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Abstract

We consider a new semidefinite programming relaxation for directed edge expansion, which
is obtained by adding triangle inequalities to the reweighted eigenvalue formulation. Applying
the matrix multiplicative weight update method on this relaxation, we derive almost linear-
time algorithms to achieve O(y/logn)-approximation and Cheeger-type guarantee for directed
edge expansion, as well as an improved cut-matching game for directed graphs. This provides
a primal-dual flow-based framework to obtain the best known algorithms for directed graph
partitioning. The same approach also works for vertex expansion and for hypergraphs, providing
a simple and unified approach to achieve the best known results for different expansion problems
and different algorithmic techniques.
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1 Introduction

The main combinatorial quantity that we study in this work is the directed edge expansion with
arbitrary vertex weights.

Definition 1.1 (m-Weighted Directed Edge Expansion). Let G = (V, E,w) be a directed graph
with edge weights w : E — R, equipped with vertex weights m : V. — RT. For S C V, let
§T(S):={ije E:i€ S, j¢& S} be the set of edges going out of S, and let 6= (S) = §T(S). Let
m(S) := > ,cq (i) be the m-weight of S. The m-weighted edge expansion of S C 'V and of the graph
G are defined as

5.(5) = min{w (4 (S)), w(d(5))}

min{ﬂ(s)7ﬂ(§)} and ¢7T(G) = @715{15‘12\/ (JSﬂ-(S)

This is a general problem that encompasses various expansion problems studied in the literature.
The directed edge expansion problem is when 7 (i) = 1 for all i € V', and this is equivalent (up to
a factor of ©(n) where n is the number of vertices) to the directed sparsest cut of G

- min{w(0+(5)), w(6+(5)))
p£SCV |S] - |V\S]

studied in [ACMMO05, AK07, Kal07]. The directed edge conductance problem studied in [Yos19,
LTW23] is when 7(i) = w(d"(i)) + w(d~ (7)), the weighted total degree of vertex i. Clearly, the
corresponding problems in undirected graphs as studied in [ARV09, KRV06, AK07] can be reduced
to Definition 1.1 by bidirecting the edges in the undirected graph. Also, the undirected vertex
expansion problem studied in [FHLO08, LRV13]' and the directed vertex expansion problem studied
in [LTW23] can be reduced to Definition 1.1 through a standard reduction of splitting each vertex
into two. Furthermore, the corresponding problems in undirected and directed hypergraphs can be
reduced to Definition 1.1 through a reduction of replacing each hyperedge by a vertex as shown
in [CS18]. The main goal of this work is to design fast algorithms for approximating qg,r.

1.1 Previous Work

Before presenting our results, we first review previous work on approximating various graph expan-
sion problem to provide the context of our work. We let n := |V| and m := |E| unless otherwise
specified.

1.1.1 Undirected Graphs

The edge expansion, sparsest cut, and the edge conductance problems in undirected graphs are
central problems in approximation algorithms. These problems have a rich literature with various
techniques developed.

'To be precise, [FHLOS] studies “minimum ratio vertex cuts”, which is equivalent to undirected vertex expansion
which we will define in Section 6. They use “vertex expansion” to refer to a different quantity incomparable to ours.



Spectral Method: Cheeger’s inequality [AMS85, Alo86] provides a near-linear time algorithm to
return a set S with conductance Aa < ¢(S) < /Ay where \g is the second smallest eigenvalue of
the normalized Laplacian matrix of the graph.

Linear Programming: Leighton and Rao [LR99] gave an O(logn)-approximation algorithm for
sparsest cut based on linear programming. The dual problem of their linear program is to embed
a complete graph into the original graph using flows.

Semidefinite Programming: Arora, Rao, and Vazirani [ARV(09] gave a celebrated semidefinite pro-
gramming O(y/log n)-approximation algorithm for sparsest cut. They introduced novel geometric
ideas in analyzing the triangle inequalities of the Goemans-Linial SDP relaxation. The dual prob-
lem of their semidefinite program (SDP) is to embed an expander graph into the original graph
using flows.

Cut-Matching Game: Developing the idea of expander flows in [ARV09], Khandekar, Rao, and
Vazirani [KRV06] introduced the cut-matching game as a combinatorial approach to obtain fast
approximation algorithm for sparsest cut. Orecchia, Schulman, Vazirani, Vishnoi [OSVV08] im-
proved the analysis of cut-matching game to give an O(log n)-approximation algorithm for sparsest
cut using O(log3 n) undirected approximate max-flow computations. Since then, the cut-matching
game has become a useful algorithmic tool on its own, with interesting applications in different
problems [And10, Chul2, CE13, CL16, CGLNPS20, BGS20].

Primal-Dual Algorithms: Arora and Kale [AK07] developed a general primal-dual combinatorial
approach to solve SDPs based on the matrix multiplicative weight update (MMWU) method.
Using this, they gave an O(n?)-time O(y/logn)-approximation algorithm for sparsest cut using
O(log? n) multi-commodity flow computations. Notably, the cut-matching game in [OSVV08] can
be interpreted as an instantiation of the matrix multiplicative weight update method.

Almost Linear-Time Algorithm: Sherman [She09] pushed the approach in [AK07] further to get
the best of the semidefinite programming approach and the combinatorial approach. He gave an
O(, / % log n)—approximation algorithm for sparsest cut using n?() approximate max-flow compu-

tations, which implies an almost linear-time O(+/logn)-approximation algorithm for the problem.

1.1.2 Directed Graphs

The corresponding problems for directed graphs are not as well-understood, particularly in relation
to fast algorithms.

Spectral Method: There was no known analog of Cheeger’s inequality for directed graphs until re-
cently. Lau, Tung, Wang [LTW23] defined a “spectral” quantity (using semidefinite programming)
called the reweighted eigenvalue A3, and showed that there is a polynomial-time algorithm to return
aset S CV with \J < d_;(S) S VA3 log(1/A%). They left it as an open question to design a fast
algorithm to return such a set.

Semidefinite Programming: Agarwal, Charikar, Makarychev and Makarychev [ACMMO5] formu-
lated an SDP using directed semi-metrics, and extended the analysis in [ARV09] to obtain O(y/logn)-
approximation algorithms for directed sparsest cut, directed balanced separator and other related



problems.

Cut-Matching Game: Louis [Loul0] defined an analog of the cut-matching game in [KRV06] for
directed graphs, and used it to obtain an O(log2 n)-approximation algorithm for directed sparsest
cut using O(log® n) max-flow computations.

Primal-Dual Algorithms: Using the matrix multiplicative weight update method on the SDP formu-
lation in [ACMMO5], Arora and Kale [AK07, Kal07] claimed an O(+y/log n)-approximation algorithm
for directed sparsest cut with time complexity O(n>t°() plus O(log® n) maximum flow computa-
tions. Chan and Sun [CS18] pointed out an issue (which was acknowledged by Kale) in the trace
bound in the analysis in [AKO07], and consequently the number of iterations is only bounded by
O(n?) instead of O(1), and so the time complexity should be O(n*t°M) plus O(n?) maximum
flow computations. Therefore, even with the recent breakthrough [CKLPPS22] in maximum flow
computations in directed graphs, the time complexity of Arora-Kale’s algorithm remains Q(n?)
for directed sparsest cut. Moreover, unlike for undirected graphs, the connection between the
cut-matching game in [Loul0] and the matrix multiplicative weight update method is not known.

1.2 Our Results

We consider a new semidefinite program for directed edge expansion based on the reweighted eigen-
value formulation. Using the MMWU method on this new SDP, we improve the algorithmic results
for directed edge expansion, matching the corresponding results for undirected edge expansion.

1.2.1 Primal Formulation

We consider a new SDP relaxation for directed edge expansion in Definition 1.1. For undirected
graphs, the SDP formulation in [ARV09] can be understood as the spectral formulation for second
smallest Laplacian eigenvalue plus the ¢3 triangle inequalities [Trel6]. For directed graphs, our
SDP formulation is to use the spectral formulation for reweighted eigenvalue in [LTW23] plus the
% triangle inequalities.

Definition 1.2 (Reweighted Eigenvalue with Triangle Inequalities). Given an edge-capacitated
directed graph G = (V, E,w), we say that F : E — R>q is a circulation® on G if Zj:ijeE F(i,j) =
> jjier F(,7) for alli € V. We let F(G) be the set of all circulations on G that also satisfy the

capacity constraints F(e) < w(e) for all e € E. Given also vertex weights m: V. — Rxq, the )\f(G)

’In [LTW23], F is called an Eulerian reweighting of G. In this paper, network flows is a unifying theme, and so
we find it more suitable to call F' a circulation.



program for directed edge expansion is

E(F(i,j) + F(5,4)) - lvi — v

A2(G):= min max) Z 5

v1,...,0n €ER™ FEF (G —
1<)

n

subject to Zw(z) v; =0

i=1 (1.1)
n
. 2
> w(i) - fuil® =
=1
[v; = vel® + [lve — v; 1> > [[vi — v Vi, j, ke V.

Here we use the convention that F(i,j) =0 if ij € E.

We note that the formulation in Definition 1.2 without the £2 triangle inequalities in the last line is
exactly the formulation for reweighted eigenvalues in [LT W23, Proposition 3.4]. Just as the addition
of triangle inequalities to the spectral formulation reduces the integrality gap of undirected edge
expansion to O(y/logn) in [ARV09], we show the exact analog for directed edge expansion by using
the spectral formulation for reweighted eigenvalues.

Theorem 1.3 (O(+/log n)-Approximation for Directed Vertex Expansion). For any edge-capacitated
directed graph G = (V, E,w) with vertex weights 7 : V — R4,

A2 (G) S 6:(G) S Vlogn - A2 (G

The proof is a simple adaptation of that in [ARV09]. We will compare our formulation with that
in [ACMMO5] in Section 2.3.1, and we will compare the two dual formulations in Section 2.3.2. We
note that the same approach of adding £3 triangle inequalities to reweighted eigenvalues provides
considerably simpler formulations and proofs for undirected vertex expansion and hypergraph edge
expansion than that in [FHLO8] and in [LM14], while having the same integrality gap O(y/logn);
see Section 6 for more details.

1.2.2 Dual Formulation

As in [ARV09], the dual program of A% in Definition 1.2 can be interpreted as embedding a directed
expander flow into the original directed graph. Since our formulation in Definition 1.2 requires the
flow to be a circulation, we obtain a new structural result about the existence of a circulation of
high edge expansion as a dual certificate, which may be of independent interest.

Proposition 1.4 (O(y/logn) Dual Certificate). Given an edge-capacitated directed graph G =
(V, E,w) with vertex weights m : V — R, there exists a circulation F € F on G satisfying edge
capacity constraints with

min ZzeSJgéS F(Z ]) > Q_ﬁ)ﬂ(G)
0£5cv min{r(S),7(S)} ~ iogn

Or(F) =
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1.2.3 Primal-Dual Algorithms

Using the MMWU method in [AK07, Kal07] on )\f , combining with the chaining techniques
in [She09], we extend Sherman’s result to directed graphs.

Theorem 1.5 (Fast O(y/logn)-Approximation to Directed Edge Expansion). For small enough
€ > 0, there is a randomized algorithm that, given any edge-capacitated directed graph G = (V, E,w)
with vertex weights © : V. — Ry, uses O(n3¢) directed maz-flow computations to compute a cut

S CV with d_;w(S) < 10% . A,%(G) with constant probability.
Using the recent breakthrough [CKLPPS22] on directed maximum flow, Theorem 1.5 implies an
O(m!+9©)-time O(y/(logn)/e)-approximation algorithm for directed edge expansion. This is a
significant improvement over the previous O(n*t°M)-time O(y/Iogn)-approximation algorithm for
directed sparsest cut by Arora and Kale [AK07, Kal07].

Since undirected vertex expansion can be reduced to directed edge expansion, this is also a sig-
nificant improvement over the previous results [CK19, CS21] in fast approximation algorithms
for undirected vertex expansion, where the best known result is a O(log® n)-approximation using
O(log3 n) vertex-capacitated max-flow computations. We remark that our algorithm is simpler than
Sherman’s when restricted to undirected graphs, bypassing the use of multi-commodity flows®. See
Section 2.2.3 and Section 2.3.2 for more discussions.

1.2.4 Cheeger-Type Guarantee

We show that the MMWU method can also be used to obtain a fast algorithm to output a set with
the Cheeger-type guarantee in [LTW23].

Theorem 1.6 (Fast Cheeger-type Approximation). Given an edge-capacitated directed graph G =
(V, E,w), there is an almost linear time algorithm for approximating the directed edge conductance

q;(G) that returns a set S with q;(S) <, /q;(G) -log (;(16,).

This answers an open question in [LTW23] and provides a fast “spectral” algorithm for directed
graph partitioning.

1.2.5 Cut-Matching Game

The cut-matching game is an interesting and useful way to construct an expander graph; see
Section 2.2.4 for an introduction. Using the MMWU method, we also obtain a cut-player strategy
that matches the cut-matching game result in [OSVVO08] for undirected graphs.

3In a concurrent work, Kolmogorov [Kol23] also showed that Sherman’s algorithm on undirected graphs can be
simplified by bypassing the multi-commodity flow step. Their work does not generalize the algorithm to directed
graphs and instead focuses on making the algorithm parallelizable. We leave as potential follow-up work whether our
algorithms can also be made parallelizable.



Theorem 1.7 (Cut-Matching Game for Directed Edge Expansion). In the cut-matching game for
directed graphs (see Section 2.3.3 for definition), there is a cut player strategy so that, in O(log®n)
iterations, the union of the matchings played by the matching player is an Eulerian graph with edge
expansion Q(logn).

This is an improvement over the cut-matching game by Louis [Loul0], which only had an expan-
sion lower bound of ©(1). A corollary of Theorem 1.7 is a simple almost linear-time O(logn)-
approximation algorithm for directed edge expansion.

1.2.6 Unifying Framework

The reweighted eigenvalue formulations in [KLT22, LTW23] provide a unifying framework to obtain
Cheeger-type inequalities for vertex expansion, directed graph expansions, and hypergraph expan-
sions. In this study, we show that in all these cases, adding ¢3 triangle inequality constraints to the
reweighted eigenvalue formulations gives O(y/log n)-approximation algorithms for estimating these
quantities, as well as fast algorithms for computing such approximations using expander flows and
the chaining techniques [ARV09, AK07, Kal07, She09]. Our results bring the more general expan-
sion problems closer to the basic undirected edge expansion problem, since both the formulations
and the proofs are close analogs of the corresponding results for undirected edge expansion. More-
over, our proofs show that the MMWU method and the max-flow min-cut theorem can also be used
to recover the Cheeger-type inequality and the cut-matching game, providing a common framework
to analyze these different algorithmic techniques for graph expansion problems. Overall, we believe
that our results simplify and unify the state-of-the-art of various problems and approaches studied
in the literature.

2 Technical Review and Overview

Since our work revisits and extends several previous works [ARV09, KRV06, AK07, Kal07, She09,
ACMMO5, Loul0, LTW23], we review these previous techniques and mention some of our ideas for
improvements along the way in the corresponding subsections, and we conclude with the common
themes in Section 2.4.

2.1 Preliminaries

First, we introduce some notation that we will use throughout the paper. We use R, to denote the
set of positive real numbers and R>( to denote the set of non-negative real numbers. Given two
functions f,g : X — R>p, we use f < g to denote the existence of a positive constant ¢ > 0, such
that f < c¢- g always holds. We use f ~ g to denote f < gand g < f.



2.2 Previous Works on Undirected Sparsest Cut
2.2.1 Semidefinite Program with Triangle Inequalities

The seminal work of Arora, Rao and Vazirani [ARV09] proved that the following Goemans-Linial
SDP relaxation for the undirected sparsest cut problem has an integrality gap of O(y/logn).

min > v — v
V1., Up ER™

ijel

subject to Z ||lv; — ijz =1 (2.1)
1<j
loi = vell® + ox = vil1* = lloi = vgll* Vi gk eV

Note that this formulation without the triangle inequalities in the last line is equivalent to the second
smallest eigenvalue of the normalized Laplacian matrix when the graph is regular (see e.g. [Trel6]).

A major contribution in [ARV09] is a structure theorem on vectors satisfying the ¢3 triangle in-
equalities. It asserts that, given a “well-spread” set of vectors satisfying the £3 triangle inequalities,
there are two large subsets L and R, such that all vectors in L are far away from all vectors in R.

Definition 2.1 (Well-Spread Vectors). Let {v;};_; be a set of vectors that satisfy 3, _; ||vi — v; 12 =
n?. Let B(i,8) == {j € V : |lvj —vil| < 8} denote the closed §-ball centered at v;. We say that
{vi}_ is well-spread if | B(1, \/%—0)\ < qg forallie V.,

Theorem 2.2 (2 Structure Theorem [ARV09, Theorem 1]). Let {v;}?_; be a set of vectors® that
satisfy the (3 triangle inequalities and >ijev llvi — vi||* = n?. If {v;}, is well-spread, then there
exist two sets L, R CV such that |L|,|R| > Q(n) and

d(L,R) := min _|lv; —vj||* = 1/1/logn.
i€L,jER
Moreover, there is a randomized polynomial-time algorithm that finds such sets with high probability.
The proof consists of novel geometric arguments involving measure concentration and chaining. We
will use Theorem 2.2 straightforwardly to prove that the new SDP formulation in Definition 1.2

has integrality gap O(1/logn). We will also use a refined version of the chaining result by Sher-
man [She09] for our fast algorithm in Theorem 1.5.

2.2.2 Expander Flows

Another important contribution of [ARV09] is the concept of expander flows. The idea of using
multi-commodity flow to certify edge expansion was first introduced by Leighton and Rao [LR99].

“In [ARV09)], the vectors v; are assumed to be of unit length. We note that the structure theorem holds without
this assumption as well; see for example [Rot16] for a writeup.



Definition 2.3 (Multi-Commodity Flow and Demand Graph). Let G = (V,E,w) be an edge-
capacitated undirected graph. Given demands d;; for each i,j € V, a multicommodity flow f
assigns a value f, > 0 to each path p in G such that (i) 3 .. fp, < we for all e € E and (ii)
ZpePij fp =d;j for alli,j € V, where P;; denotes the set of paths from i to j. The demand graph
D is defined on the same vertex set V, with edge set E' =V x V and the weight of each edge ij

being d;;.
For an edge-capacitated undirected graph G = (V, E, w), let

mingcy.|si<v|2 w(4(S))

(&) = BE

be the value of the sparsest cut of G. If there is a multi-commodity flow in G with demand graph
D, then it is not difficult to check that ®(G) > ®(D). Leighton and Rao [LR99] used linear
programming with the demand graph D = K, the complete graph on n vertices, to approximate
the sparsest cut of G up to an approximation ratio O(logn).

The new idea in [ARV09] was to use semidefinite programming to search for a demand graph D
with a feasible multi-commodity flow on G, and to lower bound the sparsest cut of G using the
second eigenvalue of the Laplacian matrix of D through Cheeger’s inequality. This approach can
be summarized as

max  Ao(L(D)) (2.2)

)

subject to  f is a multi-commodity flow on G with demand graph D

2.2.3 Expander Flows vs Dual Program

In fact, the above approach of lower bounding ®(G) can be interpreted as lower bounding the
objective value of the dual of the Goemans-Linial SDP in (2.1). To see this, we first express the
triangle inequalities as

2 . .
Hvil _Ui2H2+ Hvi2 _Ui3”2+"'+ H,Uilfl _UieH > th _viz||2 Vp = (i1, ..., 1) EP(Kn)y
where P(K,,) denotes the set of paths in the complete graph K, on the same vertex set V. We

write the primal program in matrix form. Let U be the matrix with the i-th column being v; for
1<i<nandlet X =UTU. Let L; ; be the Laplacian of the edge ij and

~

-1

Tp = L

(]

Ueyik+1 Lil:il' (2'3)

b
Il

1

Then the Goemans-Linial SDP in (2.1) can be written as

min (L(G), X)
X0
subject to  (L(K,),X) =1 (2.4)

~ o~ —~ B

T,,X) >0 VpeP(K,).



One can check that strong duality holds, and the dual program can be written as

max A
fp 205PEP(K77,)

subject to  A- L(K,) < L(G) — Z IpTp.
P

Therefore, the dual program of the Goemans-Linial SDP can be succinctly written as

masx Ay (L@ - zp: 1Ty)- (2.5)

The expander flow formulation in (2.2) is weaker than the dual program.

Claim 2.4. The objective value of (2.2) is a lower bound on the objective value of (2.5).

Proof. Let f be a multi-commodity flow on G with demand graph D, and F be the n X n matrix
with F'(4, j) = 3 ;5 fp- Then, check that }_ f,T,, = L(F) — L(D), and hence

LD) = L(F) = Y [Ty < LG =Y [Ty = M(L(D) < X(LG) = Y 1),

where the inequality L(F) < L(G) is because F'(i,7) < w;; for all (i,7) € V x V. O

We remark that all previous works on undirected graphs [ARV09, KRV06, AK07, Kal07, She09]
use the expander flow formulation in (2.2) to approximate sparsest cut. This can be understood as
the dual program in (2.5) with the additional constraint that Zpaij fp Swiforalli,j e VxV,
which in particular implies that only the path variables f, when p is a path in G are used. Since
we will discuss several variations of the program (2.1) and take their duals, we will refer to dual
programs with additional capacity constraints on the f, variables such as (2.2) as the “constrained
dual programs” and the original dual programs such as (2.5) as the “unmodified dual programs.”

In proving Theorem 1.5, we will use the unmodified dual program of )\ﬁ. As we will explain later,
this will allow us to design a simpler primal-dual algorithm using the MMWU method, bypassing
the use of multi-commodity flow as in [AK07, Kal07, She09].

2.2.4 Cut-Matching Game

The cut-matching game was first introduced by Khandekar, Rao and Vazirani [KRV06] as a fast
combinatorial method for approximating sparsest cut in undirected graphs using flows. In this
game, there is a cut player and a matching player who try to build an expander from the empty
graph as follows. In each round, the cut player chooses a bisection (9, S) of the vertices, and the
matching player chooses a perfect matching between (.9, S). The goal of the cut player is to minimize
the number of rounds so that the union of the matchings is guaranteed to be a good expander.
Khandekar, Rao and Vazirani [KRV06] gave a cut player strategy that always builds a graph with
Q(1) edge expansion in O(log?n) rounds. Orecchia, Schulman, Vazirani, and Vishnoi [OSVV0S]



gave an improved cut player strategy that always builds a graph with Q(logn) edge expansion in
O(log?®n) rounds. The proofs of these results are based on ad-hoc potential functions, although in
hindsight the algorithm in [OSVV08] is very similar to the one using MMWU method in [AK07].

The original motivation of the cut-matching game is to build an expander flow to approximate
sparsest cut. In each round, we aim to send a flow between the cut (S,S) provided by the cut
player. On the one hand, if such a flow cannot be sent, then we obtain a sparse cut by the max-flow
min-cut theorem and the algorithm stops. On the other hand, if such a flow can be sent, then
the demand pairs routed by this flow form a perfect matching between S and S. Therefore, if we
successfully send such a flow in each round, then the average of the flows is a multicommodity flow
in the original graph, with the demand graph being the average of the perfect matchings, which
is guaranteed to be an expander by the cut-matching game. In this case, we can prove a lower
bound on the sparsest cut by the expander flow formulation in (2.2), with the approximation ratio
depending on the parameters in the cut-matching game. The cut player strategy in [KRV06] gave an
O(log? n)-approximation for undirected sparsest cut using O(log®n) max-flow computations, while
the one in [OSVV08] gave an O(log n)-approximation using O(log® n) max-flow computations.

We remark that the cut-matching game has become a useful algorithmic tool on its own, with
interesting applications in other important problems such as edge-disjoint paths [And10, Chul2,
CL16] and dynamic graph problems [CGLNPS20, BGS20].

2.2.5 Matrix Multiplicative Weight Update Method

Arora and Kale [AK07, Kal07] developed a general primal-dual framework to solve SDPs using the
matrix multiplicative weight update method. For our purpose, it would be better to understand
this method from the viewpoint of regret minimization, which is the setting in online optimiza-
tion. In each iteration ¢, the player chooses a density matrix X;, which represents a probability
distribution over the set of unit vectors. The player then observes a feedback matrix M; with
bounded spectral norm and incurs a loss of (X, M;). The objective of the player is to minimize
the total loss. In hindsight, if the player had knowledge of all the feedback matrices M; from the
start, then the best strategy would be to choose the density matrix vo? where v is a unit-length
minimum eigenvector of ), My, with total loss Amin(D>_; M;). The regret of the player is defined
as » (M, X¢) — Amin(D_, My), the difference of the player’s loss to this offline loss. Arora and
Kale [AKO07, Kal07] analyzed the following algorithm that sets X; to be the matrix exponential of
the feedback matrices.

Algorithm 1 Matrix Multiplicative Weight Update Algorithm
Initialization: Xo = 11,, n € (0,1) as a step size
Fort=0,....,T—1

1. Observe feedback matrix M; such that || M| < p. Incur a loss of (M;, X¢).

2. Compute Xj ; := exp(—n S %MZ) and update X; 11 := X/ /tr(X} ).

The requirement that M; has bounded spectral norm, or ||M|| < p, is to control the regret bound.

10



The p parameter is called the “width” and is the key parameter in analyzing the matrix multiplica-
tive weight update method in many applications.

Theorem 2.5 (Regret Bound [Kal07, Theorem 10]). After T iterations of Algorithm 1, let M :=
% tT:_Ol My, then

o 1 T-1

. > _ _
)\mln(M) ~o tz:;<Mtht> np UT . (26)

If, in addition, each My satisfies My = 0, then we have the stronger bound that

T—
1 plogn
= My, X¢)(1 —n) — . 2.7
T t:0< ts t>( 7]) 77T ( )

—_

)‘min(M) 2
Theorem 2.5 is a key result that we will use to design fast algorithms.

2.2.6 Primal-Dual Algorithms for Sparsest Cut

Arora and Kale [AK07] uses the regret bound in Theorem 2.5 to design a primal-dual algorithm
for approximating the sparsest cut problem. The setup is to either certify that the optimal value
is at least Q(«) by building an expander flow solution to (2.2), or to find a cut of sparsity at
most v/logn - . In each iteration, the algorithm uses the density matrix X; given by the matrix
multiplicative weight update algorithm as a candidate primal solution to (2.4). To build a dual
solution to (2.2), the idea is to use the regret minimization framework to reduce to the simpler
task of finding a multi-commodity flow f; whose demand graph D satisfies (L(Dy), X;) > «a. If
such a multi-commodity flow with demand graph D; can be found in each iteration ¢ for O(logn)
iterations, then the regret bound in Theorem 2.5 would imply that Ao(L(% >, D;)) 2 «, and thus
the average of the flows f; is an expander flow solution to (2.2) with objective value at least Q(«).

The remaining task is that, given a density matrix X;, either to find a multi-commodity flow f;
whose demand graph D; satisfies (L(Dy), X:) > o and ||L(Dy)]| < p, or to find a cut with sparsity
at most O(y/logn - a). This task is usually called implementing the “oracle” for the MMWU
method. To do so, consider the Gram decomposition vy, ..., v, of X and note that (L(D;), X;) =
> Di(i, g) lvi — v; |%. To ensure that the width p is small, the algorithm only searches for demand
graphs with bounded maximum degree. To ensure that the inner product (L(D;), X;) is large, the
algorithm only routes flow between pairs of vertices (7, j) with |jv; — v;|| = ©Q(1). If such a multi-
commodity flow can be sent, then the oracle succeeds and the primal-dual algorithm proceeds to the
next iteration. If not, using the dual solution to the multi-commodity flow problem, along with the
geometric chaining arguments used in [ARV09], they showed how to find a cut with sparsity at most
O(y/1logn - a) (see [AKO7, Lemma 6.6 and Theorem 6.7]). The time complexity of their algorithm
is 5(n2), where the bottleneck is in the multi-commodity flow computation in the implementation
of the oracle.

To achieve O(logn)-approximation, there is a much easier way to implement the oracle using only
max-flow computations. The algorithm is to project the vectors vy, ..., v, along a random direction,
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and set up a single-commodity flow between the Q(n) vertices with the lowest projection values
and the Q(n) vertices with the highest projection values. This algorithm is very similar to the
cut-matching game in [OSVV08] that uses matrix exponentials to define a cut-player strategy.

2.2.7 Almost Linear-Time Primal-Dual Algorithm

Sherman [She09] pushed the approach in [AKO07] further to almost get the best of the semidefi-
nite programming approach (O(+y/logn)-approximation) and the combinatorial cut-matching game
approach (near linear-time algorithms).

The approach in [She09] is to use an inner multiplicative weight update algorithm to compute the
multicommodity flow in the oracle implementation, rather than doing it in a black-box manner as
in [AKO7]. Specifically, each iteration of this inner multiplicative weight update algorithm consists
of chaining together matchings corresponding to flow paths of single-commodity flows. The single-
commodity flows are set up using the random projection method as in the O(logn)-approximation
in [AKO7], but the random directions for these flows are correlated and the distribution of the
random directions is explicit and can be sampled efficiently. The main contribution of [She09] was
to show that, after chaining together ©(y/logn) of these correlated random matchings, one can
find not just one (as in [ARV09]), but many flow paths between pairs (i, j) such that |v; — vj]|
is ©(1). Using this chaining method as a subroutine, one can either find a good multicommodity
flow whose demand graph satisfies >, - D(i, j) [[vi — v; | > a in O(n'*¢) time by running the inner
multiplicative weight update algorithm, or find some direction along which the single commodity

flow cannot be sent and an associated min-cut S with ¢(S) < « - \/lo%.

Sherman’s algorithm and its analysis are rather technical and we will provide more details in
Section 4.3.2. We will use his main chaining result as a black-box in our algorithm for Theorem 1.5.

2.3 Previous Works on Directed Sparsest Cut
2.3.1 Directed Semi-Metric for Directed Sparsest Cut

Agarwal, Charikar, Macharychev and Macharychev [ACMMO5] introduced an SDP for approximat-
ing directed sparsest cut using a directed semi-metric. The idea was to introduce an extra vector vg

to the embedding, and to define the semi-metric as d(i, 7) := ||v; — v;||*—|Jv; — vol|*+[|v; — wo||* > 0.
The program is formulated as follows:
. . 2 2 2
min w(z, V; — vi||T — ||vi — v + |v; — v )
R DL (Ires = 311> = llos = woll® + flo; = v

subject to  [Jv; — v;]|2 4 [lvj — vell® > i —wl® Vi, 5,k € VU{0}

ZTI‘(Z) v; =0 (2.8)

9%

> (i) Jloill* = 1.

eV
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The )\f program that we introduce in Definition 1.2 is less constrained than this program. We can
see this by taking the linear programming dual of the inner maximization problem with respect to
the F(i,j) variables (see [LTW23, Lemma 3.21 and Lemma 3.22]):

F(i, j F(j.7)) - i_'2: . i) - {07 i_'2_ ) & }
s, 3 (F6.9) 4 FG0) - = T}gglRij%;Ew(ZJ) max {0, [lo; — v 2 = (i) + 7 (j)

Thus, we see that every feasible solution to (2.8) corresponds to a feasible solution to the AG (G)
program with the same objective value by taking r(i) = |lv; — ’Uon. The reason we present P
throughout the paper in the min-max form is that all our analyses make use of this min-max
formulation of the problem, as it can be naturally captured by flows.

2.3.2 Primal-Dual Algorithm for Directed Sparsest Cut

Arora and Kale [AK07, Kal07] used the matrix multiplicative update method on the SDP (2.8)
in [ACMMO5] to obtain a primal-dual O(y/log n)-approximation algorithm for directed sparsest cut.

One important difference with the algorithm for undirected sparsest cut is that they used the
unmodified dual program of (2.8), which can be expressed as maxjy Ao (E(D) - >, fpTp), where
D is the demand graph of a flow on G (see Section 2.2.3 for a discussion about these two dual
programs). Recall from our previous discussion that simply using L(D) instead of L(D) — > oIy
as in the undirected case (i.e. using the constrained instead of unmodified dual program) would
correspond to only enforcing £3 triangle inequalities along paths in the directed graph. Since paths
in the directed graph are restricted by the orientation of the edges, it seems arbitrarily restrictive
to only enforce triangle inequalities along directed paths.

Using the dual program max s Ay (E(D) -2 fpTy), there remains an important difference between
the primal-dual algorithm here with that for the undirected sparsest cut. Unlike in the algorithm
for undirected sparsest cut, the algorithm for directed sparsest cut does not involve the use of
multicommodity flows. Instead, it tries to find a single-commodity flow f with demand graph D
that pushes a lot of flow between pairs of vertices (4, ) such that ||v; — v;|| is large, and to then
use L(D) as the feedback matrix. If it fails to do so, then it finds many paths that violate the
/% triangle inequality, and it then uses —y Ep T, as the feedback matrix, where the sum is over
the violating paths p and y is an appropriate scaling factor. The procedure for finding violating
paths is implemented in time O(n2+°(1)) using a special data structure about dynamic decremental
spanners. This is the bottleneck and thus the runtime per matrix multiplicative weight update
iteration is O(n>+oM),

The original claim in [Kal07] was that O(logn) iterations suffice, but Chan and Sun [CS18] found
that their analysis should only yield the weaker bound of O(n?) iterations and thus a total runtime
of O(n*t°(M). This is because of a technical issue in bounding the trace of feasible solutions in
the primal program (see footnotes 1 and 2 in [CS18], with Kale’s acknowledgement). Chan and
Sun simplified their approach and obtained an O(n*)-algorithm with the same approximation ratio
O(v/logn), that also works for directed hypergraphs.

As mentioned in Section 2.2.2, we will use the unmodified dual program of )\ﬁ similar to how Arora-
Kale’s uses the unmodified dual program of (2.8). We also use their “flows or violating paths” oracle
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for this dual program, thus bypassing the multicommodity flow computation in [AK07, She09]. We
observe that Sherman’s chaining result can be used to find many violating paths efficiently, without
using any special data structures. This gives us an almost linear-time O(y/logn)-approximation
algorithm for directed sparsest cut, which also simplifies the corresponding algorithm for undirected
sparsest cut.

We end this subsection with the following technical remark about the primal-dual algorithm for
directed sparsest cut using the SDP in [ACMMO5].

Remark 2.6. Because of the directed semi-metric with the special vector vy, Arora and Kale needed
to work with a non-PSD Laplacian L(G) with vertex set VU{0} and with both positive and negative
edge weights (specifically, edges (i,7) and (7,0) have weight 1 while edge (i,0) has weight -1). the
Laplacian of the demand graph of a flow is used as a feedback matrixz in each iteration. However,
the newly introduced vertex 0 has large degree in any demand graph, thus making it difficult to
bound the spectral norm of the feedback matrix, i.e. the width of the oracle. To address this, Arora
and Kale duplicated the vertex 0 into n copies, and considered a graph on 2n vertices in order to
have a better bound on the width.

One advantage of our formulation A in Definition 1.2 is that it is defined on the original graph,
and this simplifies the primal-dual algorithm and the analysis for Theorem 1.5 considerably.

2.3.3 Cut-Matching Game for Directed Graphs

Louis [Loul0] developed a cut-matching game for directed graphs, where the matching player plays
a directed matching, which is defined as an Eulerian graph where each vertex has indegree and
outdegree exactly one. He analyzed a cut-player strategy that is similar to the one in [KRV06] and
proved that, in O(log2 n) iterations, the union of the directed matchings is an Eulerian graph with
edge expansion Q(1).

For undirected graphs, the matrix multiplicative update method can be used to give an improved
cut-player strategy [AK07, OSVV08]|. For directed graphs, however, the primal-dual algorithm
is more complicated because of the directed semi-metric formulation as discussed in Remark 2.6,
and it does not directly translate to a cut-matching game. Using the simpler )\f formulation
in Definition 1.2, which also has a natural correspondence with Eulerian subgraphs, we obtain
an improved cut-player strategy as stated in Theorem 1.7 using the matrix multiplicative weight
update method on )\f.

2.3.4 Reweighted Eigenvalues for Directed Graphs

Lau, Tung, and Wang [LTW23] defined the reweighted eigenvalue for directed edge expansion and
use it to prove a Cheeger-type inequality for directed graphs. Given a directed graph G = (V, E, w)
with edge weights w : F — R, the maximum reweighted second eigenvalue problem seeks to find a
circulation F' satisfying edge capacity constraints (see Definition 1.2) such that the second smallest
eigenvalue of the symmetric Laplacian of F' is maximized.
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Definition 2.7 (Maximum Reweighted Second Eigenvalue for m-Weighted Edge Expansion). Given
an edge-capacitated directed graph G = (V,E,w) and vertex weights m : V. — Ry, define the
mazimum reweighted second eigenvalue as

_ F+FT\__

23 (G) == Mo (Y2 Dp — ——— 11 1/2
2(G) Fglg(}é) 2< E 2

where 11 = diag(w), F' is the n X n adjacency matriz of the circulation, and Dy is the diagonal

degree matriz of (F + FT)/2 with Dp(i,i) = djev 3(F(i,5) + F(j,1)) for 1 <i<n.

Using the semidefinite programming formulation for the second eigenvalue and von-Neumann min-
max theorem, A5(G) can be rewritten as the form in Definition 1.2 without the triangle inequalities.

The directed edge conductance <;§ studied in [LTW23] is a special case of the directed edge expansion
¢ in Definition 1.1 when 7 (i) = w(67 (7)) +w(6~ (7)) for all i € V. The directed Cheeger inequality
in [LTW23] states that

* g * 1 * 1
X(G) S 4(6) < \/A2<G> Tog i \/A2<G> g 310 (2.9)

—

In Theorem 1.6, we provide an almost linear-time algorithm to return a set S with ¢(S) <

X5 (G) - log % The idea is to use the regret minimization framework to construct an opti-
mal circulation iteratively, and the observation is that this converges quickly when A\5(G) is large.
This combines with our almost linear-time O(y/logn)-approximation algorithm in Theorem 1.5

gives Theorem 1.6.

2.4 Our Techniques

We have already discussed the ideas of our main results in Section 1.2 in the corresponding sub-
sections above when we reviewed the previous techniques. Here we highlight two common themes
in our techniques.

One common theme is called the “metric rounding lemma” that we prove in Section 3.1, which is
to use the max-flow min-cut theorem to find a sparse cut in a geometric embedding of the graph.
All the algorithms in this paper use this lemma to find sparse cuts, including the almost linear-time
O(y/log n)-approximation in Theorem 1.5, the improved cut-matching game in Theorem 1.7, and
interestingly even the Cheeger-type result whose original proof in [LTW23] is based on a threshold
rounding algorithm.

Another common theme is the matrix multiplicative weight update method developed in [AKO07].
All the algorithms in this paper use this method to construct the dual objects, including the
expander flows in the O(y/logn)-approximation in Theorem 1.5 and the cut-matching game in
Theorem 1.7, as well as the circulation in reweighted eigenvalues in Theorem 1.6 and in the dual
certificate in Proposition 1.4. The cut-matching game was considered original when it was intro-
duced, but now we see that it can be derived systematically from the matrix multiplicative weight
update method.
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An important element in all our results is the reweighted eigenvalue formulation from [LTW23].
We believe that it is the right formulation, as it allows us to extend all known results for undirected
graphs to directed graphs, in a way that is consistent with the formulations and the proofs for
undirected graphs. As we discuss in Section 6, our technique of adding ¢ triangle inequalities to
reweighted eigenvalue formulations can be extended to directed vertex expansion and hypergraph
edge expansion as well, providing a unifying method to extend the results for undirected graphs to
more general settings.

2.5 Organization

In Section 3, we present the metric rounding lemma, and use it to prove Theorem 1.3 and to provide
an alternative proof of the directed Cheeger inequality. In Section 4, we extend Sherman’s result
to directed graphs and prove Theorem 1.5. In Section 5, we also use the matrix multiplicative
weight update method to compute reweighted eigenvalues, proving Theorem 1.6 and to design cut-
matching game, proving Theorem 1.7. Finally, in Section 6, we outline how these results can be
extended easily to vertex expansion and to hypergraphs.

3 Rounding Algorithms

In this section, we first present the metric rounding lemma in Section 3.1. Then, we will use it to
prove that /\7% in Definition 1.2 has integrality gap O(y/logn) in Section 3.2, and also to provide
an alternative proof of the Cheeger-type inequality in [LTW23] in Section 3.3.

3.1 Metric Rounding Lemma

The following metric rounding lemma will be used to find sparse cuts in all algorithms in this paper.

Lemma 3.1 (Metric Rounding Lemma). Let G = (V, E,w) be an edge-capacitated directed graph.
Let d(-,-) be a metric on V, and let 7 : V — R be an arbitrary weight function over V. Suppose
we are given disjoint vertex subsets L, R C'V as input to the algorithm. Let r := w(R)/n(L) and
r’:=max{1,r}. Then there is an algorithm using O(logn) maximum flow computations to output
a set S with

$x(9) < r - maxper(6) Yigev F(4) - d, )
T > ier™(@) - d(i, L)

Our proof of the lemma is constructive. Algorithm 2, Bidirectional Max-Flow, finds a maximum
flow f from L to R and also a flow f from R to L with a prescribed target amount of flow. If either
of the flow is not “saturating”, then we find a sparse cut S using the max-flow min-cut theorem.
Otherwise, we combine f and ]? to form a circulation F', which helps upper bound the expansion
of the graph through the flow parameter (.

In the case where the flows f and ? are saturated, we upper bound the flow value parameter .
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Algorithm 2 Bidirectional Max-Flow
Input: Graph G, semi-metric d(-,-), vertex weights 7 : V' — R* as given in Lemma 3.1; L, RC V
such that L N R = (), flow value parameter 5 € RT, and congestion parameter x € RT

1. Let r := m(R)/m(L). Construct flow network G from G as follows: add vertices s and ¢ to G.
Connect s to each vertex ¢ € L with an arc (s, ) of capacity r - § - m(i). Connect each vertex
Jj € R to t with an arc (j,t) of capacity 8- 7(j). Multiply the capacities of the edges in G by
K.

2. Construct G in the same way as é, but with arcs directed from L to s and from ¢ to R
instead.

3. Compute s-t maximum flow f on G and t-s maximum flow :]? on G. If one of f or :f does
not saturate all source and sink edges (i.e. if maximum flow value is less than 3 - 7w(R)),
output the minimum cut S associated with the non-saturating flow. Otherwise, output the
circulation F' = %(f—i— 7).

Lemma 3.2 (Saturated Case). Suppose d(-,-) is a metric and Algorithm 2 outputs a circulation

F. Then, o o
Zz’jeE F(Zvj) : d(Zvj)
>ierm(i) - d(i, L)
where F(i,j) = 5 Zps (i.d) ( ( )—l—f( )) defines the flow graph of the circulation returned in step 3.

B <

Proof. Each flow can be decomposed into a set of (Welghted) flow paths from source to sink. For
each j € R, let 73( /) be the set of s-t flow paths in f entering ¢ through 7, and let 73( /) be the
set of t-s flow paths in f leaving t through j. For a particular flow path p = (s, 1,49, ...,1k,t) or
p = (t, ik, ik—1,.--,11,5), let d(p) = Z];:_ll d(ig,1p+1) be its length. Note that for any path pePy)
orpeE 75( j), by triangle inequality,

o

-1

d(p) = d(iﬁviﬁ-i-l) > d(Zth) > d(]v L)7
1

~
Il

where the last inequality is because ¢, = j and i; € L. Then,

Y o) -dp)+ > Fp)-dp) =Y | > flp)-dp)+ > fO)-d@)

pef pef JER | peP(j) P EP())
>y dG, L) | Y fo)+ > o)
JER eP(j) P EP()
=24 Z T
JER
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where the last equality is due to both f and ]? being saturating. Thus, we have

2> F(i,4) - d(i,5) =Y f(p)-dp) +>_ F(p)-d(p) =28 7(i)-d(i,L).

ijEE vef pef i€R

Rearranging gives the desired result. O

On the other hand, if either of the flows f or f is unsaturated, we extract from it a cut with
bounded expansion. This is a slight extension of [KRV06, Lemma 3.7] to the m-weighted and
vertex-capacitated settings, and so we include a proof here.

Lemma 3.3 (Unsaturated Case). Suppose Algorithm 2 outputs a cut S. Then qB}(S) < Br'/k,
where v’ := max{1,7}.

Proof. Suppose f is the non-saturating flow; the other case is similar (we would look at §~(S) for
S defined below). We obtain from it a cut, which is a set of edges whose removal would make it
impossible to go from s to t. Let S C V be the set of vertices reachable from s after removing the
cut edges. Let Vi C L be the set of vertices connected by a cut edge from s, and let V; C R be the
set of vertices connected by a cut edge to t. We claim that

w(ég(S)) < %(W(R) —r-m(Vs) — 71'(Vt)), w(S) > n(L) —nw(Vs), and n(V —S)>n(R)—n(V).
The first inequality comes from the fact that {si | i € Vi} UdL(S) U {jt | j € V;} is the minimum
cut obtained, with total weight equal to r- 8- 7(Vs) + 8- m(V;) + k- w(d/;(S)) by our construction of
G, which is at most 3 -m(R). The second and third inequalities follow from the facts that L\ Vs C §

and R\ V; CV —S. Since n(R) =r-7(L), it follows that

; w(3*(5)) g {w(R) — (Vi) r(x(L) — w(vs»} _8r

G min{r(S), 7 (V = §)) = 5 M V) w(L) — x(Vy) 3

Now we are ready to prove the metric rounding lemma.

Proof of Lemma 3.1. In Algorithm 2, choose k = 27’. Let « be such that the algorithm outputs a
circular flow f when 8 = a and outputs a cut S when 8 = 2a. When a cut S is output at 5 = 2q,
by Lemma 3.3 (unsaturated case), the vertex or edge expansion of S is at most §-r'/k = . When
a circulation F' is output at 8 = «, then by construction F' = F/k is a circulation satisfying the
edge or vertex capacity constraints of G, i.e. F' € F(G). Therefore, by Lemma 3.2 (saturated

case),
- .. F/Z,dl, B FZ,dZ’
qf)ﬂ(S)gag/{-Z”EE ( '7) ( J)§27"/' max ZUGE (]) ( ])
> ier™(i) - d(i, L) FEF(G) Y iepm(i)-d(i, L)
Finally, note that we can find « using binary search on the range [(1/poly(n)), O(poly(n))].

Therefore, we only need to invoke Algorithm 2 O(logn) times, leading to a total of O(logn)
maximum flow computations. t
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3.2 Rounding Algorithm for Semidefinite Programming Solution

In this subsection, we prove Theorem 1.3 that the integrality gap of AG (G) is O(y/log n). The proof
is by applying the metric rounding lemma on the two sets provided by the structure theorem of
Arora, Rao, and Vazirani (see Theorem 2.2).

We note that by adding triangle inequalities in the reweighted eigenvalues in [KLT22, LTW23],
essentially the same proof implies O(+1/Iog n)-approximation algorithms for undirected and directed
vertex expansions, and undirected and directed hypergraph expansions (See Section 6 for more
details). These approximation guarantees are all known previously, but with different formulations
and proof techniques. In particular, the SDP relaxation for vertex expansion obtained through our
approach is considerably simpler than that obtained by Feige, Hajiaghayi, and Lee [FHLO08]. This
demonstrates that our approach of using reweighted eigenvalues and triangle inequalities provides
a simple and unifying way to recover all these results.

The proof that )\f (G) is indeed an SDP relaxation of directed edge expansion can be found in
Appendix A.

Proposition 3.4 (Easy Direction). For any edge-capacitated directed graph G = (V, E,w) with
vertex weights m: V — Ry, it holds that A5 (G) < 26(G).

We will use the structure theorem in [ARV09] for the proof of ¢.(G) < vIogn - A5 (G). Since we
consider m-weighted directed edge expansion, we need the following weighted version of the structure
theorem. The proof of the weighted version is a straightforward reduction to the unweighted version
in Theorem 2.2 and is deferred to Appendix A (see [ACMMO5, Algorithm 1] for a similar weighted
structure theorem and reduction).

Lemma 3.5 (m-Weighted Structure Theorem). Let G = (V, E,w) be an edge-capacitated directed
graph with vertex weights m : V. — Ry and (V) = 1. Let {v;}}_; be a set of embedding vectors
satisfying 03 triangle inequalities and dijev (@) () - flvi — vi||> = 1. The embedding {v;}?, is
said to be well-spread if w(B(i,1/3/10)) < 1/10 for alli € V. If {v;}}, is well-spread, then there
exist two subsets L, R CV with (L), m(R) > Q(1) and

d(L,R) := minRHm - vj||2 2 1/+/logn.

icL,je
Moreover, there is a randomized polynomial-time algorithm that finds such sets with high probability.

With the ¢3 triangle inequalities, the function d(4,) := ||v; — vj||* is a metric. We will apply
the metric rounding lemma to find a sparse cut, with the observations that the numerator term
maxpe7(q) z(i,j)eE F(i,j) - d(i,j) in Lemma 3.1 is exactly the inner maximization problem of
)\f (@), and the denominator term in Lemma 3.1 is large using the two subsets L, R provided by
the structure theorem.

Theorem 3.6 (Hard Direction). Let G = (V, E,w) be an edge-capacitated directed graph with
verter weights m : 'V —>_'R+. There is a polynomial-time algorithm which, with high probability,
finds a set S CV with ¢(S) < )\f(G) -Vlogn.
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Proof. Let {v;}"; be an optimal solution to the )\T%(G) program. Let d(i,j) = |Jv; — v;]|*, which
is a metric by the £3 triangle inequalities in )\f (G). By Lemma 3.1, given two subsets L and R,
there is a subset S C V' with

(Z; (S) < v . maxpe F(Q) Z(i,j)eE F(’h]) . Hvz _ ,Uj||2 - o . A%(G)
T 2ier (i) - d(i, L) Yier™()-d(i, L)
There are two cases to consider: the “well-spread” case and the “large core” case. The difference

in these two cases lies in the different choices of L and R to apply the metric rounding bound
in (3.1). In either case, we assume without loss of generality that 7(V') = 1. Also, by a straightfor-

(3.1)

ward calculation that we will show in Appendix A, the two normalization constraints in AL (G) in
Definition 1.2 imply the following condition.

Fact 3.7. If Y, (i) v = 0 and Y, w(i) - [|vil|” =1, then Y, oy m(i) - 7(4) - [l — vj]|* = 2.

2
Suppose the vectors {v;};_; are well-spread. Since >, iy 7(2) - 7(j) - H%Uz - %WH =1, we can

apply Lemma 3.5 to obtain two subsets L, R C V with n(L),7(R) > Q(1) and d(L, R) 2 1/+/logn
in randomized polynomial time. This implies that the denominator in (3.1) is

1 1
) -d(i. L) > 7(R) - > ,

Z,EZFE ﬂ-(z) (Z7 ) ~ ﬂ-( ) \/@ ~ \/@
and thus we get from the metric rounding bound a set S with ¢.(S) < Iogn - AG (G) as 1 =
max{1l,7(R)/m(L)} = O(1).
Otherwise, we are in the large core case, where there is a vertex i* € V with 7(B(i*,1/1/10)) > 1/10.
In this case, we set L := B(i*,1/y/10) and R := V' \ L with ' = max{1,7(R)/n(L)} = O(1), and
use the following lemma to lower bound the denominator in (3.1).

Lemma 3.8 (Total Distance to Core). Let d : V x V. — Rxq be a semi-metric (i.e. satisfying
all azioms of metric except possibly the triangle inequality). Let s > 1 so that d(-,-) satisfies an
s-relaxed triangle inequality: d(i,7) < s-(d(i, k) + d(k,j)) for alli,j,k € V. Let m : V — Ry be a
weight function with (V) =1 and suppose d(-,-) satisfies >, ;o\ (i) -m(j)-d(i,j) =2. Let LCV
be a subset with diameter diam(L) := max; jer, d(i,j). Then

; . 1 1
> w(i)-d(i, L) > — — 5 diam(L)
i¢L
Applying Lemma 3.8 with s = 1 and diam(L) < 2-1/10 = 1/5, it follows that

> w(i)-d(i, L) = w(i)-d(i,L) > 1 - 1_3

i€ER iZL 10 10

and thus we get from the metric rounding bound in (3.1) a set S with ¢-(5) < A5 (G).

The proof of Lemma 3.8 is in Appendix A, which was already done in previous works ([ARV09],
[AKOT7]) for the uniform case. O

Theorem 1.3 follows immediately from Theorem 3.6 and Proposition 3.4.
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3.3 Rounding Algorithm for Spectral Solution

In this subsection, we provide an alternative proof of the Cheeger-type inequality for directed
graphs in (2.9) using the metric rounding lemma, where the original proof in [LTW23] is by a
refined “threshold rounding” algorithm. This proof will be used in the proof of Theorem 1.6
in Section 5.1.1, as the threshold rounding algorithm in [LTW23] requires a linear programming
duality step which is not clear how to be implemented in almost linear time.

We note that essentially the same proof works for the ordinary Cheeger’s inequality [AMS85, Alo86],
as well as the Cheeger-type inequalities for directed vertex expansion and hypergraph edge con-
ductance in [LTW23] (see Section 6). This illustrates the max-flow min-cut theorem in the proof
of the metric rounding lemma as a unifying method to find sparse cuts in different settings.

Recall from Section 2.3.4 that $( G) denotes the directed edge conductance, which is the special
case of directed edge expansion in Definition 1.1 when 7(i) = dy(i) := w(d7 (7)) + w(d~ (7)) is the
total degree of i. We will focus on the proof of the “hard direction” of (2.9) that

) S/ N(6) - log (1/6(6)).

Also recall from Section 2.3.4 that A\5(G) can be written as the SDP in Definition 1.2 without the
triangle inequalities. In [LTW23], the first step of the proof of the hard direction is to relate the
A3(@G) program to the following “one-dimensional ¢; program”, which was done by using Gaussian
projection and applying Cauchy-Schwarz inequality.

Lemma 3.9 (One-Dimensional ¢; Program [LTW23, Definition 3.19]). Given an edge-capacitated
directed graph G = (V, E,w) with vertex weights dy : 1+ ) .5, w(e), let

. 1 o
Te(G) = min max o > F(i,4) - i) = v(j)]

subject to Z dy(7)

Then, it holds that

) S N(G) - og (1/6()).

The second step in [LTW23] is to use a refined threshold rounding algorithm to prove that qg(G) <
Ne(QG), thus proving the hard direction. Here we will use the metric rounding lemma to prove that
QE(G) < 1e(G). The reasons that we can apply the metric rounding lemma to the one-dimensional
¢1 program, but not to the n-dimensional £3 program, are as follows: (i) dy(i,7) := |v(i) — v(j)| is a
metric while dy (i, 7) := ||v(i) — v(j)||* needs not be; (i) It is natural and straightforward to define
sets L and R for a solution to the one-dimensional ¢; program, but not for the n-dimensional ¢2
program. Therefore, we may view the Gaussian projection and Cauchy-Schwarz steps as reducing
to 1-dimension and “metrifying” the objective, so that we can apply metric rounding.
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3.3.1 Proof of the Second Step

We aim to prove that ¢(G) < 7.(G) using the metric rounding lemma. Let v(1),v(2),...,v(n) € R
be an optimal solution to the 7.(G) program. Set d(i,j) := |v(i) — v(j)| which is a metric. Let
L:={ieV:v@i) <0}and R:={j € V :v(j) > 0}. We assume without loss of generality
that r := p(R)/pu(L) < 1 so that ' := max{1,r} = 1. From the definitions of L and R and the
constraints on v (i), one can verify that

d(i,L) = |o(i)] Vie R and Y dy(i)-[v(i)| = %Zdw(i) (i) = %

i€ER eV

Therefore, applying Lemma 3.1, it follows that

- < - MmaxXpeF(Q) ZijeE F(i,j) : d(i,j)

> ier dw(i) - d(i, L)
_ Waxper) Dijep (i) - [0() — v(j)]
- > ier duw(t) - |v(@)]

_ Pl lofd) — o4
pAX (4,7) - lv(@) —v(j)]
ijeE

= 4 ne(G)'

S
Q
I
-
(=W
g
Q
2

This completes the proof of the hard direction of (2.9).

4 Almost Linear-Time Primal-Dual O(y/logn)-Approximation

The main goal of this section is to prove Theorem 1.5. First, we will derive the dual program of
/\7% (G) in Section 4.1. Then, in Section 4.2, we describe the primal-dual algorithm using the matrix
multiplicative weight update method assuming a black-box algorithm for the oracle exists. In
Section 4.3, we present the geometric results in [ARV09, AK07, She09] for the design of the oracle,
and implement the oracle in the easy “large core” case. Then, in Section 4.3.2, we implement the
oracle in the more difficult “well spread” case, in which we use Sherman’s chaining theorem to find
many paths that violate the triangle inequality. We conclude with the proofs of Theorem 1.5 and
Proposition 1.4 in Section 4.5.

4.1 Dual Program of \2

We construct the dual program of AG (G) in a similar way as in Section 2.2.3 for the dual program
of the Goemans-Linial relaxation in (2.1).

We first write the primal program A5 (G) in Definition 1.2 in matrix form. Let V' be the matrix with
the i-th column being v; for 1 <i <mn and let X = VTV, Let L; ; be the Laplacian of an undirected
edge ij. For a matrix A that is not necessarily symmetric, define the symmetric Laplacian of A as
Leym(A) = %Z” (A(i,7) + A(j,1)) - Lsj. As in Section 2.2.3, we express the triangle inequalities
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redundantly as inequalities along paths in K,, and let T}, := Zi;ll Li, i1 — Liy i, for a path
p = (i1,...,i7). Let II be the diagonal matrix with II(,7) = 7(i) for 1 < i < n. Then, check that
)\f(G) in Definition 1.2 can be written as

A2 Q) = i Leym (F), X
= (G) pin ma (Lsym (F), X)
subject to  (IT11TII, X) =0
ILX)=1

(T,, X) >0 VpePK,).

To derive the dual of )\f (G), we apply von Neumann’s minimax theorem to switch the order of the
min and the max, and then take the SDP dual of the inner minimization program to obtain

max max A
FeF(Q) AzER
Yp>0:peP(Kn)
subject to Z YTy + AL+ 2T 1 ' TT < Ly (F).
p

The dual constraint can be rewritten as

AL+ 21211 T2 < T2 <Lsym(F) -3 ypr) e
p

Note that the vector IT2 1 is in the null space of the right hand side, as 1 is in the nullspace of any

Laplacian matrix. Therefore, for the dual consl,traint to hold, an optimal dual solution must set

x = —A/m(V), so as to make the component II21 to be zero on the left hand side. Therefore, the
A . .

dual program of A7 (G) can be written succinctly as

max max : A2 <H_é <Lsym(F) - Z ypr> H_;> . (4.1)
P

FeF(G) yp=0:peP(Kn

4.1.1 Dual Program as Expander Flow

For our primal-dual algorithm, we further rewrite the dual program in (4.1) to a form that is
consistent with the expander flow formulation in (2.2), by considering the demand graph of the
circulation F.

We say f = {fp}pep() is a flow path decomposition of F if F(e) = Zpae fp for all e € E. The
demand graph D of f is defined such that D(i,j) = ZpE'Pg(i,j) fp for all 4,5 € V, where Pg(i, j)
denotes the set of directed paths from i to j in G. Note that the demand graph D of a flow path
decomposition of a circulation F' is Eulerian. We will use the following formulation of the dual
program of )\7% .
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Lemma 4.1 (Dual Program of )\f) The dual program of )\,é(G) can be written as

max max : Ao (H_1/2 (Lsym(D) — Z ypr> H_1/2>
I3

FeF(G) yp>0:peP(Kn

subject to D is the demand graph of a flow-path decomposition of F.

Note that a circulation F' € F(G) can have many different flow path decompositions. The trivial
flow path decomposition is simply to have a path p = (7, j) of length two for each edge ij, with the
demand graph D = F. Alternatively, we can decompose F' into weighted directed cycles and each
cycle is expressed as the union of two paths, where each path is assigned a flow value equal to the
weight of the cycle. In our primal-dual algorithm, we will build a circulation F' using a demand
graph D of low maximum degree so as to bound the width of the oracle, and this is the reason for
the formulation Lemma 4.1.

Proof of Lemma 4.1.  We show that the dual program in the statement is equivalent to that
n (4.1). One direction is easy. Given a solution to (4.1), we can use the trivial flow decomposition
of F' to obtain a solution to the dual program in the statement.

For the other direction, given a solution to the dual program in the statement, we consider a flow-
path decomposition f = {f,}pep(q) of %F with demand graph %D. For any flow path p € P(G), we
write T}, = Lj — L) where L, is the Laplacian of the undirected path p and L., is the Laplacian
of the edge connecting two endpoints of the path. As e(p) is simply an edge in the demand graph,
it follows that

prTp = pr(Lp - Le(p)) = Z %(F(Z,j) + F(.]vl)) - Z %(D(lvj) + D(]vl)) = Lsym(F) - Lsym(D)7

where the second last equality follows from the definition of the flow-path decomposition and the
definition of the demand graph. Therefore,

Lsym(D) — Zypr = Leym(F) — Z JoTp — Zypr7
P P P

which is a solution to (4.1) with the same objective value, where the value of the dual variable for
each path pis f, + yp. O

4.1.2 Intuition of the Dual Program

Since the dual program in Lemma 4.1 is slightly different from the expander flow formulation in
(2.2) used in all previous works for undirected sparsest cut, we would like to provide some intuition
about the term — Zp ypT}, in the objective function and how it will be used to simplify Sherman’s
algorithm for undirected sparsest cut.

We may interpret each —7), as a “shortcut cycle” C), where the edges in p have weight —1 and
the edge connecting the two endpoints have weight 1. Since a shortcut cycle has only one positive
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edge, any cut across the cycle has non-positive weight. Thus, adding a shortcut cycle to a graph
does not increase the value of directed edge expansion. A nice way to understand that the dual
program is a lower bound on the directed edge expansion is as follows:

5.(6) 2 00(D) 2 62 (D + X Cy) 20011 (Lo(D) = Y ) ). (42)

where the first inequality is by the flow argument because D is the demand graph of a circulation F' €
F(G) (which is Eulerian and so can be considered as an undirected graph), the second inequality
is by the discussion above that adding shortcut cycles doesn’t increase the value of directed edge
expansion, and the third inequality is by the easy direction of )\f in Proposition 3.4.

Why would adding shortcut cycles help in obtaining a stronger lower bound? There are graphs
where the easy direction of Cheeger’s inequality is not tight, such that ¢ ~ A2 rather than ¢ ~ \s.
The prototypical example is a long path p, where every edge in the path is short in its spectral
embedding, which heavily violates the £3 triangle inequality. So, intuitively, given an embedding of
the vertices, we would like to add shortcut cycles along the paths that heavily violate £3 triangle
inequalities, so as to increase the objective of this embedding in the hope to improve the lower
bound provided by the second eigenvalue, while not decreasing the objective value of sparsest cut
of D by much. Thus, the dual program of AL (G) can be intuitively understood as finding the best
way to add these shortcut cycles to prove the strongest spectral lower bound. This interpretation is
also consistent with the primal program )\7% (G) in which we add triangle inequalities to the spectral
program. In our primal-dual algorithm for Theorem 1.5 that we will present in the next subsection,
we will indeed add shortcut cycles for paths that heavily violate the ¢3 triangle inequalities in the
embedding.

4.2 Regret Minimization for Approximating Directed Edge Expansion

As in the work by Arora and Kale [AK07] described in Section 2.2.6 and Section 2.3.2, we use
the regret bound in Theorem 2.5 to design a primal-dual algorithm for approximating directed
edge expansion. The setup is to either certify that the optimal value to A5 (GQ) is at least Q(1/k)
by constructing a solution to the dual program in Lemma 4.1, or to find a cut of expansion at
most O(yv/logn/k) for some parameter x. Doing binary search on x will give us a O(y/logn)-
approximation algorithm.

In each iteration, the algorithm uses the density matrix X; given by the matrix multiplicative
weight update algorithm as a candidate primal solution to )\f (G). To build a dual solution to
Lemma 4.1, in each iteration ¢, the oracle tries to either

1. find a circulation f with demand graph D such that <H7%Lsym(D)H7%7Xt> is large (i.e.
send a lot of flow between vertices that are far apart in the geometric embedding defined by
X¢) and || Lsym(D)|| is small (i.e. the demand graph has small maximum degree), and set the

feedback matrix M; := H_%Lsym(D)H—%, or
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2. find paths p1,...,pr and weights y1,...,yr such that —<H_%(Zi yiTpi)H_%,Xt> is large

. . . . C . 1 1
(i.e. paths along which the triangle inequality is violated heavily) and HH 2 (ZZ yiTpi)H 2

is small (i.e. the union of these paths found have small total degree) and set the feedback
1

matrix My =12 (> yiTp, )1 =,

If the oracle succeeds for T = O(p?logn) iterations, where p > maxy<r || M| , then the regret
bound in Theorem 2.5 would imply that )\2(% Z;f:l M) is large, and thus we found a solution to
the dual program in Lemma 4.1 with large objective value. Otherwise, if the oracle fails to find
the above objects in some iteration, then the oracle must return a sparse cut S. Above is the high
level description of the algorithm, while below is the precise description of the algorithm.

Algorithm 3 Regret Minimization for Directed Sparsest Cut

Input: An edge-capacitated directed graph G = (V, E, w) with vertex weights 7 such that = (V') =
1; step size n € (0,1), width bound p € R,, congestion parameter x € Ry, and approximation
factor o € R

Output: Either a sparse cut S, or a solution M to the dual program in Lemma 4.1.
Initialization: X = —Lo (I — 2117 1z).
Fort=0toT —1:

1. Given X; = 0 such that tr(X;) = 1 and X; L H%]l, let Y; := H_%th_[_% and v1,...,v, be
the Gram decomposition of Y;.

2. (Oracle) Do one of the following:

(a) Find a circulation f on G with congestion x and demand graph D such that
(Leym(D),Y;) > 1 and Ly (D) < p - IL. If this succeeds, set My := IT"2 Ly (D)IT 2.

(b) Find paths p1,...,p; in K, and weights y1,...,yr > 0 such that (}, v;T),,Y;) < —1
and that —p -1 < Y, 4T}, < p - IL. If this succeeds, set M; := —H_%(Zi yilp, ) I 2.

(c) If both cases (a) and (b) fail, then we say that Oracle fails. In this case, find a cut S C 'V
such that ¢.(S) = O(a/k). Return S and terminate the algorithm.

VI

3. If Oracle succeeds, update X/ ; := exp (— % ZE:O Ml> Let X;41 be obtained from X/ ; by

projecting it onto the space orthogonal to 121 and scaling it to have trace 1.

Return the average feedback matrix M := % ?:_01 M;.

We analyze Algorithm 3 assuming that there is a black-box algorithm for Oracle.

Lemma 4.2 (Regret Minimization Algorithm). Suppose there is a black-box algorithm for Oracle.
Setn =0O(1/p). After T = O(p?logn) iterations, Algorithm 3 either certifies that ¢-(G) > Q(1/k)
or finds a cut S CV with ¢-(S5) < O(a/k).

Proof. First, suppose Oracle succeeds for T' = ©(p? log n) iterations. By applying the general regret
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bound (2.6) in Theorem 2.5 restricting to the subspace orthogonal to H%l, it follows that

T—1 =

— 1 plogn plogn plogn
(M) > — My, X)) —np — — (12 M, 112, Y; - >1—np—

2 )_Tt;( b Xi) —mp— = tz; 2 MIZ, Y;) — 1p i e

where the last inequality follows from the fact that cases (a) and (b) in Oracle both imply that
<H%MtH%,Yt) > 1. By choosing suitable implicit constants in the ©(-) for 7" and 7,

plogn \ 11,

_ 1
No(M)>1—np— -,
2o(M)>1—np T2 1123

Note that the average feedback matrix M is a Laplacian of the form H_2( sym (D) =2, ypTp)I1 -3,
where D is the demand graph of a circulation f with congestion x (as f is the average of (nr(:ulatlons
each with congestion ). Therefore, by scaling down f, D, and all y, by a factor of k, we obtain a

solution to the dual program of A%(G) in Lemma 4.1 with objective value Q(1/k), and this certifies
that ¢ (G) 2 1/k.

On the other hand, if Oracle fails at some iteration, then it outputs a cut S with ¢-(S) < O(a/k).
O

In Lemma 4.2, we have set the values of T and 7 in relation to the width bound p, to obtain the
desired approximation guarantee O(«). The undetermined parameters in the algorithm are p and
a. We would like to set them to be as small as possible, so as to minimize both the runtime (as
the number of iterations 7" will be minimized) and the approximation ratio of the algorithm, while
the Oracle can still be implemented efficiently. This is the goal in Section 4.3 and Section 4.4.

4.3 Geometric Results for Implementation of Oracle

To implement the Oracle in Algorithm 3, we need the results proved in [ARV09, AK07, Kal07, She(9]
about geometric embeddings.

Let vy,...,v, be the Gram decomposition of Y; in step (1) of Algorithm 3. Note that the trace
condition in step (1) implies that 3, (i) -||v;||* = 1, and the null-space condition in step (1) implies
that >, w(7) - v; = 0. It follows from Fact 3.7 that ZKJ 7(i) - 7(4) - |vi — vj||> = 1. As in the SDP
rounding result in Section 3.2, we consider the following two cases of the geometric embedding.

Proposition 4.3 (Dichotomy of Embeddings). Let vy,...,v, be vectors in R™ satisfying the con-

dition that 3, ;m(i) - w(j) - [lvi — vi||> = 1. One of the following two cases must hold:

(i) Large Core: There exists a vector v such that w(B(v ’QW)) > 1/4.

(i) Well Spread: There is a vector w such that if we apply the transformation u; := c(v; —w) for
1 <i <mn for some constant ¢ > 0, then there exists a subset U of vectors with (i) 7(U) 2 1,
(i) |luil| <1 for alli € U, and (iii) 32, jery (1) - 7(j) - |lui — uj||* > 1.

Note that a version of Proposition 4.3 for uniform vertex weights was already proved in [Kal07].
The weighted case follows by a simple reduction which we will defer to the appendix.

27



4.3.1 Large Core Case

This is the easy case where we can implement the oracle to either return a circulation in step 2(a)
or a sparse cut in step 2(c) of Algorithm 3, using a result in Section 3.1 for metric rounding proved
by the max-flow min-cut theorem.

Lemma 4.4 (Oracle in Large Core Case). In the large core case in Proposition 4.3, there is an
algorithm that, using two maz-flow computations, implements Oracle in Algorithm 3 so that it
either computes a cut S C V with ¢(S) < O(1/k) or obtains a circulation f whose demand graph
D satisfies (Lsym (D), Y:) > 1 and Lgym (D) < O(1) - 11.

Proof. Let v; be a vector with 7T(B (vj, ﬁ)) > %. By triangle inequality, for any v; € B(vj, ﬁ),
it holds that 7r(B (vi, \/%)) > %. So, by random sampling, we can find in O(nlogn) time a vector
v+ such that 7T(B (vi*, \/%—0)) > i with high probability.

After finding such a vector v;=, we run Algorithm 2 (Bidirectional Max-Flow) with L := B (vi*, ﬁ),

R := L, and & the same as given in Algorithm 3. In order to choose the flow value parameter j3
appropriately, we would first lower bound the total distance to L. Applying Lemma 3.8 with the
set L as chosen and the semi-metric d(i,) := ||v; — v;||>, which satisfies the s-relaxed triangle
inequality for s = 2, it follows that

> ow(i)-d(G, L) =Y w(j)-d(j, L) >
JER JEL

Apply Algorithm 2 with g = 20/3. On the one hand, if the algorithm returns a circulation f, then
its demand graph D satisfies

(Lam(D), YD) = 3 2(DG3) + D) i — vl > 328 7(6) - dG D) =1, (43)
i€L,jER JER

where the first inequality follows from the fact that each vertex j € R has capacity §-7(j) and the
flow saturates all such capacities. The capacities also imply that the normalized Laplacian of the
demand graph satisfies l_I_I/QLSym(D)H_l/2 < 2p -1, or equivalently Leym(D) < 25 - 11

On the other hand, if the algorithm returns a cut S C V, then by Lemma 3.3 (unsaturated case)
we have ¢.(S) < rf/k =20/k, since r := w(R)/7(L) < 3. O

To summarize, in the large core case, there is an efficient oracle that achieves approximation factor
a = O(1) and width bound p = O(1).

4.3.2 Well Spread Case
The well spread case is much more involved, for which we need the correlated chaining theorem of

Sherman [She09]. In this subsection, we present the background for the correlated chaining theorem,
and we defer the implementation of the oracle in the well spread case to the next subsection.
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The idea of chaining matchings was the main ingredient that led to the O(y/logn) approximation
result of [ARV09], and was also used in [AKO07, Kal07] to compute expander flows to solve the
dual program. The main idea was to show that if for many directions, there is a large matching
between embedding vertices that are well-separated along that direction but close to each other
in the overall embedding, then O(y/logn) such matchings can be chained together to form a path
that violates the ¢2 triangle inequality. In [She09], this was improved so that instead of finding
one such violating path, we can find many such paths efficiently with good probability through a
simple sampling process.

To handle the arbitrary vertex weights w : V' — R, we slightly modify Sherman’s definitions and
results and make use of a version of his main theorem for fractional matchings instead of integral
matchings.

Definition 4.5 (7w-Fractional Matching). Let V be a vertex set with weights w:V — RT. We say
that M is a w-fractional matching if M is a weighted directed subgraph of K, with edge weights
M(i,j) € Rsg fori,j €V, satisfying the property that each vertex i € V' has either only incoming
edges or only outgoing edges and has degree at most w(i). The total weight of M is denoted by

w(M) =32, ; M(i,j).
Definition 4.6 (Fractional Matching Cover). A (o, d)-matching cover is a function assigning a
w-fractional matchings M,, to each vector u € R™ satisfying the following properties:

(1) ¥Y(i,7) € supp(My,), (v; — v, u) > o;
(it) Mu(i,j) = M—u(j,) for all u € R";
(111) EyJw(My)] > 6 - 7(V) where u ~ N(0,1).

We define formally what it means to “chain together” fractional matchings.

Definition 4.7 (Chained Matchings). Let M be a fractional matching cover. Given wvectors
Ui, ..., up € R™, we define M(uy,...,up) to keep track of the paths that result from chaining to-
gether matchings My, ..., My,. Define M(u1, ..., ug) := (Muy, . ups Pusouy = 1Fps PYpep(in))
where each p € Py, .. v, 15 a weighted path of length £ + 1 with weight f, and M, .. ., is the graph

L

.....

vertices 1 to j. The paths and weights in Py, .., are defined recursively in the following algorithm.

Construction of Py, . .,

o Ifl =1, then Py, = {Muy,(i,7), (i,7) | My, (i,5) > 0}. That is, the paths are simply the
edges in My, with the corresponding weights.

e If¢>1, then for each q € Py, . u, , where g € P(i,j), run the following loop.

1. While fq > 0 and there exists j' € V with My, (j,j') > 0, let p be the path obtained
by extending q by j' and add p to Py, ., with weight f, = min{M,,(4,j'), f4}

2. Decrement both fg and My, (j,7") by min{ M., (7, j'), fq}-
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The following simple claim will be used in the runtime analysis of the oracle.

Claim 4.8. Suppose that each matching M,, has at most m edges. Then Py, .. ., has at most ml
paths and can be constructed in O(mé?) time given oracle access to My, ..., My, .

Proof. Clearly, the claim holds true for £ = 1. Now assume by induction that the claim holds for
£ — 1. Tt suffices to bound the number of times we run the while loop in which we add a new path
p to Puy,...u,- Since in each iteration of the while loop, we either remove a path from P, 4, , or
an edge from M,,,, it can run for at most m(¢ — 1) +m = m/ iterations. Thus P, . ., has at most
m{ paths. ]

Note that when 7 is uniform, then the definition of m-fractional matching cover is the same as the
matching cover from [She09, Definition 5.2.1], in which all edges have weight 0 or 1. Now we present
the main theorem that we will use to implement the oracle in Algorithm 3 in the well spread case.

Theorem 4.9 (Sherman’s Chaining Theorem). For any small enough constant I, there is a k =
O(y/Tlogn) and an efficiently sample-able distribution D over vectors (uy,...,uy) C RY with the
following property: if M is a (2(1),Q(1))-fractional matching cover for the set of embedded vertices
V, then the expected total weight of paths in M(uy, ..., ug) between vertices i, j with |Jv; — v;]|> > 1

is at least e OW%") . £ (V') when (uy, ..., uy) is sampled from D.

The uniform 7 version of this theorem was proved in [She09, Theorem 5.2.3]. The m-weighted
version follows from a simple reduction to the uniform case, which we will defer to Appendix B.

4.4 Fast Implementation of Oracle for Well-Spread Case

With Sherman’s chaining theorem, we are ready to implement the oracle in Algorithm 3 in the well
spread case in this subsection, with approximation ratio O(\/ 10%") and width bound 5(;}%)

Proposition 4.10 (Oracle in Well Spread Case). Let € > 0 be a small enough constant. In the
well-spread case in Proposition 4.3, there is a randomized implementation of Oracle in Algorithm 3
that, with high probability, using O(n®) maz-flow computations, either outputs a feedback matriz

My with (My, X¢) > 1 and || My]] < 6(;}%), or returns a cut S C V with q%(S) < O(%\/ k’%)

4.4.1 Overview

The basic subroutine, as in [AK07, Kal07, She09], is the Project Max-Flow algorithm (Algorithm 4),
where we project the vectors along a random direction and set up a bi-directional flow problem
between two subsets L and R that are far apart in the projection. If such a bi-directional flow cannot
be sent, then we will show that any min-cut is a sparse cut by Lemma 3.3, and so Algorithm 3 can
terminate in step 2(c). If such a bi-directional can be sent, with the additional property that many
flow paths are between vertices that are far apart in the embedding such that

<Lsym(D)7Yi> = % Z (‘D(Zh]) + D(]7Z)) ' Hvl - Ujuz > 17

i€L,jER
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then we will show that the oracle succeeds in finding a circulation in step 2(a) of Algorithm 3, and
so the algorithm can proceed to the next iteration.

The new observation is that if for many random directions, such a bi-directional flow can be sent but
its demand graph does not satisfy (Leym(D),Y;) > 1, then we can construct a fractional matching
cover and use Sherman’s chaining theorem to find many paths that violate the triangle inequality
heavily. Thus, the oracle succeeds in finding many violating paths in step 2(b) of Algorithm 3,
and so the algorithm can proceed to the next iteration. So, as long as such a bi-directional flow
can be sent, then either step 2(a) or 2(b) succeeds in giving a good feedback matrix for the regret
minimization algorithm.

This is the main difference with previous algorithms in [AK07, She09], where a multi-commodity
flow computation is needed to guarantee a condition similar to (Lsym(D),Y;) > 1 for the oracle
to succeed. We remark that using violating paths as feedback is only possible because of the
stronger unmodified dual program in Lemma 4.1, but not in the usual expander flow formulation
corresponding to the constrained dual program as in in (2.2).

4.4.2 Project Max-Flow Algorithm

In the well spread case in Proposition 4.3, we will only focus on the vectors in the subset U, with
m(U) 2 m(V) and [[v;|| <1 fori € U and }; .y m(i) - 7(j) - flvi — vil® > 1.

Algorithm 4 Project Max-Flow (G, u, ¢, (3, k)

Input: An edge-capacitated directed graph G = (V, E,w) with vertex weights 7 : V' — R4, an
embedding v1,...,vy € R" of the vertices in U, vector v € R", small constant ¢, congestion
parameter k, and flow value parameter j.

1. Order the vertices i € U by the values of (u,v;). Let L be the [ smallest vertices in this
ordering, where [ is the smallest integer such that w(L) > ¢ - 7(V). Let R be the r largest
vertices in this ordering, where r is the smallest integer such that 7(R) > ¢- n(V).

2. Compute a bidirectional max-flow using Algorithm 2 on (L, R, 8, k) to obtain either a cut
S C V or a circulation f in G with congestion &.

The following lemma shows that with constant probability over the random direction u, the sets L
and R will be well-separated along the direction w.

Lemma 4.11 (Good Direction). Let v, ..., vy be a set of vectors that satisfies (i) 7(U) 2 1, (i)
|vill <1 foralli € U and (i) 3, ;e w(i)-7(5) - [[vi — vi||> > 1. Then there exist positive constants
~v and o and ¢ such that if we sample random u ~ N(0,I), then with probability at least ~y the sets
L, R in step (1) of Algorithm j satisfy the condition that (u,v; —vj) > o for alli e L,j € R. We
say that such vectors u are good vectors.

The proof is a simple reduction to the uniform 7 case proven in [Kal07, Lemmal4| and [She09,
Lemma 5.3.3], and so we defer to the Appendix. We remark that Lemma 4.11 is the only place in
the proof of Proposition 4.10 that we use the assumption that the vectors are well spread.
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For each good vector u € R", the sets L, R in step (1) of Algorithm 4 are disjoint, and so the
bi-directional max-flow in Algorithm 2 is well-defined. Therefore, exactly one the following three
cases must happen.

e A: Algorithm 4 returns a circulation f with demand graph D such that (Lsym(D),Y;) > 1.
e B: Algorithm 4 returns a circulation f with demand graph D such that (Leym(D),Y:) < 1.

e C: Algorithm 4 returns a cut S C V.

If we are in case C for some good vector u, then we show that the primal-dual Algorithm 3 can
terminate with approximation ratio O(8). (In the proof of Proposition 4.10 that we will present

later, we will set 8 = O(y/logn/e).)

Claim 4.12 (Case C). If Algorithm 4 returns a cut S for some good vector u, then gEW(S) =0(B/kK).

Proof. Since u is good, the sets L, R are disjoint and w(L), 7(R) > c¢-m(V') for some (small) constant
¢. Then, by Lemma 3.3 (unsaturated case), Algorithm 2 will return a set S with ¢,(S) < 8r'/k <
B/k as r’ = max{l,7(R)/n(L)} < 1/c. O

If we are in case A for some good vector u, then we show that the oracle succeeds in step 2(a) of
Algorithm 3 with width p = O(p).

Claim 4.13 (Case A). If Algorithm j returns a circulation f with demand graph D for some good
vector u such that (Lsym(D),Y;) > 1, then the feedback matriz My = H_%Lsym(D)H_% in step 2(a)
of Algorithm 3 satisfies || M| < 5.

Proof. Since u is good, the sets L, R are disjoint and 7(L), 7(R) > c¢-m(V) for some (small) constant
c. In the bi-directional max-flow problem in Algorithm 2, each vertex ¢ in L U R has degree at
most ' - f-7(i) < B-7(i) as ' = max{1l,7(R)/m (L)} < 1/c. This implies that the demand graph
satisfies Leym(D) < O(8 - II), and thus M, = IT"2 Le (D)II"2 < O(BI). 0

4.4.3 Finding Many Violating Paths

If we are in case B for some good vector u, then we show how to construct a large matching of flow
paths between pairs of vertices with small embedding distance using the following algorithm.

The reason that we ignored the original direction of the paths in Algorithm 5 is that we are trying
to find paths in K, rather than in G, that violate the triangle inequality. Thus, it is fine if the
resulting violating paths from chaining together the matchings do not correspond to paths in G.

Lemma 4.14 (Case B). If Algorithm 4 returns a circulation f with demand graph D for some
good vector u such that (Lsym (D), Y:) < 1, then Algorithm 5 returns a fractional matching M, with
w(My) = 2, where each edge ij in M, satisfies (v; —vi,u) > o and ||v; — vl < é Moreover,
there is a randomized algorithm to compute M, in expected time O(mlogn).
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Algorithm 5 Matching(u)
Input: s-t flow fand t-s flow }“ obtained from Step 2 of Algorithm 4, with parameters (G, u, ¢, 8, k).

1. Decompose the two flows into at most m flow paths between sets L and R. Ignore the original
direction of the paths and reorient every path from L to R. In particular, the paths we get
are (pr,ir, jr, fp.)¥_, where k < 2m. For each r € [k], p, is a path from i, € L to j, € R,
with weight f,, .

2. Discard any path p, with (v;, —v;,,u) < o or |jv;, —v;,||* > %.

3. Define M/, so that M/ (i,7) is the sum of the weights of all remaining paths from i to j.

Return )
M, = M.,

B - max {1,7T(R)/7r(L)}

Proof. Since Algorithm 4 returns a circulation f, both flows f and f from Algorithm 2 are saturat-
ing. This implies that the flow value for f and f is at least ZjeR Bm(j) = B-7(R) > B-cm(V) = Bec,
and thus

Y (DG,j)+ D(j,i) = B-c

icL,jeR
where D is the demand graph of the circulation f = % ( F+7).

Next, we bound the total weight of the flow paths that we discard in step (2) of Algorithm 5. Since
u is good (see Lemma 4.11), all flow paths are between vectors i, j such that (v; —v;,u) > o, so no
paths will be discarded this way. Our assumption implies that

1> (Lyn(D) Y = 5 30 (DG9) + DG - o~ wyl,

i€L,jER

and thus an average flow path is between pairs 7, j with [jv; — vj||2 < % By Markov’s inequality,

at least half of the flow of f is on flow paths between 4, with [jv; — vj||* < %. Therefore, we
discard at most half of the flow of f in Step (2) of Algorithm 5, and hence the weight of M., is at

least Bc/2.

By the construction of the bidirectional flow in Algorithm 2, each source and sink vertex has degree
at most - 7(i) - max{1,n(R)/m(L)} < B -7(i)/c. So, scaling M/, down by this factor gives a
fractional matching M, as defined in Definition 4.5, with w(M,,) at least ¢?/2.

Finally, we bound the runtime of the algorithm. The only non-trivial step is step 1, in which we

must decompose a fractional single-commodity flow into integral flow paths. The following theorem
due to Lau and Kwok show that this can be done in almost linear time on expectation

Theorem 4.15. ([LRS13, Theorem 5]) Given a fractional s —t flow f, there is a randomized
algorithm that, in O(mlogn) expected time, returns a flow path decomposition (pr, f.)%_; where
kE < m and each p, is a path from s to t with flow value f,,. along the path.
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O]

It follows that if case B happens often enough, then we can construct a fractional matching cover
as defined in Definition 4.6.

Lemma 4.16. Suppose that conditioned on u being a good vector, the probability that we are in
case B is at least 1/2. Then M = { My }yern is a (0,8)-matching cover with o,§ = Q(1).

Proof. Clearly, conditions (i) and (ii) in Definition 4.6 are met. As long as u is a good vector,
w(My) = ¢® by Lemma 4.14. As a random vector is a good vector with probability at least
by Lemma 4.11, we conclude that M = { M, },ern is a (o, 0)-matching cover with o = (1) and
§=r-c=Q(1). O

We apply Sherman’s chaining theorem on the matching cover to construct many violating paths
for step 2(b) in Algorithm 3.

Lemma 4.17 (Violating Paths). Given the (Q(1),Q(1))-matching cover M in Lemma 4.16, by
setting B = O( 10g">, there is a randomized algorithm using O(y/elogn) maz-flow computations

to find paths p1,...,ps with weight fp,, ..., fp,, so that the feedback matriz M; := ~II2 ( S S
Tpr)l'[_% satisfies (My, X;) > 1 and | My| = O(n¢/€¥/2), with success probability Q(n~°).

Proof. We apply Sherman’s Theorem 4.9 on M with [ = ©(e) and k = ©(y/elogn) to obtain an
efficiently sample-able distribution D over (uq,...,ux) so that the expected total weight of paths
in M(uy, . .., uy) between 4, j with |[v; — v;||> > 1 = ©(e) is at least e OF) . (V) = O(n~°). Since
the total weight is at most 1, by a reverse application of Markov’s inequality, we will find vectors
ui,...,u; where the weight of such good paths in M(uq,...,uy) is at least %n*, with probability
at least n=¢. With such uy, ..., ug, by Claim 4.8, we can find paths p1,...,ps with > 7| fp, > %n_G
in O(mk?) = O(m) time, such that for 1 < r < s the path p, = (vi,, ... , Vi, ) satisfies

< Vvelogn

k
k
Z Hvij - Uij+1H2 S B-c™ B-c but Hvil - Uik+1H2 > 1z
j=1

where the first inequality is by the property that each edge 77 in each fractional matching has

Jv; — v;]|? < % in Lemma 4.14. Thus, by choosing f = G)(iveclf)lgTL) = @(\/10%) with the

appropriate constant, the paths violate triangle inequality so that

k s
(Tp,, Y1) = Z Hvij Vi H2 - Hvil - ”ik+1H2 S—e = <prermY%> S—e-n” €
j=1 r=1

Setting y = O(n/e) with the appropriate implicit constant and the feedback matrix M; :=
—H_%(y Yooy fperT)H_%, we ensure that (Mg, X¢) = (—y> 0y fp. Tp, Ye) > 1.

Finally, we bound ||M¢|| to bound the width of the oracle. Note that the edges in these violating
paths form a subgraph of the graph M, U---UM,, . In each of these graphs, the total degree of
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vertex ¢ is at most 25 - w(i) < 2p, and so the total degree of each vertex ¢ in the union is at most
QBk ThU.S, ||Mt|| ngﬁk:O(ne/€3/2) D

4.4.4 Proof of Proposition 4.10

We are ready to put together the results in this subsection to finish the proof of Proposition 4.10. Set
8= O( 10%) Recall that, by Lemma 4.11, there is a positive constant - such that u ~ N(0, 1)
is a good vector with probability at least ~.

Suppose that when conditioned on u being a good vector, we are in case C of Algorithm 4 with
probability at least %. This means that, with probability at least 7 = Q(1), a set S with ¢(S) =

O(§> = O(% log”> will be returned by Claim 4.12. Therefore, after O(logn) independent

K €
samples of u, such a sparse cut will be returned with high probability, and so Algorithm 3 can be
terminated.

Similarly, suppose that when conditioned on u being a good vector, we are in case A of Algorithm 4
with probability at least 1/4. This means that, with probability (1), a feedback matrix M; :=

H_%Lsym(D)H_% from a circulation f with demand graph D can be returned with (M, X;) > 1

and | M| <8 < \/lo% by Claim 4.13. Therefore, after O(logn) independent samples of u, such
a circulation will be returned with high probability, and so Algorithm 3 can proceed to the next
iteration.

Otherwise, suppose that when conditioned on u being a good vector, we are in case B of Algo-
rithm 4 with probability at least 1/2. By Lemma 4.17, we can use Sherman’s result to chain
together O(yv/elogn) such flows to find violating paths pi,...,ps so that the feedback matrix
M, = Hfé(Zf Ion -Tp,,)Hfé satisfies (M, X;) > 1 and ||M,|| = O(n/€¥/2), with probability
at least Q(n~°). Therefore, after 6(716) chaining attempts using a total of 5(716) max-flow compu-
tations, such violating paths will be returned with high probability, and Algorithm 3 can proceed
to the next iteration.

These covers all the cases. The width and the runtime of the oracle are dominated by the step of
finding violating paths.

4.5 Main Result and Corollary

In this subsection, we prove Theorem 1.5 and Proposition 1.4.

Proof of Theorem 1.5. By Lemma 4.2, if there is an oracle with width p and approximation factor
a, then the regret minimization Algorithm 3 either certifies that ¢(G) > Q(1/k) or finds a cut
S C V with ¢,(S) < O(a/k) for a given  in O(p?logn) iterations. Combining the oracle in the
large core case in Lemma 4.4 and the oracle in the well spread case in Proposition 4.10, we obtain
an oracle with width p = O(n/e3/?) and approximation ratio o = O(+/logn/e). Therefore, by
doing binary search on x, we can obtain a O(y/logn/e)-approximation algorithm by running a total
of O(n2) iterations of MMWU in Algorithm 3.

35



Now, we will bound the runtime of each iteration. By Proposition 4.10, each iteration requires
5(715) max-flow computations. After each max-flow computation, we need to perform a flow-path
decomposition either in Algorithm 5 or by computing the edges of the demand graph Dy, which can
be implemented in expected O(mlogn) time by Theorem 4.15. In addition, each iteration requires
the use of a matrix exponential, whose computation is too long. Thus, instead of computing Y;, we
will approximately compute its Gram decomposition using the following lemma, whose proof we
will defer to Appendix B:

Lemma 4.18 (Matrix Exponential Computation). Let vy,...v, be the Gram decomposition of the
matriz Yy in step 1 of Algorithm 3. There is a randomized algorithm that, in O(pm/d?) time,
computes vectors 01, ... 0, € R? for d = O(logn/6%) such that with probability at least 1 —n~!,

0; = 0;]1> € (1 £ 0) v — o> £ 0D i jeV

In particular, Lemma 4.18 implies that if L is any Laplacian matrix (possibly with negative edge-
weights) satisfying (L,>_; 90, ) > 1, then (L,Y;) > 1 — 2§. Since all our feedback matrices are
always of the form II-1/2LII1/2 for some Laplacian L, it suffices to use 9 . ..o, as the embedding
vectors at step 1 of the algorithm in order to ensure that (M;, X;) > 1 — 26 for every iteration ¢
even though we never have to explicitly compute X;. Since p = 6(716), the overall runtime of each
iteration is dominated by the runtime of 6(n€) maxflow computations. O

An interesting corollary is about a dual certificate using circulations in Proposition 1.4.

logn
€

Algorithm 3 will always outputs a dual solution with value €2(1/x) rather than a cut as there is no

cut S with ¢ (S) < O(%\/ lo%) < %(]B}(G) Therefore, we can find a circulation F' with demand
graph D, and weights y, over shortcut cycles, such that

Proof of Proposition 1.4. Apply Lemma 4.2 with k 2 / gg,r(G) for a suitable implicit constant,

1 -1 ¢=(G)
(F) > Mo II72 Loy (D) — T, |II 2 ;
() 2 20 (14 (Eon0) = Tty )4 ) 2 20
where the first inequality is by (4.2). O

5 Primal-Dual Algorithms for Reweighted Eigenvalues and
Cut-Matching Game

In this section, we show that the regret minimization framework can also be used to compute
reweighted eigenvalues in Section 5.1 and to derive cut-matching game in Section 5.2.

5.1 Reweighted Eigenvalues

In this subsection, we use the regret minimization framework to compute the reweighted eigenvalue
defined in [LTW23]. The main result is that there is a primal-dual algorithm to compute A\3(G)
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in O(logn/A5(G)) iterations, with each iteration taking almost linear time. This combined with
Theorem 1.5 will prove Theorem 1.6.

The reweighted eigenvalue was used in [LTW23] to approximate the directed edge conductance
$(G), which is a special case of the m-weighted directed edge expansion ¢r(G) when 7(i) =
w(dt (7)) + w(d7 (7)), the total degree of vertex i. The result in this subsection only applies to
this special case. To avoid confusion, we use the notation dy, (i) := w(6*(i)) + w(d~(i)) to denote
the total degree of vertex i instead of using w(i), and D, := diag(d,) to denote the diagonal
total-degree matrix instead of using II.

From Definition 2.7, the reweighted eigenvalue is formulated as

=

FEF(G)

A (G) = max )\2< 2<Lsym(F)>D;5>. (5.1)

To construct a circulation F' that maximizes the objective value, we can use the regret minimization
framework as in Section 2.3.2 and Section 4.2. This framework reduces the above maximization
problem to the simpler task of finding a circulation F; € F(G) that maximizes (F;, X;) where X
is the density matrix in the matrix multiplicative update method in the ¢-th iteration, which can
be found using a min-cost flow computation. Then, the regret bound in Theorem 2.5 can be used
to prove that the average circulation % Zthl F; will be an approximate maximizer to \5(G).

Alternatively, using the min-max formulation from [LTW23][Proposition 3.4] where

. , 1, . )
O M 28y 30 PO e

subject to Zdw(i) ;=0 (5.2)

D dw(d) - floil* =1,
i=1

we can also interpret the following algorithm as a natural way to play a minimax game between a
primal “embedding” player and a dual “circulation” player.

We bound the number of iterations to obtain a good approximate solution.

Theorem 5.1 (Regret Minimization for Reweighted Eigenvalue). Let 0 < n < 1/2. The solution
F returned by Algorithm 6 satisfies

logn

———— iterations.
n?A3(G)

_1 1
Ao (Dw2Lsym(F)Dw2) > (1-20) - M(G) after T =
Moreover, each iteration can be implemented using one min-cost flow computation.
Proof. The main step is to lower bound the inner product (M, X;) in each iteration. The obser-

vation is that vi,...,v, form a feasible solution to the \5(G) program as stated in (5.2). To see
this, we just need to check that vy,...,v, satisfies the constraints in (5.2). Since Y;D,,1 = 0 and
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Algorithm 6 Regret Minimization Algorithm for Reweighted Eigenvalue
Input: A directed graph G = (V, E,w) and step size n € (0,1).

1 1
Initialization: X, = —1-(I — D311 Dg).
Fort=0toT —1:

1 _1 1
1. Given X; = 0 such that tr(X;) =1 and Xy L D31, let Y; := Dy, 2 X;Dy,? and vy,...,v, be
the Gram decomposition of Y;.

2. (Dual Player) Compute circulation Fy := arg maxXpe (@) D_i<; S(F(i,§) + F(j,4) - lvi — vj |
1 1
and set the feedback matrix M; := Dy Leym (F¢) Dy ? .
3. (Primal Player) Update X/ | := exp ( - %EE:O MZ) Let X;11 be obtained from X/ ; by
1
projecting it onto the space orthogonal to D31 and scaling it to have trace 1.

Output F = % ZtT:_Ol F;.

V; = 3, viv!, we have 3, dy(i) - v; = 0. Also, we have tr(X;) =
by the definition of F; in step (2) of Algorithm 6 and A3(G) in (5.2),

“dy(i) - ||vi]|* = 1. Therefore,

7

1 . . . . 3
(My, Xt) = (Lsym (F), V) = P 2 §(F(z,j) + F(5,)) - [loi — vi]* > M3(G). (5.3)

Note that the width® is ||M;]| < 1 because each vertex i has degree at most dy(i) in F; € F(G).
As each M; = 0, by applying the regret bound (2.7) in Theorem 2.5 restricting to the subspace
1

orthogonal to D21, it follows that

T-1
_1 1 1 logn N logn
Yo (D Loym(F)Du? ) 2 70 3 (M, X) - (1) = =28 > (1) - X3(G) = =

t=0

> (1 —2n) - A3(G),
(5.4)

where the last inequality is by our choice of T. Finally, note that the maximization problem
in step (2) of Algorithm 6 can be solved using one min-cost flow computation, which can be
implemented in m'*°(M) time by [CKLPPS22] (see Section B.3). O

5.1.1 Fast Algorithm for Cheeger-Type Guarantee

Note that Algorithm 6 is fast when A3(G) is large. On the other hand, when A5(G) is small, then
#(G) is also small by the directed Cheeger inequality in (2.9), and thus the O(y/Iog n)-approximation
in Theorem 1.5 is better than the directed Cheeger guarantee. So, we can combine Theorem 5.1
and Theorem 1.5 to prove Theorem 1.6.

This is the reason that this theorem does not hold for general =.
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Proof of Theorem 1.6.  First, we apply Algorithm 3 and Lemma 4.2 with 1/k := 1/10g1'5n to
either certify ¢(G) > 1/log"®n or to find a set S with ¢(S) < 1/logn. In the latter case, we know
that the set S; with 5(51) < Vlogn - g(G) returned by Theorem 1.5 has smaller directed edge
conductance than the guarantee by the directed Cheeger inequality in (2.9), and so we are done.

In the former case, we compute a set S5 of directed edge conductance qﬁ (S2) < \/ »(G)log 1/ d) G)

and return Sy. Since ¢(G) > 1/log!® n in this case, the directed Cheeger inequality in (2.9) implies
that A5(G) > ¢2(G)/ log(1/6(G)) > 1/log* n. By setting n = 1/4, we can get a 1/2-approximation
of X5(G) in O(log® n) iterations using Algorithm 6.

We show how to compute S5 from the computations done in Algorithm 6 and the flow-based round-
ing algorithm for the directed Cheeger inequality in Section 3.3. Let A := minj<;<7(Lsym(F}), Y2)
and uq, ..., u, be the Gram decomposition of a Y; that achieves this minimum. Since uq,...,u, is
a solution to (5.2) with objective value A, using the Gaussian projection and the metric rounding

step in Section 3.3, we can obtain a set Sy with 5(5’2) S/ Alog(l/&(G)).

It remains to argue that A < ¢(G) to prove the approximation guarantee. By (5.4) in the proof of
Theorem 5.1, we have

%o (D Lagm(F)Du* ) 2 A1 =) = X5(G) - > A1~ 20) = 5,

where the second inequality is because A > A\5(G) by (5.3) and the last equality is because n = 1/4.
This implies that

_1 _ _1 -
A< 2) (DMQLSym(F)DWQ) < 2X4(G) < 46(Q),

where the second inequality is due to F' € F(G) and (5.1), and the last inequality is by the easy
direction in (2.9). This proves that ¢(S2) < \/ $(G)log1/4(G).

Finally, we bound the time complexity of the algorithm. Computing S; takes 6(m1+6) for an
arbitrarily small constant e using the fast max-flow algorithm in [CKLPPS22]. In the case that
we also need to compute Sa, it takes O(m!T°() time to compute a 1/2-approximation of \5(G),
where the bottleneck is the min-cost flow computations in step (2) of Algorithm 6. Note that
once again, the matrix exponential can be computed in 6(m) time each iteration by Lemma 4.18.
Finally, the metric rounding step also takes O(m!*°(1)) time, as it also requires O(logn) max-flow
computations in Lemma 3.1. 0

5.2 Cut-Matching Game

Louis [Loul0] considered the following cut-matching game for directed graphs. In each round, the
cut player chooses a bisection (S, S) of the vertices, and the matching player chooses a directed
perfect matching between (S,S), which is defined as an Eulerian graph where each vertex has
indegree and outdegree exactly one. Louis proved that there is a cut-player strategy such that the
union of the directed perfect matchings has edge expansion (1) in O(log?n) iterations. Note that
the edge expansion in [Loul0] is the special case of Definition 1.1 when 7 (i) =1 for all i € V.
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In this subsection, we use the matrix multiplicative weight update method in Algorithm 3 to derive
an improved cut-player strategy and prove Theorem 1.7. We also extend the cut-matching game
to the more general setting of m-weighted directed edge expansion in Definition 1.1, for which the
bipartition returned by the cut player may not be balanced.

Algorithm 7 Cut Player Strategy

1. Let Di,...,D;—1 be the directed perfect matchings played so far. Let M; =
H_%Lsym(Di)H_%. Compute X; from M, ..., M;_1 using step (3) of Algorithm 3.

2. Let vy, ..., v, be the Gram decomposition of Y; := H_%th'[_% as in step (1) of Algorithm 3.
3. If there is a vertex i with 7(i) > 2m(V), then output the bipartition L = {i} and R = V\{i}.

4. Otherwise, let u ~ N(0,) be a random vector. Let y = median({(u, v;) : i € V}) where the
median is with respect to m. Output the bipartition L = {i : (u,v;) <y} and R = L.

For general m-weighted directed edge expansion, the requirement of the matching player is to output
a directed fractional perfect matching defined as follows.

Algorithm 8 Matching Player Requirement

Given a bipartition L, R from the cut player, the matching player must play a directed fractional
perfect matching D, which is defined as a weighted Eulerian subgraph where each ¢ € L has indegree
and outdegree exactly m(R)7(i)/n(L) and each j € R has indegree and outdegree exactly m(j).

Note that when 7 is uniform, then the cut player will always return a bisection, and the matching
player will always return a directed (fractional) perfect matching where each vertex has indegree
and outdegree one, and so this is a proper generalization of Louis’ cut-matching game.

The plan is to analyze the cut-player strategy using the regret bound in Theorem 2.5 as follows.

T
o 1 — 1 1 plogn 1
> > — (1—=n)— >
52(D) 2 Yo (I HLagn(DI) 2 723 (LoD, V) - (1= 1) = 55055 2 o

where D := % Zthl D;. The first inequality is by the easy direction of )\f in Proposition 3.4, the
second inequality is by the regret bound in Theorem 2.5, and the third inequality is what we would
like to achieve in the following.

The key quantity that we would like to lower bound is W} := (Lgym(Dy), Y:), which is a random
variable with respect to the filtration F; that is what happened up to round ¢ of the algorithm. At
each round ¢, we would like to lower bound E;[W;] where E[-] = E[-|F;—1]. To lower bound E;[W}],
we will use the following basic property of Gaussians (see e.g. [Vanl6, Example 3.4)):

Fact 5.2 (Gaussian Concentration). Let X be a Gaussian random variable with mean p and vari-

ance 0. Then,

Pr[|X — p| > to] < 2exp(—t%/2).
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Claim 5.3 (Expectation). E,[W;] > -1 for any t in step (4) of Algorithm 7.

~ logn

Proof. The proof is based on the fact that, with high probability, a random Gaussian projection
v; — (u, v;) will preserve the squared distances between all the vectors within a factor of logn. Let
x € R™ be a random vector defined by x(i) = (v;,u) where u ~ N'(0,I). Then, E;[|z(i) — x()|*] =
E¢|(v; — vj,u)|? = |Jvi — v, and by Fact 5.2,

Pr [[2(i) = 2(7)|* 2 Togn - lloy = v* | <n*.

Let € be the event that |z(i) — 2(j)|* < logn - ||v; — v;||* for all pairs 4,5 € V. By union bound,
Pr[€] > 1 —n~!. Therefore,

Ei[Wi] > E¢[(Lsym(Dy), ) | €] - Pr[€]

>Ee| %(D(i,j)+D(y‘,i))-Hvi—ij? ‘5]~(1—n_1)
i€L,jER
R 10;1 E| Y (DG.)+ DG, 1) - l2() - a:(j)|2].
i€eL,jeER

Let y be the median in step (4) such that z(i) < y < z(j) for all ¢ € L and j € R. Let
r = m(R)/m(L). Since max; (i) < im(V) in step (4), it follows that i7(V) < 7(L) < 2x(V)
and thus % < r < 1. Continuing,

Ei| Y. (D(i,5)+D(,9)) - |2(j) - x<j>|2]
i€L,jeER
>E | Y (DG0d)+ D) - ((200) = ) + (2(7) ~ y)2>]
i€L,jeER
=2 Zr (i) - (2(i) — y)2 + Zﬂ'(j) (z()) - y)2]
i€L JER

> % E [ZW(@') (@) =2y x(i))]

7
2 . 2
= 3> wli) - Jluil* = 3,
K3

where the first equality is because ;. D(i,j) =r-m(i) for i € L and >, ; D(4,j) = m(j) by the
matching player requirement, the last inequality is because r > % in step (4) of Algorithm 7, the
second last equality is because Y, 7(4) - z(i) = (u, >, (i) - v;) = 0 and E¢[z(3)?] = E¢[(u, v;)?] =
E¢[ol (uu”)v;] = ||lvi||* as u ~ N(0,1), and the last equality is because 1 = tr(X;) = tr(H%YtH%)

> i) - ol 0
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To show that with good probability, ), W; does not deviate much from its conditional expectation,
we will apply Azuma’s inequality, which we state as follows:

Theorem 5.4 (Azuma’s Inequality [Sin22, Theorem 18.3]). Let Xy, ..., X1 be a Martingale such
that | Xy — Xi—1| < ¢ Vt € [T). Then we have

52
Pr{|Xp — Xo| > 6] < exp () .
QZtT:l C?

Claim 5.5 (Concentration). In step (4) of Algorithm 7, for any constant § > 0,
T T
6-T 5%-T
P Wy > E{Wy | ——| >1—e —-Q .
PRI BRI CE (=)

Proof. Let Z; = Z’;Zl(l/Vi —E;[W;]). Then Z,; is a martingale with respect to the filtration F; with
Zy = 0. Moreover,

- -1 = - = sym ) = ) = 4
| Ze — Zy1| = Wy — Bt [W3]| < 2|(Lsym(Dy), V)| < 2(IL Y;) = 2

where the last inequality is because Leym(D;) is a Laplacian where the degree of vertex i is at
most (i) in step (4) of Algorithm 7 and thus Lgym(D;) < II, and the last equality is because
1 =tr(Xy) = (II,Y;). Using Theorem 5.4, we can bound our Martingale Z; as follows:

T 52T
Pr||Z7] >6- —— <exp(—Q< 5 >)
logn log“n
Note that |Zp| < 6T /logn implies that 3, W; > 37, Eo[W;] — &5 O

We are ready to prove Theorem 1.7 with these claims.

5.2.1 Proof of Theorem 1.7

Apply the regret bound in Theorem 2.5 with feedback matrices M; = 13 LsymH_% and let D :—
% Zthl Dy, it follows that

. 1 E

520) 2 2o (I Lo (DITE) = 13 LoD Y- (1 ) = 225 (55)

where the first inequality is by the easy direction of the SDP rounding in Proposition 3.4. The
main step is to lower bound ), Wi = >, (Lsym(Dy), Y2).

First, we consider the special case in step (3) of Algorithm 7, when there is a vertex i with (i) >
iﬂ'(V). If this holds then we are in the large core case of Proposition 4.3. We can apply the same

argument as (4.3) in Lemma 4.4 to show that (Lsym(D;),Y;) > (1) deterministically. Also, as
m(R)/m(L) < 4, each vertex i has degree at most 47 (i), and thus M; = H_%Lsym(Di)H_% < 41.
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Otherwise, by Claim 5.3 and Claim 5.5,

T
T §-T 82T
E (Lsym(Dy), Yz) > Q(l ) ~loan’ with probability at least 1 — exp ( — Q( 5 ))
— ogn/) logn log?n

Therefore, by setting T = O(lfﬁ;" ) where 1 and § are small enough constants, we have that

ZtT:1<Lsym(Dt),Y't) 2 T/log(n) with constant probability. Also, in this case, || M]| < 1 as each
vertex ¢ has degree at most (7).

Therefore, plugging in 7 = 1 and width bound p = 4 to (5.5), we conclude that ¢=(D) > 1/logn,
which implies Theorem 1.7 by multiplying T on both sides.

5.2.2 Approximating Directed Edge Expansion

As in [KRV06, OSVV08, Loul0], a corollary of the cut-matching game is an approximation algo-
rithm for approximating directed edge expansion.

Algorithm 9 Cut-Matching-Game Approximation Algorithm (G, k)

Initiate a cut-matching game where the cut player follows Algorithm 7. Each iteration, do the
following;:

1. Given the cut L, R returned by the cut player and a congestion value x, compute a bidirec-
tional max flow on (L, R, k, 8 = 1) using Algorithm 2.

2. If we obtain a cut 5, output S and terminate. If we obtain saturating flows in both directions,
f and f, construct the demand graph of the circulation [ = %( f+ f) as follows:

(a) Let D be the demand graph for f That is, for each i € L and j € R, if there is a flow
path p € f, then we add an edge (i, j) with weight f,.

(b) Construct D from f the same way.

(c) The matching player plays D; = %(ﬁ + D).

Note that this algorithm is essentially a special case of Algorithm 3, where we implement the Oracle
in a similar manner as in the project max flow algorithm (Algorithm 4). That is, we project our
embedding vectors in a random direction and call bi-directional maxflow with 8 = 1. Then we
either output a cut and terminate or update the embedding with the symmetric Laplacian of a
circulation.

Corollary 5.6. Given an edge capacitated directed graph G = (V, E,w) and a parameter k > 0,
there is an algorithm using the cut-matching game in Theorem 1.7 such that, in O(log2 n) iterations,
either builds a directed Eulerian subgraph to certify that ¢.(G) > L - L or outputs a cut S with

~ k logn

e 1 . . . . .
¢x(S) S . Furthermore, each iteration can be computed using O(1) single-commodity flows.
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Proof. If at any point, the algorithm outputs a cut during step 2, then by Lemma 3.3, we find a cut
of directed edge expansion at most O(1/x) as 3 = 1. On the other hand, if for some 7' = ©(log?n)
iterations, we always find a saturating flow in step 2, then the cut-matching game would have
proceeded for T iterations. Then, by Theorem 1.7, the average demand graph % ZtT:1 D, (which
is the average matching played by the matching player) has second eigenvalue at least 2(1/logn)
with constant probability. Thus, we have constructed a circulation with congestion at most s
whose demand graph D has m-weighted edge expansion at least €2(1/logn), and this implies that
&ﬂ(G) 2 o O

~ k logn-

6 Other Generalizations

As mentioned in the introduction, the reweighted eigenvalue framework captures also vertex ex-
pansion and hypergraph edge expansion. In each case, the framework produces an SDP for which
a rounding algorithm with Cheeger-like guarantee exists; see [LTW23]. In this section, we show
that, analogous to the case of directed edge expansion, by adding £3 triangle inequality constraints
to the SDPs for vertex expansion and hypergraph edge expansion, we obtain tighter relaxations
which have an integrality gap of O(y/Iogn) to the respective expansion quantities. Moreover, there
is an almost linear-time rounding algorithm for each of the SDPs.

6.1 Directed Vertex Expansion

A vertex-capacitated directed graph G = (V, E, 7) is a graph equipped with a vertex weight /capacity
function 7 : V' — Ry. Given such a graph, let S C V' be a nonempty subset of vertices. The set of
out-neighbors of S is defined as 97(5) := {v ¢ S| Ju € S with uv € E}, and the directed vertex
expansion ¥(S) and 1 (G) are defined as

- __min {m(87(S)),n(87(95))} . - — win &
¥n(S) = min{ﬁ(S),W(g)} d (@) = (Z);ASCVwW(S)'

Note that these definitions capture undirected vertex expansion as a special case. Also, let

Fo(G):=qF:E—Rs| Y F(i,j)= > F(j,i)<n(i) VieV

JjeER JJier

denote the set of feasible vertex-capacitated circulations on G.

By adding E% triangle inequality constraints to the embedding in [LTW23, Proposition 3.3|, we
arrive at the following program:

Definition 6.1 (Vertex Reweighted Eigenvalue with Triangle Inequalities). Given a vertez-capacitated
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directed graph G = (V,E,w). The \>*(G) program for directed vertex expansion is

1
Moo (@) = i L Fi. ) - l[vs — vil|2
" ( ) v1,--r-2)17f1€R” Fg_;-%}({(;) 2 ZJ%E (l j) ”Uz UJH

subject to ZTI’(Z) vy =0
i€V
. 2
> w(i) - vl =
iev
l[vi = v51* + [Jog — vil|® > Jloi — ve|* Vi, 5,k € V.

Note that this is almost identical to )\A for edge expansion in Definition 1.2. The only difference
here is that F' is constrained by vertex capacity constraints instead of edge capacity constraints. An
analogous proof to Proposition 3.4 shows that )\A” is indeed a relaxation of wﬂ, and by combining
Lemma 3.5 and a vertex version of Lemma 3.1 (see Lemma 6.9 below), we can bound the integrality
gap of this SDP relaxation as follows:

Theorem 6.2 (Vertex Integrality Gap). Let G be a directed graph with vertex weights m:V — RT.
Then we have

A2 (G) S 0r(G) < logn - A2 (G

In Section 2.2.3, we gave fast algorithms for approximating directed edge expansion using MMWU
and explander flows. These techniques can be easily adapted to approximating vertex expansion
by changing edge capacited flows to vertex capacitated flows. Moreover, it can be shown that the
dual of the A2*(G) SDP can be interpreted as finding the best vertex-capacitated expander flow
to certify that G has large directed vertex expansion. We can thus obtain the following vertex
analogous of Theorem 1.5, Theorem 1.7, and Proposition 1.4.

Theorem 6.3 (Fast O(y/logn) Approximation to v,(G)). For small enough € > 0, there is a
randomized algorithm that, given any vertex-capacitated directed graph G = (V, E, ), uses O(n3¢)

directed mazx-flow computations to compute a cut S C 'V, such that ¥(S) < \/10% A2 (@) with

~

constant probability.

Theorem 6.4 (Cut Matching Game for Directed Vertex Expansion). In the cut-matching game
for directed graphs, there is a cut player strategy so that, in O(log2 n) iterations, the union of the
matchings played by the matching player is an Eulerian graph with vertex expansion Q(logn).

Proposition 6.5 (Vertex Dual Certificate). Given a graph G with vertex weights m: V — Ry,
there exists a feasible circulation F € F,(G) such that:

Togn

Remark 6.6 (undirected case). We remark that our definition of directed vertex expansion also
captures undirected verter expansion, and that all the results presented above apply to the undirected
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case. Note that the vector program presented in [FFHLOS, Section 2.3] can also be rounded to give an
O(V/1ogn) approximation of vertex expansion (vertex expansion defined here is within a constant
factor of “minimum ratio vertex cut” in their paper and is different from the ‘“vertex expansion”
in their appendiz). Our program has the advantages that it admits a fast primal-dual rounding
algorithm and that it has an arguably simpler form.

While it is possible to prove Theorem 6.3, Theorem 6.4, and Proposition 6.5 directly by analyzing
the A2v program, a simpler way to obtain these results is by a reduction from vertex expansion to
edge expansion.

Proposition 6.7 (Reduction from Directed Vertex Expansion to Directed Edge Expansion). Let
G = (V, E, ) be a vertex-capacitated directed graph. Then, there exists an edge-capacitated directed
graph G' = (V' E',w) over vertex weights ©', such that |V'| = O(|V]), |E'| = O(|V| + |E|),
and $W(G’ ) ~ JW(G). Moreover, such graph G’ can be constructed in linear time, and given any
0+ S CV we can compute in linear time an O # S C V such that ¥ (S) < ¢x(5").

For brevity, we describe the (somewhat standard) reduction and leave the verification to the reader.
For each vertex i in G, create two copies i;, and iy in G’, where 7/ (i;,) = 7(i) and 7 (iput) = &
for a small positive § < min; 7(7), then draw an edge from iin 10 Tyt With edge weight (7). For
each edge e = ij € F, draw an edge from igy to jin, with edge weight M > " 7(i). Observe that
this reduction can be computed in O(n + m) time, and after that we simply apply this reduction
to obtain Theorem 6.3, Theorem 6.4, and Proposition 6.5 from their edge expansion counterparts.

6.1.1 Vertex Cheeger Rounding

In this section, we will prove the following generalization of Theorem 1.6 to the vertex case:

Theorem 6.8 (Vertex Fast Cheeger-type Rounding). Given an graph G with vertex capacities
: V. — Ry, there is an almost-linear time algorithm to obtain a set S such that ¥ (G) <

\/ Y= (9) - log J“a"), where dyax s the mazimum unweighted degree of G.
While the previous theorems and proposition can be proved via reduction to 57” the same is not true
of Theorem 6.8 because Theorem 1.6 only holds for the special case of directed edge conductance
rather than the general ¢,. Instead, we need a version of Lemma 3.1 for vertex expansion.

Lemma 6.9 (Vertex Metric Rounding Lemma). Given a graph G = (V, E), let d(-,-) be a metric
on'V, and let w: V — RT be an arbitrary weight function over V. Suppose we are given disjoint
vertex subsets L, R CV as input to the algorithm. Let r := w(R)/n(L) and r' := max{1,r}. Then
there is an algorithm using O(logn) mazimum flow computations to output a set S with

. r’ - max oo F(i,9) - d(i, g
’l/}ﬂ(S) 5 FE]'-U(G) ZZ,’JEV : ( ]) ( ])
ZieRW(l) -d(i,L)

Lemma 6.10 (Unsaturated Case, Vertex Version). Suppose Algorithm 2 with vertex capacities
outputs a cut S. Then ¢ (S) < (k/Br" — 1)L, where r' :== max{1,r}.
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Given these two modifications, the proof of Lemma 6.9 follows by combining Lemma 6.10 and
Lemma 3.2 as in the proof of Lemma 3.1. The rest of the proof of Theorem 6.8 is analogous to that
for Theorem 1.6 in Section 5.1.1. First, we apply Theorem 6.3, and if we determine through this
algorithm that JW(G) is small, then the O(y/logn) approximation dominates the Cheeger bound. If
on the other hand, we determine that 1/77F(G) = Q(logl%n), then we solve the reweighted eigenvalue

program for directed vertex expansion as defined in [LTW23, Definition 1.2] in O(log!'*® n) iterations

of MMWU. Then, we apply Cheeger rounding to find a set .S in such that 1/;%(5 ) S \/ TEF(G) log %

as guaranteed by [LTW23]. To round the ¢; program, we use flow rounding by applying Lemma 6.9
to attain an almost-linear runtime.

6.2 Directed Hypergraph Expansion

An edge-capacitated directed hypergraph H = (V, E,w) consists of a set F of weighted directed
hyperedges over vertex set V. For each edge e € E, e = (He,T.) where H.,T, C V are the head
sets and tail sets in e respectively, and w(e) is its weight. Given such a graph over vertex weights
m:V = Ry, let § CV be anonempty subset of vertices. The set of out-neighbours of S is defined
as 01(S) :={e€ E:T.NS # () and H. N S®# 0}, and the directed hypergraph expansion ¢(S)
and ¢ (H) are defined as

= o . min(w(61(S)), w(6(5))) and & = min ¢
dr(S) = min(n(S), 7(9)) d  ¢x(H):= @;éSCV(bW(S).

Note that this captures expansion in undirected hypergraphs by taking H, = T, for each e € F,
and also directed expansion in ordinary graphs by constraining |H.| = |T.| = 1.

We again derive our SDP by adding ¢3 triangle inequalities to the reweighted eigenvalue program
for directed hypergraphs. Although the program is not readily available in [LTW23], its derivation
follows the same idea of reducing to the simple case of undirected edge expansion in ordinary
graphs, via edge-constrained circulations on the clique graph. Concretely:

Definition 6.11 (Directed Hypergraph Reweighted Eigenvalue with Triangle Inequalities). Given
an edge-capacitated directed hypergraph H = (V, E,w) over vertex weights w:V — Ry. Let
F(H) := {F VXV 5 Reg|3{Fe: Ho x To = Raoleen s.t. Fli,j)= Y F(i,j),
ei€He,je€T,

S Fid) Sule) Ve E,

1€He,j€T,
D FG,5) =) F(j,k)Vje V}
2% keVv
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be the set of feasible circulations on H. The )\ﬁ(H) program for directed hypergraph expansion is

1
A L . . .. 2
Al =, i, s, 256D+ G-l

subject to Zw(z) 0, =0

[vi — vj|1* + llv; — vel|® > [lvs — wel|® Vi, j, k€ V.

The intuition for defining feasible circulations on directed hypergraphs this way is that they cor-
respond to Eulerian reweightings of an underlying “clique graph” Ky of the directed hypergraph
H, where for each edge (H.,T.), we add an arc ij from every i € H, to j € T,. The definition
A5 (H) is a natural one for various reasons. First, it can be shown that A5 (H) is a relaxation
of (Eﬂ(H ). Second when H is an undirected hypergraph and 7 is the total weighted degree, i.e.
H, =T, VYec E,and 7n(i) = )5, w(e), then )\f(H) is exactly the reweighted eigenvalue program
for undirected hypergraphs as defined in [LTW23, Section 5.1] but with 6% triangle inequalities.
Third, (iii) just as our program for directed graphs is a relaxation of the SDP in [ACMMO5], this
program is a relaxation of the SDP in [CS18]. Note also that )\f for ordinary graphs may be
considered a special case of Definition 6.11.

Again, our main results for edge expansion extend to hypergraph expansion.

Theorem 6.12 (Hypergraph Integrality Gap). Let H = (V, E,w) be an edge-capacitated directed
hypergraph with vertex weights ©:V — RY. Then we have

AMH) < dr(H) S Vlogn - A2 (H)

Theorem 6.13 (Fast O(y/logn) Approximation to ¢(H)). For small enough ¢ > 0, there is
a randomized algorithm that, given any edge-capacitated directed hypergraph H = (V, E,w) over
vertex measure m: V. — Ry, uses O(n>¢) directed maz-flow computations to compute a cut S CV,

such that ¢ (S) < \/10% - A2 (H) with constant probability.

~

Proposition 6.14 (Hypergraph Dual Certificate). Given a hypergraph H = (V, E,w) with vertex
weights m: V. — Ry, there exists a feasible circulation F € Fpn(H) such that:

~ Vlogn

O (F)

We can also define a cut-matching game for directed hypergraphs, where the matching player
is required to return an Eulerian subgraph of the clique graph Ky satisfying the indegree and
outdegree constraints as in Algorithm 8.

Theorem 6.15 (Cut Matching Game for Directed Hypergraph Expansion). In the cut-matching
game for directed hypergraphs, there is a cut player strategy so that, in O(log2 n) iterations, the
union of the matchings played by the matching player is a feasible circulation on H with hypergraph
expansion (logn).
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The key for obtaining these results is to relate hypergraph expansion of H to the edge expansion
of an ordinary derived graph Gp as in [CS18], which we present here for completeness.

Definition 6.16 (Derived Graph of Directed Hypergraphs [CS18, Fact 1.1]). Let H = (V, E,w)
be an edge-capacitated directed hypergraph over vertex weights w : V. — Ry. The derived graph

Gg = (V' E',w') over vertex weights ' : V! — Ry is defined as follows:
o V' i=VU{i":ec E}U{i®  cc E}
o B/ :={(j,i!"):j € He,e € E}U{(i",i%) : e € E}U{(i%, k) : k € T.,e € E}

o w/(j, i) = 0/ (2, k) = 0o and w/(ii", o)

moad™) =w(e) foralle € B, (4,k) € He x T,
o /(i) =m(i) for alli € V, and 7' (i) = 7/(i2%) = 0 for alle € E.
From [CS18, Fact 1], there is a correspondence between subsets S C V and S C V' so that
Ox(S) ~ ¢ (S"). Therefore, if we perform a black-box reduction from ¢.(H) to ¢ (Gg), we
obtain Theorem 6.13, Theorem 6.15, and Proposition 6.14, although the approximation guarantees
using this approach degrade to O(y/log(n +m)) or O(log(n + m)) (since |V'| = ©(n + m)), which
are worse when m = w(poly(n)).

To obtain these results in full, one needs to derive hypergraph analogues of Lemma 3.1, and of
the algorithms in Section 4 and Section 5.2. To this end, the key modification is to replace the
bidirectional max-flow algorithm in Algorithm 2 by its hypergraph counterpart, and we may leave
the other components essentially unchanged. We will need to define flows on hypergraphs H and
obtain a hypergraph version of min-cut-max-flow theorem, and this is achieved by considering flows
and cuts on the derived graph Gp:

1. Given L, R, a partition of V, we add vertices {s,t} to Gy with s connected to L and ¢
connected to R as in Algorithm 2 and maximum s — ¢ and t — s flows.

2. Each flow path is of the form (s, j1, ié?,ig?t,jg,ig, i‘e’;‘t, ..y Je, t), where (i, jiy1) € He, X T,
for all 1 <t < ¢—1. It corresponds to the flow path (s, j1,Jj2,...,J¢t) in the respective s-t
flow problem in the clique graph Kp. One can then check that bidirectional flows on G

correspond to Eulerian reweightings on K, i.e. feasible circulations on H.

3. The min-cut-max-flow theorem yields an s-t cut in Gg. Since w'(j,i") and w'(i%%, k) are
large, the cut edges will only be in one of the following types: (s, ), (5,t), or (i, i%%!) (where
J,3' € V). Thus, we derive a hypergraph version of Lemma 3.3, whose proof follows closely

that of the original version. Consequently, we obtain a hypergraph version of Lemma 3.1.

Thus, the overall idea for generalizing our arguments for directed graphs to directed hypergraphs
is to use the derived graph Gy to compute bi-directional flows. Then we can either find a directed
sparse cut or many feasible circulations in F(H ), whose average can be used to certify that (Eﬂ(H )
is large through MMWU.

Finally, we will give the following generalization of Theorem 1.6 to undirected hypergraph conduc-
tance, improving on the runtime of the algorithm in [LTW23, Section 5]. Recall that for undirected
hypergraphs, H. =T, for all e € F.
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Theorem 6.17 (Hypergraph Fast Cheeger-type Rounding). Given an edge-capacitated undirected
hypergraph H = (V, E,w) with vertex weights 7(i) = ) .;cy w(e), there is an almost-linear time
algorithm to obtain a set S C V' such that ¢-(S) < /¢=(G) -logr, where r := max, |H.| is the
mazimum edge size of H.

The proof of Theorem 6.17 is analogous to that for vertex expansion, except that this time, it
suffices to use threshold rounding as in [LTW23], which can be done in linear time.

We remark that by using the directed hypergraph metric rounding lemma outlined before, as well
as a version of Lemma 3.3 for directed hypergraphs, a fast Cheeger-type rounding algorithm exists
for directed hypergraphs, with the guarantee that

5:(9) < . [6n(G) - log ———.
7.(5) \/<z><> =

This would necessitate a Cheeger inequality for directed hypergraphs, which is not available in
[LTW23] but follows readily from their technique.

7 Summary

In this paper, we have given a unifying approach for generalizing all the major approximation algo-
rithms for undirected edge expansion to other settings, including directed edge expansion, directed
vertex expansion and directed hypergraph expansion. These algorithms may be summarized in a
one-sentence formula: use flows to implement an MMWU algorithm for solving a reweighted eigen-
value program or playing a cut-matching game. Such short formula either recovers or improves all
relevant past results.

On the practical side, it is worth noting that the algorithms presented in this paper are almost-
linear time. While we have theoretical guarantee on their runtimes and approximation ratios, we
are curious about whether they may be implemented to find good sparse cuts in large graphs
quickly. Such implementation would bring these algorithms into the practical realm; in particular,
fast spectral algorithms for computing hypergraph sparse cuts would be useful in certain machine
learning applications, and fast algorithms for finding reweightings could be useful in graphical
neural networks for hypergraphs and directed graphs.

We believe our approach leaves much room for further research into graph partitioning problems.
Since multi-way graph partitioning has found many applications in clustering and classification, one
interesting open area of research is to design fast approximation algorithms for multi-way graph
partitioning and generalize it to the vertex, directed graph, and hypergraph settings. In [Yos19],
Yoshida recovered Cheeger-type inequalities for partitioning problems on all submodular functions,
which is more general than directed hypergraphs. Another open problem could be to use flows and
reweighted eigenvalues to obtain fast approximation algorithms for partitioning problems on more
general classes of submodular functions.
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A Missing Proofs of Section 3

Proof of Proposition 3.4. Let ) # S C V. We construct an SDP solution to show that (G) <
2¢x(S). Consider the vector solution

(a,0,...,0), ifies,
v; 1=
‘ (b,0,...,0), otherwise .

where a,b € R satisfies an(S) + br(S¢) = 0 and a?7(S) + b*7(S¢) = 1. Note that such (a,b) must
exist. A routine check reveals that all the constraints on v; are satisfied. It remains to show that

1 . -
5 D () llvi — v <26:(S)  VF € F(G).
ijEE

Solving for a and b, we see that (a — b)? = w(V) /7 (S)7(S¢). Then,

S Fa -yl = 5| Y+ X | Fa- by

ijeE i€S,jeSc  ieSc jeSs
= (F(S,5°) + F(5°,5))
F(S,5°) + F(S°,5)
min(7(S), 7(5°))

2min(6*(S5),07(5°) -
min(7(S), m(S5¢)) = 26x(5),

where the last inequality uses the fact that F' € F(G) is an Eulerian reweighting, so that F'(S, 5¢)
F(S¢,8) < min(w(67(S)), w(d(5))). This finishes the proof that A2 (G) < 26, (G).

Ol

Proof of Lemma 3.5. The algorithm for the unweighted version in Theorem 2.2 proceeds as follows.
Let ¢ > 0 be a suitable absolute constant. First, choose a random direction u ~ S*~! C R”, and
order the vertices @ by (v;,u). Second, if the median value is M, set L to be the set of vertices 4
such that (v;,u) > M + o/y/n, and set R to be the set of vertices ¢ such that (v;,u) < M. Third,
while there are pairs (i,j) € L x R such that |v; — v;||* < A = ©(1//log n), remove i from L and
j from R. If |L| > Q(n) and |R| > Q(n), then the procedure successfully finds two large subsets
that are at least A > Q(1//logn) ¢3-distance apart. Refer to [ARV09] for complete details.

To prove the m-weighted version in Lemma 3.5, we do a reduction to the unweighted case. Recall
the assumption that 7(V) = 1. Let K € Nsuch that K -min;ey 7(i) > 1/2, and let 7/(¢) := [ K7 ()]
for i € V. We may further assume that min;cy 7(i) > Q(1/ poly(n)) (vertices with smaller measure
may be ignored), so that K < O(poly(n)). Create n'(i) copies of v; and feed the embedding to
the unweighted algorithm. Note that the embedding consists of ©(K) vectors. In the end of the
unweighted algorithm, w.h.p. the output sets L and R will have size ©(K) each, and they will be
at least Q(1/y/logn) £3-distance apart.
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Note that if one copy of v; is in either of the output set, we may include all copies of v; in that
output set, without affecting the distance between L and R. Then, the m-measure of vertices in L

will be at least )
. T
Zﬂ'(z) >y s = ILI/2K > Q(1);
€L €L

same for R. We have proved that w.h.p. 7(L),m(R) > §(1). The runtime is polynomial in the
number of vectors which is ©(K), and hence polynomial in n.

To get rid of the K-dependence in the runtime, we may modify the unweighted algorithm as
follows: In the second step, compute the weighted median. In the third step, instead of removing
both vertices i and j, subtract min(7(i),7(j)) from both 7 (i) and 7 (j), and remove the vertex
whose m-measure drops to zero. ]

Proof of Fact 3.7. Direct calculation gives

> @) o = vil” = (Hvz!l o+l 1> = 2(v3, )

i,J€EV z]EV
2
- Dl | =23 7)o
zEV %
= 1—-2- 2

Proof of Lemma 3.8. Direct calculation gives

2 = Y w(i)m(i)dGi. )

ijev
< g2 Z { (i, L) + diam(L )—l—d(j,L)}
i,jev
= s (x(V)*diam(L) +21(V) - Y 7(j)d(j, L))

JjeV
= s*(diam(L)+2- Z s

JER

where the inequality comes from applying the s-relaxed triangle inequality twice and the last
equality uses m(V') = 1. Rearranging gives the desired result. O

B Missing proofs of Section 4

Proof of Proposition /.3. We will make use of [Kal07, Lemma 5], which we will restate as follows:
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Lemma B.1 ([Kal07, Lemma 5]). Given a set of embedding vectors vy, ... vy such thaty_, ; [lv; — vi|® >
4n?/5. Then one of the two cases hold:

e There is a node i such that |B(i | >n/4

L)

> 2¢/10

e There is a set of nodes S C V and an ig € S such that Vi € S, |jv; —v;,||* = O(1) and
Zi,jES [Jvi — UjH2 = Q(n?)

Note that this immediately implies Proposition 4.3 in the case where 7 is uniform. For general 7,
suppose we re-scale 7 so that for each 4, 7(i) is an integer. Then we have >, . w(i)7(j) [|vi — v; 12 =
7(V)2. We define a new set of vertices V’ with |V’| = 7(V) with embedding vectors w : V' — R™.
In particular, we replace each i € V with 7(4) vertices in V' each embedded at the point v;. Then
we have >, ey [|wi — wyr 2 = >ijev m(@O)m(d) [vi — vi||* = 7(V)2 Now, by applying [Kal07,
Lemma 5], we must have one of the following two cases

e There is a vertex i’ € V' such that |[{j’ : ||wj — wy

is a i € V such that 7(B(3, ﬁ)) >m(V)/4

< T}ﬁ}’ > m(V)/4 which means there

2
e There is a set of nodes S’ C V' and an i, € S such that Vi’ € ', = O(1) and

Do jrest ||wir — wyr 2= Q(m(V)?). This means there is a set of nodes S C V and an iy € S
such that Vi € S, [lv; — v;,||* = O(1) and 32, ;o w(i)m(j) [l — vj]|* = Q(w(V)?)

Wi — U)%

O]

proof of Lemma /.11. We will prove the theorem via a simple reduction to [Kal07, Lemma 14],
which we will state as follows:

Lemma B.2 ([Kal07, Lemma 14]). Suppose there are vectors vy, ..., v, such that ||vi]|* < 1 for
each i and ), ; ||lv; — vj||* > an® for some constant a. Let ¢ < a/256. Then with probability 8c
over u, There exists sets L, R, of size at least 2cn such that for each i € L and j € R, we have
(vj —vj,u) > 0.

2

v

Now suppose we re-scale 7 so that for each i, 7(i) is an integer. Then we have -, ; 7(i)m(j) lvi — vj|
am(V)? for some constant a. We define a new set of vertices V' with |V’| = n(V) with embedding
vectors w : V! — R™. In particular, we replace each i € V with 7 (i) vertices in V' each embedded
at the point v;. Then we have }_;, .y ||[wir — wy 2= >ijev m(O)m() flvi — vj||* > am(V)2. Then,
applying [Kal07, Lemma 14], we have that with probability at least 8c over u ~ N(0,I), two sets
L',R" C V', each of size at least 2cm(V) such that for all ¢ € L',j € R, (v; — v;,u) > o. This
implies that there exist L, R C V such that n(L),7(R) > 2¢cn (V). O
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B.1 Sherman Main Theorem

First, we will formally define the distribution used in Theorem 4.9. In the statement of the theorem,
the distribution is over K vectors uq,...,ux for some K = O(y/logn). The explicit distribution
is over a shuffling of independent Gaussian vectors and correlated Gaussian vectors as defined in
section 5.4.1 of [She09].

Definition B.3. (correlated sequence of Gaussian vectors) Let ./\/Z~C be a distrbution over vectors
ul,...,up € R such that each w; has distribution N(0,1;), and u;41 is p-correlated with u;. In
particular, if we define the matriz U € RF* with Uij = ui(j), then each column of the matriz,
(u1(2), ...ug(?)), is a k-dimensional multivariate normal distribution with covariance matriz Xqp =
p‘a_b‘, and the d columns are mutually independent.

To prove Theorem 4.9, we first note that it is invariant under scaling of 7, which means we once
again assume WLOG that m(¢) is an integer for each i. Once again, we apply the reduction in
which we have a set of (V) vertices, call it V', and for each i € V, we embed 7 (i) vertices in
V' at the point v;. Given the m-fractional matching cover M, we can define a matching cover M’
over V' as follows. Given a vector u, for each i,5 € V x V| we add M, (i, ) edges between the
corresponding vertices at v; and v; in V. Clearly, M’ is a (o, ) matching cover V’. The idea
of Sherman’s original argument was to show that if k& matchings chained together does not give
many paths between vertices i, 5 such that ||v; — vj]|* > I, then there is a vertex i such that with
constant probability over random vectors u ~ N(0,I), we have (v; — v;,u) > Q(ko) for some j
such that ||v; — v;]|* < I. Then he shows that for large enough k (in particular k ~ /Tlogn), the
probability of the later event happening cannot be €(1) by union bounding over all 7, j pairs. In
our case, even though we have (V') points, there are still only n distinct positions so it still suffices
to union bound over n points instead of w(V') points. For completeness, we will give the details of
the argument in the rest of the section.

Sherman defines a uniform (o,d)-matching cover [She09, Definition 5.4.1] as a (o,d)-matching
cover in which each vertex has at least a § probability of having out-degree 1 in the matching.
By iteratively pruning vertices V' whose probability of being matched is less than §/4, we obtain
X C V' of size at least 7(V')/4 such that M’ is a (¢, 0/4)-uniform matching cover over X.

Definition B.4. Given a distribution D over vectors uq,...,ux, and a matching-cover over the
vertices X, a vertex i is (0,9,7,l)—covered, by D if with probability at least § over a random
Gaussian u ~ N(0,1),

Pr [3j € B(i,0): (i,5) € M'(D), (v; —vi,u) > olug =u] > v (B.1)

U2,..., Uk

Now, we will use the following lemma from [She09]:

Lemma B.5 ([She09, Lemma 5.4.8]). Let M’ be a (o,0)-uniform matching cover of X where
§ <1/16. Letl < 0/27\/log(1/5) and k > 1. Then one of the following must occur:

1. There are distributions D°,...,D* such that for every b < k, at least 561’]X] vertices are
(bo /4,68, 6% \/1)-covered in M'(DP)
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2. There is a efficiently sample-able distribution D* such that at least 0| X | vertices i have at
least §5°K° probability of having an out-going edge to some j € i\B(i,l) in M'(D*). Further-
more, D* is a shuffling of/\/lkil/k with N for some k' < k and k" < 6k.

To show that case 1 cannot hold for too many rounds, we will use the following lemma

Lemma B.6. Let M’ be any matching cover for X and v > 0. There are no vertices i € X that

are (1/2l1og (n/), 8,7, V1)-covered by M(D)

Proof. Let i € X be arbitrary, and let j € B(7,l). This means ||v; — vi]|* < 1. Then by Fact 5.2,

we have
lir[(vj — v, u) > 4/2l1og (n/0)] < exp(—log (n/d))

Since there are at most n distinct embedding positions in X, the probability over u; that there
is any j € B(i,1) such that (v; — v;,u1) > l4/2log(n/d) is at most (n — 1)6/n. In this case, the
conditional probability in (B.1) must be 0, which is less than ~, for greater than 1 — § fraction of
Uu. L]

Proof of Theorem 4.9. For any constant [, if k¥ > C+/lIlogn for some constant C, then case 1 of
Lemma B.5 would imply that there is some x € X that contradicts Lemma B.6. Thus, we must be
in case 2 for some k < C+/ITogn. This means that for some distribution D*, the expected number of
edges in M'(D*) between vertices i, € X such that |Jv; — v;||* > [ is at least ¢~O()| X|. Finally, we

note that w paths between vertices embedded at v; and vj in M’(uq, ..., u) correspond to a path of
weight w between ¢ and j in M. Moreover, the algorithm for constructing Py, .. v, in M(u1, ..., ug)
is equivalent to the natrual algorithm chaining together 0/1-matchings in M’ (uq, ..., u). Thus,

the expected total weight of paths in Py, .. ., between vertices 4, j at distance at least | apart is at
least @+ (V).
Finally, we note that while our distribution D* is a shuffling of ./\/lki1 Jk and ./\/é“//, we have not yet

given a way to find the correct ordering. However, since k' + k" = O(y/Tlogn), the total number
of sequences is at most O(y/Tlogn!) = n°M). Thus, if we pick a random shuffling, the probability
that it will be the correct ordering is n=°(1). Thus, after taking into account the randomness over
shuffling orders, the expected total weight of paths between vertices 7, j at distance at least [ apart
is at least n °WeOF)r(V) = ¢~ OF) 2(V) since k2 = O(llogn). O

B.2 Matrix Exponential

In this section, we give details on how to implement the matrix exponential step in algorithms 6, 3
and 7 and prove Lemma 4.18. Given feedback matrices Mj, ..., My, such that | M;|| < p for each
i € [t], we would like to approximately compute the Gram decomposition of the matrix
H—1/2 GXP(*% 22:1 Mi)H—l/Q . Hl/Q:ﬂ.]]_Tnl/Q
t
tr(exp(—7 25— Mi)) — 1

Y, =
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Note in particular that if we take A = %25:1 M;, then it suffices to compute the rows of the

matrix exp(—%A)Hfl/2 projected into the space orthogonal to IT'/21. Since computing the matrix
exponential exactly is costly, we will instead compute a low-dimensional approximation of its rows
by multiplying the matrix with random vectors and applying the Johnson-Lindenstrauss lemma.
Thus, the problem of computing the embedding vectors reduces to the problem of computing
exp(S)u for some vector u and symmetric matrix S. For our purpose, it suffices to compute the
first terms in the Taylor expansion of the matrix exponential.

Lemma B.7 ([Kal07, Lemma 23]). Given a symmetric matriz S and a unit vector u, let v =
Zf:o 28, If k > max(e? ||S|,In1), then v satisfies

lexp(S)u — vl < [lexp(S)]| 7

Moreover, the time it takes to compute v is O(km) where m is the number of non-zero entries in

S.

Given the previous result, we can give the algorithm for computing the matrix exponential based
on [Kal07, Section 4.7]. However, there are two modifications we must make. First, to take into
account the m vertex weights, we let myi, = min; 7(i), and we will show that it suffices to take
T = Tmin/ poly(n). Second, we must take into account the projection into the subspace orthogonal
to II'/21, which is the exactly the nullspace of A. We will call this subspace L{#, and for a matrix
M, we will define the matrix M|, as the matrix whose columns are those of M projected into

U, We can then modify Lemma B.7 as follows:

Lemma B.8. Let u be a unit vector inU-, and let v be the vector obtained from applying the Taylor

approzimation in Lemma B.7 for k = max(e? ||A||,In 1) iterations to the matriz exp(—3A)u. In in

O(pm) time, we can ensure that

exp(~ 2 A)

<
B 2

u—v
Uz

1
exp(—iA) T

Uz

Proof. Let P € R™ "1 be a semi-unitary matrix mapping U; to R"~!. Note that this means
PP = I, ; and for any z € U7, we have PP"2 = x. Since u € U, we have exp(—3A)u =
exp(—%A)|u 1 u. Moreover, the Tayler approximation v is also in Zx[f;, which means

1
exp(~ 5 4)

u—v
Uz
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where the last equality follows from the fact that Range(A) € U;-, which means (PT AP)! = PT AP
for any ¢. Finally, we check that

N F(—1)
PTlo=P") 5o APPTu=3 o (PTAP)'P
i= ' i=1
Thus, we can apply Lemma B.7 with S = —*PTAP and the input unit vector being P"u to obtain
eXp(—EPTAP)PTU — PTU exp(_}PTAp) — exp(—lA)
2 2 2"yt

Finally, to bound the runtime, we see that it suffices to take k = max(e (1/7)). We
can bound the matrix norm by ||A|| since P is unitary. Since each M; has spectral norm at most p,
we have ||A|| < nT. In algorithms 6 and 7, we have 7 = O(1) and T = O(log®n) and in algorithm
3, we have, n = 1/p and T = O(p%logn). Thus, in the worst case, we have ||A|| < O(p). O

Now, we are ready to give our algorithm for approximating the matrix exponential:

Algorithm 10 Matrix Exponential

Input: a symmetric matrix: A = %Zﬁ:l M;, embedding dimension d, and accuracy parameter 7

1. Let U be a n x d matrix whose d columns form an orthogonal basis of a random d =
O(log n)—dimensional subspace orthogonal to the vector IT'/21 with each column vector hav-
ing length /n/d. Let U; be another random matrix defined similarly but whose columns are
orthogonal to the vector 1 instead.

2. Pick k > Q(max(p, log (1/7))). Compute Z; = S CL A-1/20, and Z = Sk

(2
=0 o7 ) Aiy

1=0 2”!

3. Let ©1,...0, be the rows of the matrix Z/1/tr(ZZ7). Return these as the approximate
embedding vectors.

For the sake of analysis, we will define the following matrices: let W, := exp(—%A)H_l/ Uy =
exp(—3A) ity 120, and let W := exp(—3A)|U = exp(—%A)|u#U. Note the second equalities
follow from the fact that the columns of U and II7Y/2U; are in U-. By applying the Johnson
Lindenstrauss lemma, we can show that with good probability, the rows of the matrix W, and W
are good approximations to those of the matrix exponential.

Lemma B.9 (Johnson Lindenstrauss Lemma ([]L84D ). Let z7,...x] and x1,...x, be the rows
of the matrices exp(—3A Mo I 12 and exp(—3A )|u respectively. Let rT,...r7 and ri,...r, be
the rows of the matrices W, and W respectively. For some d = 0(52 logn), we have that with
probability 1 —n~!
|77 —o7||* € |laF —aT|* (1 £6) Vi, jeV
Irill* € [lzs|? (1 £6) VieV
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The following lemma shows that our approximations of W and W, are also good for some 7 =
1/ poly(-"-)

Lemma B.10. Let Y/ := W, W, /Jtt(WW ) and Y" = Z,Z] /tx(ZZ"). Suppose W satisfies

tr(WWT) e tr(exp(—A)|y)(1£6) for 6 <1/5. Then for small enough T € 1/ poly (), we have
¥ = Y] < Ol -

proof sketch. The proof of this lemma follows very closely to the proof of [Kal07, Lemma 25] so we

will only sketch out the details. First, we define the error matrices B, = W, —Z, and E =W — Z.

Let w,...w] and 27 ... 2] be the columns of the matrices Wy and Z; respectively. By Lemma B.8,

we have

2
2 <dr}

min

1
I1E=|* < || Ex HF_Z”w =2 < dmiyi, exp(—5A)lt exp(—A)lyL

=1

Note that the second inequality follows from the fact that if » is a unit vector orthogonal to 1, then
112y is a vector of length at most 72 orthogonal to IT'/21. Similar calculations show that

|E|> < d Hexp(—A) [ 72, Using the E and E,, matrices, we can bound the following matrix

distances

HW Wl — 227 T LBV + VBT L lexp(=A)lys (B.2)
And similar calculations show that

e (WWT — 2Z7)| = |t(EET + EVT + VET)| < 3d3/? HeXp(—A)‘uﬂL (B.3)

Thus, we have

v -y < || e Wy WoW, VeVl
| tr(WWT) (VYU tr(VVT)  tr(VVT)
[WaiT || e (WWT —x(zzT))| |, [WaW] — Z: 2]
~ e (WWT) tr(ZZ7) tr(ZZ7)
343/2 Hexp(_A)m Bdmf, |lexp(—A)|y
<m_ i
= Tmin tr(Z2Z7) * tr(ZZT)
mlnd3/2 ’ eXp( )|Z/{7rL
<
(1— 6 — 3d3/27) Hexp(—A) ”
< 8d3?n L+

where the third inequality follows from bounds B.2, B.3 and W, W, < 7 L WWT, and the fourth

inequality follows from tr(WW ") € (1 £ 6) Hexp(—A)]uﬂL and B.3. O
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Finally, we are ready to proof Lemma 4.18.

Proof of Lemma /.18. Suppose we pick 7 = min/n. By Lemma B.9, with probability at least
1 —d/n, we have that for all 4,j € V
2

’xi ; (1+96)

A RS A CIT 5

and in particular, W satisfies tr(WW ) = 32 |77 € (1 £ 6) 3, |Ja]|* = tr(exp(—4)[y ) (1 £ 6).
Thus, Lemma B.10 implies that

2

s vy

s s

= (L;,Y") (1 £20)

2
[

’<Lz‘,j,Y/> - <Li7j,Y”>] <2 HY — Y”H < 1/n—6+3/2

Since (L;;,Y") = | — 0;]]%, we have that [[0; — 0;]]> € |Jv; — v;]|> (1 + 20) £ n~%1).  Finally
Lemma B.8 implies that the runtime of Algorithm 10 is O(pm). t

B.3 Fast Computation of Maximum Circulation

Recall that our main program in Definition 1.2 is to minimize the maximum edge-constrained
circulation over all feasible embeddings v1, ..., v,. We remark that the inner maximization problem

1 . . 2
ma, —(F(i,5) + F(4,2)) ||vi — v;
FEf(XG)KjQ( (i,7) + F(4,9)) llvi — vj]]

is a special case of the minimum-cost flow in [CKLPPS22|, each edge e = ij having lower edge
capacity 0, upper edge capacity w(e), and cost — ||v; — vj||2 (so that it becomes a maximization
problem), and each vertex ¢ having demand d(i) = 0. Therefore, this problem can be computed in
O(m!+°M) time.

C Missing proofs of Section 6

Proof of Lemma 6.10. Suppose f is the non-saturating flow. We obtain a cut which consists of
edges incident to either s or ¢ and vertices of G, whose removal would make it impossible to go
from s to t. Let S C V be the set of vertices reachable from s after removing the cut edges and
vertices. Let V; C L and V; C R be defined similarly to the edge-capacitated case.

Let v - 3 - 7(R) be the max-flow value of f with v < 1. Note that
ke m(07(8)) = Bl w(R) —r-7(Ve) — (V)),

because {si | i € V;} UL(S) U {jt | j € V;} is the minimum s-¢ cut obtained, with total weight
equal to 7 B-m(Vy) + 8- 7(V;) + k- m(0T(S)) = v- B - w(R) by our construction of G. Also, since
L\ (VsUdT(9)) CSand R\ (V,UJT(S)) CV — 5, it follows that

>

7(S) > n(L) — 7(Vs) —m(0T(S)) and 7(V —5)>7n(R)— (V) —7(01(9)).
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Therefore,

& min{n(R) — (W), n(L) —=(Vs)}
g vem(R) —r-w(Vy) —m(V)
£ fmR) —w(Ve) (L) — w(Vs))
> 1
=B mm{w(m—w(vn’ roa(L) = r-a(Vi)
K
=5
where the last inequality is because v < 1 and 7w(R) = r - w(L). Rearranging gives the desired

conclusion.

O]
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