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—— Abstract

Classical spectral graph theory characterizes graphs with logarithmic mixing time. In this work, we
present a combinatorial characterization of graphs with constant mixing time. The combinatorial
characterization is based on the small-set bipartite density condition, which is weaker than having
near-optimal spectral radius and is stronger than having near-optimal small-set vertex expansion.
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1 Introduction

We start with a brief review of some background in random walks and spectral graph theory.
Let G = (V, E) be a d-regular graph and n := |V/|. Let P be the random walk matrix of G,
with stationary distribution m = T/ n as G is regular. The e-mixing time of the random walks
is defined as

1
Te(P) := min {t ’ 3 ||Ptp0 — 7TH1 < e for any initial distribution po}.

Let 1=X; > X2 > --- >\, > —1 be the eigenvalues of P and A := max{Aq, |\,|} be the
spectral radius of P. The graph G is called a spectral expander if X is a constant strictly
smaller than one. Standard spectral analysis [8] shows that

1
5 1P p0 =l <X lipoll2 - v (1)

This implies that the mixing time of random walks on a spectral expander is O(logn), and
this upper bound is optimal as the diameter of the graph is £2(logn) when d is a constant.
Cheeger’s inequality states that G is a spectral expander if and only if G is a combinatorial
expander (i.e., with constant edge conductance); see Section 2. This gives a combinatorial
characterization of graphs with O(logn) mixing time. The relations between eigenvalues,
combinatorial expansion, and mixing time are fundamental results in spectral graph theory.

Inspired by the recent development in constant-hop expander graphs (see [7, 6] and
the references therein), where the focus is on sending multicommodity flows using paths
of constant length, we are interested in characterizing graphs with constant mixing time,
as these form a nice class of constant-hop expander graphs. For a d-regular graph to have
constant diameter, a necessary condition is that d > n¢ for some small constant & > 0, so
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we focus on graphs in this moderately-dense regime as in [7, 6]. Even in this regime, it is
not difficult to construct spectral expanders with Q(logn) diameter, so we need to look for
stronger conditions to guarantee constant mixing time. We say a d-regular graph has an
inverse-polynomial spectral radius if X < 1/d® for some constant ¢ € (0, 1]. From (1), observe
that né-regular graphs with A < 1/d® have constant mixing time O(1/(c€)). Graphs with
inverse-polynomial spectral radius also exhibit stronger combinatorial expansion properties:
Tanner’s theorem implies that such graphs have vertex expansion Q(d?¢) for sets of size
O(n/d?¢); see Section 2. Graphs in these regimes satisfy interesting properties but were not
explored much before.

These lead us to study the relations between inverse-polynomial spectral radius, small-
set vertex expansion, and constant mixing time. One natural question is whether an
né-regular graph with near-optimal small-set vertex-expansion has constant mixing time. In
Subsection 4.1, we provide a negative example to this question, which suggests that an even
stronger combinatorial condition is required to guarantee constant mixing time.

Another natural question is whether inverse-polynomial spectral radius is necessary to
guarantee constant mixing time. To answer this question, we consider a combinatorial
characterization of the spectral radius through the expander mixing lemma [2]: If a d-regular
graph G = (V| E) has spectral radius A, then

d|S||T
|E(S,T)|f% < \dV/I|S||T| for any S,T CV, (2)

where E(S,T) := {(u,v) | u € S,v € T,uv € E} is the set of ordered edges where v € S and
v € T. The converse of the expander mixing lemma by Bilu and Linial [4] shows that if (2) is
satisfied for all disjoint S,7° C V, then the graph has spectral radius O(\ - log(1 + %)) Thus,
if (2) is satisfied for A < O(1/d¢) for some constant ¢ € (0, 3] and d > n® for some constant
& > 0, then the graph has constant mixing time. This provides a combinatorial sufficient
condition for constant mixing time, but we will show that it is not a necessary condition.

Our Results

We show that only the upper bounds in (2) are needed for constant mixing time, simplifying
(2) to a condition about the bipartite density between two sets.

» Definition 1 (a-Bipartite Density). Let G = (V, E) be a d-regular graph. For any o € (Vd, d],
we say that G satisfies the a-bipartite density condition if

T
|E(S,T)| < %—Fa\/bﬂﬂ for all S, T C V. (3)

If (3) is only satisfied for sets S, T with |S|,|T| < én for some § < 1, then we say that G
satisfies the §-small-set a-bipartite density condition.

We note that the a-bipartite density condition is weaker than having spectral radius
a/d by (2), but it is stronger than having near-optimal small-set vertex expansion (see
Subsection 4.1).

Our main results are that this condition implies fast mixing time.

» Theorem 2 (Upper Bounding Mixing Time by Bipartite Density). Let G = (V, E) be a
d-regular graph with d = n¢ for some constant € > 0. If G satisfies the a-bipartite density
condition for a < d/(logd)?, then

ru(P) S (! ))2

log(d/a
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In particular, if a = d*=¢ for some constant c € (0, %], this implies constant mixing time
such that

1
Ti/n (P) 5 @

The standard definition of mixing time is 71,3(P), and a well-known fact [8] is that
T1/n(P) S T1/3(P) - logn. In Theorem 2, we bound 7 /,,(P) directly without losing the loga-
rithmic factor, matching the constant mixing time result for graphs with inverse-polynomial
spectral radius.

Furthermore, we show an improved upper bound on standard mixing time using only the
small-set bipartite density condition.

» Theorem 3 (Upper Bounding Mixing Time by Small-Set Bipartite Density). Let G = (V, E)
be a d-reqular graph with d = n¢ for some constant &€ > 0. If G satisfies the §-small-set
a-bipartite density condition for some a < d/(logd)? and 6 > «/d, then

logn
P ——.
18P S Tog(aza)
In particular, if o = d'=¢ for some constant ¢ € (0, 3] and (3) holds for all sets S,T CV
with |S],|T| < n/d°, then this implies constant standard mizing time such that
Py <L
T1/3 N

We remark that constant standard mixing time implies the graph is a constant-hop
expander graph. It is our hope that the small-set bipartite density condition can lead to a
simpler cut-matching game for constructing constant-hop expanders.

We also establish a lower bound on the mixing time using §-small-set a-bipartite density.
The following theorem states that the existence of a dense bipartite structure between two
small sets implies slow mixing time.

» Theorem 4 (Lower Bounding Mixing Time by Bipartite Density). Let G be a d-reqular graph.
If there exist S,T CV such that

|E(S,T)| =

d|S||T
%—Fa [S|IT| and |S|,|T| < on,

then

_ log(1/9)
~ log(d/a)’

In particular, if there are two small sets with high bipartite density such that |S|,|T| < n'~

7_l/n(P)

€

for some constant € and o = Q(d/(polylogd)), then the graph has non-constant mixing time
such that 7y, (P) 2 (logn)/loglogd.

To summarize, we can view the J-small-set a-bipartite density condition as a loose
characterization of constant mixing time: If all sets of large enough size have low bipartite
density, then the graph has constant mixing time; if some sets of small enough size have high
bipartite density, then the graph has non-constant mixing time.

We think the proof approach in Theorem 2 and Theorem 3 is also interesting that it
provides a clean and direct way to upper bound the mixing time using a combinatorial
condition, without going through a spectral argument as usual.
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2 Preliminaries

We write f Sgif f=0(g), f 2 gif f=Q(g), and f =< gif f =0(g).

We assume the given graph G = (V, E) is a d-regular graph throughout this paper, with
n := |V| vertices and m := |F| edges. Let A be the adjacency matrix of G, and let P := A/d
be the normalized adjacency matrix, which is also the transition matrix of random walks, as
G is d-regular.

Let 1 =X > X2 > -+ > A\, > —1 be the eigenvalues of P. We call X := max{Az, |\,|}
the spectral radius of G. A well-known result by Alon and Boppana [10] establishes that
A>2y/d—1/d as n — oo. A graph is called Ramanujan [9] if A < 2+/d —1/d.

Variation Distance and Mixing Time

The stationary distribution 7 of the transition matrix P = A/d is the uniform distribution
T/ n. The variation distance between any two probability distributions p, ¢ is defined as
drv(p,q) = %|lp — g|l1. The variation distance at step ¢ of the random walk is defined as

dTv(t) = max dT\/(]Dtp7 71'),
p

where the maximum is over all initial probability distributions p on V. Given € > 0, the
e-mixing time of the random walk is defined as

7.(P) = min{t | drv(t) < e}.

Standard spectral analysis in (1) yields dry (P'p,m) < AP+ |[p|l2 - v/n. It follows that the
mixing time is upper bounded by O(log(n)/(1 — X)), and so when G is a spectral expander,
the mixing time is bounded by O(logn).

A standard fact in Markov chain [8] shows that for any k € N,

dov(kt) < (2drv (1)) (4)

In particular, any graph with mixing time 7, /3(P) < logn implies 7/, (P) < (log n)2.

Edge Conductance
Given an undirected graph G = (V, E) and S,T C V, define

E(S,T) :={(u,v) |[ue S,veT u e E},

where an edge with u,v € SN T is counted twice, as both (u,v) and (v,u) are in E(S,T).
The edge boundary of S is defined as §(S) := E(S,V '\ 9).
The second eigenvalue A5 is closely related to the edge conductance of the graph, defined as

?(G) = min M

~ scvis|<n/2 d|S]

Cheeger’s inequality [5, 3, 1] states that

%(1 ~ M) < 6(G) < V2(T - M), (5)

The edge conductance characterizes the mixing time of constant degree graphs:
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where W = %(I + P) is the lazy random walk. We only consider non-lazy random walk
P in this paper. Since for any initial distribution of the form p = x,, where x, is the
indicator vector of a vertex v € V', a staying probability of % automatically implies 7y ,,(P)
is non-constant.

Graphs with Inverse-Polynomial Spectral Radius

A graph G exhibits stronger probabilistic and combinatorial properties when it has an
inverse-polynomial spectral radius such that A < 1/d¢ for some constant ¢ € (0,1/2].

For random walks, it follows from (1) that if d = n¢ for some constant £ > 0, then the
mixing time of a graph with inverse-polynomial spectral radius is a constant, upper bounded

by O(1/(c£)).

A graph with inverse-polynomial spectral radius also has large small-set vertex expansion.

Define the vertex expansion of a set S C V as

¥(9) = 8|<SS|) where 9(S) :={v ¢ S| Ju € S with uwv € E}.

Tanner [11] proved that

W(S) > (%(142) +)\2)_1 ~1. (6)

In particular, when G is Ramanujan, it has near-optimal small-set vertex expansion such
that ¥(S) = Q(d) for sets of size up to Q(n/d).

We remark that the small-set vertex expansion condition can also be derived from the
a-bipartite density condition with a = Ad (instead of the spectral radius \).

3 Upper Bounds on Mixing Time

In this section, we prove Theorem 2 and Theorem 3.

We show that for a graph that satisfies the small-set bipartite density condition, the
variation distance to the stationary distribution after O(1/(c€)) steps of random walks is
essentially upper bounded by how close ¢ is to 1.

» Theorem 5 (Upper Bounding Variation Distance by Small-Set Bipartite Density). Let G be a
d-reqular graph with d = n® for some constant &€ > 0. If G satisfies the 0-small-set a-bipartite
density condition for some a < d/(logd)?, then

1 1 4
<. — 6+ 0(—— > — +1.
drv(t) 1 1-9 O(nc§/8) for ¢ > c€ !

where ¢ := 1 —log, o such that o = d*~¢.
Assuming Theorem 5, the proofs of Theorem 2 and Theorem 3 follow easily.
Proof of Theorem 3. Since ¢ = 1 —log, a and n = d'/¢, it follows that

log o
logd ¢

log o 1 1 «

€=£-¢ ogn 0w nEem® g @

By (7) and Theorem 5, for t > 4/c{ + 1,

[« 2

it < 1= 0((5)1) < ot 1) <
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where the second inequality follows by the assumption that a < d/(logd)?, and the last
inequality holds for sufficiently large d. This implies that

1 logd  logn
m13(P) S € Elog(d/a)  log(d/a) )

To prove Theorem 2, we apply the standard fact in (4).

Proof of Theorem 2. Here we assume «-bipartite density so 6 = 1. For ¢t > 4/c€ + 1, as
in (7),

i <5 Vo) -0(§)! =5

By (4), for k > (log )/ log(20),

»Mr—\

S -

drv(kt) < (2-dry(t)* < (28)F <

Since ¢ = 1 —log,; a = log(d/«)/ logd, we conclude that

Tl/n(P) S

< 10;37a) . ( 4 ) < logn logd logn | _ ( logn ))2

& 1) S Elog(dfa) ~ og(d/a) Elog(d/a)  \log(d/a

<

3.1 Bounding Mixing Time via 2-Norm

The main idea is to measure the mixing progress by the ¢5-norm of the random walk distri-
bution. For any distribution p, ||p||3 is lower bounded by that of the stationary distribution,
which is 1/n. The following proposition measures the progress of ||p||3 approaching Cs/n,
where Cj is a constant depending on how close ¢ is to 1.

» Proposition 6 (2-Norm Decrease). Let G be a d-regular graph with d = n® for some constant
&€ > 0. If G satisfies the d-small set a-bipartite density condition with alogd/(€d) <1 and
o> @ -a/d, then

Cs alogd
2 &9 ) 2
1Ppllz < — +o< e ) Ipll2

for any probability distribution p, where Cs = § + 5(1 —¢)/4.

Proof. Let p be an arbitrary probability distribution and Pp be the distribution after
one step of random walks. Assume p(1) > --- > p(n) without loss of generality, and
let o be a permutation of [n] such that Pp(c(1)) > Pp(c(2)) > --- > Pp(o(n)). Let
T = [o(1), - ,0(k)] be the largest k entries in Pp for some k € [n], and let dr(i) = |{j €
T | ij € E}| denotes the number of vertices in T' adjacent to some vertex ¢ € V. Note that

Y reGy= Y Y Moyl <Zp i ®)
1<j<k 1<j<k i:(i,0(j))EE i=1

where di(1) > --- > d.(n) is a permutation of dp(1),--- ,dr(n) sorted from largest to
smallest, with the last inequality follows from rearrangement inequality.



L.C. Lau and R. Liu

Consider first the case that |T| = k < dn. For any r € {1,---,0n}, it follows from the
d-small-set a-bipartite density condition and an averaging argument that

d|T T
> din(i) '<—‘+ T = d}(r)§%+a\/|r—‘. (9)
i<r

And, for any r > dn, it follows from the sortedness of d/.(i) that

ari
on’
Denote & := a/d. Combining (9), (10) with (8), it follows that

> Poleli) <3P )

dp(r) < dp(on) <

1<j<k i=1
on . n
p(i) (dT] / p() (dT] 7|
< PR el bl LA SR (il =1
- ; d < n ta + ; Zﬂﬂ d n ta on

Q1
3

:%Z (i) + av/|T| - ZM+ \/(SLZ

§7 \ﬁ+ 7] Z(J

where the last inequality follows from ', p(i) = 1. Recall that Pp(c(1)) > --- > Pp(c(n))
and |T'| = k. Hence, by an averaging argument,

1 1 @ v (i
Pp(o(k)) < — 11
)< (G + 7 )+ g e (11)
For the case that k > dn, we simply use the sortedness of Pp to obtain that
Po(o(k)) < Pplo(n) < (= +2) 4 2. Z 20 (12)
: = Vin & Vi
Let Li(k) == 1 + ik . \/% and Hl(k) = % Z)z N \[) denote the two terms in (11).

Similarly, let Lo :=
that

| °7 denote the two terms in (12). Tt follows

on

IPpl3 => " Ppla(k)*+ > Pplo(k))?

k=1 k=dén+1
on
<y (Ll(/f)2 2Ly (k) Hy (k) + Hy (k) ) Z (L2 4 2LoHy + HQ)
k=1 k=dén+1
on n n
<Y L)+ > L3+ (2L2H2 + H§)

o~
Il
—

k=0n+1 k=1

<
3

Ly(k)>+ (1 —6)n- L3 +n- (2L Hy + Hj),
1

>~
Il

where the second inequality follows since Ly (k) < Lo and H; (k) < Hj for all k < dn.
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Let v := a/4. It remains to analyze the three terms. For the first term,

EZnL (k)2_52n<1+1.a>2<6zn1+ 20 Szni+d72il
k=1 1 7k:1 no vk Von _k:1n2 n\/% 1\/E on = k
S% <5+O a—i—a'ylogn))
1 alogd
) "

where the second inequality uses 0", 1/v/k = O(v/on) and Yp_, 1/k = O(logn), and the
last inequality follows by our assumptions that v < O(1) and n = d'/¢.
For the second term, using the assumption that v < f ,

(1—5)n-L§:(1—5)n'<%+%)2:(1—5)~ (1L+7)° <(1-08)-—. (14)

For the last term, applying the Cauchy-Schwarz inequality,

2L2H2+H§:w.ii@+dj< n @)2

Von = Vi on\= Vi
< . Z. 24 = . Z).
S X ;pm o (53) ()
2a(1 +
< 22ED g ol + - togn - i3

Since n = d"/¢ and ||p||2 > 1/+y/n, it follows that

20(14+7) [log
V6 3

alogd alogd &
SV =g+ = llellz (by 7= %)

alogd
N ¢ pll3,

n- (2L:Hs + H3) S

d a2
-||p||§+7- ¢ Ipll3

where the last inequality uses the assumptions that v < O(1) and (alogd)/¢ < 1.
Combining the three terms and using 1/n < ||p||3 and (alogd)/¢ < 1, we conclude that

1 v log d 5 alogd
2ol < 2 (5+ 0(HED)) + -0 2+ 0/ TED) i
1 5 alogdy 1 v log d
:ﬁ.(5+(1—5).1)+0(a2g )-n+o( aZg )-Ipll%
1 5 o log d
<1 (o+ -0 2) o[ 1E) g «
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3.2 Proof of Theorem 5

Proposition 6 allows us to derive the number of steps needed for the squared 2-norm of any
initial distribution to drop to around Cjs/n.

» Lemma 7. Let G be a d-reqular graph with d = n¢ for some constant £ > 0. If G satisfies
the §-small-set a-bipartite density condition for some o = d*=¢ < £2d/(logd)? and § 2 «/d,
then

1

Cs
t 2
1P'poll3 < =2+ O( ez

4
) for any initial distribution py and any t > —g + 1.
¢

Proof. Let 1/8 := O( alogd/(fd)) denote the drop rate in Proposition 6. For any
probability distribution p, if ||p||3 < Cs3/n, then by Proposition 6,

Cs 1 Cs 1 CsB Cs
P 2 = B 2 =0 B ( ) < ( ).
This implies that after the next step of random walks,

Cs 1 os 1 Cs
2,12 <« &6, 2 2 b8 1 (Y
1Pl < 52 5 1PplE < 52 - 0(52)

Note that our assumption a = d'~¢ < ¢2d/(log d)? implies that d2 > (logd)/¢, and thus

05 10gd 1 C(S 1 1 05 1
20112 < [ B _— =) = — —
1P°pl < = +0(@ n) <0G 5) =%+ O

where the last equality follows by the assumption d = né. Hence, for distribution p that is
already close to stationary distribution (i.e., ||p||?> < Cs8/n), its squared 2-norm drops to
Cs/n + O(1/n/*+1) in two steps.

On the other hand, if ||p||? > Cs3/n, there is a large drop rate such that

Cs 1 2
1Ppli3 < e Ipll3 < 5 Ipll3-

This implies that for any initial distribution po, ||Ptpol|3 < Cs8/n for t > 4/c& — 1 because
4

Pl < (5) i< (5)° =50\ < 8 ()T <298

where the third last inequality uses d2 > (logd)/¢ that we derived above.
To summarize, ||P'py||3 < CsB/n after 4/c€ — 1 steps of random walks, and the lemma
follows after two more steps of random walks using the calculation in the first paragraph. <«

We are ready to prove Theorem 5.
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Proof of Theorem 5. Let p be an arbitrary probability distribution. Note that an upper
bound on ||p||3 implies an upper bound on dry (p, 7) by Cauchy-Schwarz:

\F

arv(pm) = ol < Lllp—rl = 20\ /Ipl — 2007 + Il = 4 Il — ©. (15)

By Lemma 7, for any initial distribution py and any ¢ > 4/c€ + 1,
Cs 1
t 2
1P'poll3 < =2+ O( =773 )-

Combining this with (15) and the fact that v/a + b < y/a + V/b, we conclude that

‘ vn [Cs—1 1 vn{ [Cs—1 1
dTV(Pp077T <2\/ n +O<7’L1+C§/4>§7 n +O(n1/2+C§/8)
V1-96 1
- 4 +O<ncf/8>
where the last equality follows since Cs —1=5(1—-0)/4—(1—-0)=(1—-10)/4. <

4 Lower Bounds on Mixing Time

We prove Theorem 4 in this section. The proof relies on the following lemma on variation
distance.

» Lemma 8. Let G be a d-reqular graph. Suppose there exist S,T CV such that |E(S,T)| >
d|S||T|/n + a/|S||T| for some a. Then, for any t € N,

oy min{S 71}

1
> .
drv(t) = (2d m

2
Proof. We argue that if S, T form a dense bipartite structure, then the random walks starting
at Ug := xs/|S| (the uniform distribution on S) should bounce back and forth between S, T,
causing slow mixing time.

Assume without loss of generality that S,T are minimal set that satisfies |E(S,T)| >
d|S||T|/n + a/|S||T|, and that |S| = min{|S|, |T|}. First, we argue that a dense bipartite
structure implies a lower bound on the degree for each v € S and u € T'. For any v € S, by
minimality,

125, 7Y — dz(v) = 155\ {3, )] < WD ST
<d'i'l" /BT — a/ITI(VIST - VIST= 1)
il

where the last inequality uses \/x — vz — 1 > ﬁ This implies a lower bound on dr(v) and
similarly on dg(u) for u € T such that

a [T a |/|S]
> /1o an >, =
dp(v) 2\ 9] and dg(v) 2\ 7]
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Let dpyin := min {%\ / %", S/ %} Since dpin < d, it also follows that

2 2 2

« « «
> — > _— > .

Consider the random walk starting at Ug. After one step of random walks, since dg(u) > dmin
for all u € T, PUg(u) > dmin/(d|S]). Similarly, for any v € S, after another step of random
walks, P2Ug(v) > d2,;,/(d?|S]). By induction, after the ¢-th step, for all v € S,

dmin\* 1 a?\t 1
PtU > min s (2 L
s(v) —( d ) S| = (4d2) E
It follows from the definition of drv(¢) that
1 1 11 a2\t 1 1y 1 san2t [S)|
> Z||PtU«— > ’t 77‘>7, . )= _ =
drv(0) 2 1P Us—rlh > 5 3 [PUs)— | = 518 ((5) 1g770) = 37 (50)

2 4d2) S| n 2d 2n’
veS

<

Theorem 4 follows immediately from Lemma 8.

Proof of Theorem 4. It follows from Lemma 8 and the assumption [S|,|T| < dn that for
any t € N,

1 /a2 min{|S,|T|} .1 fa\2t §
> 2L (= ennnnl N il L2 bl P AN i it _ 2
drv(t) = 5 <2d> om ) <2d) 2

For drv(t) to be below 1, we need

1 7a\2 6 1 log(d + 2) o logd _ log(1/9)
2 (ﬂ) 2 = n b= 2loga/(2d) ~ log(a/d)  log(d/a)’
4.1 Expanders and Small-Set Vertex Expanders

Some natural combinatorial conditions to consider for constant mixing time of a graph are
its expansion properties, such as edge conductance and small-set vertex expansion.

We discuss why they are not strong enough to attain constant mixing time in this section.

The graphs that we construct have a small dense bipartite structure embedded while having
near optimal edge conductance or small-set vertex expansion. It follows from Theorem 4
that it does not have constant mixing time.

Counterexample for Expanders

Example. Let G be a d-regular graph with d > 4, where there exist two small disjoint sets
S,T C V such that |S| = |T| = n/(d+2) < n/d. Each vertex in S has d/2 edges into T', and
similarly each vertex in T has d/2 edges into S. The remaining d/2 edges of each v € SUT
go to unique neighbours in V'\ SUT. The induced subgraph G[V \ S U T] forms a graph of
degree d — 1 with edge conductance 1/2.

> Claim 9. G has edge conductance at least 1/8.
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Proof. Let W C V. Let Wy = WN(SUT), and let Wo =W N (V\SNT). By construction,
6(W1)| > 2|Wy| and [§(Wa)| > 4L{Wo|. Assume |[Wi| > |[Wa|. Since |[E(Wi, Wa)| < [Wy|
by construction, it follows that

d d d
SOV 2 [60W0)] = Wal 2 5 - WAl = Wi = T W] = S W7,

where the second last inequality holds for any d > 4. Assume |[W5| > |W;], then

d—1 d d
[6(W)[ > [dv\sur(W2)| > 5 |Wa| > 1 Wil > 3 Wl

We conclude that G has edge conductance at least 1/8. <
It remains to see that G has a small dense bipartite structure.

> Claim 10.

d|S||T
R R AN E
Proof. Since |S| = |T| < n/d, we have

d‘S||T| |S||T|<\S|+*|S|< |S|:|E(57T)|

where the last inequality follows for any d > 4. <

It follows from Theorem 4 that G does not have constant mixing time.

Counterexample for Small-Set Vertex Expanders

To see that near-optimal small set vertex expansion also fails to attain constant mixing time,
consider the same graph construction, except now the induced subgraph G[V \ SUT] is
small-set vertex expander of size dn/(d 4+ 2) and degree d — 1, where each set of size at most
dn/((d 4 2)(d — 1)) has vertex expansion at least d/2. The small dense bipartite structure
(S,T) still exists in G, so G does not have constant mixing time by the same argument above.
It suffices to check that G has near optimal small-set vertex expansion.

> Claim 11. For every subset W of size at most n/d, its vertex expansion in G is at least

dJs.

Proof. Let W C V with [W| < n/d, define N(W) ={u eV | Jv € W with uwv € E} as the
neighbor set of W. We prove the claim by lower bounding N(W). Let Wy =W N (SUT)
and Wo =W N (V\SNT). By construction, |[N(W7)| > d|W1|/2 and |N(W2)| > d|Wa|/2.
Assume |W7| > [Wa|. Since |N(W1)| > d|Wh|/2 and 2|W1| > |W1| + |[Wa| = |[W],

d d
INOV)| = [NV = -2 = -,

The case where |Wa| > |W7] follows similarly.
Therefore, we can lower bound the vertex expansion as

DY) = [N~ W] > (§ —~D)IW| > & ]

where the last inequality holds for any d > 8. <
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