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ABSTRACT

We present a spectral approach to design approximation algorithms
for network design problems. We observe that the underlying math-
ematical questions are the spectral rounding problems, which were
studied in spectral sparsification and in discrepancy theory. We
extend these results to incorporate additional linear constraints,
and show that they can be used to significantly extend the scope
of network design problems that can be solved. Our algorithm for
spectral rounding is an iterative randomized rounding algorithm
based on the regret minimization framework. In some settings, this
provides an alternative spectral algorithm to achieve constant factor
approximation for survivable network design, and partially answers
a question of Bansal about survivable network design with concen-
tration property. We also show that the spectral rounding results
have many other applications, including weighted experimental
design and additive spectral sparsification.
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1 INTRODUCTION

Network design is a central topic in combinatorial optimization,
approximation algorithms and operations research. The general
setting of network design is to find a minimum cost subgraph sat-
isfying certain requirements. The most well-studied problem is
the survivable network design problem [1, 31, 36, 37], where the
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requirement is to have at least a specified number f, , of edge-
disjoint paths between every pair of vertices u,v. A seminal work
of Jain [39] introduced the iterative rounding method for linear
programming to design a 2-approximation algorithm for the surviv-
able network design problem, and this method has been extended
to various more general settings [10, 21, 25, 26, 28, 30, 42, 43, 45].
There are also other linear programming based algorithms such
as randomized rounding [9, 17, 32, 38, 64] to obtain important al-
gorithmic results for network design. It is widely recognized that
linear programming is the most general and powerful approach in
designing approximation algorithms for network design problems.

In the past decade, spectral techniques have been developed to
make significant progress in designing graph algorithms [3, 6, 13,
22,59, 62]. One striking example is the spectral sparsification prob-
lem introduced by Spielman and Teng [63], where the objective is
to find a sparse edge-weighted graph H to approximate the input
graph G so that (1-¢)Lg < Ly < (1+€)Lg where Lg and Ly are
the Laplacian matrices of the graph G and H. The spectral condition
(1-€)Lg =< Ly < (1+¢€)Lg implies that H is also a cut sparsifier
of G such that the total weight on every cut in H is approximately
the same as that in G. Batson, Spielman, Srivastava [13] proved that
every graph G has a spectral sparsifier H with only O(n/e?) edges.
This improves upon the important result of Benczir and Karger [14]
that every graph G has a cut sparsifier H with O(nlog n/e?) edges,
which has many applications in designing fast algorithms for graph
problems. From a technical perspective, the spectral approach in-
troduces linear algebraic concepts and continuous optimization
techniques in solving graph problems, and the results in spectral
sparsification [3, 6, 13] show that it is algorithmically more con-
venient to control the spectral properties of the graph in order to
control its combinatorial properties.

Inspired by these developments, we are motivated to study whether
there is a spectral approach to design approximation algorithms for
network design problems. The general way to designing approxima-
tion algorithms is to solve a convex program to obtain a fractional
solution x in polynomial time, and then to round x into an integral
solution z that well approximates x (with respect to the constraints
and the objective function) as an approximate solution. We observe
that the following spectral rounding question, where the objective
is to approximate the spectral properties of x, underlies a large class
of problems including the survivable network design problem.

Question 1.1 (Spectral Rounding). For each e in a graph, let L, be
the Laplacian matrix of e and c, be its cost. Given x, € Ry for each
edge e, characterize when we can find z, € Z for each e such that

erLe ~ ZzeLe and Zcexe ~ Z CeZe-
e e e e

When spectral rounding is possible, we notice that the integral
solution z not only approximately preserves the cost and the pair-
wise edge connectivity properties of x as required by the survivable
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network design problem, but also many other properties of x includ-
ing pairwise effective resistances, the graph expansion, and degree
constraints. This would significantly extend the scope of useful
properties that a network designer could control simultaneously to
design better networks.

1.1 General Survivable Network Design

The main conceptual contribution of this paper is to show that the
techniques in spectral graph theory and discrepancy theory can be
used to significantly extend the scope of network design problems
that can be solved.

In network design, we are given a graph G = (V,E) where
each edge has a cost ce, and the objective is to find a minimum
cost subgraph that satisfies certain requirements. In the survivable
network design problem [36, 39], the requirements are pairwise
edge-connectivities, that every pair of vertices u, v should have at
least fy, edge-disjoint paths for u, v € V. This captures several clas-
sical problems as special cases, including minimum Steiner tree [17],
minimum Steiner forest [1, 37], and minimum k-edge-connected
subgraph [31]. Jain introduced the iterative rounding method for
linear programming to design a 2-approximation algorithm for the
survivable network design problem [39]. His proof exploits the
nice structures of the connectivity constraints to show that there
is always a variable x, with value at least % in any extreme point
solution to the linear program. His work leads to many subsequent
developments in network design [20, 21, 26, 30, 31], and the iter-
ative rounding algorithm is still the only known constant factor
approximation algorithm for survivable network design.

Motivated by the need of more realistic models for the design of
practical networks, researchers study generalizations of survivable
network design problems where we can incorporate additional use-
ful constraints. One well-studied problem is the degree-constrained
survivable network design problem, where there is a degree upper
bound d, on each vertex v to control its workload. There is a long
line of work on this problem [25, 28, 35, 42, 45, 57, 58] and the
iterative rounding method has been extended to incorporate degree
constraints into survivable network design successfully. For the
general problem [42, 45, 49], there is a polynomial time algorithm
to find a subgraph that violates the cost and the degree constraints
by a multiplicative factor of at most 2. For interesting special cases
such as finding a spanning tree [35, 61] or a Steiner tree [44, 45],
there is a polynomial time algorithm that returns a solution that
violates the degree constraint by an additive constant.

More generally, one can consider to add linear packing con-
straints and linear covering constraints into survivable network
design [11, 15, 48, 55], but not as much is known about how to
approximately satisfy these constraints simultaneously especially
when the linear constraints are unstructured.

Another natural constraint is to control the shortest path distance
between pairs of vertices, but unfortunately this is shown to be
computationally hard [24] to incorporate into network design.

In [18], together with Chan, Schild, and Wong, we propose to
incorporate effective resistances into network design, as an inter-
polation of shortest path distance and edge-connectivity between
vertices. Incorporating effective resistances can also allow one to
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control some natural quantities about random walks on the result-
ing subgraph, such as the commute time between vertices [19] and
the cover time [23, 53]. We note that effective resistances have
interesting connections to many other graph problems, including
spectral sparsification [62], maximum flow computation [22], asym-
metric traveling salesman problem [6], and random spanning tree
generation [50, 59]. We believe that it is a useful property to be
incorporated into network design.

There are many other natural constraints that could help in de-
signing better networks, including total effective resistances [34],
algebraic connectivity (and graph expansion) [33], and the mix-
ing time of random walks [16]. These constraints are also well-
motivated and were studied individually before (without taking
other constraints together into consideration, e.g. connectivity re-
quirements), but not much is known about approximation algo-
rithms with nontrivial approximation guarantees for these con-
straints.

It would be ideal if a network designer can control all of these
properties simultaneously to design a good network that suits their
need. We can write a convex programming relaxation for this gen-
eral network design problem incorporating all these constraints.

cp := min{c, x)
X

x(8(5)) = f(S) VScVv (connectivity constraints)
x(6(v)) < dy YoeV (degree constraints)
Ax <a AeRP™ qeR?  (linear packing constraints)

st Bx>b B e ]szm, be R?_ (linear covering constraints)
Reffy (u,0) <ryp, Vu,veV (effective resistance constraints)
Ly =M M>=0 (spectral constraints)
A2(Lyx) =2 A (algebraic connectivity constraint)
0<xe <1 Ve € E (capacity constraints)

(CP)

The connectivity constraints are specified by a function f on ver-
tex subsets, e.g. in survivable network design f(S) := maxy o{fu0 |
u € S,v ¢ S}. The matrix Ly is the Laplacian matrix of the fractional
solution x. We defer to Section 4.1.1 for more explanations about
this convex program.

Our main result for network design is the following approxima-
tion algorithm for this general problem. We note that the degree
constraints are not handled in the following result.

THEOREM 1.2 (INFORMAL). Suppose we are given an optimal so-
lution x to the convex program (CP). There is a polynomial time
randomized algorithm to return an integral solution z to (CP) that
satisfies all the connectivity constraints, the effective resistance con-
straints, the spectral constraints, the algebraic connectivity constraint
and the capacity constraints simultaneously with high probability.
The objective value of the integral solution z is

{c,z) <O (cp+nceo)

with high probability, where n is the number of vertices in the graph
and ceo = ||¢||s is the maximum cost of an edge. Furthermore, the
linear packing constraints and the linear covering constraints are
satisfied approximately with high probability (see Theorem 4.3 for
the approximation guarantees for these constraints)'.

I Theorem 1.2 has been improved in a new version, see arXiv:2003.07810v2.
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This provides a constant factor approximation algorithm when-
ever nce S cp (note that this requires the solution subgraph has
Q(n) edges). The main advantage of the spectral approach is that
it significantly extends the scope of useful properties that can be
incorporated into network design, while previously there are no
known non-trivial approximation algorithms even for some indi-
vidual constraints. We demonstrate the use of Theorem 1.2 with
one concrete setting.

Example 1.3. Suppose the connectivity requirement satisfies fy, , >
k for allu,v € V (e.g. to find a k-edge-connected subgraph). Assume
the cost c. of each edge e satisfies 1 < ce < O(k).

Then Theorem 1.2 provides a constant factor approximation algo-
rithm for this survivable network design problem. To our knowledge,
the only known constant factor approximation algorithm even re-
stricted to this special case is Jain’s iterative rounding algorithm. The
algorithm in Theorem 1.2 provides a completely different spectral
algorithm to achieve constant factor approximation in this special
case.

Furthermore, the constant factor approximation approximation al-
gorithm can be achieved while incorporating additional effective resis-
tance constraints (e.g. to upper bound commute times between pairs of
vertices), spectral constraints (e.g. to dominate another graph/topology
in terms of the number of edges in cuts), algebraic connectivity con-
straint (e.g. to lower bound graph expansion). Also, additional linear
packing and covering constraints can be satisfied approximately, even
when they are unstructured. See Section 4.1 for an in-depth discussion.

Recently, Bansal [10] designed a rounding technique that achieves
the guarantees by iterative rounding and randomized rounding si-
multaneously, and he showed various interesting applications of
his techniques. However, he left it as an open question whether
there is an O(1)-approximation algorithm for survivable network
design while satisfying some concentration property of the output.
Theorem 1.2 provides some progress towards his question, as the
guarantees on the linear packing and linear covering constraints
satisfy some concentration property as shown in Theorem 4.3.

With some additional assumptions about the fractional solution
x, we prove the following strong integrality gap result about the
convex program that incorporate degree constraints as well.

THEOREM 1.4 (INFORMAL). Suppose we are given a solution x to
the convex program (CP). Assume that Reff,(1,0) < €2 for every
uv € E and coo < €%(c,x) for some € € [0,1]. Then, there exists
an integral solution z that approximately satisfies all the connec-
tivity constraints, degree constraints, effective resistance constraints,
spectral constraints, algebraic connectivity constraints, and capacity
constraints with {c,z) < (1+ O(e)){c, x).

We remark that Theorem 1.4 does not provide a polynomial
time algorithm to find such an integral solution, as it is proved
using the non-constructive results in discrepancy theory. Also, we
note that Theorem 1.4 does not handle linear covering and packing
constraints. The assumption Reffy (u,0) < €? for every uv € E may
not be satisfied in applications, and we will explain in Section 4.1.4
when it will be satisfied and show that it is not too restrictive.
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1.2 Previous Work on Spectral Rounding

The most relevant works for spectral rounding are from spectral
sparsification and discrepancy theory. There are two previous the-
orems that imply non-trivial results for spectral rounding.

1.2.1 Spectral Sparsification. There are various algorithms for
spectral sparsifications, by random sampling [62], by barrier func-
tions [13], by regret minimization [3, 60], or by some combinations
of these ideas [46, 47]. Most of these algorithms need to work with
arbitrary weights and cannot guarantee that the output subgraph
has only integral weights. There are some algorithms which guaran-
tee that the output has only integral weights, but they only achieve
considerably weaker spectral approximation [3, 7, 12].

Allen-Zhu, Li, Singh, and Wang [5] formulated and proved the
following spectral rounding theorem, using the framework of regret
minimization developed for spectral sparsification [3].

TuEOREM 1.5 ([5]). Let v1,02,...,0m € R™, x € [0,1]™ and
k = X" xi. Suppose 31, xiviviT = I, and k > 5n/€? for some
e € (0, %] Then there is a polynomial time algorithm to return a
subset S C [m] with
|S| <k and ZviviT = (1-3e)I,.

ieS

Theorem 1.5 can be understood as a one-sided spectral rounding
result, where the fractional solution x is rounded to a zero-one solu-
tion while the budget constraint is satisfied and the spectral lower
bound is approximately satisfied. Through a general reduction, this
theorem implies near-optimal approximation algorithms for a large
class of experimental design problems [5].

We remark that Theorem 1.5 can be modified to prove similar
but more restrictive results as in Theorem 1.2, when the objective
function c is the all-one vector and there are no linear covering
and packing constraints. This already extends the scope of un-
weighted network design significantly, but this connection was
not made before. For network design, it is desirable to have differ-
ent costs on edges, and these weighted problems are usually more
difficult to solve than the unweighted problems (e.g. minimum k-
edge-connected subgraphs [31] vs [39], minimum bounded degree
spanning trees [29] vs [35], etc).

1.2.2  Discrepancy Theory. The techniques in spectral sparsifica-
tion have been extended greatly to prove discrepancy theorems in
spectral settings [6, 41, 52], most notably in the solution to Weaver’s
conjecture that resolves the Kadison-Singer problem [51, 52] and
its extension and surprising application to the asymmetric trav-
eling salesman problem [6]. The following recent result by Kyng,
Luh, and Song [41] provides the most refined formulation in the
discrepancy setting, using the method of interlacing polynomials
and the barrier arguments developed in [6, 52].

THEOREM 1.6 ([41]). Let vy, ...,0m € R", and &, ..., &y be inde-
pendent random scalar variables with finite support. There exists a
choice of outcomes €1, ..., €m in the support of &1, ..., Em such that

Z E[fi]viv? - Z eiviviT <4 ZVar[gfi](viviT)z
i=1 i=1 op i=1 op

We note that Theorem 1.6 implies the following two-sided spec-
tral rounding result, which is very similar to Corollary 1.7 in [41] but
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with a weaker assumption, where we only need ||X, x iviviTHOP =
1 instead of ||Z,"i1 T“op

0;v; < 1 as in [41]. The proof will be pre-
sented in Section 3.2 in a more general setting.

Corollary 1.7. Letovy,...,um € R" andx € [0, 1]™. Suppose ||v;|| <
€ foralli € [m] and Z;il iniUiT = I,. Then there exists a subset
S C [m] satisfying

(1=0(e)In < ) viv] < (1+0(e))n.
ieS

Comparing to Theorem 1.5, the advantage of Corollary 1.7 is that
it provides a two-sided spectral approximation. On the other hand,
Corollary 1.7 requires the assumption that all vectors are short, and
it has no guarantee on the size of S. Also, it is important to point
out that the proof of Corollary 1.7 does not provide a polynomial
time algorithm to find such a subset.

1.3 Our Technical Contributions

We extend the previous results on spectral rounding to incorporate
linear constraints and to satisfy the requirements for network de-
sign problems. These results have interesting applications in many
other problems besides network design; see Section 1.4.

Our first result considers one-sided spectral rounding in the
setting when the returned solution is an integral solution, in which
a vector can be chosen more than once.

THEOREM 1.8. Letv1,0,...,0m € R™", x € R and k = ||x]|;.
Suppose 370, x,—viviT = I. For any € € (0,1], there is a random-
ized polynomial time algorithm to return a solution z € Z7' with

m
2i=1

ziviviT = I, and
(1+2€){c,x) —enceo < {c,z) < (1+5€) ((c,x} + nc_oo)

€
for an arbitrary ¢ € RI* where coo = ||c||o. The probability to
satisfy the spectral lower bound is at least 1 — exp(—Q(e/n)), and
the probability to satisfy the guarantee on the linear constraint ¢
is at least 1 — exp(—Q(e3n)). (Note that we can achieve {(c,z) <

(e, x) + O(4/{c,x) - nceo + nceo) by setting € = \/nceo/{c, x) when €

is in an appropriate range.)

The next result considers one-sided spectral rounding in the
more difficult setting when the returned solution must be a zero-
one solution, for which we obtain weaker bounds on the linear
constraints?. This result is used in network design problems when
each edge can be chosen at most once to satisfy capacity constraints.

THEOREM 1.9. Let vy, v, ...,0;m € R" and x € [0,1]™. Suppose
>n xiviviT = Ip,. There is a randomized polynomial time algorithm
to return a solution z € {0, 1} with

m

ZziviviT =1, and (c,x)—€nce < {c,z) < 16({c,x) + nceo)

i=1
for an arbitrary ¢ € R} and € € (0,1). The probability to satisfy the
spectral lower bound is at least 1 — exp(—Q(\/n)), and the probability
to satisfy the guarantee on the linear constraint c is at least 1 —
exp(—Q(e%n)).

2Theorem 1.9 can be improved to match the guarantees in Theorem 1.8 by a randomized
swapping algorithm. See arXiv:2003.07810v2 for more details.

829

Lap Chi Lau and Hong Zhou

The main advantage of Theorem 1.8 and Theorem 1.9 over Theo-
rem 1.5 is that we can prove that (c, z) is not too far from (c, x) for
an arbitrary vector ¢ € R}" with high probability. This allows us to
bound the cost of the returned solution to network design problems,
and when nce < (c, x) we can conclude that z is a constant factor
approximate solution. Note that the guarantee on linear constraints
can be applied to up to exponentially many constraints. This allows
us to incorporate additional linear packing and covering constraints
into network design and have some non-trivial guarantees. Another
advantage is that we construct a solution that satisfies the spectral
lower bound exactly, by allowing the solution to choose more than
k vectors. This is important in network design problems where we
would like to construct a solution that satisfies all the constraints
(instead of approximately satisfying all the constraints), by allowing
the cost of the solution to be higher than the cost of the optimal
solutions.

We remark that there are examples showing that the additive
Nceo error term is unavoidable for one-sided spectral rounding and
Theorem 1.8 is essentially tight (see full version for more details).

Using the proof techniques in Theorem 1.9, we can strengthen
a recent deterministic algorithm by Bansal, Svensson and Tre-
visan [12] to construct unweighted spectral sparsifiers, to ensure
that there will be no parallel edges in the sparsifier. See full version
of our paper for details.

For two-sided spectral rounding, we show that Corollary 1.7 can
be extended to incorporate one given linear constraint.

THEOREM 1.10. Let vy,...,0m € R", x € [0,1]™ and ¢ € R
Suppose 3.1 xl-vl-viT = I, ||o;|| < € foralli € [m] andceo < €%{c,x).
Then there exists z C {0, 1}"" such that

m

(1-8e)I; = Z z,—v,—vl-T < (1+8¢)l, and
i€l

(1-8¢){c,x) <{c,z) < (1+8¢e){c,x).

Note that the linear constraint ¢ in Theorem 1.10 is required to be
given as part of the input, while it is not required so in Theorem 1.8
and Theorem 1.9. Theorem 1.10 is useful in bounding the integrality
gap for convex programs for network design problems, showing
strong approximation results when the assumptions are satisfied
(see Section 4.1.4). Also, it can be used in the study of additive un-
weighted spectral sparsification [12], proving an optimal existential
result.

1.3.1  Techniques. The main technical contribution is an iterative
randomized rounding algorithm for Theorem 1.8 and Theorem 1.9.
Our algorithm is based on the regret minimization framework de-
veloped in [3-5] for spectral sparsification and one-sided spectral
rounding. Let us first review the previous approach. In this frame-
work, with the [ /,-regularizer introduced in 3], the problem of
one-sided spectral rounding is reduced to adding a vector v; to
the partial solution that maximizes viTAtUi /(1+ owlTA}/ 2vi), where
Ay is the matrix defined in (2.1) based on the current partial so-
lution. Using the conditions that }2, xiviviT =Ipand 377 x; =
k, it can be shown [4] that there always exists a vector v; with

Z)]TAtUj/(l + av}TA%/zvj) 2 1/k. This naturally leads to a deter-

ministic greedy algorithm in [4] that proves Theorem 1.5 in the
simpler setting where a vector can be chosen more than once. See
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Section 2.3 for more details about the previous work on the regret
minimization framework and its application to spectral rounding.

To incorporate linear constraints, our idea is to turn the deter-
ministic greedy algorithm into an iterative randomized rounding
algorithm. In each iteration, we would like to maintain a proba-
bility distribution on the vectors such that if we sample a random
vector v; from the distribution then Ul.TAtui/(l + avl.TA;/zvi) > 1/k
and ¢; < (¢, x)/k. Then we add the sampled vector to the cur-
rent partial solution and repeat this for k iterations. Initially, the
distribution is simply proportional to the fractional solution x;,
and sampling from this distribution will also satisfy the linear con-
straint in expectation. In the ¢-th iteration, we show that if we

recompute the sampling probability so that it is proportional to

xi(1+ aviT

holds that viTAtv,-/(l + {ZUITA;/ZUI') 2 1/k. Informally, it gives a
higher probability to a vector pointing to a direction that is not well
covered by the current partial solution, to ensure that the spectral
lower bound will be satisfied. However, this changes the expecta-
tion on the linear constraint, but we can bound the error by the
additive term nce. Note that there are simple examples showing
that this additive loss of nce is unavoidable if our goal is to satisfy
the spectral lower bound exactly (see full version for the examples),
so our analysis is tight up to a constant factor. The advantage of the
randomized approach is that we can prove that the random vari-
ables are concentrated around their expected values, so that we can
handle multiple linear constraints simultaneously. Since the sam-
pling probabilities change over time based on the previous samples,
the random varaibles that we consider are not a sum of indepen-
dent random variables and thus Chernoff bounds cannot be applied.
Instead, we will define martingales and use Freedman’s inequality
to prove that they are concentrated around the expected values.
We note that the iterative randomized rounding algorithm does not
even need to know the linear constraint ¢ in advance in order to
return an integral solution z with (¢, x) ~ (c, z). This property is
quite similar to that of a recent rounding algorithm by Bansal [10]
combining iterative rounding and randomized rounding.

We remark that our approach to turn a deterministic algorithm
into a randomized algorithm is inspired by the fast algorithm for
spectral sparsification by Lee and Sun [47], where they turned the
deterministic algorithm by Batson, Spielman and Srivastava [13]
into a randomized algorithm that recomputes the sampling prob-
abilities in different phases. In their algorithm, the advantage of
the randomized algorithm is to sample many vectors in parallel
instead of carefully choosing one vector at a time as in [13]. In
our algorithm, the advantage of the randomized algorithm is to
approximately preserves many linear constraints simultaneously
using arguments about expectation and concentration, while it
is not clear how to modify the proofs in the deterministic algo-
rithm in [4] to prove that there is always a vector v; with large

A}/ 2vi) based on the current partial solution, then it

Ul.TAtvi/(l + aviTAi/zv,-) and small ¢; even if there is just have one
constraint ¢ and it is given in advance. We believe that this prob-
abilistic approach will be useful in designing algorithms with the
regret minimization framework.
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1.4 Other Applications

The spectral rounding results are quite general and have many other
applications besides network design. We briefly mention some of
these results and defer the details to the full version of the paper.

1.4.1  Weighted Experimental Design. Experimental design is an
important class of problems in statistics and has found new appli-
cations in machine learning [8, 56]. The one-sided spectral round-
ing result of Allen-Zhu, Li, Singh and Wang [5] was used to give
near-optimal approximation algorithms for many well-known ex-
perimental design problems. We show that our results can be used
to design approximation algorithms for the more general setting
where different experiments may have different costs while incor-
porating some additional linear constraints

THEOREM 1.11 (INFORMAL). We are given m design points that are
represented by n-dimensional vectors vy, ..., € R", a cost vector
c € R and a cost budget C € Ry.

(1) For anye, ifC > nceo/€?, there is a randomized polynomial
time algorithm that returns a multi-set of vectors (i.e. the with-
repetition setting) with total cost C so that the objective value
of A/D/E/V/G-design is at most (1+ O(e)) times of that of the
optimal solution.

(2) If C Z nceo, there is a randomized polynomial time algorithm
that returns a subset of vectors (i.e. the without-repetition set-
ting) with total cost C so that the objective value of A/D/E/V/G-
design is at most O(1) times of that of the optimal solution.

1.4.2  Spectral Network Design. There are several previous work
on network design problems with spectral requirements, includ-
ing maximizing algebraic connectivity [33, 40], minimizing total
effective resistances [34], and network design for s-t effective resis-
tances [18]. These problems are special cases of the general network
design problem and the weighted experimental design problem ,
and our results provide improved approximation algorithms for
these problems and also generalize these problems to incorporate
many additional constraints. For example, we provide the first non-
trivial approximation algorithm for the problem of maximizing
algebraic connectivity subject to a knapsack constraint, proposed
by Ghosh and Boyd [33].

THEOREM 1.12 (INFORMAL). Let G = (V, E) be a graph where each
edge has cost ce. Let C be a given cost budget. Suppose C > 32|V |coo.
There is a polynomial time algorithm which returns a subgraph H of
G with

Z ce <C and Ay(Ly) = Q(Aopt),

ecH
where Aopt is the maximum Ay that can be achieved by a solution
with cost at most C.

We also provide a similar result for the problem of minimizing
total effective resistance, proposed by Ghosh, Boyd and Saberi [34].

THEOREM 1.13 (INFORMAL). Let G = (V, E) be a graph where each
edge has cost ce. Let C be a given cost budget. Suppose C > 32|V |coo.
There is a polynomial time algorithm which returns a subgraph H of
G with

Z ce <C and ZRe]fH(u, v) < O(opt),

ecH u,0
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whereopt is the minimum total effective resistance that can be achieved
by a solution with cost at most C.

These results can be extended to incorporate additional con-
straints (e.g. connectivity constraints). See [40, 54] for the related
work.

1.4.3  Additive Spectral Sparsification. Recently, Bansal, Svensson
and Trevisan [12] study whether there is a non-trivial notion of
unweighted spectral sparsification with which linear-sized spectral
sparsification is always possible. They provide randomized and de-
terministic algorithms to construct “additive” unweighted spectral
sparsifiers, a notion suggested by Oveis Gharan. Our spectral round-
ing results can be applied to this problem. Using Theorem 1.10, we
prove an optimal existential result for the problem.

THEOREM 1.14. Suppose we are given a graph G = (V,E) with
n vertices, m edges, and maximum degree d. Let m = n/e?. For any
€ € (0,1], there exists a subset of edges F C E with |F| < 8n/e? such
that

~8Vzedl, < Lg — = . beb! < 8V2edl,.
m ecF

Using the proof techniques in Theorem 1.9, we provide an im-
proved deterministic algorithm to construct additive unweighted
spectral sparsifiers with no parallel edges (where the result in [12]
may produce parallel edges).

THEOREM 1.15. Given a graph G = (V,E) with n vertices, m
edges, maximum degree d, and € € (0,1), there is a polynomial
time deterministic algorithm that finds a subset F of edges with size
m = |F| = O(n/€?) such that G = (V, F) satisfies

2m m
TDG‘ —2Dg —edl % :Lé - Lg < €edl,
m m

where D¢ is the diagonal degree matrix of G.

2 PRELIMINARIES
2.1 Linear Algebra

We write R and Ry as the sets of real numbers and non-negative
real numbers, and Z and Z; as the sets of integers and non-negative
integers.

All the vectors in this paper only have real entries. Let R denote
the n-dimensional Euclidean space. Given a vector x, we write ||x||
as its f-norm, ||x||; as its £1-norm, and ||x||, as its fe-norm. A
vector v € R™ is a column vector, and its transpose is denoted by
oT. Given two vectors x,y € R", the inner product is defined as
(x,y) = XL, xiyi.

We write I, as the nXn identity matrix, and J,, as the nxn all-one
matrix. All matrices considered in this paper are real symmetric
matrices. We write Amax (M) and Apin (M) as the maximum and the
minimum eigenvalue of a matrix M. The trace of a matrix M is de-
noted by tr(M). A matrix M is a positive semidefinite (PSD) matrix,
denoted as M = 0, if M is symmetric and all the eigenvalues are
nonnegative, or equivalently, the quadratic form xT Mx > 0 for any
vector x. We use A = Bto denote A—B 3= 0 for matrices A and B. Let
M = 0 be a PSD matrix with eigendecomposition M = }; AiviviT,
where A; > 0 is the i-th eigenvalue and v; is the corresponding
eigenvector. We define its square root as M 12 = i \/)L_ivivlr. Given
two matrices A and B of the same size, the Frobenius inner product
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of A, B is denoted as (A, B) := }; j A;jBij = tr(AT B). We write
||M||0p = max||y||=1 |Mx|| as the operator norm of a matrix M.

2.2 Graphs and Laplacian Matrices

Let G = (V,E) be an undirected graph with edge weight x, > 0
on each edge e € E. The number of vertices and the number of
edges are denoted by n := |V| and m := |E|. For a subset of edges
F C E, the total weight of edges in F is x(F) := ) ,cf Xe. For a
subset of vertices S C V, the set of edges with one endpoint in
S and one endpoint in V — S is denoted by §(S). For a vertex v,
the set of edges incident on a vertex v is §(v) := §({v}), and the
weighted degree of v is deg(v) := x(6(0v)). The expansion of a set
¢(S) = 15(S)|/|S| is defined as the ratio of the number of edges on
the boundary of S to the size of S. The expansion of a graph G is
defined as ¢(G) := ming ¢ |s|<n #(S).

The adjacency matrix A € R™" of the graph is defined as A, , =
Xu,p for all u,0 € V. The Laplacian matrix L € R™" of the graph
is defined as L = D — A where D € R™" is the diagonal degree
matrix with D, ,, = deg(u) for all u € V. For each edge e = uv € E,
let be := Yy — yo where y;, € R" is the vector with one in the u-th
entry and zero otherwise. The Laplacian matrix with respect to
weights x can also be written as Ly := Ypcp Xebebl .

Let A1 < A2 < ... < A, be the eigenvalues of L with correspond-
ing orthonormal eigenvectors v1,0z, ..., 0, so that L = 37| ).iUiUiT.
It is well-known that the Laplacian matrix is positive semidefinite,
A = 0 with o, = 1/+/n as the corresponding eigenvector, and
Az > 0if and only if G is connected. The following fact is useful for
eigenvalue maximization.

Fact 2.1 ([33]). A2(Lx) is a concave function with respect to x for
x = 0.

The pseudo-inverse of the Laplacian matrix L of a connected
graph is defined as LT := T, )Lll_oiolr, which maps every vector
b orthogonal to v; to a vector y such that Ly = b. The effective
resistance between two vertices s and ¢ on a graph G with weight x
is defined as Reffy (s, t) = bSTtL;bst. We will use the following fact

for effective resistance minimization.

Fact 2.2 ([34]). Reff,.(s,t) is a convex function with respect to the
weights x forx > 0.

2.3 Regret Minimization & Spectral Rounding

We use the regret minimization framework developed by Allen-
Zhu, Liao and Orecchia for spectral sparsification [3] and follow
the presentations in [3, 5]. This is an online optimization setting. In
each iteration t, the player chooses an action matrix A; from the set
of density matrices A, = {A € R™" | A = 0,tr(A) = 1}. We can
intrepret the player action as choosing a probability distribution
over the set of unit vectors. The player then observes a feedback
matrix F; and incurs a loss of (A;, F;). After T iterations, the regret
of the player is defined as

T T T
Ry = Zl<At,Ft> - jnf ZI<B’ Fr) = Zl<At,Ft> - Amm(
t= t= t=

which is the difference between the loss of the player actions and
the loss of the best fixed action B, that can be assumed to be a

T

%)

t=1



A Spectral Approach to Network Design

rank one matrix 0o’ . The objective of the player is to minimize the
regret. A well-known algorithm for regret minimization is Follow-
The-Regularized-Leader which plays the action

t-1

Ay = argmingp {W(A) +a- Z(A, Fﬂ} ,

I=1
where w(A) is a regularization term and « is a parameter called the
learning rate that balances the loss and the regularization. Different
choice of regularization gives different algorithm for regret mini-
mization. One choice is the entropy regularizer w(A) = (A, log A-I)
and this gives the well-known matrix multiplicative update algo-
rithm. The choice that we will use is the ¢, ,-regularizer w(A) =

-2 tr(Al/ 2y introduced in [3], which plays the action

—1 \ 2
LI+a Z F,) ,
=1

where I; is the unique constant that ensures A; € A,. Allen-Zhu,
Liao and Orecchia [3] prove upper bounds on the regret of this
algorithm for general symmetric feedback matrices. The following
result is a special instantiation when the feedback matrices are rank
one positive semidefinite matrices.

At = (21)

THEOREM 2.3. Suppose each feedback matrix F; € R™" is of the
form ututT for some vectoru; € R", and the action matrix Ay € R™"
is of the form in (2.1). Then, for any a > 0,

1/2
o <Ft,At><Ft,A,/ ) . 24/n
1+a(FAY?y @
which is equivalent to the following spectral lower bound

T
Amin (Z utu{) @

P
t=1

Rr<a

t=1

(utu,T,At>

1/2
/%

> P S,
= 1+ a(ututT,A

(2.2)

In one-sided spectral rounding, the goal is to choose a subset S
of vectors to maximize Apin(D;es v,-vl.T). Using the framework of
regret minimization, Theorem 2.3 reduces this problem to the sim-
pler task of finding a vector u; that maximizes (ututT, Ap)/(1 +
(x(ututT,A}/z)). Using the condition that Y7, x,-u,-uiT = I, and
27, xi = k, it can be shown [4] that there is always a vector v; with
(o507, A0/ (1+ a(ujaJT,Ai/z» > 1/(k + a/n). Setting a = /e
and T = k and using the assumption that k > n/e?, this gives
Amin(zlle ututT) > 1 — 3¢ and proves Theorem 1.5 in the easier
setting when a vector can be chosen more than once (i.e. the with
repetition setting in experimental design). This greedy algorithm
can be extended to the more difficult setting (i.e. the without repe-
tition setting) while achieving a Q(1)-approximation [4].

To prove Theorem 1.5 when the output must be a zero-one so-
lution, Allen-Zhu, Li, Singh and Wang [5] analyzed a local search
algorithm where they start from an arbitrary subset S of k vec-
tors and iteratively finds a pair of vectors a € Sand b ¢ S so
that Amin (Xies—a+b viviT) > Amin(Xies viviT). Using the frame-
work of regret minimization with the rank two feedback matrix
Fr = vgol — UbUZ, they show that whenever the minimum eigen-
value of the current solution S is less than 1 — 3¢ there always exists
a swap that improves the minimum eigenvalue by €/k. The two
main components of the proof are a new regret minimization bound
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for rank two matrices and a more involved argument that shows
the existence of a good swap.

24

A sequence of random variables Y3, ..
respect to a sequence of random variables Zj, . .
it holds that

(1) Y; is a function of Zy, ..

(2) E[IY¢]] < oo;

(3) E[Yi+1lZ1,....Z¢] = Y.

We will use the following theorem by Freedman to bound the
probability that Y7 is large.

Martingale and Concentration Inequality

., Yr is a martingale with
., Zr ifforall t > 0,

2t

THEOREM 2.4 ([27, 65]). Let{Y;}; be areal-valued martingale with
respect to {Z;}t, and {X; = Yy — Yi—1}+ be the difference sequence.
Assume that X; < R deterministically for1 < t < T. Let W; =

;.zl]E[X]ﬂZl,...,Zj_l] for1 <t < T. Then, forall§ > 0 and

% > 0,

3 SPECTRAL ROUNDING

We will first present the proof of Theorem 1.8 about one-sided
spectral rounding in Section 3.1. The proof of Theorem 1.9 is similar
to the one for Theorem 1.8, and we defer the more involved details
to the full version. Then we will present the proof of Theorem 1.10
in Section 3.2.

-582/2

P(EItZl:YZ(S aw, < Z)S =
r f and W; < o exp TTRO3

3.1 One-Sided Spectral Rounding with Integral
Solution

The following is the iterative randomized algorithm for constructing
an integral solution for one-sided spectral rounding.

Iterative Randomized Rounding with Integral Solution
Input: v1,...,0m € R" and x € R with 37, xiviviT =1,
and € € (0,1].
Output: z € Z* with 37, z,-v,-uiT %= I, and

(14+2€){c, x)—€nceo < {c,z) < (145€)({c, x)+nco/€) for c € R}

(1) Initialization: & := vn/e, z := 0, and k := 37 x;.

(2) Preprocessing®: if k < 4n/e?, then add at most 4n/e?
dummy vectors of zero length and zero cost with frac-
tional value at most one to ensure that k > 4n/e?.

(3) Fort from 1to T := (1 +4e)k

(a) Compute A; == (LI +a X2, iniUiT)’z where [; € R
is the unique value such that A; > 0 and tr(A;) = 1.
(b) Sample an index i; from the following probability
distribution:
xi(1+ a(vivl.T, A;/z))
Z;.":l xj(1+ a(vjvJT,A}/z))
(c) Update z by incrementing z;, by one.

Pr(it :i) =

3This preprocessing is used to control the variance of the random process, which
simplifies our analysis.
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We will prove that the output satisfies the spectral lower bound,
and the upper/lower bound on any linear constraint ¢ as stated
in Theorem 1.8 with high probability. In the following lemma, we
first bound the expected value of the minimum eigenvalue of the
output.

Lemma 3.1. Letz € ZI* be the output of the algorithm. Then

ziuiu?)} >1+e€.

Zt 19i,0;, I' Using Theorem 2.3

m

Amin (Z

i=1

E

Proor. Note that 3.7,

with the feedback matrix F; = v; tvit for 1 <t < T, the minimum

zlulu

eigenvalue of 377, ziviviT is
T
<Uit Ul} At)

T T
24/n
/lmin( U,',UT) 2t ) ——————
; " @ tz; 1+ a(o;,0] Al/z) 5.1)
3.1
I <Uizvi ’Al‘>

1/2>

= -2e+ _—
=1 l+a(vltv LA

So, to prove that E[Amin(ztll z,-v,-viT)] > 1+ ¢, it is enough to
prove that the expected value of the right hand side of (3.1) is at
least 1 +e Consider the t-th iteration. The action matrix Ay = ([ +

a Zl 1 00 ”) 2 is determined by the choices v;,, ..., v;,_, made in

the previous iterations. For any fixed choices of v;,,...,0;,_,, by
step 2(b) of the algorithm,
<0i[UZ Ap)
Ei, 172
1 +oc(vl,v A5
i Xj 1+a(U,U A /2)) (Ulv ,Ap) (3.2)
i=1 x](1+a(vjv A/)) 1+a(v,v A/Z)
Z, 1<szzU JAp) 1 - 1
Z;":l xi(1+ a(vjvj ,At/z)) k+ atr(Al/z) " k+n/e

where the last equality is because Y1, x,U,U = I, tr(A;) = 1and

] 1 Xj = k, and the last inequality is because a = +/n/e and

(3.3)

(A = Y Vi < Vi Y 2 = Vatr(Ay) = Vi
i=1 i=1

by Cauchy-Schwarz inequality where A, . . ., A, are the eigenvalues
of A;. It follows from our choice T = (1 + 4€)k and the assumption
k > 4n/e? that

I <Ui,U£ Ap)

E > >1+43e
= 1+a<ul, e 1/2> k+n/e (34)
; .
3.1
(=>) E [Amin (Z Uitvg) >1+e.
t=1
m}

Next we consider the expected value of (c, z).
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Lemma 3.2. Letz € Z' be the output of the algorithm. For any
ceRP,
NCoo
(1+36)(c,x) <E[(c,2)] < (1 +4e) (<c X)+ —)
€

Proor. Note that (c, z) = E[Zthl ¢i,]. Consider the t-th itera-
tion. The action matrix A; = (I] + « Zf;ll Uilvz;)
by the choices v;,, . . .,
fixed choices of v, ...,

m
Bileu] =),

i=1 Z
:Zm

=2 is determined
v;,_, made in the previous iterations. For any
vi,_,, by step 2(b) of the algorithm,

ci Xi 1+a(0,0 Al/z))

1%j (1+ a(zzjv Al/z))
cixi(1+ a(v,v A /2))
k+ atr(Al/z)

(¢, x) + ACeo tr(A;/z)
X ,
(3.5)
x]v]v] =Ipand¢; < ceo
(1 + 4€)k that

1xj=kand Z
by definition. It follows from our Choice of T =

t=1 t=1

where we used that ZT:

(¢, x) + aceo tr(Ai/z) - T({c,x) + nceo/€)

E k - k

= (1+4€) ((c X)+ ”c—"")
€
(3.6)
where the second inequality is by @ = vn/e and tr(AY/2) < vn

in (3.3). On the other hand,

XM eixi(1+a(opl, AV?))

k+a tr(A;/z)

(e, x)

“ k+n/e ~

(e, x)
(1+e/0K’
(3.7)
where the first inequality uses thatc¢; > 0Ofor1 < i < m, a =
\/n/e and tr(A}/z) < v/n by (3.3), and the last inequality uses the

Ej, [ci,] =

assumption k > 4n/e?. It follows from our choice of T = (1 + 4¢)k
that
T
T(c x)
>(1+3 3.8
Z > Gaoar 2 (#39en.  68)
m]

To prove that the output z of the algorithm satisfies {(c, z) is
not too far from its expected value and Ayin (X172, z,-U,-UiT) > 1
simultaneously with high probability, we will prove in the following
lemmas that these quantities are highly concentrated around their
expected values. Since the sampling probabilities in the iterative
randomized rounding algorithm change over time based on the
previous choices, the random variables that we consider are not a
sum of independent random variables and thus Chernoff bounds
cannot be applied. Instead, we will define martingales and use
Freedman’s inequality to prove that they are concentrated around
the expected values.

Lemma 3.3. Letz € Z[" be the output of the algorithm. It holds that

m

Amin (Z z,-zz,-ul-T) >1

i=1

Pr >1-

exp(~Q(eVi).
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Proor. Recall from (3.1) that
T

T
Amin (Z 0,0,

t=1

Lo (0] A
> —2et Z 1+ ao o AV
t=1 l+a<vl, i )A[ >
So, to prove the lemma, it is enough to prove that

I <Ui,Ul-T,At>

1/2>

Pr _
= 1+(x(vltv VA

> 1+2¢| > 1—exp(-Q(evVn)).

Consider the following sequence of random variables:

<Ui,UiT,At>
1+ a(vi,v; At/z)

(i, 0], Ae)

172,
t

Xt =E;,

1+ a(vl[ A

We verify that Y7, ..., Y7 is a martingale w1th respect to vj,, ..., 0;,.
First, Y; is a function of v;,, . ..,v;, by definition. Second, as each
E[|X;|] is finite, it follows that E[|Y;|] is finite forall 1 < ¢ < T.
Finally, E[Ytk)il, ey Z)it_l] =Y 1+ E[thvi1> ooy Z)it_l] =Y 1.
Therefore, we can use Freedman’s inequality to bound the prob-
ability that Y; is large (i.e. to bound the probability that the random
variable is much smaller than its expected value). To do so, we

derive an upper bound on W} := Zf‘:l E[Xt2|vi1, ...,0j,_,]. For any
choices of v, ..., 0;,_;,
2
5 (oi, 0] Ar)
E[Xt|vi1,...,0it71] < Eit —1/2
1 +a(vlt0 A7)
2
xi(1 +a<vlv A /2)) (vlv VA

-5 (
i=1
xl<UlU At)

1+ a(u,-ul.T,A}m}

j=1 xj(1 +a(vjvj,At/2>) 1+a(u,u A /2)

1 m
xj(1+ aojol, All%y) ,;
Z, 1x1<010 JAr)

N ‘7‘2;'":1 xj(1+a(vjvj,A}/2))

(3.9)

m
=,

1
< —,
ak

where the first line is because Var[Y] < E[Y?] for a random vari-
able Y, the second line is by the sampling probability in step 2(b) of
the algorithm, the fourth line is by the inequality 1+a(vivT Al/ 2) >

(x(vlv ,At)as0 < Ay < In,and the last inequality is by 37" lx,U,UT

Iy, tr(Ay) = 1, Z 1%j =kand <ZJ]ZJ Al/z) > 0. Therefore, it al-
ways holds that
T
T (1+4e)k  5e
Wr = E[X; 0j,, ,0f, <\—=—< —
T ; | 151 172 1] (Zk ﬁk/G \/ﬁ

where we use T = (1 + 4e)k, @ = v/n/e and € < 1. Also, we can
always upper bound X; by R := 1/k, as

1 (vi0] , Ar) B 1 1
k+atr(A§/2) T k+atr(A?)

X; = < -,
t k

1+ ao;o], 4)%)

where the equality is by (3.2). Applying Freedman’s inequality with
8 =€, 0% = 5¢/+/n and R = 1/k, it follows that

—-e2/2

PI‘(YT > 6) < exp (m

) < exp(~Q(evi)),

t
and Y; := ZX;.
I=1
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where the last inequality uses the assumption that k > 4n/e%.
Therefore, with probability at least 1 — exp(—Q(e+/n)), we have

sy ZT: . (i,0] , Ar) (i, 0], Ar)
€2 1It= ir 2
=1 1+ a(v;,0 i ,A;/z) 1+a(0,t i ,A;/ )
L <Uitvi ,At)

=1 1+a(vl,v Al/z)

>1+3e—-

where the last inequality is by (3.4). This implies that, with proba-
bility at least 1 — exp(—Q(evn)),
I <UttU JAr)

1/2
t=1 l+£¥<01[ z’At/ )

(3.1)

T
>1+2¢ Amin (Zvitvz;)

t=1

O

Lemma 3.4. Letz € ZI' be the output of the algorithm. For any
c € R7?, it holds that

Pr{(1+26)(e.x) - ences < (6.2) < (1450) (e ) + 22|

>1- exp(—Q(eSn)).

Proor. Note that (c, z) = ZtT:I ¢i,. As in the proof of Lemma 3.3,
we will define martingales with respect to {v;, }; and apply Freed-
man’s inequality to bound the probability that {c, z) is far away from
its expected value in Lemma 3.2. Consider the following sequence
of random variables:

t
Xt =Ciy — Eit [Cit] and Yt = ZXI.
I=1
As in the proof of Lemma 3.3, we can check that Y3,..., Y7 is a
martingale with respect to v;,, . ..,v;,.. We will apply Freedman’s
inequality to bound that Y7 is large.

Consider W := Zizl E[thkh‘l, ...,0j,_,]. For any choices of
iys - - -5 Vi
2 2
E[X7 |viys - - -, 0i,, ] < Elej [oiy, - ., 0i,4]
Coo({C, X) + ncoo/€)
< cwo - Elei, |vis - o505, ] < %

where the last inequality is by (3.5). Therefore, it follows from our
choice of T = (1 + 4¢€)k that

NCoo

)

< Tcoo

T
WT=ZE[X?|UI'1,..., S

= (1+4€)coo ((Qx) + ncToo) '

((c, x) +

i,y ]

Also, it always hold that X; < R := cw. Applying Freedman’s
inequality with § = €2({c, x) + nce /€), and o equal to the upper
bound on Wy, and R = ¢, it follows that

NCco

Pr [YT >€ ((c x) + T)]

_o e‘*((c,x)+nco<,/e)2
P ( ( (1 + 4€)coo ({C, X) + NCoo /€) + coo€?({c, X} + ncoo/€)
exp (—Q(

e*({c, x) + nceo /€) )) < exp (—Q (e3n)) .

IA

)

Coo
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Therefore, with probability at least 1 — exp(—Q (e3n)), it holds that

((c x) + _) Z(c” -Ei, [c;,]) = Zci,—(1+4e) ((C,x) + MTOO)

where the last 1nequahty uses (3.6). Rearranging the terms proves
the upper bound part of the lemma.

The lower bound part follows similarly. We let X/ := —X; and
Y/ := =Y;. Then we can apply Freedman’s inequality the same way
to get Pr[Y] > €2({c,x) + ncwo/€)] < exp(—Q(e3n)). This implies

that, with probability at least 1 — exp(—Q(e3n)), it holds that

T T
&2 ((c,x) + "CT‘”) > Y) = (B leq ] -ci,) = (143e)(e. )= ) ey,
t=1 t=1

where the last inequality uses (3.8). Rearranging the terms proves
the lower bound part of the lemma. O

Theorem 1.8 follows immediately from Lemma 3.3 and Lemma 3.4.

3.2 Two-Sided Spectral Rounding

In this section, we show that the two-sided spectral rounding re-
sult in Theorem 1.10 can be extended to incorporate one linear
constraint that is given as part of the input.

There is a standard reduction used in [60] to construct spectral
sparsifiers that satisfy additional linear constraints. Suppose Corol-
lary 1.7 were to work for rank two matrices, then we can simply
incorporate the linear constraint to the input matrices as A; :=

Z)iZ).T 0
( Ol ci/(c,x))

that Z;’il ziAj =~ In+1 would have (¢, z) = (c, x). But the rank one
assumption is crucial in the proof of Theorem 1.6 and it is an open
problem to generalize it to work with higher rank matrices.

Our idea is to use the following signing trick, suggested to us
by Akshay Ramachandran, to essentially carry out the same reduc-
tion using only rank one matrices. We state the results in a more
general form, where » 7, xiviviT is not necessarily equal to the
identity matrix, so that we can also apply them to additive spectral
sparsifiers.

so that 370 x;A; = Iy+1, and any z € {0,1}" so

Lemma 3.5. Letvs,...,v, € R", x € [0,1]™, and c € RT*. Suppose
||Zl lxlvlvT“ < Aand||vi|]| <1 for1 < i < m. Then there exists a

. . ;i
signing s1, ..., Sm € {x1} such that if we let u; = ( €
siyeir/{c x)

+1 T
R™* then ||Zi’":1 XiUiu; ||Op < A+IVA
ProoF. By the definition of u;,
cid
zm xivio)] 2 sixi ﬁvi

m
T
Xjuju; =
; i . cild oT m cixiA
i=1°1"1 < Y; i=1 <C’x>
cild

0 M SiXiy| ——0i

_(2;11 iniUiT 0) . Zz—l 242 (c,x) i
h 0 A cid '

2ty Sixiﬂ< o] 0

It follows from triangle inequality that ||Z:’i 1 xiuiuIT”Op < A+

”Z;’;l sixiaJeid/{c, x)viHZ. We show that there is a signing s1, ..., Sm €
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{#1} such that ”Zl'.';l sixi/cid/{c, x)v; ) < IV2 and this will com-
plete the proof. Take a uniform random signing and consider
2

U ciA
§ sixina |20
TN ex) )

i=1

m
Aci Aw/CiCj
=) E el E ,
; s [s X; [lo; l <C, >] ; s [slijlxj (v U]> (%)
Z Acixi
(e.x) &
where the last line uses that sl. =1,E[s;sj] =E[si] - E[sj] =0, and

< 1, |loil| < I in the inequality. This implies that there exists
such a signing. O

Ese{il}m

We apply the signing in Lemma 3.5 to incorporate one linear
constraint into the two-sided spectral rounding result of Kyng, Luh
and Song [41].

THEOREM 3.6. Let vy,...,0, € R™, x € [0,1]™, and ¢ € R".
Suppose ||Z lxlvlvT” < Aand|lv;|| €1 for1 <i < m. Suppose

further that co < I2 (c, x)/A and 1
{0, 1}™ such that

m m
Z xiviviT - Z z,-v,-viT
i=1 i=1

< V1. Then there exists z €

< 81V and |(c, x)—{c, z)| < (c x).

\/_

op

j .
PrOOF. Let u; = for1 <i < m,wheresy,...,s
' (Si\/cz'ﬂ/@, X>) ! "

is the signing given in Lemma 3.5. By the assumption that co, <
12(c, x) /A, it follows that |lu;||? = ||vil|? + cid/{c, x) < 2I%. Let &i be
a zero-one random variable with probability x; being one. Applying
Theorem 1.6 on uy, ..., Uy, and &1,. . ., &y, there exists z € {0, 1}™

such that
m m
Z xiuiuiT - Z ziuiulr
i=1 i=1 op
1/2

m
a3 xi il wind] | < 4222+ VD),
i=1

where we use that Var[£] = x;(1 — x;) < x;, ||lui]|> < 2[% and
HZ;’;l xiuiuiT”()p < A+ V2 by Lemma 3.5. By looking at the top

left n X n block, this implies that ||Z;7;1 iniUIT -

1/2
<4

> var[g] (i )?
i=1

op

op

Z;Zl ZiviUlT”op <

44/212(1 +IV2) < 81V where we use the assumption that [ < VA,
By looking at the bottom right entry, we have

5,755 - S| s e s w

which implies |{c, x) — {c, z)| < 8I{c,x)/VA. O

This proves Theorem 1.10 that incorporates one linear constraint
into Corollary 1.7, by plugging A = 1 and [ = € into Theorem 3.6.
We will apply Theorem 1.10 to obtain interesting new applications
in network design, and we can also use Theorem 3.6 to show the
existence of good additive spectral sparsifiers.
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4 APPLICATIONS

In this section, we will show that the spectral rounding results
have many applications in survivable network design (Section 4.1),
where we omit all the proofs due to the space limit. As for the other
applications in experimental design, network design with spectral
properties and unweighted spectral sparsification, we defer the
details to the full version of the paper.

4.1 General Survivable Network Design

We show that the spectral rounding results provide a new approach
to design algorithms for the survivable network design problem.
The main advantage of this approach is that it significantly ex-
tends the scope of useful properties that can be incorporated into
survivable network design.

The organization of this subsection is as follows. We begin by
writing a large convex program that incorporates many useful
constraints into survivable network design in Section 4.1.1, and
explain how spectral rounding results can be used to find a solution
for this general survivable network design problem in Section 4.1.2.
Finally, we will see the implications of the one-sided rounding
results in Section 4.1.3 and the two-sided spectral rounding result
in Section 4.1.4.

4.1.1 Convex Programming Relaxation. We can write a convex
programming relaxation for the general network design problem
incorporating all these constraints as discussed in Section 1.4. In the
following, the input graph is G = (V, E) with |V| = nand |E| = m.
The fractional solution is x € R™ where the intended solution is
to set x, = 1 if we choose edge e and x, = 0 otherwise. We first
present the convex program and then explain the constraints below.

min {c, x)
X
x(8(S)) = f(S) VS cV (connectivity constraints)
x(6(v)) <dy YoeV (degree constraints)

Ax <a AeRP™ aeRP  (linear packing constraints)

Bx > b BeRP™ b eR?  (linear covering constraints)
Reffy (u,0) <ryp, VYu,veV (effective resistance constraints)
Ly =M M=0 (spectral constraints)

Aa(Ly) =2 A (algebraic connectivity constraint)
0<xe<1 Ve € E (capacity constraints)

(CP)

Here we explain the constraints one by one. For the connectivity
constraints, we have a connectivity requirement f;, , that there are
at least f;, , edge-disjoint paths between every pair u, v of vertices.
For each subset S C V, we let f(S) := maxy g:y,e5,0¢S fu,o and write
a constraint that at least f(S) edges in 6(S) should be chosen, where
x(8(S)) denotes Y.c5(s) Xe- By Menger’s theorem, if an integral
solution satisfies all these constraints, then all the connectivity re-
quirements are satisfied. For the degree constraints, each vertex has
a degree upper bound d, and we write a constraint that at most d,
edges in 5(v) can be chosen, where x(5(0)) := X ces(v) Xe- For the
linear packing and covering constraints, all the entries in A, B, a, b
are nonnegative, and we assume that A, B have at most a polyno-
mial number of rows in n, m. For effective resistance constraints, we
have an upper bound r,, ;, on the effective resistance between every
pair u,0 € V. As in Section 2.2, we write Reffy (u,v) = bSTtL,tbst as
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the effective resistance between u and v in the fractional solution
x where each edge e has conductance x,. In the spectral and the
algebraic connectivity constraints, we write Ly := Y ,cg XeLe as
the Laplacian matrix of the fractional solution x where L, is the
Laplacian matrix of an edge as defined in Section 2.2. In the spec-
tral constraint, we require that Ly = M for a positive semidefinite
matrix M. One could have polynomially many constraints of this
form (just as linear packing and covering constraints), but we only
write one for simplicity. In the algebraic connectivity constraint,
we require the second smallest eigenvalue of the Laplacian matrix
of the solution is at least A, which is related to the graph expansion
of the fractional solution as described in Section 2.2.

This convex program can be solved by the ellipsoid method in
polynomial time in n, m. There are exponentially many connec-
tivity constraints but we can use a max-flow min-cut algorithm
as a polynomial time separation oracle for these constraints (see
e.g. [39]). Other linear constraints can easily be checked efficiently,
as we assume there are only polynomially many of them. Next
we consider the non-linear constraints. For the effective resistance
constraints, it is known [34] that Reffy (1, v) is a convex function
in x. For the algebraic connectivity constraint, it is known [33]
that A is a concave function in x. For the spectral constraint, the
feasible set is the positive semidefinite cone and is convex in x. So
the feasible set for these non-linear constraints form a convex set.
Also, these non-linear constraints can all be checked in polynomial
time using standard numerical computations. Therefore, we can
use the ellipsoid method to find an e-approximate solution to this
convex program in polynomial time in n and m with dependency

on € being log(1/¢).

4.1.2  Spectral Rounding. Suppose we are given an optimal solution
x to the convex programming relaxation (CP). To design approx-
imation algorithms, the task is to round this fractional solution
x into an integral solution z so that z satisfies all the constraints
and (c, z) is close to {c, x). There are many different types of con-
straints and it seems difficult to handle them simultaneously. In the
spectral approach, the main observation is that if we can find an in-
tegral or zero-one solution z such that 3} ,cg zeLe = Y ocf XeLe and
(¢, x) ~ {c, z), then all the constraints can be (approximately) satis-
fied simultaneously. We formalize this observation in the following
lemma.

Lemma 4.1. Let x € R be a feasible solution x to (CP). Fore €
[o, %], any z € ZI}* satsifies

2(5(5) = (1-€)f(S),¥S C V
Reff,(u,v) < (1+2€)ry o, Yu,v €V
Lz (1-€)M,

Aa(Lz) > (1-e)A.

ZzeLe =(1-¢) erLe =

ecE ecE

Fore € [0,1], any z € ZT satifies

Dzele < (1+6) Y xele = 2(8(0)) < (1+€)dy forallo € V.

ecE ecE

Lemma 4.1 says that if z satisfies the spectral lower bound
L, = Ly, then the solution z will satisfy all connectivity con-
straints, effective resistance constraints, spectral constraints, and
the algebraic connectivity constraint. Moreover, if z also satisfies
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the spectral upper bound approximately, then the solution z will
approximately satisfy all degree constraints as well.

4.1.3  Applications of One-Sided Spectral Rounding. We apply The-
orem 1.8 and Theorem 1.9 to design approximation algorithms for
network design problems that significantly extend the scope of
existing techniques.

cp := min{c, x)
X

x(8(S)) = f(S) Vs cvVv (connectivity constraints)
Ax <a Ace fom, ae Rf (linear packing constraints)
Bx >b B eRP™ b eR? (linear covering constraints)

s.t. Reffy (1,0) <ryp, VYu,veV (effective resistance constraints)
Ly =M M=0 (spectral constraint)
A2(Ly) = A (algebraic connectivity constraint)
0<xe <1 Ve € E (capacity constraints)

(cP1)

In network design, an integral solution corresponds to a multi-
set of edges where each edge could be used more than once, and
a zero-one solution corresponds to a subset of edges where each
edge is used at most once (satisfying the capacity constraints). The
following theorem is a consequence of Theorem 1.8.

THEOREM 4.2. Suppose we are given an optimal solution x to the
convex program (CP1). For any ¢ € (0,1], there is a polynomial
time randomized algorithm to return an integral solution z € ZI[* to
(CP1) satisfying all the constraints exactly with probability at least
1—exp(—Q(e3\n)) except for the linear constraints and the capacity
constraints, with the objective value

(1+2€)cp — €ncoo < {c,z) < (1+5€) (cp + MTOO)
and

and (Bj,z) > (l+26)bj—en||Bj

e

A4
(Aj, z) < (145¢) (a,- + M)
€
where A; is the i-th row of A and Bj is the j-th row of B, with proba-
bility at least 1 — exp(—Q(en)) for each linear constraint.

Applying Theorem 1.9, we can also satisfy the capacity con-
straints exactly, but with a worse guarantee on the objective value
and for the linear constraints.

THEOREM 4.3. Suppose we are given an optimal solution x to the
convex program (CP1). There is a polynomial time randomized algo-
rithm to return a zero-one solution z € {0,1}™ to (CP1) satisfying
all the constraints exactly with probability at least 1 — exp(—Q(+/n))
except for the linear constraints, with the objective value

(¢,z) <O (cp+nceo) and
(Aj,z) <16 (a; +n||Aille), and <Bj,Z> > bj —€n ”Bj”oo s
where A; is the i-th row of A and Bj is the j-th row of B, with prob-

ability at least 1 — exp(—Q(e?n)) for each linear constraint for any
€€ (0,1).

We demonstrate the use of Theorem 4.2 and Theorem 4.3 in
some concrete settings. The first example shows that Theorem 4.3
provides a spectral alternative to Jain’s iterative rounding algorithm
to achieve O(1)-approximation for a fairly general subclass of the
survivable network design problem.
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Example 4.4. Theorem 4.3 is a constant factor approximation algo-
rithm as long as nces = O(cp). Suppose that in our network design
problem the average degree is at least d,yg and the costs on edges are
positive integers with ceo = O(davg) (e.g. in the minimum k-edge-
connected subgraph problem every vertex has degree at least k and
1 < ce < O(k) fore € E, orthe solution requires a connected subgraph
and1 < ce < O(1) fore € E, etc). Then cp = Q(davgn) = Q(coon)
and Theorem 4.3 provides a constant factor approximation algorithm.
To our knowledge, the only known constant factor approximation al-
gorithm even restricted to this special case is Jain’s iterative rounding
algorithm.

The additive error term nce is the reason that we could not
achieve constant factor approximation in general, but this term
is unavoidable in the one-sided spectral rounding setting when
we need to satisfy the spectral lower bound exactly. See the full
version for examples showing the limitations. Heuristically, we can
compute cp and if nceo = O(cp) then we know Theorem 4.2 and
Theorem 4.3 will provide good approximate solutions.

The second example shows that Theorem 4.3 and Theorem 4.2
returns good approximate solution to survivable network design
while incorporating many other constraints simultaneously.

Example 4.5. Suppose the connectivity requirement is to find a k-
edge-connected subgraph, or more generally f,, , > k forallu,v € V.
Assume the cost ce of each edge e is at least one. Then cp > Q(kn).

When the cost function satisfies coo = O(k), then Theorem 4.3 im-
plies that there is a polynomial time randomized algorithm to return
a simple k-edge-connected subgraph satisfying all the constraints
in (CP1) except for the linear constraints (with some non-trivial guar-
antees), and the cost of the subgraph is at most a constant factor of
the optimal value.

When the cost function satisfies cco = O(1), then Theorem 4.2
implies that there is a polynomial time randomized algorithm to re-
turn a k-edge-connected multi-subgraph satisfying all the constraints
in (CP1) except for the linear constraints and the capacity constraints,
and the cost of the subgraph is at most 1 + O(1/Vk) factor of the
optimal value by setting e = ©(1/Vk).

The third example shows when the linear packing and covering
constraints can be satisfied up to a multiplicative constant factor.

Example 4.6. For linear covering constraints, suppose they are of
the form Y. .cp xe > bj for some subset F C E wherebj > n, then the
returned solution z will almost satisfy this constrint as Y,ecp ze >
bj—en ”Bj”oo > (1—-€)bj. So, these unweighted covering constraints
with large right hand side can be incorporated into survivable network
design, even though they can be unstructured. By a similar argument,
any unweighted packing constraints with large right hand side will
be only violated by at most a multiplicative constant factor with high
probability. It was not known that jain’s iterative rounding can be
adapted to incorporate these linear covering and packing constraints.

4.1.4  Applications of Two-Sided Spectral Rounding. If we can achieve
two-sided spectral rounding in network design, then we can also ap-
proximately satisfy the degree constraints by Lemma 4.1. However,
to apply Theorem 1.10, we need to satisfy the assumption that the
vector lengths are small. It is known that the vector lengths in the
spectral rounding setting corresponds to the effective resistance of
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the edges in the fractional solution x. In the following, we describe
when two-sided spectral rounding can be applied, and discuss what
are the implications for network design.

cp := min(c, x)
X

x(8(8)) = f(S) vScv (connectivity constraints)

x(6(v)) <dy VoeV (degree constraints)

Reffy (1, 0) < ryp Yu,0eV (effective resistance constraints)
st Ly =M M=0 (spectral lower bound)

Aa(Ly) 2 A (algebraic connectivity constraint)

0<xe<1 Ve € E (capacity constraints)

(CP2)

THEOREM 4.7. Suppose we are given an optimal solution x to the
convex program (CP2). For any e € [0,1], if Reff,.(w,0) < € for
everyuv € E and coo < €2 (¢, x), then there exists a zero-one solution
z € {0,1}™ such that (1 — O(e))Ly < L; < (1+ O(¢e))Lyx and
(1-0(€e)){e,x) < {c,z) < (14 O0(€)){c,x). This implies that all
the constraints of (CP2) will be approximately satisfied by z (e.g.
z(8(S)) = (1-0(¢€))f(S) forallS CV andz(5(v)) < (1+0(€))dy
for allv € V) and the objective value of z is at most (1 + O(€))cp.

In the following, we make some remarks on the assumption of
Theorem 4.7. Note that Theorem 4.7 only applies when Reffy (1, v) <
e?foralluv € E and coo < €2{c, x). The assumption about the cost is
moderate, as it only requires the maximum cost of an edge is at most
€2 fraction of the total cost of the solution, which should be satisfied
in many applications with small €. The main restriction is the first
assumption about effective resistances, which may not be satisfied
in network design applications, and we would like to provide some
combinatorial characterizations under which the assumption will
hold. Let Reffyj,y, := maxy o Reff(u, v) be the effective resistance
diameter of a graph; note that the maximum is taken over all pairs
(not just for edges as required in Theorem 4.7). For example, it is
known that [19] a d-regular graph with constant expansion has
Reffgiam < O(1/d). So, if the fractional solution x is close to a
d-regular expander graph, then Theorem 4.7 can be applied with
ex>1/ Vd.Itis proved in [2] that a much milder expansion condition
guarantees small effective resistance diameter. For example, in a
d-regular graph G, as long as for some 0 < § < 1/2,

15(5)1 2 @ ((dIS)#*),VS €V = Reffgiam < O (d%)
Note that a d-regular graph with constant expansion satisfies the
much stronger assumption that [6(S)| > Q(d|S]). Informally, the
above result only requires |6(S)| to be roughly the square root of
d|S| to show that the graph has a small effective resistance diameter
(e.g. 3-dimensional mesh). So, as long as the fractional solution x is
a mild expander as defined in [2], the assumption in Theorem 4.7
will be satisfied with small €. As another example, if the algebraic
connectivity A2(Ly) of the fractional solution is at least say 1/2¢2,

then we have Reffgj,, < € so that Theorem 4.7 can be applied.

Heuristically, if one could add the constraints that Reffy (u,0) < €2
for uv € E so that the convex program (CP2) is still feasible without
increasing the objective value too much, then one could then apply
Theorem 4.7 to bound the integrality gap of the convex program.
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CONCLUDING REMARKS

We propose a spectral approach to design approximation algorithms
for network design problems. We show that the techniques devel-
oped in spectral graph theory and discrepancy theory can be used to
significantly extend the scope of network design problems that can
be solved. We believe that this connection will bring new techniques
and stronger results for network design, and will also introduce
new formulations and interesting questions to spectral graph the-
ory and discrepancy theory. It also gives extra motivation to design
a constructive algorithm for the method of interlacing polynomi-
als, as this will lead to very strong approximation algorithms for
network design. We leave it as an open question to improve the
spectral approach to fully recover Jain’s result.
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