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Abstract
Classical spectral graph theory characterizes graphs with logarithmic mixing time. In this work, we
present a combinatorial characterization of graphs with constant mixing time. The combinatorial
characterization is based on the small-set bipartite density condition, which is weaker than having
near-optimal spectral radius and is stronger than having near-optimal small-set vertex expansion.

2012 ACM Subject Classification Theory of computation → Random walks and Markov chains

Keywords and phrases Random walks, mixing time, bipartite density, spectral graph theory

Digital Object Identifier 10.4230/LIPIcs.ITCS.2026.92

Funding Lap Chi Lau: Supported by an NSERC Discovery Grant.
Raymond Liu: Supported by an NSERC Discovery Grant.

Acknowledgements We thank Thatchaphol Saranurak for discussions on length-constrained ex-
panders that inspired the study in this work.

1 Introduction

We start with a brief review of some background in random walks and spectral graph theory.
Let G = (V,E) be a d-regular graph and n := |V |. Let P be the random walk matrix of G,
with stationary distribution π = 1⃗/n as G is regular. The ϵ-mixing time of the random walks
is defined as

τϵ(P ) := min
{
t

∣∣∣ 1
2

∥∥P tp0 − π
∥∥

1 ≤ ϵ for any initial distribution p0

}
.

Let 1 = λ1 ≥ λ2 ≥ · · · ≥ λn ≥ −1 be the eigenvalues of P and λ := max{λ2, |λn|} be the
spectral radius of P . The graph G is called a spectral expander if λ is a constant strictly
smaller than one. Standard spectral analysis [8] shows that

1
2

∥∥P tp0 − π
∥∥

1 ≤ λt · ∥p0∥2 ·
√
n. (1)

This implies that the mixing time of random walks on a spectral expander is O(logn), and
this upper bound is optimal as the diameter of the graph is Ω(logn) when d is a constant.
Cheeger’s inequality states that G is a spectral expander if and only if G is a combinatorial
expander (i.e., with constant edge conductance); see Section 2. This gives a combinatorial
characterization of graphs with O(logn) mixing time. The relations between eigenvalues,
combinatorial expansion, and mixing time are fundamental results in spectral graph theory.

Inspired by the recent development in constant-hop expander graphs (see [7, 6] and
the references therein), where the focus is on sending multicommodity flows using paths
of constant length, we are interested in characterizing graphs with constant mixing time,
as these form a nice class of constant-hop expander graphs. For a d-regular graph to have
constant diameter, a necessary condition is that d ≥ nξ for some small constant ξ > 0, so
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we focus on graphs in this moderately-dense regime as in [7, 6]. Even in this regime, it is
not difficult to construct spectral expanders with Ω(logn) diameter, so we need to look for
stronger conditions to guarantee constant mixing time. We say a d-regular graph has an
inverse-polynomial spectral radius if λ ≲ 1/dc for some constant c ∈ (0, 1

2 ]. From (1), observe
that nξ-regular graphs with λ ≲ 1/dc have constant mixing time O(1/(cξ)). Graphs with
inverse-polynomial spectral radius also exhibit stronger combinatorial expansion properties:
Tanner’s theorem implies that such graphs have vertex expansion Ω(d2c) for sets of size
O(n/d2c); see Section 2. Graphs in these regimes satisfy interesting properties but were not
explored much before.

These lead us to study the relations between inverse-polynomial spectral radius, small-
set vertex expansion, and constant mixing time. One natural question is whether an
nξ-regular graph with near-optimal small-set vertex-expansion has constant mixing time. In
Subsection 4.1, we provide a negative example to this question, which suggests that an even
stronger combinatorial condition is required to guarantee constant mixing time.

Another natural question is whether inverse-polynomial spectral radius is necessary to
guarantee constant mixing time. To answer this question, we consider a combinatorial
characterization of the spectral radius through the expander mixing lemma [2]: If a d-regular
graph G = (V,E) has spectral radius λ, then∣∣∣∣∣∣E(S, T )

∣∣ − d|S||T |
n

∣∣∣∣ ≤ λd
√

|S||T | for any S, T ⊆ V, (2)

where E(S, T ) := {(u, v) | u ∈ S, v ∈ T, uv ∈ E} is the set of ordered edges where u ∈ S and
v ∈ T . The converse of the expander mixing lemma by Bilu and Linial [4] shows that if (2) is
satisfied for all disjoint S, T ⊆ V , then the graph has spectral radius O(λ · log(1 + 1

λ )). Thus,
if (2) is satisfied for λ ≤ O(1/dc) for some constant c ∈ (0, 1

2 ] and d ≥ nξ for some constant
ξ > 0, then the graph has constant mixing time. This provides a combinatorial sufficient
condition for constant mixing time, but we will show that it is not a necessary condition.

Our Results
We show that only the upper bounds in (2) are needed for constant mixing time, simplifying
(2) to a condition about the bipartite density between two sets.

▶ Definition 1 (α-Bipartite Density). Let G = (V,E) be a d-regular graph. For any α ∈ (
√
d, d],

we say that G satisfies the α-bipartite density condition if

|E(S, T )| ≤ d|S||T |
n

+ α
√

|S||T | for all S, T ⊆ V. (3)

If (3) is only satisfied for sets S, T with |S|, |T | ≤ δn for some δ ≤ 1, then we say that G
satisfies the δ-small-set α-bipartite density condition.

We note that the α-bipartite density condition is weaker than having spectral radius
α/d by (2), but it is stronger than having near-optimal small-set vertex expansion (see
Subsection 4.1).

Our main results are that this condition implies fast mixing time.

▶ Theorem 2 (Upper Bounding Mixing Time by Bipartite Density). Let G = (V,E) be a
d-regular graph with d = nξ for some constant ξ > 0. If G satisfies the α-bipartite density
condition for α ≲ d/(log d)2, then

τ1/n(P ) ≲
( logn

log(d/α)

)2
.
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In particular, if α = d1−c for some constant c ∈ (0, 1
2 ], this implies constant mixing time

such that

τ1/n(P ) ≲ 1
c2ξ2 .

The standard definition of mixing time is τ1/3(P ), and a well-known fact [8] is that
τ1/n(P ) ≲ τ1/3(P ) · logn. In Theorem 2, we bound τ1/n(P ) directly without losing the loga-
rithmic factor, matching the constant mixing time result for graphs with inverse-polynomial
spectral radius.

Furthermore, we show an improved upper bound on standard mixing time using only the
small-set bipartite density condition.

▶ Theorem 3 (Upper Bounding Mixing Time by Small-Set Bipartite Density). Let G = (V,E)
be a d-regular graph with d = nξ for some constant ξ > 0. If G satisfies the δ-small-set
α-bipartite density condition for some α ≲ d/(log d)2 and δ ≳ α/d, then

τ1/3(P ) ≲ logn
log(d/α) .

In particular, if α = d1−c for some constant c ∈ (0, 1
2 ] and (3) holds for all sets S, T ⊆ V

with |S|, |T | ≲ n/dc, then this implies constant standard mixing time such that

τ1/3(P ) ≲ 1
cξ
.

We remark that constant standard mixing time implies the graph is a constant-hop
expander graph. It is our hope that the small-set bipartite density condition can lead to a
simpler cut-matching game for constructing constant-hop expanders.

We also establish a lower bound on the mixing time using δ-small-set α-bipartite density.
The following theorem states that the existence of a dense bipartite structure between two
small sets implies slow mixing time.

▶ Theorem 4 (Lower Bounding Mixing Time by Bipartite Density). Let G be a d-regular graph.
If there exist S, T ⊆ V such that

|E(S, T )| ≥ d|S||T |
n

+ α
√

|S||T | and |S|, |T | ≤ δn,

then

τ1/n(P ) ≳ log(1/δ)
log(d/α) .

In particular, if there are two small sets with high bipartite density such that |S|, |T | ≤ n1−ϵ

for some constant ϵ and α = Ω(d/(poly log d)), then the graph has non-constant mixing time
such that τ1/n(P ) ≳ (logn)/ log log d.

To summarize, we can view the δ-small-set α-bipartite density condition as a loose
characterization of constant mixing time: If all sets of large enough size have low bipartite
density, then the graph has constant mixing time; if some sets of small enough size have high
bipartite density, then the graph has non-constant mixing time.

We think the proof approach in Theorem 2 and Theorem 3 is also interesting that it
provides a clean and direct way to upper bound the mixing time using a combinatorial
condition, without going through a spectral argument as usual.

ITCS 2026
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2 Preliminaries

We write f ≲ g if f = O(g), f ≳ g if f = Ω(g), and f ≍ g if f = Θ(g).
We assume the given graph G = (V,E) is a d-regular graph throughout this paper, with

n := |V | vertices and m := |E| edges. Let A be the adjacency matrix of G, and let P := A/d

be the normalized adjacency matrix, which is also the transition matrix of random walks, as
G is d-regular.

Let 1 = λ1 ≥ λ2 ≥ · · · ≥ λn ≥ −1 be the eigenvalues of P . We call λ := max{λ2, |λn|}
the spectral radius of G. A well-known result by Alon and Boppana [10] establishes that
λ ≥ 2

√
d− 1/d as n → ∞. A graph is called Ramanujan [9] if λ ≤ 2

√
d− 1/d.

Variation Distance and Mixing Time
The stationary distribution π of the transition matrix P = A/d is the uniform distribution
1⃗/n. The variation distance between any two probability distributions p, q is defined as
dTV(p, q) = 1

2 ∥p− q∥1. The variation distance at step t of the random walk is defined as

dTV(t) = max
p

dTV(P tp, π),

where the maximum is over all initial probability distributions p on V . Given ε > 0, the
ε-mixing time of the random walk is defined as

τε(P ) = min{t | dTV(t) ≤ ε}.

Standard spectral analysis in (1) yields dT V (P tp, π) ≲ λt · ∥p∥2 ·
√
n. It follows that the

mixing time is upper bounded by O(log(n)/(1 − λ)), and so when G is a spectral expander,
the mixing time is bounded by O(logn).

A standard fact in Markov chain [8] shows that for any k ∈ N,

dTV(kt) ≤ (2dTV(t))k. (4)

In particular, any graph with mixing time τ1/3(P ) ≲ logn implies τ1/n(P ) ≲ (logn)2.

Edge Conductance
Given an undirected graph G = (V,E) and S, T ⊆ V , define

E(S, T ) := {(u, v) | u ∈ S, v ∈ T, uv ∈ E},

where an edge with u, v ∈ S ∩ T is counted twice, as both (u, v) and (v, u) are in E(S, T ).
The edge boundary of S is defined as δ(S) := E(S, V \ S).

The second eigenvalue λ2 is closely related to the edge conductance of the graph, defined as

ϕ(G) = min
S⊆V :|S|≤n/2

|δ(S)|
d|S|

.

Cheeger’s inequality [5, 3, 1] states that

1
2(1 − λ2) ≤ ϕ(G) ≤

√
2(1 − λ2). (5)

The edge conductance characterizes the mixing time of constant degree graphs:

1
ϕ(G) ≲ τ1/3(W ) ≲ logn

ϕ(G)2 ,
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where W = 1
2 (I + P ) is the lazy random walk. We only consider non-lazy random walk

P in this paper. Since for any initial distribution of the form p = χv, where χv is the
indicator vector of a vertex v ∈ V , a staying probability of 1

2 automatically implies τ1/n(P )
is non-constant.

Graphs with Inverse-Polynomial Spectral Radius
A graph G exhibits stronger probabilistic and combinatorial properties when it has an
inverse-polynomial spectral radius such that λ ≲ 1/dc for some constant c ∈ (0, 1/2].

For random walks, it follows from (1) that if d = nξ for some constant ξ > 0, then the
mixing time of a graph with inverse-polynomial spectral radius is a constant, upper bounded
by O(1/(cξ)).

A graph with inverse-polynomial spectral radius also has large small-set vertex expansion.
Define the vertex expansion of a set S ⊆ V as

ψ(S) := |∂(S)|
|S|

where ∂(S) := {v /∈ S | ∃u ∈ S with uv ∈ E}.

Tanner [11] proved that

ψ(S) ≥
( |S|
n

(
1 − λ2)

+ λ2
)−1

− 1. (6)

In particular, when G is Ramanujan, it has near-optimal small-set vertex expansion such
that ψ(S) = Ω(d) for sets of size up to Ω(n/d).

We remark that the small-set vertex expansion condition can also be derived from the
α-bipartite density condition with α = λd (instead of the spectral radius λ).

3 Upper Bounds on Mixing Time

In this section, we prove Theorem 2 and Theorem 3.
We show that for a graph that satisfies the small-set bipartite density condition, the

variation distance to the stationary distribution after O(1/(cξ)) steps of random walks is
essentially upper bounded by how close δ is to 1.

▶ Theorem 5 (Upper Bounding Variation Distance by Small-Set Bipartite Density). Let G be a
d-regular graph with d = nξ for some constant ξ > 0. If G satisfies the δ-small-set α-bipartite
density condition for some α ≲ d/(log d)2, then

dTV(t) ≤ 1
4 ·

√
1 − δ +O

( 1
ncξ/8

)
for t ≥ 4

cξ
+ 1.

where c := 1 − logd α such that α = d1−c.

Assuming Theorem 5, the proofs of Theorem 2 and Theorem 3 follow easily.

Proof of Theorem 3. Since c = 1 − logd α and n = d1/ξ, it follows that

cξ = ξ − ξ · logα
log d = ξ − logα

logn =⇒ 1
ncξ

= 1
n(ξ−logn α) = α

d
. (7)

By (7) and Theorem 5, for t ≥ 4/cξ + 1,

dTV(t) ≤ 1
4 ·

√
1 − δ +O

((α
d

) 1
8
)

≤ 1
4 +O

(
(log d)− 1

4

)
≤ 1

3 ,

ITCS 2026
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where the second inequality follows by the assumption that α ≲ d/(log d)2, and the last
inequality holds for sufficiently large d. This implies that

τ1/3(P ) ≲ 1
cξ

= log d
ξ log(d/α) = logn

log(d/α) ◀

To prove Theorem 2, we apply the standard fact in (4).

Proof of Theorem 2. Here we assume α-bipartite density so δ = 1. For t ≥ 4/cξ + 1, as
in (7),

dTV(t) ≤ 1
4 ·

√
1 − δ +O

( 1
ncξ/8

)
= O

(α
d

) 1
8 := β,

By (4), for k ≥ (log 1
n )/ log(2β),

dTV(kt) ≤ (2 · dTV(t))k ≤ (2β)k ≤ 1
n
.

Since c = 1 − logd α = log(d/α)/ log d, we conclude that

τ1/n(P ) ≲ logn
log(d/α) ·

( 4
cξ

+ 1
)
≲

logn
cξ log(d/α) = log d

log(d/α) · logn
ξ log(d/α) =

( logn
log(d/α)

)2
.

◀

3.1 Bounding Mixing Time via 2-Norm
The main idea is to measure the mixing progress by the ℓ2-norm of the random walk distri-
bution. For any distribution p, ∥p∥2

2 is lower bounded by that of the stationary distribution,
which is 1/n. The following proposition measures the progress of ∥p∥2

2 approaching Cδ/n,
where Cδ is a constant depending on how close δ is to 1.

▶ Proposition 6 (2-Norm Decrease). Let G be a d-regular graph with d = nξ for some constant
ξ > 0. If G satisfies the δ-small set α-bipartite density condition with α log d/(ξd) ≤ 1 and
δ ≥

√
5−2
2 · α/d, then

∥Pp∥2
2 ≤ Cδ

n
+O

(√
α log d
ξd

)
· ∥p∥2

2

for any probability distribution p, where Cδ = δ + 5(1 − δ)/4.

Proof. Let p be an arbitrary probability distribution and Pp be the distribution after
one step of random walks. Assume p(1) ≥ · · · ≥ p(n) without loss of generality, and
let σ be a permutation of [n] such that Pp(σ(1)) ≥ Pp(σ(2)) ≥ · · · ≥ Pp(σ(n)). Let
T = [σ(1), · · · , σ(k)] be the largest k entries in Pp for some k ∈ [n], and let dT (i) = |{j ∈
T | ij ∈ E}| denotes the number of vertices in T adjacent to some vertex i ∈ V . Note that

∑
1≤j≤k

Pp(σ(j)) =
∑

1≤j≤k

∑
i:(i,σ(j))∈E

p(i)
d

=
n∑

i=1

p(i)
d

· dT (i) ≤
n∑

i=1

p(i)
d

· d′
T (i), (8)

where d′
T (1) ≥ · · · ≥ d′

T (n) is a permutation of dT (1), · · · , dT (n) sorted from largest to
smallest, with the last inequality follows from rearrangement inequality.
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Consider first the case that |T | = k ≤ δn. For any r ∈ {1, · · · , δn}, it follows from the
δ-small-set α-bipartite density condition and an averaging argument that

∑
i≤r

d′
T (i) ≤ dr|T |

n
+ α

√
r|T | =⇒ d′

T (r) ≤ d|T |
n

+ α

√
|T |
r
. (9)

And, for any r ≥ δn, it follows from the sortedness of d′
T (i) that

d′
T (r) ≤ d′

T (δn) ≤ d|T |
n

+ α

√
|T |
δn
. (10)

Denote ᾱ := α/d. Combining (9), (10) with (8), it follows that

∑
1≤j≤k

Pp(σ(j)) ≤
n∑

i=1

p(i)
d

· d′
T (i)

≤
δn∑

i=1

p(i)
d

·
(
d|T |
n

+ α

√
|T |
i

)
+

n∑
i=δn+1

p(i)
d

·
(
d|T |
n

+ α

√
|T |
δn

)

= |T |
n

·
n∑

i=1
p(i) + ᾱ

√
|T | ·

δn∑
i=1

p(i)√
i

+
ᾱ

√
|T |√
δn

·
n∑

i=δn+1
p(i)

≤ |T |
n

+
ᾱ

√
|T |√
δn

+ ᾱ
√

|T | ·
n∑

i=1

p(i)√
i
,

where the last inequality follows from
∑n

i=1 p(i) = 1. Recall that Pp(σ(1)) ≥ · · · ≥ Pp(σ(n))
and |T | = k. Hence, by an averaging argument,

Pp(σ(k)) ≤
( 1
n

+ 1√
k

· ᾱ√
δn

)
+ ᾱ√

k
·

n∑
i=1

p(i)√
i
. (11)

For the case that k > δn, we simply use the sortedness of Pp to obtain that

Pp(σ(k)) ≤ Pp(σ(δn)) ≤
( 1
n

+ ᾱ

δn

)
+ ᾱ√

δn
·

n∑
i=1

p(i)√
i
. (12)

Let L1(k) := 1
n + 1√

k
· ᾱ√

δn
and H1(k) := ᾱ√

k
·

∑n
i=1

p(i)√
i

denote the two terms in (11).
Similarly, let L2 := 1

n + ᾱ
δn and H2 := ᾱ√

δn
·
∑n

i=1
p(i)√

i
denote the two terms in (12). It follows

that

∥Pp∥2
2 =

δn∑
k=1

Pp(σ(k))2 +
n∑

k=δn+1
Pp(σ(k))2

≤
δn∑

k=1

(
L1(k)2 + 2L1(k)H1(k) +H1(k)2

)
+

n∑
k=δn+1

(
L2

2 + 2L2H2 +H2
2

)

≤
δn∑

k=1
L1(k)2 +

n∑
k=δn+1

L2
2 +

n∑
k=1

(
2L2H2 +H2

2

)

=
δn∑

k=1
L1(k)2 + (1 − δ)n · L2

2 + n ·
(
2L2H2 +H2

2
)
,

where the second inequality follows since L1(k) ≤ L2 and H1(k) ≤ H2 for all k ≤ δn.

ITCS 2026
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Let γ := ᾱ/δ. It remains to analyze the three terms. For the first term,

δn∑
k=1

L1(k)2 =
δn∑

k=1

( 1
n

+ 1√
k

· ᾱ√
δn

)2
≤

δn∑
k=1

1
n2 + 2ᾱ

n
√
δn

δn∑
k=1

1√
k

+ ᾱ2

δn

n∑
k=1

1
k

≤ 1
n

·
(
δ +O

(
ᾱ+ ᾱγ logn

))
≤ 1
n

·
(
δ +O

( ᾱ log d
ξ

))
, (13)

where the second inequality uses
∑δn

k=1 1/
√
k = O(

√
δn) and

∑n
k=1 1/k = O(logn), and the

last inequality follows by our assumptions that γ ≤ O(1) and n = d1/ξ.
For the second term, using the assumption that γ ≤

√
5

2 − 1,

(1 − δ)n · L2
2 = (1 − δ)n ·

( 1
n

+ ᾱ

δn

)2
= (1 − δ) · (1 + γ)2

n
≤ (1 − δ) · 5

4n. (14)

For the last term, applying the Cauchy-Schwarz inequality,

2L2H2 +H2
2 = 2(1 + γ)

n
· ᾱ√

δn

n∑
i=1

p(i)√
i

+ ᾱ2

δn

( n∑
i=1

p(i)√
i

)2

≤ 2ᾱ(1 + γ)
n

√
δn

·

√√√√ n∑
i=1

1
i

·

√√√√ n∑
i=1

p(i)2 + ᾱ2

δn
·
( n∑

i=1

1
i

)
·
( n∑

i=1
p(i)2

)
≲

2ᾱ(1 + γ)
n

√
δn

·
√

logn · ∥p∥2 + ᾱ2

δn
· logn · ∥p∥2

2.

Since n = d1/ξ and ∥p∥2 ≥ 1/
√
n, it follows that

n ·
(
2L2H2 +H2

2
)
≲

2ᾱ(1 + γ)√
δ

·

√
log d
ξ

· ∥p∥2
2 + ᾱ2

δ
· log d

ξ
· ∥p∥2

2

≲
√
γ(1 + γ) ·

√
ᾱ log d
ξ

+ γ · ᾱ log d
ξ

· ∥p∥2
2 (by γ = ᾱ

δ )

≲

√
ᾱ log d
ξ

· ∥p∥2
2,

where the last inequality uses the assumptions that γ ≤ O(1) and (ᾱ log d)/ξ ≤ 1.
Combining the three terms and using 1/n ≤ ∥p∥2

2 and (ᾱ log d)/ξ ≤ 1, we conclude that

∥Pp∥2
2 ≤ 1

n
·
(
δ +O

( ᾱ log d
ξ

))
+ (1 − δ) · 5

4n +O

(√
ᾱ log d
ξ

)
· ∥p∥2

2

= 1
n

·
(
δ + (1 − δ) · 5

4

)
+O

( ᾱ log d
ξ

)
· 1
n

+O

(√
ᾱ log d
ξ

)
· ∥p∥2

2

≤ 1
n

·
(
δ + (1 − δ) · 5

4

)
+O

(√
ᾱ log d
ξ

)
· ∥p∥2

2. ◀
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3.2 Proof of Theorem 5

Proposition 6 allows us to derive the number of steps needed for the squared 2-norm of any
initial distribution to drop to around Cδ/n.

▶ Lemma 7. Let G be a d-regular graph with d = nξ for some constant ξ > 0. If G satisfies
the δ-small-set α-bipartite density condition for some α = d1−c ≤ ξ2d/(log d)2 and δ ≳ α/d,
then

∥P tp0∥2
2 ≤ Cδ

n
+O

( 1
n1+cξ/4

)
for any initial distribution p0 and any t ≥ 4

cξ
+ 1.

Proof. Let 1/β := O
(√

α log d/(ξd)
)

denote the drop rate in Proposition 6. For any
probability distribution p, if ∥p∥2

2 ≲ Cδβ/n, then by Proposition 6,

∥Pp∥2
2 ≤ Cδ

n
+ 1
β

· ∥p∥2
2 ≤ Cδ

n
+ 1
β

·O
(Cδβ

n

)
≤ O

(Cδ

n

)
.

This implies that after the next step of random walks,

∥P 2p∥2
2 ≤ Cδ

n
+ 1
β

· ∥Pp∥2
2 ≤ Cδ

n
+ 1
β

·O
(Cδ

n

)
= Cδ

n
+O

(√
α log d
ξd

· Cδ

n

)

= Cδ

n
+O

(√
log d
ξdc

· 1
n

)
.

Note that our assumption α = d1−c ≤ ξ2d/(log d)2 implies that d c
2 ≥ (log d)/ξ, and thus

∥P 2p∥2
2 ≤ Cδ

n
+O

(√
log d
ξdc

· 1
n

)
≤ Cδ

n
+O

( 1
dc/4 · 1

n

)
= Cδ

n
+O

( 1
ncξ/4+1

)
,

where the last equality follows by the assumption d = nξ. Hence, for distribution p that is
already close to stationary distribution (i.e., ∥p∥2 ≲ Cδβ/n), its squared 2-norm drops to
Cδ/n+O(1/ncξ/4+1) in two steps.

On the other hand, if ∥p∥2 ≥ Cδβ/n, there is a large drop rate such that

∥Pp∥2
2 ≤ Cδ

n
+ 1
β

· ∥p∥2
2 ≤ 2

β
· ∥p∥2

2.

This implies that for any initial distribution p0, ∥P tp0∥2
2 ≲ Cδβ/n for t ≥ 4/cξ − 1 because

∥P tp0∥2
2 ≤

( 2
β

)t

· ∥p0∥2
2 ≤

( 2
β

) 4
cξ −1

= β

2 ·O
(√

log d
ξdc

) 4
cξ

≲
β

2 ·
( 1
dc/4

) 4
cξ ≤ β

n
≤ Cδβ

n
,

where the third last inequality uses d c
2 ≥ (log d)/ξ that we derived above.

To summarize, ∥P tp0∥2
2 ≲ Cδβ/n after 4/cξ − 1 steps of random walks, and the lemma

follows after two more steps of random walks using the calculation in the first paragraph. ◀

We are ready to prove Theorem 5.
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Proof of Theorem 5. Let p be an arbitrary probability distribution. Note that an upper
bound on ∥p∥2

2 implies an upper bound on dT V (p, π) by Cauchy-Schwarz:

dTV(p, π) = 1
2∥p−π∥1 ≤

√
n

2 ∥p−π∥2 =
√
n

2

√
∥p∥2

2 − 2⟨p, π⟩ + ∥π∥2
2 =

√
n

2

√
∥p∥2

2 − 1
n
. (15)

By Lemma 7, for any initial distribution p0 and any t ≥ 4/cξ + 1,

∥P tp0∥2
2 ≤ Cδ

n
+O

( 1
n1+cξ/4

)
.

Combining this with (15) and the fact that
√
a+ b ≤

√
a+

√
b, we conclude that

dTV
(
P tp0, π

)
≤

√
n

2

√
Cδ − 1
n

+O
( 1
n1+cξ/4

)
≤

√
n

2

(√
Cδ − 1
n

+O
( 1
n1/2+cξ/8

))
=

√
1 − δ

4 +O
( 1
ncξ/8

)
where the last equality follows since Cδ − 1 = 5(1 − δ)/4 − (1 − δ) = (1 − δ)/4. ◀

4 Lower Bounds on Mixing Time

We prove Theorem 4 in this section. The proof relies on the following lemma on variation
distance.

▶ Lemma 8. Let G be a d-regular graph. Suppose there exist S, T ⊆ V such that |E(S, T )| ≥
d|S||T |/n+ α

√
|S||T | for some α. Then, for any t ∈ N,

dTV(t) ≥ 1
2 ·

( α

2d

)2t

− min{|S|, |T |}
2n .

Proof. We argue that if S, T form a dense bipartite structure, then the random walks starting
at US := χS/|S| (the uniform distribution on S) should bounce back and forth between S, T ,
causing slow mixing time.

Assume without loss of generality that S, T are minimal set that satisfies |E(S, T )| ≥
d|S||T |/n+ α

√
|S||T |, and that |S| = min{|S|, |T |}. First, we argue that a dense bipartite

structure implies a lower bound on the degree for each v ∈ S and u ∈ T . For any v ∈ S, by
minimality,

|E(S, T )| − dT (v) = |E(S \ {v}, T )| < d(|S| − 1)|T |
n

+ α
√

(|S| − 1)|T |

<
d|S||T |
n

+ α
√

|S||T | − α
√

|T |(
√

|S| −
√

|S| − 1)

≤ |E(S, T )| − α

2

√
|T |
|S|

,

where the last inequality uses
√
x−

√
x− 1 > 1

2
√

x
. This implies a lower bound on dT (v) and

similarly on dS(u) for u ∈ T such that

dT (v) ≥ α

2

√
|T |
|S|

and dS(v) ≥ α

2

√
|S|
|T |

.
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Let dmin := min
{

α
2

√
|T |
|S| ,

α
2

√
|S|
|T |

}
. Since dmin ≤ d, it also follows that

|S| ≥ α2

4d2 |T | and |T | ≥ α2

4d2 |S| =⇒ dmin ≥ α2

4d .

Consider the random walk starting at US . After one step of random walks, since dS(u) ≥ dmin
for all u ∈ T , PUS(u) ≥ dmin/(d|S|). Similarly, for any v ∈ S, after another step of random
walks, P 2US(v) ≥ d2

min/(d2|S|). By induction, after the t-th step, for all v ∈ S,

P tUS(v) ≥
(dmin

d

)t

· 1
|S|

≥
( α2

4d2

)t

· 1
|S|

.

It follows from the definition of dTV(t) that

dTV(t) ≥ 1
2∥P tUS−π∥1 ≥ 1

2
∑
v∈S

∣∣∣P tUS(v)− 1
n

∣∣∣ ≥ 1
2 ·|S|·

(( α2

4d2

)t

· 1
|S|

− 1
n

)
= 1

2 ·
( α

2d

)2t

−|S|
2n .

◀

Theorem 4 follows immediately from Lemma 8.

Proof of Theorem 4. It follows from Lemma 8 and the assumption |S|, |T | ≤ δn that for
any t ∈ N,

dTV(t) ≥ 1
2 ·

( α

2d

)2t

− min{|S|, |T |}
2n ≥ 1

2 ·
( α

2d

)2t

− δ

2

For dTV(t) to be below 1
n , we need

1
2 ·

( α

2d

)2t

− δ

2 ≤ 1
n

=⇒ t ≥
log(δ + 2

n )
2 logα/(2d) ≳

log δ
log(α/d) = log(1/δ)

log(d/α) . ◀

4.1 Expanders and Small-Set Vertex Expanders

Some natural combinatorial conditions to consider for constant mixing time of a graph are
its expansion properties, such as edge conductance and small-set vertex expansion.

We discuss why they are not strong enough to attain constant mixing time in this section.
The graphs that we construct have a small dense bipartite structure embedded while having
near optimal edge conductance or small-set vertex expansion. It follows from Theorem 4
that it does not have constant mixing time.

Counterexample for Expanders

Example. Let G be a d-regular graph with d ≥ 4, where there exist two small disjoint sets
S, T ⊆ V such that |S| = |T | = n/(d+ 2) ≤ n/d. Each vertex in S has d/2 edges into T , and
similarly each vertex in T has d/2 edges into S. The remaining d/2 edges of each v ∈ S ∪ T

go to unique neighbours in V \ S ∪ T . The induced subgraph G[V \ S ∪ T ] forms a graph of
degree d− 1 with edge conductance 1/2.

▷ Claim 9. G has edge conductance at least 1/8.
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Proof. Let W ⊆ V . Let W1 = W ∩ (S ∪ T ), and let W2 = W ∩ (V \ S ∩ T ). By construction,
|δ(W1)| ≥ d

2 |W1| and |δ(W2)| ≥ d−1
2 |W2|. Assume |W1| ≥ |W2|. Since |E(W1,W2)| ≤ |W2|

by construction, it follows that

|δ(W )| ≥ |δ(W1)| − |W2| ≥ d

2 · |W1| − |W1| ≥ d

4 · |W1| ≥ d

8 · |W |,

where the second last inequality holds for any d ≥ 4. Assume |W2| ≥ |W1|, then

|δ(W )| ≥ |δV \S∪T (W2)| ≥ d− 1
2 · |W2| ≥ d

4 · |W1| ≥ d

8 · |W |.

We conclude that G has edge conductance at least 1/8. ◁

It remains to see that G has a small dense bipartite structure.

▷ Claim 10.

|E(S, T )| ≥ d|S||T |
n

+ d

4
√

|S||T |

Proof. Since |S| = |T | ≤ n/d, we have

d|S||T |
n

+ d

4
√

|S||T | ≤ |S| + d

4 |S| ≤ d

2 |S| = |E(S, T )|

where the last inequality follows for any d ≥ 4. ◁

It follows from Theorem 4 that G does not have constant mixing time.

Counterexample for Small-Set Vertex Expanders
To see that near-optimal small set vertex expansion also fails to attain constant mixing time,
consider the same graph construction, except now the induced subgraph G[V \ S ∪ T ] is
small-set vertex expander of size dn/(d+ 2) and degree d− 1, where each set of size at most
dn/((d+ 2)(d− 1)) has vertex expansion at least d/2. The small dense bipartite structure
(S, T ) still exists in G, so G does not have constant mixing time by the same argument above.
It suffices to check that G has near optimal small-set vertex expansion.

▷ Claim 11. For every subset W of size at most n/d, its vertex expansion in G is at least
d/8.

Proof. Let W ⊆ V with |W | ≤ n/d, define N(W ) = {u ∈ V | ∃v ∈ W with uv ∈ E} as the
neighbor set of W . We prove the claim by lower bounding N(W ). Let W1 = W ∩ (S ∪ T )
and W2 = W ∩ (V \ S ∩ T ). By construction, |N(W1)| ≥ d|W1|/2 and |N(W2)| ≥ d|W2|/2.
Assume |W1| ≥ |W2|. Since |N(W1)| ≥ d|W1|/2 and 2|W1| ≥ |W1| + |W2| = |W |,

|N(W )| ≥ |N(W1)| ≥ d

4 · 2|W1| ≥ d

4 · |W |.

The case where |W2| ≥ |W1| follows similarly.
Therefore, we can lower bound the vertex expansion as

|∂(W )| ≥ |N(W )| − |W | ≥ (d4 − 1)|W | ≥ d

8 · |W |

where the last inequality holds for any d ≥ 8. ◁
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