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ABSTRACT

The motivation of this work is to extend the techniques of higher
order random walks on simplicial complexes to analyze mixing
times of Markov chains for combinatorial problems. Our main
result is a sharp upper bound on the second eigenvalue of the
down-up walk on a pure simplicial complex, in terms of the second
eigenvalues of its links. We show some applications of this result
in analyzing mixing times of Markov chains, including sampling
independent sets of a graph and sampling common independent
sets of two partition matroids.
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1 INTRODUCTION

Consider the following random walks [KM17, DK17, KO18, DDFH18]
defined! on a simplicial complex X. Initially, the random walk starts
from an arbitrary face o of dimension k in X.

o DownN-Up WALK: In each step t > 1, we choose a uniform
random element i € a; and delete i from a;, and set a;+1 to
be a uniform random face of dimension k in X that contains
a; \ {i}. This is called the k-th down-up walk of X, and its
transition matrix is denoted by PZ.

“The submitted full paper is available at arXiv:2001.02827.
1 All the definitions in the introduction will be formally defined again in a more general
setting in Section 2.
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e Ur-DowN WALK: In each step ¢t > 1, we choose a uniform
random face f3 of dimension k + 1 in X that contains a;, and
choose a uniform random element i € fandset a1 = f\{i}.
This is called the k-th up-down walk of X, and its transition
matrix is denoted by P;.

The stationary distribution of these random walks is the uniform
distribution on the faces of dimension k in the simplicial complex X.
The question of interest is the mixing time of these random walks,
i.e. the number of steps t required for the distribution of a; to be
close to the uniform distribution.

A graph is a simplicial complex of dimension 1. The transition
matrix of the lazy random walk on a graph is P$. Fundamental
results in spectral graph theory state that (i) the mixing time of the
lazy random walk is small, if and only if (ii) the second eigenvalue
of Pg* is small, if and only if (iii) the graph is an expander graph.
See [HLW06, WLP09] for surveys on this topic.

Since the theory of expander graphs has many applications, there
are various motivations in generalizing these results for graphs
to simplicial complexes. Several definitions of high-dimensional
expanders have been studied in the literature (e.g. [LM06, Gro10,
PRT16, DKW16, KM17, Opp18]), and these results have found inter-
esting applications in discrete geometry, complexity theory, coding
theory, and property testing (e.g. [LM06, MW09, FGL* 11, KL14,
EK16, KM16, KKL16, DK17, DHK"19]).

Local Spectral Expanders. In this paper, we consider the definition
of y-local-spectral expanders developed in [KM17, DK17, KO18,
Opp18, DDFH18] for the study of random walks on simplicial com-
plexes. The local structures of a simplicial complex are described
by its links. The link X, of a face @ € X is defined as the simplicial
complex X¢ = {f\ a: p €X,p D a}. The graph G4 = (Vy, E¢) of
the link X, is defined as follows: (i) each vertex i in V,, corresponds
to a singleton {i} in X, (ii) two vertices i,j € V, have an edge
in E, if and only if {i, j} is contained in some face of X, (iii) the
weight w;; of an edge ij € E4 is proportional to the number of
maximal faces in X, that contains {3, j}.

Informally, a simplicial complex X is a y-local-spectral expander
if G, is an expander graph for every a € X. In the following, we
say X is a pure simplicial complex if every maximal face of X is of
the same dimension, and we call this the dimension of X.

Definition 1.1 (y-local-spectral expanders [Opp18, KO18]). A d-
dimensional pure simplicial complex X is a y-local-spectral ex-
pander if 13(G,) < y for every face @ € X of dimension up to
d — 2, where 12(G4) denotes the second largest eigenvalue of the
random walk matrix of G, (where the transition probabilities are
proportional to the edge weights).

Kaufman-Oppenheim Theorem. Kaufman and Oppenheim [KO18]
proved that the k-th down-up walk and the (k —1)-th up-down walk


https://doi.org/10.1145/3357713.3384317
https://doi.org/10.1145/3357713.3384317
https://doi.org/10.1145/3357713.3384317

STOC 20, June 22-26, 2020, Chicago, IL, USA

have a non-trivial spectral gap as long as the simplicial complex is
a y-local-spectral expander for y < 2/k?.

Theorem 1.2 ([KO18]). Let X be a pure d-dimensional simplicial
complex. Suppose X is a y-local-spectral expander. Then, for every
0<k<d,
ky
— + —_—
k+1 2
Theorem 1.2 states that the spectral gap of PZ is at least g :=
1- )LZ(PZ) > ﬁ - kTY which implies by a standard argument
(see Theorem 2.8) that the mixing time of these walks is at most

O( %) where n is the size of the ground set of X. For exam-

A2(PY) = 2a(PE_) <1 -

s

ple, if y < 0, then the mixing time of PZ is at most O(k? log(n)).

Theorem 1.2 can also be used to bound the spectral gap of certain
“longer” random walks on simplicial complexes (see Corollary 1.11
and Section 1.2.5). Dinur and Kaufman [DK17] use these results
with the Ramanujan complexes of [LSV05] to construct efficient
agreement testers, which have applications to PCP constructions.
Recently, these ideas have also found applications in coding the-
ory [DHK*19].

Oppenheim’s Trickling Down Theorem. Kaufman-Oppenheim Theo-
rem 1.2 provides a way to bound the mixing time of the down-up
walks and up-down walks. To apply the theorem, however, one
needs to check that 12(G4) < y for every face @ € X of dimension
at most d — 2. This is not an easy task. There are exponentially
many graphs G4 to check, and these graphs are defined implicitly
where computing the edge weights involve non-trivial counting
problems. A very useful result by Oppenheim [Opp18] makes this
task easier, by relating the second eigenvalue of the graph of a
lower-dimensional link to that of a higher-dimensional link.

Theorem 1.3 ([Opp18]). Let X be a pure d-dimensional simplicial
complex. Suppose 12(Gg) <y < 1 for every face p of dimension k,
and G is connected for every face o of dimension k — 1. Then, for
every face a of dimension k — 1, it holds that

A2(Gg) < L
1-y

Applying this theorem inductively, we can reduce the problem
of bounding 12(Gg) for every a to bounding 12(Gpg) for only those
faces f of highest dimension.

Corollary 1.4 ([Opp18]). Let X be a pure d-dimensional simplicial
complex. Suppose 12(Gg) <y < éfor every face B of dimension
d — 2, and G is connected for every face a.. Then, for everyk < d —2,
and for every face o of dimension k, it holds that

__r

1-d-2-ky’

Corollary 1.4 is useful for two reasons: First, note that the weight
of every edge in G for face f§ of dimension d — 2 is either zero or
one, which makes the task of bounding its second eigenvalue more
tractable. Second, if one can prove that 13(Gg) = O(%) for every
face § of dimension d — 2 and G is connected for every face a,
then one can conclude that 12(Gy) = O(%) for every face a and

/12 (Ga) <

hence the simplicial complex is a O(#)-local-spectral expander.
So, the reduction of Oppenheim is basically lossless in the regime
where Kaufman-Oppenheim’s Theorem 1.2 applies.
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Analyzing Mixing Times of Markov Chains. Recently, Anari, Liu,
Oveis Gharan, and Vinzant [ALOV19] found a striking application
of Theorem 1.2 and Corollary 1.4 in proving the matroid expan-
sion conjecture of Mihail and Vazirani [MV87], answering a long
standing open question in Markov chain Monte Carlo methods.

To illustrate their result, consider the special case of sampling
a random spanning tree from a graph G = (V,E). Let X be the
simplicial complex where the ground set is E and each acyclic sub-
graph of G is a face of X. Then X is a pure d-dimensional simplicial
complex, where d = |V| — 2 and the spanning trees of G are the
maximal faces of X. Note that PZ in X is exactly the natural Markov
chain on the spanning trees of G, where in each step we delete a
uniformly random edge e from the current spanning tree T and add
a uniformly random edge f so that T — e + f is a spanning tree. So,
the problem of proving the Markov chain on spanning trees is fast
mixing is equivalent to upper bounding AZ(PZ) of the simplicial
complex X.

Using the nice structures of matroids, Anari, Liu, Oveis Gharan,
and Vinzant [ALOV19] showed that the graph Gz is a complete
multi-partite graph for every face f of dimension d — 2, and this
implies that A3(G4) < 0 for every face f§ of dimension d —2. Thus, it
follows from Oppenheim’s Corollary 1.4 that A3(G4) < 0 for every
face @.? Then Kaufman-Oppenheim’s Theorem 1.2 implies that
AZ(PZ) <1- ﬁ and thus the mixing time of the Markov chain
of sampling matroid bases is at most O(d? log n). This provides the
first FPRAS for counting the number of matroid bases, and also
proves that the basis exchange graph of a matroid is an expander
graph.

The proof of the matroid expansion conjecture shows that the
techniques developed in higher order random walks provide a new
simplicial complex approach to analyze mixing times of Markov
chains. It is thus natural to investigate whether this approach can
be extended to other problems. Here we would like to discuss some
limitations of the current techniques. It can be shown that 12(Gg) <
0 only if Gy is a complete multi-partite graph [God] and more
generally a 0-local-expander is a weighted matroid complex [BH19],
and so the same analysis as in [ALOV19] only works for matroids.
Note that Kaufman-Oppenheim Theorem 1.2 only applies when
22(Gy) < O(%) for every face o up to dimension d — 2. For many
problems that we have considered, it does not hold that 12(Gg) <

O(%) even when restricted to faces f§ of dimension d — 2.

1.1 Main Result

The main motivation of this work is to extend this simplicial com-
plex approach to analyze mixing times of more general Markov
chains. Our main result is the following improved eigenvalue bound
for higher order random walks.

Theorem 1.5. Let X be a pure d-dimensional simplicial complex.
Define

Yj == max{A2(Gg) : @« € X and «a is of dimension j},
a
2The result that every matroid complex is a 0-local-spectral expander was also proved

by Huh and Wang [HW17], using techniques from Hodge theory for matroids [AHK18]
instead of Oppenheim’s theorem.
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Forany0 <k <d,
1 k-2
v A
AZ(Pk) = AZ(Pk—l) <1- m l_l (1 - Y])
j==1

The following are some remarks about Theorem 1.5.

(1) A basic result is that a simplicial complex X is gallery con-
nected (i.e. AZ(PZ) < 1) if G4 is connected (i.e. 12(Gy) < 1)
for every face a of dimension up to d — 2. Theorem 1.5 pro-
vides a quantitative generalization of this result.

(2) A corollary of Theorem 1.5 is that the spectral gap 1 —/IZ(PZ)
of the k-th down-up walk is at least Q(1/k) if X is a O(%)—
local-spectral expander. This is an improvement of Theo-
rem 1.2 where it requires the simplicial complex X to be
a O(%)—local—spectral expander to conclude that PZ hasa
non-zero spectral gap.

(3) It can be shown that the spectral gap 1 — AZ(PZ) of the k-th
down-up walk is at most O(%) for any simplicial complex
(see Proposition 3.3), so Theorem 1.5 shows that any O(%)—
local-spectral expander has the optimal spectral gap for the
k-th down-up walk up to a constant factor.

(4) The refinement of having a different bound y; for links of dif-
ferent dimension is very useful for analyzing Markov chains.
We will see some applications in Section 4.

(5) Theorem 1.5 can be used to provide a tighter bound on the
spectral gap of certain “longer” random walks (see Corol-
lary 1.12) which were known to be useful in coding theory
and agreement testing (see Section 1.2.5).

Combined with Oppenheim’s Theorem 1.3, Theorem 1.5 provides

the following bound for the second eigenvalue of higher order
random walks in a black box fashion. See Section 3 for the proof.

Corollary 1.6. Let X be a pure d-dimensional simplicial complex.
For any 0 < k < d, suppose yr_5 < ﬁ and G is connected for
every face o up to dimension k — 2, then
1
AZ(PZ) = AZ(Pﬁ_I) <1- m

This provides a convenient way to bound the mixing time of
Markov chains. Recall that the edge weights in Gg for face § of
dimension d — 2 are either zero or one, and so it is easier to bound
their second eigenvalue. Corollary 1.6 states that as long as we
can prove A2(Gg) < 1/(d + 1) for these unweighted graphs in the
highest dimension, then we can conclude that PZ is fast mixing.

1.2 Applications

We present several applications of Theorem 1.5 and Corollary 1.6,
in analyzing mixing times of Markov chains (Section 1.2.1, Sec-

tion 1.2.2, Section 1.2.3), in analyzing constructions of high-dimensional

expanders (Section 1.2.4), and in analyzing longer random walks
(Section 1.2.5).

1.2.1  Sampling Independent Sets of Fixed Size. One of the most
natural simplicial complexes to consider is the independent set
complex of a graph [Mes01, AB06]. Let G = (V, E) be a graph. The
independent set complex I i has the vertex set V as the ground set,
and a subset S C V is a face in X if and only if S is an independent
set in G with |S| < k.
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We are interested in bounding AZ(PZ—l) for this simplicial com-
plex X. The (k — 1)-th down-up walk corresponds to a natural
Markov chain on sampling independent sets of size k. Initially, the
random walk starts from an arbitrary independent set Sy of size
k.In each step t > 1, we choose a uniform random vertex u € S;
and delete it from S;, and we choose a uniform random vertex
v so that S; — u + v is still an independent set of size k and set
St+1 := S — u + v. This Markov chain is known to mix in polyno-
mial time for k < zlA‘:I1 where A is the maximum degree of G, by
using the path coupling technique [BD97, MU05]. We prove a more
refined result using the simplicial complex approach.

Theorem 1.7. Let G = (V, E) be a graph with maximum degree A.
Let PZ_I be the (k — 1)-th down-up walk on the simplicial complex
IG k- Let Ag be the adjacency matrix of G.

14

1
<—— 1 then A(PY )<1-
A+ |/1min(AG)| k=1

If k ok

It is well-known that |[Anin(Ag)| < A for a graph with max-
imum degree A, and so Theorem 1.7 recovers the previous re-
V]

sult that the Markov chain is fast mixing if k < 47 There are
various graph classes with |Apin(Ag)| smaller than A, and Theo-
rem 1.7 allows us to sample larger independent sets. For example,
it is known that |Amin(Ag)| < O(VA) for planar graphs and more
generally for graphs with bounded arboricity [Hay06], and also
for random graphs and more generally for two-sided expander
graphs [HLWO06].

1.2.2  Sampling Common Independent Sets in Two Partition Ma-
troids. A matroid M = (E, I') on the ground set E with the set of
independent sets 7 C 2F is a combinatorial object satisfying the
following properties:

e (containment property) if S€ 7 and T C S, then T € 7,
o (extension property) if S,T € I such that |S| > |T| then
there is some x € S\T such that {x} UT € 1.

A partition matroid is the special case where the ground set E is
partitioned into disjoint blocks By, ..., B; € E with parameters
0 <d;j <|Bj|for1 <i <1 anda subset S is in 7 if and only if
[SNBj| <djfor1 <i<l

The intersection of two matroids My = (E, 7 1) and My = (E, I)
over the same ground set E can be used to formulate various in-
teresting combinatorial optimization problems [Sch03]. We are
interested in the problem of sampling a uniform random common
independent set of size k, i.e. a random subset F € 71 N7, with
|F| = k.

Matroids naturally correspond to simplicial complexes. We let
Cw,, My, k be the matroid intersection complex with ground set E,
where a subset F C Eisafacein Cyy, arg, k ifandonlyif F € 71N 7T,
and |F| < k. The (k — 1)-th down-up walk of this complex corre-
sponds to a natural Markov chain on sampling common indepen-
dent sets of M; and M of size k. We show that this Markov chain
is fast mixing for k up to one third the size of a maximum common
independent set, when M; and M, are partition matroids and there
are no two elements belonging to the same block in both matroids
(i.e. there are no two elements x, y such that x and y are in the same
block in M; and also in the same block in My).
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Theorem 1.8. Let My = (E, I;) and My = (E, I) be two given
partition matroids with a common independent set of size r and no
two elements belonging to the same block in both matroids. Ifk < r/3,
then

1
AZ(PZ—l) <1- ﬁ’

where PZ—l is the (k — 1)-th down-up walk on the matroid intersection
complex Cpg, M, k-

Sampling a common independent set of two partition matroids
can be reduced to sampling a random matching in a bipartite graph.
In this regime, stronger results are known to exist [JS89, JSV04]
whose analysis is based on the canonical paths method while our
analysis provides an alternative approach using a spectral method.

The proof of Theorem 1.8 reveals an interesting property of
the links of the simplicial complex Cpy, , k- For any face § of
dimension k — 3, we show that the graph Gg is the complement
of the line graph of a bipartite graph. We note that this holds for
any two matroids, not just for partition matroids. By the additional
assumptions that the two matroids are partition matroids and there
are no two elements in the same block in both matroids, the graph
Gg is the line graph of a simple bipartite graph. Using the fact
that the adjacency matrix of the line graph of a simple graph has
minimum eigenvalue at least —2, we prove that 12(Gg) < % as long
as k < £. We can then use Corollary 1.6 to conclude Theorem 1.8.

1.2.3  Sampling Independent Sets from Hardcore Distributions. Very
recently, Anari, Liu, and Oveis Gharan [ALO] use Theorem 1.5 to
prove a strong result about sampling independent sets from the
hardcore distribution. Given a graph G = (V, E) and a parameter
A > 0, the problem is to sample an independent set S with probabil-
ity % where ZG(1) := Xscv:s independent M5 is the partition
function. An important work of Weitz [Wei06] gave a deterministic
fully polynomial time approximation scheme to estimate Zg(A)
for A up to the “uniqueness threshold”, but the exponent of the
runtime depends on the maximum degree A of G. It is conjectured
that the natural Markov chain for sampling independent sets mixes
in polynomial time up to the uniqueness threshold. Anari, Liu, and
Oveis Gharan prove this conjecture and obtain a polynomial time
algorithm to estimate Z5(A) up to the uniqueness threshold for any
graph (even with unbounded maximum degree). They consider a
pure n-dimensional simplicial complex for sampling independent
sets, and prove that y; = @(%_j) for 0 < j < n—2 by using the tech-
niques from correlation decay. Then it follows from Theorem 1.5
that the Markov chain is fast mixing. Note that it is crucial to have
a different bound y; for links of different dimension in Theorem 1.5,
so even when y,_2 = ©(1) it is still possible to conclude fast mixing.

1.2.4  Combinatorial Constructions of High Dimensional Expanders.
Recently, Liu, Mohanty, and Yang [LMY19] presented an interesting
combinatorial construction of a sparse simplicial complex where
all higher order random walks have a constant spectral gap. Their
construction is by taking a certain tensor product of a graph G on
n vertices and a small H-dimensional complete simplicial complex
B on s vertices.

Theorem 1.9 ((LMY19]). Let G be a T-regular triangle free graph
on n vertices. There is an explicit family (X(S’H’G))Hzl,szHH of
simplicial complexes, satisfying the following properties:
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(1) X(s-H.G) s g pure H-dimensional simplicial complex with
©(n) maximal faces.
(2) The spectral gap of the graphs of j dimensional links of the
complex X$H-G) sqtisfies
7 ifj € [0.H - 2],

e {( - s )= 2G)ifj =1,

where 02(G) is the second largest eigenvalue of the normalized
adjacency matrix of G.
(3) Forany-1<j<H-2,

1
2

1-02(G)
/12(Pjv+1) = AZ(PJ'A) <1- Q(W )

The main technical part of their proof is in establishing Item
(3) in Theorem 1.9. They use the special structures of their con-
struction and the decomposition technique from [JST*04] to bound
the spectral gap of the higher order random walks. The authors
ask the question whether the spectral property in Item (2) alone
is enough to prove the fast mixing result in Item (3). Note that
Kaufman-Oppenheim’s Theorem 1.2 does not apply in this regime.

Using Theorem 1.5, we answer their question affirmatively, by
deriving Item (3) from Item (2) in a black box fashion. This slightly
improves their bound and considerably simplifies their analysis.

Corollary 1.10. Let X := X(s-H.6) pe g complex from Theorem 1.9
satisfying Item (2). For any -1 < j < H — 2,

1-02(G)
j2
1.2.5 Longer Random Walks and Other Applications. Consider the
following generalization of the up-down walk where we take “longer”
steps. Initially, the random walk starts from an arbitrary a; face
of dimension a in X. In each step t > 1, we sample a uniformly
random face § of dimension b > a that contains a;, and set a;41
to be a uniformly random subset of f of dimension a. We call this
the a-th up-down walk through the b-th dimension, and denote
its transition matrix by Pﬁ, p- The k-th up-down walk defined be-

,f’ P Dinur and Kaufman [DK17] derived

the following result about P 2 , from the result about the ordinary

Aa(PYy) = A2(PP) < 1- Q(

fore is the special case P

up-down walks.

Corollary 1.11 ([DK17]). Let X be a d-dimensional pure simplicial
complex. If X is a y-local-spectral expander, then for any 0 < a <

b<d-1,
a+1

b+1

Using Theorem 1.5, we obtain the following improved bound.
See Section 3 for the proof.

Az(Pﬁ’b) < + O(a(b — a)y).

Corollary 1.12. Let X be a d-dimensional pure simplicial complex.
IfX is a y-local-spectral expander, then for any0 < a <b <d -1,
a+1

b+1

; ; A +1
Inparticular, ify < 5% forsome0 < ¢ <1, then/lz(Pa’b) <€

APl ) < (1+7)P

Whereas the bound from Corollary 1.11 requires y = O(m)

to give a nontrivial upper bound on the second eigenvalue of Pﬁ b
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Corollary 1.12 only requires y < O(ﬁ) to give a comparable
bound.

Corollary 1.11 has found applications in agreement testing and
coding theory [DK17, DHK* 19, AJQ"20]. We believe that Corol-
lary 1.12 can be of independent interest because of those applica-
tions. One potential application would be in constructing double
samplers from Ramanujan complexes under a weaker expansion
assumption [DK17].

1.3 Related Work

Higher Order Random Walks and Applications. Our work follows a
sequence of works [KM17, DK17, Opp18, KO18, DDFH18] which
use the spectral properties of the links of simplical complexes to
analyze higher order random walks. Higher order random walks
on simplicial complexes were first introduced by Kaufman and
Mass [KM17]. They formulated related but more combinatorial no-
tions of skeleton expansion and colorful expansion to establish fast
mixing of higher order random walks. Dinur and Kaufman [DK17]
introduced the definition of two-sided y-local-spectral expanders,
which is similar to Definition 1.1 but requires all but the first eigen-
value to have absolute value at most y (i.e. it also controls the
negative eigenvalues). They used this stronger assumption to prove
a similar theorem as in Theorem 1.2, and applied it to construct
efficient agreement tester with applications to PCP constructions.
The one-sided y-local-expander in Definition 1.1 was first studied
by Oppenheim [Opp18], where he proved Theorem 1.3. Then, Kauf-
man and Oppenheim [KO18] strengthened the result in [DK17] and
prove Theorem 1.2.

Dikstein, Dinur, Filmus and Harsha [DDFH 18] studied an alterna-
tive definition of high dimensional expanders, based on the operator
norm of the difference between the (non-lazy) up-down and down-
up operators. Using this definition, they show that it is possible to
approximately characterize all the eigenvalues and eigenvectors of
higher order random walks. Their techniques were used in [AJT19]
to analyze the “swap walks” on high dimensional expanders, with
applications in designing good approximation algorithms for solv-
ing constraint satisfaction problems on high-dimensional expanders.
Independently, the same “swap walks” were also studied by [DD19]
under the name “complement walks”, where applications in agree-
ment testing were given.

The results in higher order random walks have also found ap-
plications in coding theory. The double samplers in [DK17] are
used in [DHK"19] to design an efficient algorithm to decode direct
product codes over high dimensional expanders. The swap walks
in [AJT19] are used in [AJQ*20] to recover the same result and also
to design an efficient algorithm to decode direct sum codes over
high dimensional expanders.

Analyzing Mixing Times of Markov Chains. Mixing time of Markov
chains is an extensively studied topic with various applications (see
e.g. [WLP09, MTO05]). There are several well-developed approaches
to bound the mixing time of a Markov chain. Perhaps the most
widely used approach is the coupling method (e.g. [Ald83, BD97]),
which has applications in sampling graph colorings (e.g. [Jer95,
Vig00]) and many other problems (see [WLP09]). The canonical
path (or more generally multicommodity flow) method developed
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in [JS89, Sin92, Sin93] was used in the important problem of sam-
pling perfect matchings in bipartite graphs [JS89, JSV04] and other
problems including sampling matroid bases [FM92]. Geometric
methods are used in the important problem of sampling a ran-
dom point in a convex body [DFK91, LV06]. Analytical methods
such as (modified) log-Sobolev inequalities and Nash inequali-
ties [DSC* 96, BT06] are useful in proving sharp bounds on mixing
time, e.g. a recent paper [CGM19] used a modified log-Sobolev in-
equality to prove optimal mixing time of the natural Markov chain
on sampling matroid bases.

The simplicial complex approach studied in this paper is quite
different from the above approaches. It is linear algebraic and de-
signed to bound the second eigenvalue directly using ideas from
simplicial complexes. On the other hand, the coupling method is
probabilistic and designed to compare two random processes, while
the canonical path method and the geometric method are designed
to bound the underlying expansion of the graph or the geometric
object. The analytical methods are more diffcult to apply and are
not as widely applicable, but when they work they could be used
to prove very sharp results.

2 PRELIMINARIES
2.1 Linear Algebra

Vectors and Inner-Products. Bold faces will be used for scalar func-
tions, ie. f € RY. The notation 1y € RY will be reserved for the
all-one vector in RV ; the subscript may be omitted when the vector
space RV is clear from the context.

Throughout this text, we use IT € RV to denote various probabil-
ity distributions, i.e. X,y ¢y II(x) = 1 and II(x) > 0 for x € V. Given
f.g¢€ RV, we use the notations (f,g)n and || fli1 to denote the
inner-product and the norm with respect to the distribution II, i.e.

(f.9n = ) Tx)f(x)g(x) and £l = (f, F)n.

We reserve (f, g) = >, f(x)g(x) for the standard inner-product.
Given f € RV, we write lflle, = Xxev | f(x)| for its £1-norm, and

I£lle, = (Sxev F(x)?)7 for its £o-norm.

Matrices and Eigenvalues. Serif faces will be used for matrices,
ie. A € RV, Let G = (V,E) be an edge-weighted undirected
graph with a weight w, > 0 on each edge e € E. The adjacency
matrix of G is denoted by Ag € RV*V with Ag(u,v) = wyo for
uv € E and Ag(u,v) = 0 for uv ¢ E. The diagonal degree matrix
of G is denoted by Dg with Dg(v, v) = deg(v) = X0 eE Wuo for
v € V. The random walk matrix of G is denoted by Mg := DalAG.
Note that Mg is a row-stochastic matrix where every row sums
to one. Throughout this text, we will use M € RUXV to denote
row-stochastic operators, where M1y = 1g.

The adjoint of the operator B € RV*V with respect to the inner-
products defined by Iy and Iy on U and V, is the unique operator
B* € RV*V such that

(f,Bg), = (B*f.g)m, forall feRY geRY.

If U =V and IIyy = Iy, the operator B is called self-adjoint when
B* = B. Note that a real symmetric matrix is self-adjoint with
respect to the standard inner-product.
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If M is a row-stochastic self-adjoint operator (with respect to
the stationary distribution II), then the Markov chain described
by M is called reversible. The random walk operator of an edge-
weighted undirected graph is described by the self-adjoint row-
stochastic operator Mg (with respect to the stationary distribution
I1 = D1/}, deg(v)) and is a reversible Markov chain.

Let W € R*V be a self-adjoint operator with respect to the
inner-product defined by II. It is a fundamental result in linear
algebra that W has only real eigenvalues, and an orthonormal set
of eigenvectors with respect to the inner-product defined by II,
ie. (f, g)n = 0 for eigenvectors f # g. We write A;(W) for the i-th
largest eigenvalue of W so that 1;(W) > ... > A}y (W), and write
Amin(W) for the smallest eigenvalue of W, i.e. Ain(W) = Ay |(W).
The largest eigenvalue A1 (W) of a self-adjoint matrix W with respect
to the measure II obeys the variational formula

W) = max{(fWhns f RV fln=1f. @D

It is well-known that the maximizers of the Eq. (2.1) are precisely the
unit eigenvectors of W corresponding to A1(W),i.e. Wf = 11(W)- f
if and only if f maximizes the RHS in the Eq. (2.1).

Given an arbitrary operator B € RV*V we will write o;(B)
for the i-th largest singular value of B so that 01(B) > ... >
Omin{|U|,[v|}(B). It is well known that the singular values of a
real operator B coincide with the eigenvalues of the self-adjoint
operator BB*.

A self-adjoint operator A € with respect to inner-product
defined by II is called positive semi-definite, denoted by A >y 0, if
it satisfies (f, Af)rr = 0 forall f € RV. The condition is equivalent
to the condition that Aniy(A) > 0. For self-adjoint operators A €
RY*V and B € RV*Y with respect to the same inner-product
defined by II, we will write A < B if

(f.Af) < (f.Bf) forall feRY.

This is equivalent to A—B being positive-semidefinite, i.e. A—B >7 0.
If IT is just the standard inner-product, we will drop the subscript
II.

We will use the following results about eigenvalues in Section 3
and Section 4; see e.g. [Bhal3].

RVXV

Fact 2.1. Let A € RUXV and B € RV*U. Then, the non-zero spec-
trum of AB coincides with that of BA with the same multiplicity.

Fact 2.2. Let A,B € RVXV be two self-adjoint matrices with respect
to the inner-product defined by I1 satisfying A <1 B. Then, A;(A) <
Ai(B) foralll <i < |V|.

Theorem 2.3 (Cauchy Interlacing Theorem). LetA € RVXV bea

symmetric matrix and B € RVXU be a principal submatrix of A. Let
n=|V|andm = |U|. Forany 0 < j < m,

/1]'(/\) 2> Aj(B) > An—m-#j(A)-
Theorem 2.4 (Weyl Interlacing Theorem). Let A,B € RV*V pe
two symmetric matrices. For any i, j,

Airj-1(A + B) < 4i(A) + 4;(B).

2.2 Simplicial Complexes

A simplicial complex X is a collection of subsets that is downward
closed, ie. if f € X and @ C f then a € X. The elements «, 8
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in X are called faces/simplices of X. The dimension of a face « is
defined as |a| — 1, e.g. an edge is of dimension 1, a vertex/singleton
is of dimension 0, the empty set is of dimension —1. The collection
of faces of dimension j is denoted by X(j). The dimension of a
simplicial complex is defined as the maximum dimension of its
faces. A d-dimensional simplicial complex is called pure if every
maximal face is of dimension d. All simplicial complexes considered
in this paper are pure.

Weighted Simplicial Complexes. A simplicial complex X can be
equipped with a weighted function which assigns a positive weight
to each face of X. We follow the formalism of [DDFH18] where
the weight function is a probability distribution IT on the faces of
the same dimension. Let X be a d-dimensional simplicial complex.
Given a probability distribution IT := II; on X(d), we can induc-
tively obtain probability distributions IT; on all X(j) by considering
the marginal distributions, i.e.

L= Y W), 22)

peX(j+1),
Boa

Equivalently, we can understand II; as the probability distribution
of the following random process: Sample a random face § € X(d)
using the probability distribution II;, and then sample a uniform
random subset of § in X(j). The pair (X, IT) will be referred as a
weighted simplicial complex. We write (X, IT) simply as X when IT
is the uniform distribution.

Links and Graphs. Let (X,II) be a pure d-dimensional weighted
simplicial complex. The link X, of a face « is the simplicial complex

defined as

Xo ={p\a|peX,fDa}.
The probability distributions Ily,...,II; on X can naturally be
used to define the probability distributions IT§, . . . ,HZ_ o1 o1 Xa
using conditional probability. Suppose & € X(j). The probability
distribution H;X for X4 (1) is defined as

Hj+l+1(0( ur)
(\aU‘r|) . Hj(a)

e
for all 7 € X,(I), where the latter equality is obtained by applying
Eq. (2.2) repeatedly.

Given a link Xy, the graph Gy = (X(0), Xo(1), 117 ) is defined
as the 1-skeleton of X,,. More explicitly, each singleton {v} in X4
is a vertex v in G, each pair {u, v} in X, is an edge uv in G4, and
the weight of uv in G4 is equal to I ({u, v}). A simple observation
is that if X is a pure d-dimensional simplicial complex and II is
the uniform distribution on X(d), then for any o € X(d — 2) the
weighting IIf on the edges of G, is uniform. We will use this
observation in Section 4.

oj(r)= Pr

ﬁ~Hj+1+l

f=auUr|f>al=

2.3 Local Spectral Expanders

Random Walk Matrices. The definition of local spectral expanders
will be based on the random walk matrix of G,. Let A, be the
adjacency matrix of G,. Let D, be the diagonal degree matrix
where Dg(x,x) = Zy Aq(x,y) = 211§ (x) where the last equality
is by Eq. (2.2). The random walk matrix M, of G4 is defined as
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Mg := DL'Ag, with

7 (x, y)

Mg (x,y) = m for all {x,y} € Xq(1).

The distribution ITf is the stationary distribution of My, as
([I§) "M = (1) D' Aq = 17 Aq = (IT5) .

The matrix M, can be seen to be self-adjoint with respect to the

inner-product defined by II§. So, M, have only real eigenvalues,

and an orthonormal basis of eigenvectors with respect to the inner-

product defined by IT§. The largest eigenvalue of My is 1,as Mg 1 =

1 and M is row-stochastic.

Given a vector f, we will be interested in writing it as f =
f1+ 1 so that f1 = c1 for some scalar ¢ and (fl,f“)n[«]z =0.

= (fs Dng = Exnig [f(x)]. We write
=1(I§) " as the operator to map f to f1, so that

Jaf =A@HNHf = (f15) 1= B Lf@]-1= 1@y

It follows that ¢ = g T

Local Spectral Expanders and Oppenheim’s Theorem. Let (X, II) be
a pure d-dimensional weighted simplicial complex. Define

yi =y I) = arél)%)((i)/lz(Ma) forallj=-1,...,d -2,

where A2(My) is the second largest eigenvalue of the operator M.
We say X is a y-local-spectral expander if y; <y for—1 <i <d-2.

Oppenheim’s Theorem relates the second eigenvalue of the
graph of a lower-dimensional link to that of a higher-dimensional
link. It works for any weighted simplicial complex with a “balanced”
weight function w, where for any a € X(k) andany -1 <k <d-1
it holds that

wa)=ce Y, wip)

peX(k+1),
poa

for some constant cj that only depends on k. Note that the weight
function in Eq. (2.2) satisfies this condition with ¢ = 1/(k + 2).

Theorem 2.5 (Oppenheim’s Theorem). Let (X,II) be a pure d-
dimenisonal weighted simplicial complex where I1 satisfies Eq. (2.2).
Forany0 < j < d -2, if Gy is connected for every a € X(j — 1), then

Yji-1 < .
T -y

An inductive argument proves the following corollary.
Corollary 2.6 (Oppenheim’s Corollary). Let (X,II) be a pure d-
dimenisonal weighted simplicial complex where I1 satisfies Eq. (2.2).
If Gg is connected for every a € X(k) and every k < d — 2, then

Yd-2
1-(d=2-j) ya—2

2.4 Higher Order Random Walks

Up and Down Operators. Let (X, IT) be a pure d-dimensional weighted
simplicial complex. In the following definitions, « € X(k), f €
X(k+1), f eRXU), g e RXK+D) andje {-1,0,...,d - 1}.

The j-th up operator Uj: RXU) — RXU+D) js defined as

Vi =

WA = 3 S = Y T
xe,b’ acp,
aeX(j)
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The (j + 1)-st down operator Dj41 : RXU+D — RXU) is defined as

_ ]+1(a U x)
[Dj+19)(@) = XEXZ(O) G+ 2@ 9@V
Z J+1(ﬁ) g(ﬁ)
G+ D)
ﬁEXU+1)

It can be checked [KO18, DDFH18] that the adjoint of the operator
U; with respect to the inner-products defined by II;,; and II; is
the operator Dj1, i.e.

(9.U;F)n,., = (Dj19. FHu,. Vg € RXUTD e RXU. (25)
And it follows that the adjoint of D;;; with respect to the inner-
products defined by I1j and I1j+1 is Uj, ie. (f, Dj+19dm, = U;f, g)m,,,
for all g € RXU+D, f e RXU),

Remark 2.7. We have stayed consistent with the notations intro-
duced in [DDFH18], and named U; and Dj+; up and down op-
erators with their right-action on functions (or vectors) in mind.
However, in terms of random walks, U; describes a random down-
movement from X(j + 1) to X(j), whereas D;1 describes a random
up-movement from X(j) to X(j + 1), since the action of the proba-
bility distribution is from the left.

Down-Up Walk, Up-Down Walk, and Non-Lazy Up-Down Walk. We
use the up and down operators to define three random walk opera-
tors on X(j). The j-th down-up walk PjV and the j-th up-down walk

P ].A are defined as

Pjv = Uj_le and PjA = Dj+1Uj.

As U;‘ = Dj41, it is easy to observe that these operators are positive
semi-definite. One useful property of PjA and PjV is that they have
the same non-zero spectrum with the same multiplicity by Fact 2.1,
and in particular Ay (P jA) = Aa( Pjv). Also, we define the j-th non-lazy

up-down walk as
j+2( . 1
P =2—Z|Ps — —1|, 2.6

Jooj+1 ( Jooj+2 ) 26)
which is the up-down walk conditioned on not looping. It follows
from Eq. (2.5), i.e. the adjointness of U; and Dj4 that all Pjv, PJ.A,
and PJ/.\ are self-adjoint with respect to the inner-product defined
by II;, e.g. given any f1, f, € RXU), This implies that I1; is the
stationary distribution for all these random walks Pjv, PjA, and Pf,
We can understand the higher order random walks as a random
walk on a bipartite graph between X(j) and X(j + 1) as explained
in [ALOV19, DK17]. Consider the bipartite graph H = (X(j), X(j +
1), E) in which a face a € X(j) and a face § € X(j + 1) are connected
if and only if @ C f. The edge {a, f} € H is assigned the weight
J+2 - j4+1(f). Using Eq. (2.2), it can be seen that the weighted
degree of any a € X(j) is Ij(a). And the weighted degree of any
f € X(j+1)is exactly IT 11 (ﬁ) Thus, the graph H has the (weighted)

random walk matrix
0 U;
My = 7.
1 (Dj+1 0)

One step of the down-up walk PJ.VJrl can be thought as a two step

random walk in Mp: starting from some f € X(j + 1), the random
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walk will go down from f € X(j + 1) to a € X(j) by dropping an
element of f, which is chosen uniformly at random as prescribed
by Uj, and then the random walk will go up from a € X(j) to a
random face f’ € X(j + 1) which contains « as prescribed by Dj4 1.
Similarly, one step of the up-down walk P J.A can be thought as a
two step random walk in My starting from some a € X(j). More
precisely,

v
M2, = [YiDi+ 0 _ [P O
H 0 Dj+1U; 0 0 PjA ’

It is instructive to check that when the distribution IT of the simpli-
cial complex is the uniform distribution, then the down-up walks
and the up-down walks are as described as in the introduction.

Longer Random Walks. Suppose now —1 < a < b < d. We define
the up-down walk on X(a) through X(b) to be

Pib=Da+1"'Dh'Ub—1"'Ua-

Similar to the intuition that was presented about the up-down and
the down-up walks, we can think of P 2 , s simulating two-steps of

the random walk starting from some facea € X (a) on the weighted
bipartite graph H = (X(a), X(b), E) where {«, f} is an edge of this
graph with weight proportional to II;(f) whenever a C f.

2.5 Mixing Times of Markov Chains

Recall that two distributions IT and I1” are said to be e-close if

=10l = 3 TGx) - ()] < e.

xeV

(e-close)

The mixing time T(e, P) of the random walk operator P is defined
to be the least time step where the distribution of the random walk
is e-close to the stationary distribution IT of P in the ¢; distance, i.e.

T(e,P) = min{t € Nxq : [|P(x, ) = TI||s, < e forallx € V}.

For our applications in sampling in Section 4, we will use the
following well known relation between the mixing time of the
random walk and the spectral gap of its transition matrix (see
e.g. [MTO05, Proposition 2.12]).

Theorem 2.8 (Spectral Mixing Time Bound). LetP € RVXV bea
random walk matrix with stationary distribution II. One has,

1

T(e,P) < s
(& P) £ - miny ey II(x)

! 1
1 - 02(P) 8
where oy(P) is the second largest singular value of P.
The operator of importance for us will be P = PY. As this oper-

ator is positive semi-definite as explained in Section 2.4, we have
az(Pjv) = /lz(Pjv). Also, recall from Section 2.4 that the stationary

distribution of P J.A is I1j, we obtain
1
& - ming e x(j) (@)’

v 1

T(e, P; ) < - AZ(PJV) log
Approximate Sampling and Approximate Counting. There is a well-
known equivalence between approximate sampling and approx-
imate counting for self-reducible problems. Let Q := {Qg}, be
a collection of sets parametrized by some strings s, e.g. s can be
describing a graph and Qg the set of perfect matchings in G. Sup-
pose a randomized algorithm A is given whose output distribution
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is described by 1 7(s). Then A is called a fully polynomial time
randomized approximate uniform sampler (FPRAUS) for Qj, if for
every input string s we have

<4,

lras) — Mo, lle,
where Ilg_ describes the uniform distribution over Qg and the
algorithm A runs in time poly((s),log(1/d)), where (s) denotes
the size of the input.
Similarly, an algorithm A’ is called a fully polynomial time
randomized approximation scheme (FPRAS) for Q, if we for every
input s we have

Pr[(1=68)-|Qs| S A () < (1+68)-|Q]|] 2 1—¢,

and the algorithm A’ runs in time poly({s), 1/¢, log(1/5)).

A well-known result proven in [JVV86] asserts that approxi-
mate counting and approximate sampling are equivalent for self-
reducible problems.

Theorem 2.9 (Informal). For self-reducible sets Q in NP, the exis-
tence of an FPRAS for Q is equivalent to the existence of an FPRAUS
for Q.

In Section 4, we will give approximate samplers for independent
sets a graph, and it follows from this equivalence we can also
approximately count the number of independent sets in the graph.

3 EIGENVALUE BOUNDS FOR HIGHER
ORDER RANDOM WALKS

Our main result is a quantitative generalization of the basic fact that
a pure d-dimensional simplicial complex X is gallery connected
(i.e. Az(Pg) < 1) if and only if the graph G is connected for every
a € X up to dimensiond — 2 (i.e. yj < 1for -1 < j < d - 2). The
statement is essentially the same as in Theorem 1.5 but for more
general weighted simplicial complexes.

Theorem 3.1. Let (X, II) be a pure d-dimensional weighted simpli-
cial complex. For any0 < k < d,

k-2
1
v A
2(PY) = 22(Ppy) S 1= ]_[ -y
j==1
Using an inductive argument as in [ALOV19, Theorem 3.3], we
can prove a more general statement about the entire range of eigen-
values.

Theorem 3.2. Let (X,II) be a pure d-dimensional weighted simpli-
cial complex. Then, for any0 < k < d—1 and forany -2 < r < k, the
matrix P]f has at most |X(r)| eigenvalues with value strictly greater

than
]‘[(

where we adopt the conventions thatX(—Z) = & and er;;(l —-yj) =
1.

r+2
T k+2

Note that Theorem 3.1 is a special case of Theorem 3.2 where
—1 (recall that X(-1) = {0} and so |X(— 1)| 1). Further,
Theorem 3.1 can only prove that AZ(PZ) <1- d+1 We observe
that this bound is almost tight. We prove the following in the full
version of this paper.
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Proposition 3.3. Let X be a d-dimensional simplicial complex. Let

n = |X(0)|. Suppose2(d+1) < n. ThenAZ(PZ) = /IZ(P ) 1- d+1

Before we prove Theorem 3.1 and Theorem 3.2, we present two
corollaries of Theorem 3.1.

Combining with Oppenheim’s Corollary 2.6, Theorem 3.1 pro-
vides a bound on the second eigenvalue of the d-th down-up walk
based only on the maximum second eigenvalue of the graphs in
dimension d — 2. This will be useful in Section 4.

Corollary 3.4. Let (X,II) be a pure d- dimensional weighted simpli-
cial complex. For any 0 < k < d, suppose yj < m andyj < 1 for
—-1<j<k-2,then
1
Aa(PY)=A2(PE_ )< 1—- ———.
2(Pp) = 22(Pi_y) kT 17

<

Proor. Since yg_, < 7 andy; < 1for-1<j < k-2,it
follows from Oppenheim’s Corollary 2.6 that for any -1 < j < k-3,

1

) Yk-2 1 1

ST Tk—2=) s 1ok 43
k+1
Therefore, by Theorem 3.1,
k-2 .
1 +2 1
)LZ(P)<1—— ],—: -—
k+1,=1]+3 (k +1)2

]

Corollary 3.5. Let (X,II) be a pure d-dimensional weighted sim-
plicial complex. Let 0 < a < b < d — 1. If X is a y-local-spectral
expander, then
a+1
b+1

We will first prove Theorem 3.1 in Section 3.1, then Theorem 3.2
in Section 3.3, and finally Corollary 3.5 in Section 3.4.

A2(Ph ) < (1+y)P%

3.1 Proof of Theorem 3.1

The key lemma in proving Theorem 3.1 is the following result that
quantifies a spectral bound on the difference of the k-th non-lazy
up-down walk and the k-th down-up walk in terms of the second
eigenvalue of the links at dimension k — 1.

Lemma 3.6. Let (X, II) be a pure d-dimensional weighted simplicial
complex. Forany0 <k <d -1,

PL—PY <, Ykor - (l - PZ).

The proof of Lemma 3.6, will closely follow the proof of [DDFH18,
Theorem 5.5], where they prove the weaker inequality

Pr—PY =m; V-1 (3.1)
We remark that a similar statement was also used in [KO18] for
proving Theorem 1.2.

We will first show how Lemma 3.6 implies Theorem 3.1 by an
inductive argument.

PrRoOOF OF THEOREM 3.1 FROM LEMMA 3.6. We prove Theorem 3.1
by induction on k. The base case is when k = 0, where P = 1II]
is a rank one matrix and so )LZ(POV) < 0, and hence Theorem 3.1
trivially holds.
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For the induction step, suppose we have

12(Pi) = 22(P)) < 1=+ ]_[ (1-yv). (2
1——1
Since P].VJrl =U;Dj4+1 and PjA = Dj+1U; have the same non-zero
eigenvalues with the same multiplicity by Fact 2.1, we only need to
prove the statement for P ].AH. By Lemma 3.6,
v
I:’]+1 =M Vi [+(1- YJ)Pj+1

It follows from Fact 2.2 that

J
1
J2(Pl) < v+ (1= 1) APy < 1= i]l(l - 10,
where the last equality is by plugging in the induction hypothesis,
Eq. (3.2). The theorem now follows from the definition of the non-
lazy up-down walk, Eq. (2.6), i.e.

A J+3(a 1 A J+2 A 1
o=t pa o ] = P =LlTSph
J+1 j+2(1+1 j+3 LT 3 43
Therefore,
1
12(P+1)—]— Az( J+1)+J+—3<1—— l—[(l_)/l

i=—1
and this proves the induction step.

3.2 Proof of Lemma 3.6

The proof of Lemma 3.6 will rest on few useful identities established
in [KO18, DDFH18], which can be obtained through the “Garland
Method”, which decomposes the higher order random walk matrices
into the random walk matrices of the links. We provide proofs for
these identities in the full version of the paper.

In the following, given f € RX(K) and « € X(k — 1), we use fu
to denote the restriction of f to the entries in {a U{x} | x € X4(0)}.

Lemma 3.7. Let (X, II) be a pure d-dimensional weighted simplicial
complex. For all f € RX0) the following hold,

(1 L, = B I albe = Baony Fo Fodrg.
(@ (fPY Oy = Baonty e Fallye = Bavt (FasJa Fang.
(3) (f. PP, = Banttyy (F o Macf o).

PrROOF OF LEMMA 3.6. Let f € RXU) pe arbitrary. By Items (2)
and (3) in Lemma 3.7, we write

O =Py = B | (Ma ~Ja)fodmg |-

Notice that since M, is a row-stochastic matrix (with top eigenvec-
tor 1) and the matrix J, is the projector to its top eigenspace. Since
both M and J, are self-adjoint with respect to the inner-product
defined by Hg‘ (see Section 2.3), it follows that

—Ja 51]5" AZ(Ma) - L.

Moreover, since the matrix My — J is only supported on the sub-
space perpendicular to 1, writing f él for the component of f,
that is perpendicular to 1, we have

(farMa =Ja)f e = (F5" Ma = Ja) 5 e
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As ] 4 is the projector to the constant functions (2.4) we have, f él =
(I-Ja)f 5 and thus

(forMa =Ja)f ) < M(Ma =Ja) - [1f -
< Ma) -0 -Ja)f ol (33)
where the first inequality is by Eq. (2.1). Therefore,

SO =PI, = B[ Me—Jf g | (B
< B[R0 i0-Jafal | 69
<y B [l sofal]
=y B [Fwl-Jafang | 6o
= o1 (=P fon, (3.7)

where we have obtained Eq. (3.4) by Items (2) and (3) in Lemma 3.7,

Eq. (3.5) by Eq. (33), Eq. (3.6) by U f g Jar e = (F g e f o)
and Eq. (3.7) by Items (1) and (2) in Lemma 3.7. This proves the
lemma. O

3.3 Proof of Theorem 3.2

We will prove Theorem 3.2 about the entire spectrum of the higher
order random walks.

Theorem 3.2. Let (X,II) be a pure d-dimensional weighted simpli-
cial complex. Then, for any0 < k < d—1 and forany -2 <r < k, the
matrix Plf has at most |X(r)| eigenvalues with value strictly greater

than
ﬂ(

where we adopt the conventions that X (—2)
1.

r+2
T k+2

= @ and [1)-}(1-y)) =

Proor. We prove by induction on k. The base case is when k = 0,
where POA = %Mg + %I. For r = =2, the claim states that we have
at most |X(-2)| = 0 eigenvalues that are strictly greater than 1,
which is true since POA is a stochastic matrix. For r = —1, the claim
tells us that that there are at most |X(—1)| = 1 eigenvalues which
are strictly larger than % + % which is true by the definition of
y-1 = A2(Mg) and that since P$* is of rank |X(0)|. For r = 0, the
claim tells us that there are at most |X(0)| eigenvalues that are
greater than 0, which is true since this is the rank of | X(0)].

For the induction step, suppose that there exists some j > 1 such
that the claim of the theorem is true for all -1 < r < j. By Fact 2.1,
P.V+1 and PjA have the same non-zero eigenvalues. By Lemma 3.6,

J
P]A+1 m,,, yil+@1- yj)Pjv, and thus for -1 <

has at most |X(r)| eigenvalues with value greater than

r < j the matrix

A
l:)j+1

vi+(1-v)- (1-—|_[(1—y1)—1——|_|(1—y1

Using the definition of the non-lazy up-down walk, Eq. (2.6), we
have that for -1 < r < j, P# | has at most |X(r)| eigenvalues with
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value greater than

(1_

Forr = j+1, the claim is trivial since the P jAﬂ

r+2
j+2

jt+2
j+3

r+2
j+3

J
[ Ja-vo.

i=r

1
+—=1
j+3

J
rl(l - Yi))

isofrank | X(j+1)|. O
3.4 Proof of Corollary 3.5

Corollary 3.5. Let (X,II) be a pure d-dimensional weighted sim-
plicial complex. Let 0 < a < b < d — 1. If X is a y-local-spectral
expander, then

+1
M2 ) < (14 )b 2
Py < 1y 22
We will use two basic facts in the proof.

Fact 3.8. Let My € RV*U and My € RUXW pe two row-stochastic
matrices. Then, we have g2(M1 - M2) < 02(M1) - 02(M2).

Fact 3.9 (Bernoulli’s Inequality). Let x > —1 andr > 1 be real
numbers. Then, (1 +x)" > 1+7r-x.

Proor. Recall that Pﬁ,b =Dg+1-+-Dp - Up_g--Ug. As U} =
Dj+1, it can be observed that Pﬁ p is positive semi-definite and
therefore, UZ(Pﬁ,b) = Az(Pﬁ’b). By Fact 3.8,

-02(Dp) - 02(Up—1) -~

AZ(Pib) = O-Z(Ps’b) < 02(Da+1) - -02(Ug).

Notice that as Pj = Dj+1U; and Dj+1 = Uj, we have AZ(PJ.A) =
02(Uj) - 02(Dj+1). Thus, by rearranging we obtain,

b—a-1
LPs,) < [ Are)
j=0
b—a-1 i
(l_y)a+]+1
< l_[ (l—m , (by Theorem 3.1)
Jj=0
b—a-1 .
1-(a+j+1)-y
< 1-— by Fact 3.9
- n ( a+j+2 > (by Fact3.9)
Jj=0
B bﬁl 1+ a+]+1
- a+j+2
j=

By cancellations in the telescoping product, we have

a+1
b+1

Ao(Pp ) < (1+7)07%

4 ANALYZING MIXING TIMES OF MARKOV
CHAINS
In this section, we will use Corollary 3.4 to analyze Markov chains

for sampling independent sets of a graph of fixed size and sampling
common independent sets of two partition matroids.
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4.1 Independent Sets

Let G = (V, E) be a graph. A subset of vertices S C V is called an
independent set if uv ¢ E for every pair u,v € S. We are interested
in the problem of sampling a uniformly random independent set of
size k. We will analyze a natural Markov chain for the problem by
analyzing the down-up walk of a corresponding simplicial complex.

Define the (k — 1)-dimensional simplicial complex I j of G =
(V,E) as

Igk ={ScV:|S| <kandS is independent},

the complex consisting of all independent sets in G of cardinality
at most k. We endow I ;. with the uniform distribution IT;_; on
I k(k — 1), i.e. the set of independent sets of size k. We simply
write I  for the weighted simplicial complex (I i, ITx_1).

The (k — 1)-th down-up walk PZ—1 on Ig i corresponds to a
natural Markov chain to sample independent sets of size k. It is
known that this Markov chain is fast mixing when k < Z‘AVJJI
using coupling techniques [BD97, MUO5]. The main result in this
subsection is the following improved bound using higher order
random walks on simplicial complexes.

Theorem 1.7. Let G = (V, E) be a graph with maximum degree A.
Let PZ_I be the (k — 1)-th down-up walk on the simplicial complex
I, k- Let AG be the adjacency matrix of G.

4 v 1
< m, then AZ(Pk—l) <1- k—z

It is well-known that [Anin(Ag)| < A for a graph with max-
imum degree A, and so Theorem 1.7 recovers the previous re-
sult that the Markov chain is fast mixing if k < lLA|. There are
various graph classes with |Apnin(Ag)| smaller than A, and Theo-
rem 1.7 allows us to sample larger independent sets. For example,
it is known that |Apin(Ag)| < O(VA) for planar graphs and more
generally for graphs with bounded arboricity [Hay06], and also
for random graphs and more generally for two-sided expander
graphs [HLWO06].

Using the simple bound mingej,, , (k1) Mg-1(S) = n~k as IM—q
is the uniform distribution, the following mixing time result follows
from Theorem 2.8.

If k

Corollary 4.1. Let G = (V,E) be a graph with maximum degree
A and let Ag be the adjacency matrix of G. For any k < n/(A +
[Amin(Ag)|), the down-up walk PZ—l on the simplicial complex I j
samples a random independent set of G of size k whose distribution is
e-close to the uniform distribution on all independent sets of size k in

1
T(e, PZ_I) <k%. (log(—) +k-log ”)
£
many time steps.

This implies a polynomial time algorithm to approximately sam-
ple a uniform random independent set and also a FPRAS for ap-
proximately counting the number of independent set of size k for

< n
k< ol

4.1.1  Proof of Theorem 1.7. The plan is to use Corollary 3.4 to
prove Theorem 1.7. To apply Corollary 3.4, we need to prove that:
(1) Ig  is a pure simplicial complex. It is a simple exercise that

this complex is pure when k < 2.
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(2) For each S € I i with |S| < k — 2, the random walk matrix
Mg of the graph Gs of the link (I x)s satisfies A2(Ms) < 1.
This is proved in Lemma 4.2.
(3) For each S € I . with |S| = k — 2, the random walk matrix
Mg of the graph Gg satisfies 12(Mg) < 1/k. This is proved
in Lemma 4.3.
Assuming the three items are proven, Theorem 1.7 follows im-
mediately from Corollary 3.4. We will prove the second item in
Section 4.1.2 and the third item in Section 4.1.3.

4.1.2  Proof of Lemma 4.2. Let Hs = (Vs, Es) be the underlying sup-
port graph of Gs of the link (I x)s, i.e. Gs without edge weights.
Let Mg be the random walk matrix of Gs as defined in Section 2.3.
Note that A2(Mg) < 1 if and only if Hs is connected.

We introduce some notation to describe Hg. We write Ng|[S]
as the union of S and the set of vertices which are connected to a
vertex in S in G, i.e.

Ng[S] = S U {v : there exists some uv € E(G) such that u € S}.

For a subset of vertices S C V(G), we write S = V(G) \ S for the
complement of S in G, and G[S] for the induced subgraph of G on
S. For a graph H, we write H for the complement graph of H.
Recall that a vertex v is in Vs if and only if SU {v} is an indepen-
dent set in G of size |S| + 1, and so Vg is exactly V — Ng[S] = Ng[S].
Two vertices u, v € Vs have an edge in Hg if and only if S U {u, v}
is an independent set in G of size |S| + 2, and so uv € Eg if and

only if uv ¢ E(G). Therefore, we see that Hs = G[Vs] = G[N[S]].
With the description of Hg, we are ready to prove the second item
in Section 4.1.1.

Lemma 4.2. Let G = (V,E) be a graph with maximum degree A.

Suppose k < WL For any$ € Ig i with|S| < k-2, the random walk

A+1
matrix Mg of the graph Gs of the link (I i )s satisfies A2(Mg) < 1.

Proor. Note that 12(Mg) < 1 if and only if the underlying
support graph Hg of Gg is connected, so we focus on proving
the latter. To prove that Hg is connected, we prove the stronger
claim that every two vertices u,v € Hg has a path of length at
most two. If v is an edge in Hg, then there is a path of length
one. Suppose uv is not an edge in Hg. Then uv is an edge in G.
Since G is of maximum degree A, it implies that |Ng[{u, v}]| <
(degg(u) + 1) + (degg(v) + 1) — 2 < 2A, and also

Vsl = VI = ING[SII = [V] - IS - (A+ 1) 2 2A + 2,
V]

where we use the assumptions that |S| < k — 2 < x5 — 2 in the
last inequality. So, there must be some vertex w such that w €
Vs \ Ng[{u, v}]. This implies that wu ¢ E(G) and wov ¢ E(G), and
thus wu € E(Hs) and wo € E(Hs) and so there is a path of length
two connecting u and v in Hg. m]

4.1.3  Proof of Lemma 4.3. We observe that Gg is an unweighted
graph for S with |S| = k — 2 when the distribution on I x(k - 1) is
the uniform distribution. Therefore, Gg is simply a scaled version
of Hg, and the random walk matrix Mg of Gg is the same as the
random walk matrix of Hs. To bound the second eigenvalue, we will

use some simple interlacing arguments. We need the stronger as-
VG|

A+ M-min(AG I)

(Note that for any unweighted graph G, we have |Ain(Ag)| = 1.)

sumption that k < in the proof of the following lemma.
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Lemma 4.3. Let G = (V, E) be a graph with maximum degree A.
Supposek < |V|/(A+|Anin(AG)|). Forany S € I i with|S| =

the random walk matrix Ms of the graph Gs of the link (Ig )s
satisfies A2(Mg) < %

ProoF oF LEMMA 4.3. Recall that for S with |S| = k — 2, the
random walk matrix Mg of Gg is the same as the random walk
matrix of Hg, and so we will focus on the latter. Let Dy be diagonal
degree matrix of Hg. As argued above, the random walk matrix
Ms of Gs is equal to Mg = DI_JlAH. We can write the adjacency

matrix Ay of Hg as Ay = 117 —1—A whereA is the

G[N [s1I° GINI[S]]
adjacency matrix of G[N [S]] By Wey!’s Interlacing Theorem 2.4,

22(Ms) < A2(D}*117D ) + (DA (- Au — D2,
= M0y *(~Agmrs — DD, (4.1)
< [IDg |- A= A ~sy (4.2)
Sk (Mmmmc[ﬁm -1,
< [IPEl- (Amin(AG)] = 1),

where for Eq. (4.1) we have used that D;Il/zll—'—Dl_ql/2 is of rank
1, for Eq. (4.2) we have used Eq. (2.1) iin the following way: Let

W = —Ar — | and g be an unit top-eigenvecor of D 1/ZWD_I/Z,
ie. lgll = 1and (¢, D}, /*WD} 2 g) = 1(D;, I/ZWD_l/z) Then,
(W) > Dy%g  Dy"g | _ (g *wpy")

ID;%gll” 1D, gl 1Dy, 22
§ M0 *wp %)
o

and for the last inequality we have used the Cauchy Interlacing
Theorem 2.3.
It remains to bound ||D;II|| =

GIN[S]] = G[V - N[5s]],

(min,, degHS(v))’l. As Hg

degy, (v) = V]~ INISI - (deg sy @)+ 1) = [VI=(A+1)(IS]+1),

where the last inequality uses that |[N[S]| < |S] - (A + 1) and
degc[ml(v) < degs(v) < A. Therefore, using our bound A2(Ms)
||D;Il|| - (JAmin(Ag)| — 1), we obtain

Amin(AG) -1 _
(A+1)-(S[+1)

[Amin(Ag)| — 1
Vi-(A+1)- (k-1

= k — 2. Finally, plugging in the assumption

A2(Mg) <
vi-
where we use |S]

k< implies the lemma. O

4|
A+Mmin(AG)|

4.2 Matroid Intersection

A matroid M = (E, I') on the ground set E with the set of indepen-
dent sets 7 c 2F is a combinatorial object satisfying the following
properties:

o (containment property)if S€ 7 and T C S, thenT € 7,
o (extension property) if S,T € I such that |S| > |T| then
there is some x € S\T such that {x}UT € I.

<
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A partition matroid is the special case where the ground set E is
partitioned into disjoint blocks Bi,...,B; € E with parameters
0<d; <|Bjlfor1<i<landa subset Sisin I if and only if
SN B;| < dj forlSlSl.

The intersection of two matroids My = (E, I1) and My = (E, I)
over the same ground set E can be used to formulate various in-
teresting combinatorial optimization problems [Sch03]. We are
interested in the problem of sampling a uniform random common
independent set of size k, i.e. a random subset F € 71 N1, with
|F| = k. We will analyze a natural Markov chain for the problem by
analying the down-up walk of a corresponding simplicial complex.

Define the (k — 1)-dimensional matroid intersection complex
Cy My, k of M1 = (E, 1) and My = (E, I2) as

Crmy Mk ={S€L1N T2 |S| <k},

the complex consisting of all common independent sets of both
matroids containing at most k elements. We endow Cyy, up, 1 (k—1)
with the uniform distribution IT;_; on the common independent
sets S € I1 NIy with |S| = k. We write Cpy, a, k for the weighted
simplicial complex (Caz,, m,, k> Hi—1)-

The (k — 1)-th down-up walk PZ_l on Cpy, m, k corresponds to
the following natural Markov chain to sample common independent
sets of size k. Initially, the random walk starts from a common
independent set S; of size k. In each step ¢t > 1, we choose a
uniform random element i € S; and delete i from S;, and set S;+1
to be a uniform random common independent set of size k that
contains S; \ {i}. The stationary distribution of PZ_ Lis the uniform
distribution IT;_;; see Section 2.

The main result in this subsection is the following upper bound
on the second eigenvalue of P/_,

Theorem 1.8. Let My = (E, I1) and My = (E, I2) be two given
partition matroids with a common independent set of size r and no
two elements belonging to the same block in both matroids. Ifk < r/3,
then

AP ) <1-

1
PR
where PZ_I is the (k — 1)-th down-up walk on the matroid intersection
complex Cag, p,. k-

We note again that stronger results are known to exist [JS89,
JSV04], which are established by canonical paths arguments. Our
result is going to follow from simple eigenvalue interlacing argu-
ments alongside with Corollary 3.4.

4.2.1  Proof of Theorem 1.8. The plan is to use Corollary 3.4 to
prove Theorem 1.8. To apply Corollary 3.4, we need to prove that:
(1) Cpm,, My, k is a pure simplicial complex. This is a simple proof

in Claim 4.4.

(2) For each S € Cpy, p,.k With [S| < k — 2, the random walk

matrix Mg of the graph Gg of the link (Cay,, p,,1)s satisfies
A2(Mg) < 1. This is proved in Lemma 4.5, showing that the
underlying graph of Gg is the complement of the line graph
of a bipartite graph.
For each S € Cypy, p,.k With |S| = k — 2, the random walk
matrix Mg of the graph Gg satisfies 12(Mgs) < 1/k. This
ensured by Lemma 4.8, which is obtained by the fact that
the minimum eigenvalue of the adjacency matrix of the line
graph of a simple graph is at least —2.
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Assuming the three items are proven, Theorem 1.8 follows immedi-
ately from Corollary 3.4.

It remains to prove the three items. We will prove the second
item in Section 4.2.2 and the third item in Section 4.2.3. We note
that the first two items hold for any two matroids, and we only use
the additional assumptions for the third item. The following is a
simple proof for the first item.

Claim 4.4. Let My = (E,I1) and My = (E, I 2) be two matroids
with a common independent set T € 11 NI, of size |T| = r. Any
common independent set S € 11N 1 with|S| < r/2 is contained in
a larger common independent set. In particular, this implies that the
simplicial complex Cpy, u, i is a pure simplicial complex as long as
k<r/2.

Proor. By the extension property of matroids, there is a subset
Ty ¢ T with |T1| > r — |S] such that S U {x} is an independent
set in 7 for any x € Ty. Similarly, there is a subset T, ¢ T with
[T2| = r — |S| such that S U {y} is an independent set in I 5 for any
y € Ty. As |S| < r/2, this implies that Ty N T # 0, and SU {z} isa
larger independent set that contains S for any z € T1 N Ty. O

4.2.2  Proof of Lemma 4.5. Let Hs = (Eg, Fs) be the underlying
support graph of Gg of the link (Caf, m, k)s, that is, Hs is Gs
without edge weights. The vertex set of Hs is Es = {x € E |
SU{x} € I1N Iy} and the edge set of Hs is Fs = {{x,y} | x,y €
Eand SU {x,y} € 71N I3} Let Mg be the random walk matrix
of Gg as defined in Section 2.3. It is a basic fact in spectral graph
theory that 12(Mg) < 1 if and only if Hg is connected.

We will see that Hg is the complement of the line graph of a
bipartite graph B. To define the bipartite graph B, we first introduce
the matroid partition property (see e.g. [ALOV19]). The matroid
partition property says that there is a partition # := {Py,...,Pp}
of the vertex set Eg (i.e. Ule P; = Esand P; N P; = 0 for i # j)
with the property that for any x,y € Eg,

SU{x,yt ¢ 14

In words, there is a partition # of the vertex set Es such that two
elements x, y in Eg can be added to S to form an independent set in
the first matroid M if and only if x, y do not belong to the same class
of the partition #. Similarly, there is a partition Q := {Q1,...,Qq}
of the vertex set Eg such that for any two elements x,y € Eg, we
have SU {x,y} ¢ 7, ifand only if x,y € Q; for some 1 <i < q.
We use the partitions # and Q to define the bipartite graph B as
follows. The vertex set of B is P LI Q, where we create a vertex i € P
in B for each P; in , and we create a vertex j € Q in B for each
Qj in Q. Each edge in B corresponds to an element in Eg. For each
element x € Eg, we create the edge ex = ijin Bifand only if x € P;
and x € Qj;. Note that the edge ey for x € Eg is well-defined by the
matroid partition property. By construction, it should be clear that
the biparite graph B satisfies the following important property:

& x,ycPiforsomel <i<p.

ey and ey do not share a vertexin B &= SU{x,y} € 71N Iy,

— {x,y} € Fs. (4.3)

Recall that the line graph L(B) of a graph B is defined as follows:
the vertex set of L(B) is the edge set of B, and two vertices in L(B)
have an edge if and only if the corresponding edges in B share an
endpoint. Let L(B) be the complement of L(B) where L(B) and L(B)
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have the same vertex set and two vertices in L(B) have an edge if
and only if the corresponding vertices in L(B) do not have an edge.
Then, we see from Eq. (4.3) that

Hg = @ (4.4)

Using the bipartite graph B, it is easy to show the second item in
Section 4.2.1.

Lemma 4.5. Let My = (E, I 1) and My = (E, I 3) be two matroids
with a common independent set T € 11N 1y of size |T| = r. Suppose
k <r/2—1.ForanyS € Cp, m, k With |S| < k — 2, the random
walk matrix Mg of the graph Gs of the link (Cp, m, k)s satisfies
A2(Mg) < 1.

Proor. It is well known that 12(Mg) < 1 if and only if the
underlying support graph Hg of Gg is connected, so we focus
on proving the latter. Since |S| < k -2 < r/2 — 3, it follows
from Claim 4.4 that there are four elements a, b, ¢, d € E such that
Su{a,b,c,d} € I1NI,. Inthe bipartite graph B in Eq. (4.4), the
four elements a, b, ¢, d correspond to four vertex-disjoint edges
ea, €p, €c, eq in B by Eq. (4.3). To prove that Hg is connected, we
prove the stronger claim that every two vertices u,v € Hg has a
path of length at most two. If uv is an edge in Hg, then there is a
path of length one. Suppose uv is not an edge in Hg. Then e, and
ev shares a vertex in B and so they span at most three vertices in B.
This implies that e, U e;, cannot intersect all four (vertex-disjoint)
edges eq, €p, ec, 4. So there must be an edge, say e,, which is vertex-
disjoint from both e, and e,,. Then u-a-v is path of length two in
Hg by Eq. (4.3), which completes the proof. O

4.2.3  Proof of Lemma 4.8. For the third term, we need to prove that
for each S € Cpy, pp, 1 With [S| = k — 2, the random walk matrix
Mg of the graph Gg satisfies A2(Mg) < % We use the additional
assumptions for the following property.

Claim 4.6. IfM; and My are two partition matroids and there are
no two elements x, y such that x, y belongs to the same block in M;
and also the same block in My, then Eq. (4.4) holds with the property
that the bipartite graph B is a simple graph.

Observe that Gg is an unweighted graph for S with |S| = k — 2
when the distribution on Cpy,  y, x(k—1) is the uniform distribution
(i.e. the distribution on the common independent sets of size k is
the uniform distribution). This is because when |S| = k — 2, for any
x,y € E, either S U {x, y} is contained in exactly one or zero set
of size k in Cpy, m,, k> and each set of size k is assigned the same
weight in the uniform distribution (more formally see Eq. (2.3)
for the definition of the weight). Therefore, G is simply a scaled
version of Hg, and the random walk matrix Mg of Gg is the same
as the random walk matrix of Hg.

Fact 4.7. Let G = (V,E) be any simple graph and Apc) be the
adjacency matrix of the line graph of G. One has, Amin(Ar(g)) = —2.

Prookr. Define B € REXV to be the edge-vertex incidence matrix
of G = (V, E),ie. B(e,v) = 1[v € e]. Observe that 21 + Ay () = BBT
and as BBT is a positive semidefinite matrix, Amin(ArG)) = —2. O

We need the stronger assumption that k < % for establishing
the following lemma, whose proof omit it here, due to the many
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similarities the proof bears with Lemma 4.3. We refer the reader to
the full version of this paper for the proof.

Lemma 4.8. Let My = (E,11) and My = (E, I3) be two partition
matroids with a common independent set T € 11 N1y of size|T| =r
and there are no two elements belonging to the same block in both
matroids. Suppose k < r/3. Forany S € Cp, m, i With |S| =k -2,
the random walk matrix Mg of the graph Gs of the link (Cpg, M, k)s
satisfies A2(Ms) < 1/k.

ACKNOWLEDGEMENTS

We thank Kuikui Liu, Shayan Oveis-Gharan, Akshay Ramachan-
dran, and Hong Zhou for many useful discussions.

REFERENCES

[ABO6]

[AHK18]

[AJQ"20]

[AJT19]

[AldS3]

[ALO]

[ALOV19]

[BDY7]
[BH19]

[Bha13

[BT06

[CGM19]

[DD19]

[DDFH18]

[DFK91]

[DHK*19]

[DK17

[DKW16]

[DSC*96]

[EK16]

[FGL*11]

[EM92]

Ron Aharoni and Eli Berger. The intersection of a matroid and a simplicial
complex. Transactions of the American Mathematical Society, 358(11):4895—
4917, 2006.

Karim Adiprasito, June Huh, and Eric Katz. Hodge theory for combinatorial
geometries. Annals of Mathematics, 188(2):381-452, 2018.

Vedat Levi Alev, Fernando Granha Jeronimo, Dylan Quintana, Shashank
Srivastava, and Madhur Tulsiani. List decoding of direct sum codes. In
SODA, 2020.

Vedat Levi Alev, Fernando Granha Jeronimo, and Madhur Tulsiani. Approx-
imating constraint satisfaction problems on high dimensional expanders.
In FOCS, 2019.

David Aldous. Random walks on finite groups and rapidly mixing markov
chains. In Séminaire de Probabilités XVII 1981/82, pages 243-297. Springer,
1983.

Nima Anari, Kuikui Liu, and Shayan Oveis Gharan. Spectral Independence
in High-Dimensional Expanders and Applications to the Hardcore Model
(Manuscript).

Nima Anari, Kuikui Liu, Shayan Oveis Gharan, and Cynthia Vinzant. Log-
concave polynomials ii: high-dimensional walks and an fpras for counting
bases of a matroid. In STOC, pages 1-12. ACM, 2019.

Russ Bubley and Martin E. Dyer. Path coupling: A technique for proving
rapid mixing in markov chains. In FOCS, pages 223-231, 1997.

Petter Brandén and June Huh. Lorentzian polynomials. arXiv preprint
arXiv:1902.03719, 2019.

Rajendra Bhatia. Matrix analysis, volume 169. Springer Science & Business
Media, 2013.

Sergey G Bobkov and Prasad Tetali. Modified logarithmic sobolev inequal-
ities in discrete settings. Journal of Theoretical Probability, 19(2):289-336,
2006.

Mary Cryan, Heng Guo, and Giorgos Mousa. Modified log-sobolev in-
equalities for strongly log-concave distributions. CoRR, abs/1903.06081,
2019.

Yotam Dikstein and Irit Dinur. Agreement testing theorems on layered set
systems. 2019.

Yotam Dikstein, Irit Dinur, Yuval Filmus, and Prahladh Harsha. Boolean
function analysis on high-dimensional expanders. In APPROX/RANDOM,
pages 38:1-38:20, 2018.

Martin Dyer, Alan Frieze, and Ravi Kannan. A random polynomial-time
algorithm for approximating the volume of convex bodies. Journal of the
ACM (JACM), 38(1):1-17, 1991.

Irit Dinur, Prahladh Harsha, Tali Kaufman, Inbal Livni Navon, and Amnon
Ta-Shma. List decoding with double samplers. In SODA, pages 2134-2153,
2019.

Irit Dinur and Tali Kaufman. High dimensional expanders imply agreement
expanders. In FOCS, pages 974-985, 2017.

Dominic Dotterrer, Tali Kaufman, and Uli Wagner. On expansion and
topological overlap. In SOCG, pages 35:1-35:10, 2016.

Persi Diaconis, Laurent Saloff-Coste, et al. Logarithmic sobolev inequalities
for finite markov chains. The Annals of Applied Probability, 6(3):695-750,
1996.

Shai Evra and Tali Kaufman. Bounded degree cosystolic expanders of
every dimension. In STOC, pages 36-48, 2016.

Jacob Fox, Mikhail Gromov, Vincent Lafforgue, Assaf Naor, and Janos Pach.
Overlap properties of geometric expanders. In SODA, pages 1188-1197,
2011.

Tom Feder and Milena Mihail. Balanced matroids. In Proceedings of the
Twenty Fourth Annual ACM Symposium on the Theory of Computing, pages
26-38. Citeseer, 1992.

1211

[God

[Gro10]

[Hay06]

[HLW06]

[HW17

[Jer9s]

[Js89]

[JST*04]

[Jsvod]

[Jvvae]

[KKL16]

[KL14]
[KM16]
[KM17]
[KO18]
[LMo6]

[LMY19]
[LSV05]

[LV0s]

[Mes01]

[MTO05]

[MU05

[MV87]

[MW09]

[Opp18

[PRT16]
[Scho3]

[Sin92

[Sin93

[Vigoo]
[Wei06]

[WLP09]

Vedat Levi Alev and Lap Chi Lau

Chris Godsil. Mathematics stackexchange url: https://math.stackexchange.
com/questions/2527245/what- graph-have-exactly-one-positive-
eigenvalue,.

Mikhail Gromov. Singularities, expanders and topology of maps. part 2:
From combinatorics to topology via algebraic isoperimetry. Geometric and
Functional Analysis, 20(2):416-526, 2010.

Thomas P Hayes. A simple condition implying rapid mixing of single-site
dynamics on spin systems. In FOCS, pages 39-46. IEEE, 2006.

Shlomo Hoory, Nathan Linial, and Avi Wigderson. Expander graphs and
their applications. Bulletin of the American Mathematical Society, 43(4):439—
561, 2006.

June Huh and Botong Wang. Enumeration of points, lines, planes, etc.
Acta Mathematica, 218(2):297-317, 2017.

Mark Jerrum. A very simple algorithm for estimating the number of k-
colorings of a low-degree graph. Random Struct. Algorithms, 7(2):157-166,
1995.

Mark Jerrum and Alistair Sinclair. Approximating the permanent. SIAM 7.
Comput., 18(6):1149-1178, 1989.

Mark Jerrum, Jung-Bae Son, Prasad Tetali, Eric Vigoda, et al. Elementary
bounds on poincaré and log-sobolev constants for decomposable markov
chains. The Annals of Applied Probability, 14(4):1741-1765, 2004.

Mark Jerrum, Alistair Sinclair, and Eric Vigoda. A polynomial-time ap-
proximation algorithm for the permanent of a matrix with nonnegative
entries. J. ACM, 51(4):671-697, 2004.

Mark R Jerrum, Leslie G Valiant, and Vijay V Vazirani. Random genera-
tion of combinatorial structures from a uniform distribution. Theoretical
Computer Science, 43:169-188, 1986.

Tali Kaufman, David Kazhdan, and Alexander Lubotzky. Isoperimetric in-
equalities for ramanujan complexes and topological expanders. Geometric
and Functional Analysis, 26(1):250-287, 2016.

Tali Kaufman and Alexander Lubotzky. High dimensional expanders and
property testing. In (ITCS), pages 501-506, 2014.

Tali Kaufman and David Mass. Walking on the edge and cosystolic expan-
sion. CoRR, abs/1606.01844, 2016.

Tali Kaufman and David Mass. High dimensional random walks and
colorful expansion. In ITCS, pages 4:1-4:27, 2017.

Tali Kaufman and Izhar Oppenheim. High order random walks: Beyond
spectral gap. In APPROX/RANDOM, pages 47:1-47:17, 2018.

Nathan Linial and Roy Meshulam. Homological connectivity of random
2-complexes. Combinatorica, 26(4):475-487, 2006.

Siqi Liu, Sidhanth Mohanty, and Elizabeth Yang. High-dimensional ex-
panders from expanders. CoRR, abs/1907.10771, 2019.

Alexander Lubotzky, Beth Samuels, and Uzi Vishne. Explicit constructions
of ramanujan complexes of type. Eur. . Comb., 26(6):965-993, 2005.
Laszl6 Lovasz and Santosh Vempala. Simulated annealing in convex bodies
and an 0*(n4) volume algorithm. Journal of Computer and System Sciences,
72(2):392-417, 2006.

Roy Meshulam. The clique complex and hypergraph matching. Combina-
torica, 21(1):89-94, 2001.

Ravi Montenegro and Prasad Tetali. Mathematical aspects of mixing times
in markov chains. Foundations and Trends in Theoretical Computer Science,
1(3), 2005.

Michael Mitzenmacher and Eli Upfal. Probability and computing - ran-
domized algorithms and probabilistic analysis. Cambridge University Press,
2005.

Milena Mihail and Umesh Vazirani. On the expansion of 0/1 polytopes.
Journal of Combinatorial Theory, 1987.

R. Meshulam and N. Wallach. Homological connectivity of random k-
dimensional complexes. Random Struct. Algorithms, 34(3):408-417, 2009.
Izhar Oppenheim. Local spectral expansion approach to high dimensional
expanders part I: descent of spectral gaps. Discrete & Computational
Geometry, 59(2):293-330, 2018.

Ori Parzanchevski, Ron Rosenthal, and Ran J. Tessler. Isoperimetric in-
equalities in simplicial complexes. Combinatorica, 36(2):195-227, 2016.
Alexander Schrijver. Combinatorial optimization: polyhedra and efficiency,
volume 24. Springer Science & Business Media, 2003.

Alistair Sinclair. Improved bounds for mixing rates of markov chains
and multicommodity flow. Combinatorics, probability and Computing,
1(4):351-370, 1992.

Alistair Sinclair. Algorithms for random generation and counting. progress
in theoretical computer science, 1993.

Eric Vigoda. Improved bounds for sampling colorings. Journal of Mathe-
matical Physics, 41(3):1555-1569, 2000.

Dror Weitz. Counting independent sets up to the tree threshold. In STOC,
pages 140-149. ACM, 2006.

EL Wilmer, David A Levin, and Yuval Peres. Markov chains and mixing
times. American Mathematical Soc., Providence, 2009.


https://math.stackexchange.com/questions/2527245/what-graph-have-exactly-one-positive-eigenvalue
https://math.stackexchange.com/questions/2527245/what-graph-have-exactly-one-positive-eigenvalue
https://math.stackexchange.com/questions/2527245/what-graph-have-exactly-one-positive-eigenvalue

	Abstract
	1 Introduction
	1.1 Main Result
	1.2 Applications
	1.3 Related Work

	2 Preliminaries
	2.1 Linear Algebra
	2.2 Simplicial Complexes
	2.3 Local Spectral Expanders
	2.4 Higher Order Random Walks
	2.5 Mixing Times of Markov Chains

	3 Eigenvalue Bounds for Higher Order Random Walks
	3.1 Proof of thm:main
	3.2 Proof of lem:updownrel
	3.3 Proof of thm:main-general
	3.4 Proof of cor:abwalk

	4 Analyzing Mixing Times of Markov Chains
	4.1 Independent Sets
	4.2 Matroid Intersection

	References

