph H’ is obtained by identifying the subsets X, Y, Z into single vertices.

zero resistance and edges from X and Y have resistance one. By removing the edges and vertices
associated to Z, we can upper bound Reff (s, t) < 2/((1 — p)dk). O

No-case: We will prove the second item of Proposition 5.7 by arguing that every subgraph of
B with total cost at most k has considerably larger s-t effective resistance. Since all the edges
between Vy and Vy have zero cost and adding edges never increases s-t effective resistance (by
Rayleigh’s monotonicity principle), we can assume without loss of generality that any solution H
to the weighted s-t effective resistance network design problem takes all edges between Vx and
Vy and also takes exactly k edges from E; U E;. Consider an arbitrary subgraph H with the above
properties. Let X € Vx be the set of neighbors of s and Y C Vy be the set of neighbors of ¢, with
|X|+1Y| = k. Let ¢ := pp(X U Y). Note that ¢ > « as we are in the No-case where pp(X UY) > a
for every |X U Y| = k. Using the same calculation as above, we have

[E5(X, )| = 5 (1= $(X U V))dk = (1 - )dk.

The subgraph H is shown in Figure 10, where Z = (Vx\X) U (Vy\Y) is the set of vertices not in X
and Y, and the edges within Z are not shown. To lower bound Reff (s, t), we modify H to obtain
H’ and argue that Reff (s, t) > Reffy (s, t) and then show a lower bound on Reffy (s, t).

To obtain H' from H, we simply identify the three subsets of vertices X, Y, Z to three vertices,
which is equivalent to adding a clique of zero resistance edges to each of these three subsets. By
Rayleigh’s monotonicity principle, this could only decrease the s-t effective resistance, and so we
have Reffy (s, t) > Reffp (s, t).

In terms of s-t effective resistance, the subgraph H’ is equivalent to the graph with two paths
between X and Y (with parallel edges): one path P; of length one with |Eg(X, Y)| parallel edges
between X and Y, another path P, of length two with |Eg(X, Z)| parallel edges between X and Z
and |Ep(Z,Y)| parallel edges between Z and Y. To lower bound Reff (s, t), we lower bound the
resistance of P; and P,, denoted by r(P;) and r(P,). Note that

1 2
p) = = .

R R CRrr e
For r(P;), let x = [6(X, Z)| and y = |55(Y, Z)|, then
11 1 2
— 4+ — = .(X+y) = 1 f+2+22 4 :i’
X Yy x+y Xy x+y \y «x x+y ¢dk
where the inequality holds, since a + 1/a > 2 for any a > 0, and the last equality holds, because
x+y=[6g(XUY)| = ¢gdk. Finally, by Fact 4.3,

1 . 1 ~ 2 . 2

Ur(P) +1/r(P2) ~ (1 - §)dk + Lpdk — (1-¢/2)dk ~ (1 - a/2)dk’

r(Py) =

Reffy (s, t) > Reffy/ (s, t) =
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where the last inequality is because we are in the No-case. This completes the proof of the second
item of Proposition 5.7.

Remark 5.10. In this subsection, we show the hardness of the weighted s-t effective resistance
network design problem, when the edge cost and the edge resistance could be arbitrary. Using a
similar argument as in the proof of Theorem 1.2, the reduction can be modified to the unit-cost
case if we replace the edges from s to Vx and Vy to t by sufficiently long paths (so that the cost of
connecting s to a vertex in Vx is much larger than the cost of connecting a vertex in Vx to a vertex
in Vy). Therefore, the same (2 — ¢€)-SSE-hardness also holds in the case when every edge has the
same cost.

5.2.3  From Small Set Expansion to Bipartite Small Set Expansion. We prove Proposition 5.6 in
this subsection.

Construction: Given an instance SSEs (1 — ¢, €) on a d-regular graph G = (V, E), we construct
a d-regular bipartite graph B = (Vx, Vy; Ep) as follows. For each vertex v in V, we create a vertex
vx € Vx and a vertex vy € Vy, so that [Vx| = |Vy| = |V|. For each edge uv € E, we add two edges
uxvy and uyvx to Ep. It is clear from the construction that B is d-regular.

Correctness: To prove Proposition 5.6, we will establish the following two claims.

(1) Yes-case: If thereisa set S C V with |S| = §|V| and ¢5(S) < ¢in G, then there exist X C Vx
and Y C Vy with |X]| + |Y| = 8(|Vx| + |Vy|) and ¢p(X U Y) < ein B.

(2) No-case: If every set S C V with |S| = §|V| has ¢ (S) > 1 — ¢ in G, then every sets X C Vx
and Y C Vy with |X| + |Y| = §(|Vx| + |Vy|) has ¢p(X UY) > 1 — 16¢ in B.

YEes-case: Let S C V be a subset with |S| = §|V| and ¢G(S) < ¢in G. Let Sx = {vx | v € S}
and Sy := {vy | v € S}, with |S| = |Sx| = |Sy|. By construction, an edge uv € §5(S) if and only
if both uxvy and vxuy are in d5(Sx U Sy), and thus |65(Sx U Sy)| = 2|65(S)|. Since |Sx U Sy| =
[Sx |+ |Sy| = 2|S| and B is d-regular, we have
105(Sx USy)l  [8p(Sx U Sy)l _ 2[66(S)| _

= = =¢g(S) <e.
volg(Sx USy)  d(ISx| + |Syl) 2d|S|

No-case: Consider arbitrary subsets X C Vx and Y C Vy with |X|+|Y]| = §(|Vx|+|Vy|) = 28]V]|.
To lower bound ¢5(X UY), we will upper bound |[Ep (X, Y)|. We partition X into groups Xi, ..., X,
where every group except the last group is of size §|V'|/2 and the last group is of size at most §|V|/2.
We partition Y into groups Yi,...,Y}, in a similar way. The following claim uses the small-set
expansion property in G to show that there is no small dense subset in B.

$B(Sx U Sy) =

LEMMA 5.11. Suppose G is a No-instance of SSEs(1 — ¢, €). Then, forany1 <i<aand1 < j<b,
|Ep(Xi, Yj)| < edd|V].

Proor. We first argue that there is no small dense subset in G, and then we will use it to bound
|EB(X;, Y})|. Suppose S C V with |S| = §|V|. As G is a No-instance, we know that ¢5(S) > 1 —-¢
and thus |65(S)| = (1 — ¢€) volg(S) = (1 — ¢)d|S]. Since d|S| = volg(S) = |86(S)| + 2|E;(S, S)|, it
follows that |[EG (S, S)| < €d|S|/2 = €5d|V|/2. Note that this also implies trivially that |[Eg(Z, Z)| <
£8d|V/2 for any Z with |Z| < §|V|.

Given X; and Yj, let Z := {v € G | vx € X; or vy € Y;}. In other words, Z is the set of vertices
in G that have at least one copy in X; U Y; in B. Since each X; and Y; is of size at most §|V/2,
it follows that |Z| < §|V|. Also, note that |Eg(X;, Y;)| < 2|Eg(Z, Z)l, as each edge in Eg(X;,Y))
corresponds to one edge in Eg(Z, Z) while each edge in Eg(Z, Z) is corresponded to at most two
edges in Eg(X;, Y;). Therefore, we can apply the bound in the previous paragraph to conclude that
|E(X;,Y))| < 2|Eg(Z,Z)| < 6d|V]. O
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We now use the lemma to bound |Eg(X, Y)|. Since |X| + |Y| = 26|V|, it follows that a < 4 and
b < 4, and therefore

a b
Es(X.V)| < > 3 1E5(X:. Y))| < abesd|V] < 1665d|V].
i=1 j=1

As B is bipartite,
[6(X UY)| =volg(XUY) —2|Eg(X,Y)| = 25d|V| —32e6d|V| = 2(1 — 16¢)5d|V].

Therefore, we have

18X UY)| _ 2(1 - 16e)3d]V]

PpXUY) = L XuY) = 20dlV]

=1-16e.

This completes the proof of Proposition 5.6. We remark that a more careful argument gives
|Eg(X,Y)| < 66dd|V|] and thus ¢p(X U Y) > 1 — 6¢, but this constant does not matter for the
proof of Theorem 5.8.

6 CONCLUDING REMARKS

We have formulated a new and natural network design problem and presented some hardness and
algorithmic results. It opens up a number of interesting problems to be studied.

(1) For the s-t effective resistance network design problem, we conjecture that the integrality
gap of the convex program is exactly two. As mentioned in Remark 3.11, the analysis of
the 8-approximation is not tight, and we can show that the same algorithm achieves an
approximation ratio strictly smaller than 5. It would be good to close the gap completely.

(2) The weighted case of arbitrary costs and arbitrary resistances is wide open. It will be in-
teresting if there are stronger convex programming relaxations for the problem (perhaps
adding some knapsack constraint as suggested by the dynamic programming algorithms for
series-parallel graphs).

(3) As in survivable network design, one could study the general problem when there are mul-
tiple source-sink pairs and each pair has a different effective resistance requirement. It will
be very interesting if it is still possible to achieve a constant factor approximation in this
general setting.

(4) Aninteresting intermediate problem is to find a minimum cost network so that the maximum
effective resistance over pairs (the resistance diameter) is minimized. This is an analog of the
global connectivity problem in traditional network design.

A more open-ended direction is to unify and extend the techniques for network design prob-
lems with spectral requirements. The subsequent work [37] has made some progress towards this
direction, where we provide a spectral approach to incorporate not only effective resistance con-
straints but also other spectral requirements (e.g., algebraic connectivity, graph expansion, etc.)
and unstructured non-negative linear constraints into network design. Nevertheless, the result in
this article is not subsumed by the one in Reference [37], as we have discussed in Section 1.3. The
effective resistance network design problems in the regime of small k are still very interesting
problems to investigate.
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APPENDIX
A RANDOMIZED ROUNDING WITH APPROXIMATELY OPTIMAL SOLUTION

In this Appendix, we show how to use an approximately optimal solution of the convex pro-
gram (CP) to design the rounding algorithm. We use Assumption 3.1 (c, = w, = 1 forall e € E) in
this section.

Ideally, we would like to argue that if x : E — R is an approximately optimal solution of (CP),
then there exist dual variables A7, A7, 1 > 0 such that, together with x, the KKT conditions are ap-
proximately satisfied. Thus, the crucial properties about the flow-conductance ratios in Lemma 3.2
are also approximately satisfied. However, if x, (or 1-x,) is small, the approximate complementary
slackness condition does not directly imply that A7 (or A}) is small, and we cannot conclude that all
fractional edges have similar flow-conductance ratios. Due to this technical issue, we need some
extra efforts to handle those edges with x, close to the 0/1 boundary. We modify the randomized
path rounding algorithm as follows.

Randomized Path Rounding Algorithm with Approximately Optimal Solution

(1) Set € « 1/ poly(n,m) and § « 1/ poly(n,m) > e.

(2) Let x be an approximately optimal solution to the convex program (CP) such that
Reff,(s,t) < opt(k) + e and Y cpxe < k and x, € [0,1] for all e € E. Let f be the
unit s-t electrical flow supported in x.

(3) Let e € E be an arbitrary edge with § < x, < 1 —35. We use @est < fe/x, to estimate the
flow-conductance ratio « defined in Lemma 3.2.

(4) Compute a flow decomposition P of f as defined in Lemma 3.4.

(5) For i from 1 to T := max{1, [ 1/ e }*do
e Let P; be a random path from £ where each path p € P is sampled with probability

Vp.
(6) Return the subgraph H formed by the edge set U'_ P;.

The approximately optimal solution x can be obtained in O(poly(m, n) log %) time with standard
convex optimization techniques, e.g., Ellipsoid method (see, e.g., Theorem 5.2.1 in Reference [4]).
The whole algorithm runs in polynomial time if et = Q(1/ poly(n, m)).

To analyze the modified algorithm, we first establish some properties of the approximately op-
timal solutions in Section A.1 as an analog of Lemma 3.2. Based on these properties, we provide a
sketched analysis of the modified randomized path rounding algorithm in Section A.2.

A.1 Characterizing Approximately Optimal Solutions

LEMMA A.1 (CHARACTERIZATION OF APPROXIMATELY OPTIMAL SOLUTION). Given an accuracy
parameter 0 < ¢ < 1, let x : E — Ry be an approximately optimal solution of the convex pro-
gram (CP) such that Reff (s, t) < opt(k)+¢, X ocp Xe < k, and x, € [0,1] foralle € E, where opt(k)
is the optimal value of (CP).

Let 1 > & > ¢ be a parameter that measures the distance from the 0/1 boundaries. Let Ef C E
be the set of almost-one edges with x, € [1 — §,1], let Er C E be the set of fractional edges that are
staying away from the 0/1 boundaries with § < x, < 1— 20, and let Ez C E be the set of close-to-zero
edges with x, € (0,0]. Let f : E — Ry be the unit s-t electrical flow supported in x. There exists

2We take the maximum as aest might slightly larger than 1 due to the estimation error.
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a > 0 such that

2
f—; > a? —20nVe Vee€E],
xe

2
]Lez —a? < 20n\/§ Ve € Ep, and f, < 2nd Ve € Ez.
xe

Intuitively, the above characterization says that the edges in E; and Ep approximately satisfy
the properties about the flow-conductance ratios in Lemma 3.2. Meanwhile, those tiny fractional
edges in Ez only support very small amount of electrical flow, hence they will not have significant
impact in the analysis of the approximation ratio.

To prove Lemma A.1, we need to refine the proof of the necessity of KKT conditions. We first
briefly recall the theory of Lagrangian duality (see, e.g., Reference [6]). Given the primal convex
program in (CP), we introduce nonnegative dual variables A", A~ : E — R and p > 0. By adding
some penalty terms according to the constraints, the Lagrange function with respect to (CP) is

defined as

+ - . + _ _ - _
L(x, A", A7, p) := Reff (s, t)+Z/Ie(xe 1) Z/lexe +,u(ze€Exe k).

ecE e€E
The Lagrangian dual problem is defined as

max inf L(x, A", A7, p).
M A p20 X

Notice that the primal (CP) satisfies Slater’s condition, thus strong duality holds and there exist an
optimal primal solution x* and an dual optimal solution A*, A=, u > 0 such that

L(x", A", A7, ) = Reff:(s,t) = iI;fL(x, AT A7, ). (A1)

In the following, we fix the optimal solution x* : E — Ry, and the optimal dual solution
AT, A7, i > 0 that attain the strong duality. We assume that we are given an approximately optimal
solution x : E — Ry of (CP) such that

Reff, (s,t) < Reff,«(s,t) + e < n+e, er <k, and x.€[0,1]foralle €E, (A.2)
ecE
where Reff,«(s,t) < n follows as x* is an optimal solution of (CP) and any shortest s-t path (of
length at most n) is a feasible solution.

The general idea of deriving an approximate version of KKT conditions for x is relatively sim-
ple. However, we need to deal with some technical issues such as differentiability of Reff, (s, t)
and estimations on the second derivatives of Reff (s, t). In the remaining of this subsection, we
first state some useful facts in Section A.1.1. Then, we prove approximate Lagrangian optimality
condition and approximate complementary slackness condition in Section A.1.2. Finally, we finish
the proof of Lemma A.1 in Section A.1.3.

A.1.1  Useful Facts. We start with a lemma about the differentiability of Reff (s, t).

LEMMA A.2 (SEE, E.G., LEMMA 2.4.6 IN REFERENCE [49] FOR A PROOF). If's and t are connected in
the graph formed by the support of x and x, > 0 for some given edge e € E, then 0.Reff (s, t) exists
and 9 Reff (s, t) = —(bL,L}b.)%.

Then, we provide an upper bound on the second derivative d2Reff, (s, t) for any y : E — Raxq.

LEmMMA A.3. Foranyy : E — Ryq such that s and t are connected in the graph formed by the
support of y, if ye > 0, then 92Reff (s, t) exists and

O*Reffy(s.1) = 2 (bL,L}be)” (bILibe) < 24, (BL,Libr)”
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ProoF. By Lemma A.2, 92Reff, (s, t) = —0, (bl LJr be)?. Let the two endpoints of e be u and v.
Since y, > 0, u and v are either contained in the same component as s and ¢, or both of them are
in another component.

If u and v are in a different component than the component that contains s and ¢, then b7, LJf be =
0 as Ly can be rearranged as a block diagonal matrix with all four entries (s, u), (s, v), (¢, u), (¢, v)
being 0. Thus, 8ZReff (s, t) = -0, (b, LJr b.)? = 0, and the lemma holds.

If u and v are within the same component as s and ¢, then we can restrict to this component and
assume the support of y is a connected graph without loss of generality. With similar argument as
in the proof of Lemma 3.2, using the fact that JA™! = A" (JA)A™L, it follows that

—d, (bZ,LZbe)Z = —2 (bl Libe) (bl (9eL}) be) = 2 (b1, Libc) (bI,LY (bebl) Libe)
=2 (bLLib.)" (bIL)be).
To upper bound bETL;be, observe that, for any edge e € E with y, > 0, beTLLbe is the effective

resistance between the two endpoints of e, which is upper bounded by the resistance of the edge
e, and thus

biLibe < y,". (A3)
Finally, we observe that |b], LTb | is the potential difference between the two endpoints of e

when we send the unit electrical ﬂow from s to t, which is less than the potential difference between
s and t, and thus

bl Libe| <

y(s.t) = bl Llbg;. (A.4)
The lemma follows by combining the above two bounds. O

A.1.2  Approximate Optimality Conditions. Now, we are ready to derive the approximate
Lagrangian optimality condition and approximate complementary slackness condition.

LEMMA A.4 (APPROXIMATE LAGRANGIAN OPTIMALITY CONDITION). Any primal approximately
optimal solution x and the dual optimal solution A*, 1™, yi satisfy the inequality

2
(DL, A, 27, 1))? = ((bsTtLj;be)z At —p) <2eM, foralle € E withx, > 0,
where M, := 10x;'(2n* + |1} — A7]).

ProOF. According to the strong duality Equation (A.1), it holds that Reff - (s, t) = L(x*, A*, A7,
1), i.e., the optimal solution x* of (CP) is also an optimal solution of inf, L(x,A*, A7, ). Thus,

L(x*, A", A7, 1) < L(x, A", A7, p) = Reffye (s, 1) + Z M(xe —1) - Z Aoxe + p( er - k) (A.5)

eckE ecE ecE

< Reff,(s,t) < Reffy(s,t) + e = L(x", A", A7, p) + &,

where the first inequality in the second line follows by the fact that the penalty terms in the
Lagrange function are non-positive for the given primal solution x and dual solution A*, A=, u > 0.
This implies that the approximately optimal solution x of (CP) is also an approximately optimal
solution of inf, L(x,A*, A7, y). Intuitively, we expect the derivative d.L(x,A*, A7, ) to be small,
and we quantify this rigorously in the following.

In the following, we fix an edge e € E with x, > 0. Let g(x.) := L(x,A*, A7, ), where we treat
L(x,A",A7, p) as a univariate function in x, with all other variables fixed. Notice that ¢g’(x.) =
O0cL(x, A, A7, p).
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For any given h € R, if g is twice differentiable on the interval between x, and x, + h, then by
Taylor’s theorem, it holds that

/’ 1 44
glxe +h) = glxe) + ' (xe)h+ =g (a)h?,

for some a in the interval between x, and x, + h. Taking h = _%, it follows that
’ X 2 ’” a ’ X 2 1 ’” a ,
0+ ) =gl - LI T (1 T () <o, (00
where the implication follows as g(x.) = L(x,A*,A7,u) is e-close to the optimal value of

inf, L(x, A", A7, p).

To make sure that g is twice differentiable and the second derivative is bounded on the interval
between x. and x, + A, we ﬁrst show that the whole interval is bounded away from 0. In particular,
we claim that x, + h > Z¢ > 0.

Since Reff, (s, 1) < n + ¢ is bounded, s and t are connected in the support of x. Thus, by
Lemma A.3, for e € E with x, > 0, ¢’(x.) exists and

g'(xe) = = (BLLLbG) + 25 =25 +pu.
Hence, it follows that

lg’ (xe) (bTLT be)? + p+ AL = A7 (bTLT bse)? +p+ 1AL = A7

|hl =
M. M. M.

where the last inequality follows by Equation (A.4). Notice that bsTtch bst <n+e¢,and p < 1by the
characterization of « in Lemma 3.3. Together with the definition of M., |h| < % for ¢ < 1. Thus,
we have established the claim that x, + h > XTE > 0.

Since the whole interval between x, and x, + h is at least x—; > 0, g is twice differentiable over
the whole interval by Lemma A.3. By the same lemma, for any a € R within the interval, it follows
that

_ 2
9" (@) = O?Reff(s,1) < 2(x)) " (bLLLbar)
where x” is the same as x except that x, = a > 3¢

It remains to upper bound b/, L ,bs:. Since Ly and L’ has the same null space, by Sherman-
Morrison formula [46],

. — x,)Lib bTLY
LL=<Lx+(a—xe)bebeT)T=L;— (a x) X e-x
1+ (a—x.)bTLb,

Thus,
e (a=x) (b LEb,)? (x - a) (b, L b,)?
bsTtLLbst = bsTthbst - st T : = bsTt ;b - oL T -: .
1+ (a—x¢)be Ly be — (xe —a)b, L. b,

Ifa-x, > 0, then bSTtLT,bst < bsTtlest < n + ¢. Otherwise, we upper bound the additive term by
(xe — a)(bT,LLb,)? § Xe (b, LLb,)?

< < xe (bT,LLbe)? < (bT,LLb,)?,
1 - (xe — a)blLLb, —%bZlee ‘ S

where the first inequality follows by a > £, the second inequality follows by beTLibe < x!
in Equation (A.3), and the last inequality follows by x, < 1 and Equation (A.4).
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Hence, in both cases, it holds that bSTtLLbst < ZbSTtlest. Plugging back to the upper bound of
g’ (a), for ¢ less than some small constant, it follows that

. 2 2
g9"(a) < 2(x))" (L, ber)” < 4x;t (2b5,LEbe)” < 4x;' (20 + 26) < 20x;'n”.

gla) o 2x'n’ 1
> M, = 20x.1(2n2HlAi-A%)) <7

Therefore The lemma follows by Equation (A.6). o

LEMMA A.5 (APPROXIMATE COMPLEMENTARY SLACKNESS). Given the primal approximately opti-
mal solution x, and the dual optimal solution A*, 1™, u, the following conditions hold:

Os,u(k—zeeExe)Sg and 0< A (1-x,) <& 0<Ax,<¢, foralle €E.

Proor. By Equation (A.5) and strong duality Equation (A.1), it follows that

Reffy- (s, t) < L(x, A", A7, j1) = Reffy (s, 1) + Z A(xe —1) - Z Aoxe + p( Zee}; Xe — k)

ecE ecE

< Reffe(s,8) + £+ D Ao —1) = D Agxe + p(ZeEE Xe — k),

ecE ecE

where the last inequality follows by Reff (s, t) < Reffy-(s,t) + €. Thus,

DA =xe)+ ) Aoxe + y(k - xe) <e.

ecE ecE

Notice that A7 (1 —x.) > 0,A;x. > 0 and u(k — Y, x.) > 0 as x is a feasible solution. Hence, the
lemma follows. O

A.1.3  Proof of Lemma A.1.
Proor. By Lemma A .4, it holds that
—2eM, < (b1, L1 b)) =AY + A, — i < \J2eM, for all e € E with x, > 0,

where M, = 10x,1(2n* + |1} — A7]).

For any given § € [¢, %), we handle edges in the three categories Ej, Er and Ez separately.

We first consider those edges with § < x, < 1 -, i.e., e € Ep. For any e € Ep, we have
0 < A}, A, < ¢/6 by Lemma A.5. Thus, [A} — 17| < ¢/6 < 1and M, < 10571(2n? + ¢/§), which

implies
40en? 202 80¢en? €
|(bL LI b,)% - << \/— —<2\/ <20 \/j
((bseLibe)” —pl < 54 =5+ %7 < 5 =™

Then, we consider those almost-one edges in E; with x, € [1 — §, 1]. For any edge e € Ej, by
Lemma A.5, we have 0 < A, < £(1—35)"! < 2¢ (note that we do not have control over the value of

A+ > 0). Since Va+b < va+ Vb fora,b >0,
\2eM, < \/403(2712 + A5 = A1) < 9nve + /40eA] + /40eA; < 10nVe + /40617,

where the last inequality holds as A, < 2¢ and ¢ < 1. Thus, it follows that
(I, LTbe)? > pp+ A% = A7 — 10nVe — \J40eA! > i — 20n+e,
where the last inequality follows as A, < 2¢ and A — +/40eA} > —10¢ for any A7 > 0.
Finally, we consider those almost-zero edges in EZ with 0 < x, < 6. We use a simpler argument
to bound the value of f <. Notice that f < = b, Libe| < Reffy (s t) as in Equation (A.4). Since

Reff,(s,t) < n+ ¢ for the approx1mately optlmal solution x, f, < (n+ ¢)x, < 2nd, as desired.
We finish the proof of the lemma by taking a = +/1i. ]
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A.2 Analysis of the Randomized Path Rounding Algorithm with Approximately
Optimal Solution

We use the properties of the approximately optimal solution in Lemma A.1 to analyze the modi-
fied randomized path rounding algorithm. As the analysis essentially follows the same flow as in
Sections 3.3 and 3.4, we only provide sketched arguments in this subsection.

We first assume Ep # 0 (i.e., dtest is well-defined) and aest = Q(1/m). In this case, aest is a good
estimation of the flow-conductance ratio a defined in Lemma 3.2. In particular, by Lemma A.1 and
the definition of g, it holds that

a® = 20ne/d < aly < a® + 20n4/e/6.

We set the parameters J, € to be inverse polynomially small, e.g.,

1 1
i
Then, the additive error term 20nvVe/d = O(#) Thus, when dest = Q(%), it holds that
1 1
(-0 (2))es e = (1+0(2)e .
m m

Therefore, by Lemma A.1, it holds that

fe > (1 -0 (%)) QestXe, Ve € Ej,
fe = (1 +0 (%)) estXe, Ve € Ep, (A.8)
feS2n5=O(#), Ve € Ez.

With the above observations, we can upper bound the expected number of edges and the ex-
pected s-t effective resistance of the graph returned by the rounding algorithm.

LEMMA A.6. Let x be an approximately optimal solution to (CP) defined in Equation (A.2). Let
Xe be an indicator variable of whether e is included in the returned subgraph H by the rounding
algorithm, Then, when aess = Q(1/m), it holds that

1 1
E < — . )
ZXe _(1+O(m)) er and E ZXe <mT gré%)cheSO(m)
ecErp ecErp ecEz
Furthermore,

E

1
> < 10 (2)e
ecE

Proor SKETcH. Following the same argument as in Lemma 3.6, it holds that Pr(X, = 1) < Tf,
for all e € E (see (3.1)). Then, we can use the bounds of f, in Equation (A.8) to derive the first part
of the lemma. Since all edges in Er have x, > 1= > 1-1/m,E[}.ep, Xe] < (1+0(1/m)) 3 ccE, Xe-
Thus, the second part of the lemma follows. O

LEMMA A.7. Let x* be an optimal solution to (CP), x be an approximately optimal solution to (CP)
defined in Equation (A.2), and f be the unit s-t electrical flow supported in x. When et = Q(1/m),
the expected s-t effective resistance of the subgraph H returned by the rounding algorithm is

E [Reffy (s, )] < 2 (1 +0 (%)) Reff - (s, 1).
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Proor SKeTcH. Following the same idea as in the proof of Lemma 3.7, we upper bound
the expected s-t effective resistance of the returned subgraph H by constructing a random s-
t flow (i.e., sending s units of flow along each sampled path). The same analysis leads us to

Equation (3.2), i.e.,
1 1
BIReffu(s.0] < = ) fo+ (1 - ?) >
ecE ecE
The second term can still be upper bounded by
1 5 1 12 ( 1 )
[ < N 2l < N
(1 T)Zfe - (1 T)er <{t-g)&.
ecE ecE

The first term needs some special treatment, where we handle the edges in E; U Er and Ez sepa-
rately:

1 1 (1+0(1)) 12 1
T femgl X g Yk s g Y o gn)

ecE ecEjUEFR ecE, ecEjUEFR

(1+0(2) 2L v 0(L)eun,

Tqest

IA

where the first inequality follows Equation (A.8) that f, > (1-O0(1/m))@estXe = ttestXe/(1+0(1/m))
for e € E; UEr and f, < O(1/m?®) for e € Ez, and the second inequality follows by T > 1
and Equation (3.3) that E,(f) = Reff(s,t) > 1/k > 1/m.

By combining the upper bounds of the two terms and noticing that
(which follows by a similar argument as in Lemma 3.5),

3 < Tae < 1+0(1/m)

E[ReffH(s,t)]s(1+ ! —l+o(%))ax(f).

Qest T

The lemma then follows by a similar argument as in the proof of Lemma 3.7 and the fact that
Ex(f) < Refty-(s,t) +e. O

Then, following similar arguments as in the proof of Theorems 3.8 and 3.10, we have a random-
ized polynomial time constant approximation algorithm when Er # 0 and et = Q(1/m).

It remains to deal with the cases where Er = 0 or aey < 1/4m. In both cases, we can simply
return all edges in E;. We first note that the number of edges in Ej isat mostk asx, > 1-6 > 1-1/m
and }.cp, Xe < k. Then, by Lemma A.1, we can upper bound f, < 1/2m for all edges e € E\E;

when Ep = 0 or @est < 1/4m. With a similar argument that deals with the case of @ < 1/4m in the
proof of Theorem 3.10, returning all edges in E; gives us a constant approximate solution.
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