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Improved Cheeger’s Inequality and Analysis of Local Graph Partitioning using
Vertex Expansion and Expansion Profile

Tsz Chiu Kwok*

Abstract

We prove two generalizations of the Cheeger’s inequal-
ity. The first generalization relates the second eigen-
value to the edge expansion and the vertex expansion
of the graph G,

A2 = Q0" (G) - 6(G)),

where ¢V (G) denotes the robust vertex expansion of G
and ¢(G) denotes the edge expansion of G. The second
generalization relates the second eigenvalue to the edge
expansion and the expansion profile of G, for all £ > 2,

Yo =05 - 64(G) - 9(3)),

where ¢ (G) denotes the k-way expansion of G. These
show that the spectral partitioning algorithm has bet-
ter performance guarantees when ¢¥ (G) is large (e.g.
planted random instances) or ¢5(G) is large (instances
with few disjoint non-expanding sets). Both bounds are
tight up to a constant factor.

Our approach is based on a method to analyze so-
lutions of Laplacian systems, and this allows us to ex-
tend the results to local graph partitioning algorithms.
In particular, we show that our approach can be used
to analyze personal pagerank vectors, and to give a lo-
cal graph partitioning algorithm for the small-set ex-
pansion problem with performance guarantees similar
to the generalizations of Cheeger’s inequality. We also
present a spectral approach to prove similar results for
the truncated random walk algorithm. These show that
local graph partitioning algorithms almost match the
performance of the spectral partitioning algorithm, with
the additional advantages that they apply to the small-
set expansion problem and their running time could be
sublinear. Our techniques provide common approaches
to analyze the spectral partitioning algorithm and local
graph partitioning algorithms.
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1 Introduction

Let G = (V,E) be a complete weighted graph and
n := |V|. For simplicity, we assume that the graph
is regular and the total weight on each vertex is one
throughout!. Let w(S,T) be the total weight of the
edges with one vertex in .S and another vertex in 7. The
edge expansion of a set S C V and the edge expansion
of a graph G are defined as

os) = 152

and
G) = i S
HG) = min  6(S),

where S = V — S is the complement set of S. Let
L = I — A be the Laplacian matrix of G where I and
A are the identity and the adjacency matrix of G, with
eigenvalues of L being 0 = A1 < Ao < ... < )\, < 2.
Cheeger’s inequality [Che70, AM85, Alo86] bounds the
edge expansion of G using the second eigenvalue of L,

1
52 < 0(G) < V2.

It is useful in bounding the edge expansion of a
graph and also bounding the mixing time of random
walks [HLWO6]. The proof of Cheeger’s inequality gives
an efficient algorithm to find a set with expansion at
most v/2\z, and we will refer to this algorithm as the
spectral partitioning algorithm (also known as the sweep
cut algorithm on the second eigenvector). A recent gen-
eralization [KLLOT13] of Cheeger’s inequality bounds
the edge expansion of G using the second and the k-th
eigenvalues of L for any k > 2,

This provides a better analysis of the spectral partition-
ing algorithm in practical instances of image segmenta-
tion and data clustering.

TBy standard arguments, the results can be extended to handle

non-regular graphs using the notion of conductance and the
normalized Laplacian matrix.
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1.1 Our results We prove two new generalizations
of Cheeger’s inequality. These provide better analyses
of the spectral partitioning algorithm when some expan-
sion parameters of the graph are large. We also prove
similar bounds for the personal pagerank algorithm and
the truncated random walk algorithm. These give local
graph partitioning algorithms for the small-set expan-
sion problem with improved Cheeger’s guarantees. Our
techniques provide common approaches to analyze the
spectral partitioning algorithm and local graph parti-
tioning algorithms.

1.1.1 Vertex Expansion The first generalization
bounds the second eigenvalue of L by the edge expan-
sion and the vertex expansion of G. We define the ro-
bust vertex expansion following Kannan, Lovasz and
Montenegro [KLMO06]. For S C V, let

Nyjo(S) = min{|T| | T C 5 and w(S,T) > %w(s,g)}.
Define (s)
Ny
oV (9) = —L—2
(S) 9]
and
|4 o : \%
$(6)= s1S1<IvI/2 (5)

as the robust vertex expansion? of G. Also define

U(S) = d(S) - 6" (S)

and
U(G):= min Y(S
@) S:S|<|V]/2 (5)
as the minimum product of the edge expansion and the
robust vertex expansion. The following is a generaliza-
tion of Cheeger’s inequality using robust vertex expan-
sion.

THEOREM 1.1.

COROLLARY 1.1.
Xy = Q07 (G) - 4(G)).

ZNote that the usual definition of vertex expansion, define as
ming.|sj<|v|/2 NV (S)/]S], is too sensitive to edges of tiny weights
(e.g. adding a complete graph with tiny edge weight will change
¢V (G) to one). Ome could replace the constant 1/2 in the
definition of Nj,5(S) by other constant say 0.99 so that the
definition of robust vertex expansion is closer to the definition
of (ordinary) vertex expansion while we can still obtain similar
results.
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Note that ¢V (S) > 1¢(S) and so Corollary 1.1 is
a generalization of Cheeger’s inequality. Observe that
#Y (S) could be much larger than ¢(S) when the edges
crossing S spread out. For example, randomly gener-
ated instances such as those in the planted partition
model [Bop87, McS01] have ¢¥(G) = Q(1), and thus
Theorem 1.1 implies that the spectral partitioning al-
gorithm is a constant factor approximation algorithm
for those instances®. Another interesting example is the
hypercube?.

1.1.2 Expansion Profile The §-small-set expansion
(0 < 6 <1/2) of G and the k-way expansion (k > 2) of
G are defined as

¢s(G):=  min ¢(9)

 5:S|<5|V]
and

or(G) = min ma

- max ¢(S5;).
S1,..,8k: SiNS;=0 Vi#; 1<i<k

The curve ¢5(G) for 0 < § < 1/2 is defined by Lovasz
and Kannan [LK99] and is called the expansion profile of
G. Note that ¢(G) = ¢1/2(G) = ¢2(G). The following

is a generalization of Cheeger’s inequality using k-way
expansion.

THEOREM 1.2. For all k > 2,

Y2 =9 6u(G) - 6(6).
COROLLARY 1.2. For all § <1/2,
Ay = Q0 65(G) - (@)

Both Theorem 1.1 and Theorem 1.2 are tight up
to a constant factor. Both proofs of Theorem 1.1
and Theorem 1.2 show that the spectral partitioning

algorithm achieves the performance guarantees, i.e. the

SFor example, in a planted k-partition instance where there are
k subsets of size n/k with probability p having an edge between
two vertices in the same subset and probability ¢ having an
edge between two vertices in different subsets for ¢ < p, the
improved Cheeger’s inequality only proves a O(k)-approximation
while Theorem 1.1 proves a O(1)-approximation.

4For hypercubes, it is known that the edge expansion is
Q(1/logn), the vertex expansion is Q(1/y/logn) [Har66], and
the product of the edge expansion and the vertex expansion is
Q(1/logn) [Mar74]. We believe that the same bounds hold for
robust vertex expansion, ¢V (G) = Q(1/y/logn) and ¥(G) =
Q(1/logn) but we don’t know of a proof yet. If that’s true,
Corollary 1.1 will give a bound of ©(1/log3/%(n)) on the second
eigenvalue, and Theorem 1.1 will give the correct bound of
Q(1/log(n)), while Cheeger’s inequality only gives a bound of
Q(1/ log? n).
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algorithm would output a set S with ¥(S) = O()A2) and
o(S) = O(kA2/dr(G)) respectively. These imply that
the spectral partitioning algorithm is a O(1/¢"(G))-
approximation and a O(k/¢x(G))-approximation for
edge expansion.

1.1.3 Local Partitioning Algorithms for Small-
Set Expansion Our proof techniques allow us to use
the same approach to analyze the local partitioning
algorithm using personal pagerank vectors [ACLOG6].
Given a parameter o € (0,1] and a vertex s, the
personal pagerank vector 7., € R" is the unique
solution to the equation 7, = axs + (1 — a)Wrsq,
where W is the transition matrix of the lazy random
walks.

THEOREM 1.3. For any (unknown target) set S C V,
there is a polynomial time randomized algorithm to find
a set S" with

1. ¢(8") = 0(6(9)log(1S)/¢"(G)) and |S'| =
O(|S[log|S1),

2. ¢(5") = O(ko(5)log(|S])/or(G)) and |5 =
O(|S1og |S]),

by computing 154 for a random vertex s € S with
a = O(¢(S)) and returning a level set of 5. For
unweighted d-reqular graphs, there is a local imple-
mentation with running time O(d|S|log(|S])/#(S) +
15/ log?(|S1)).

Theorem 1.3 implies that the personal pagerank
algorithm is a O(log(|S|)/#" (G))-approximation and
a O(klog(|S])/or(G))-approximation for the small-set
expansion problem where the output set size is bounded
within a logarithmic factor of the target set size.

We also present a spectral approach to prove that
the local graph partitioning algorithm using truncated
random walks has similar performance guarantees as the
spectral partitioning algorithm. Let ps; := Wiy, be
the probability distribution vector after ¢ steps of lazy
random walks starting from the vertex s.

THEOREM 1.4. For any (unknown target) set S C V,
there is a polynomial time randomized algorithm to find
a set S" with

1. ¢(5') = O(ke(S)/(e¢k(G))) and |S'| = O(|S['*e),

2. ¢(5) = O(ko(S)log(|S])/ér(G)) and |5 =
o(s)),

by computing ps: for a random vertex s € S with
t = O(log(|5))/(S)) for (1) and t = O(1/¢(S)) for
(2) and returning a level set of pst. For unweighted
d-regular graphs, there is a local implementation with
running time O(de?|S|**+<1og?(|S|)/o(S)?).
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Theorem 1.4 implies that the truncated random
walks algorithm is a O(k/¢r(G))-approximation or a
O(klog(]S|)/or(G))-approximation for the small-set ex-
pansion problem, with different tradeoffs of the output
set size.

Our results provide improved analyses of local
graph partitioning algorithms when the vertex expan-
sion or the k-way expansion is large, and provide theo-
retical justification of their good empirical performances
in applications such as image segmentation and data
clustering (see [ZLM13] and the references therein). The
results show that the performances of local graph par-
titioning algorithms almost match that of Theorem 1.1
and Theorem 1.2 (within at most a O(log(]S]))-factor
in the approximation guarantee), with the additional
advantages that they apply to the small-set expansion
problem (giving bicriteria approximations for ¢s(G))
and also that their running time could be sublinear in
the graph size (when d and |S| are small enough).

1.2 Comparisons with Related Work

1.2.1 Generalizations of Cheeger’s inequality
There are several recent generalizations of Cheeger’s
inequality using higher eigenvalues of the Laplacian
matrix. The first generalization by Arora, Barak and
Steurer [ABS10] relates higher eigenvalues to small-set
expansions:

¢O(k—1/100)(G) = O(\/ )\k logk TL),

and they use it to design a subexponential time algo-
rithm for approximating unique games. The second
generalization by Louis et al. [LRTV12] and Lee et
al. [LOT12] relates higher eigenvalues to k-way expan-
sion (a stronger requirement than small-set expansion):

(1) 3= 0l6) < O AarTogh),

and this justifies the use of higher eigenvalues in k-way
graph partitioning. Then there is a generalization by
Kwok et al. [KLLOT13] relating higher eigenvalues to
the ordinary edge expansion:

(1.2) ¢(G) < O(k)m,

which shows that the spectral partitioning algorithm
performs better in instances with Ay large for a small k.

Instead of using higher eigenvalues to give better
bounds on expansion parameters, our results use expan-
sion parameters to give better bounds on the second

eigenvalue. We remark that the techniques developed
in [KLLOT13] could be used to prove Theorem 1.2 (see
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Section A in the Appendix), but our approach is quite
different and could be used to prove Theorem 1.1 and to
extend Theorem 1.2 to analyze personal pagerank vec-
tors. We also note that our proof of Theorem 1.2 can
be used to prove (1.2) using a graph powering trick as
described in [KL14] (see Section A in the Appendix).

1.2.2 Local Graph Partitioning Algorithms Lo-
cal graph partitioning algorithms are useful in find-
ing a small non-expanding set in a large graph, as
their running times are only weakly dependent on
the graph size and could be sublinear time. All
known algorithms are based on some random walks
related processes. The first local graph partitioning
algorithm is a truncated random walk algorithm by
Spielman and Teng [ST13], which returns a set S’
with ¢(S") = O(1/#(S)log®n) with work-to-volume
ratio O(polylog(n)/¢?(S)). The second algorithm is
a personal pagerank algorithm by Andersen, Chung
and Lang [ACL06], which returns a set S’ with
o(S") = O(\/¢(S)1log(|S])) with work-to-volume ratio
O(polylog(n)/¢(S)). The evolving set process is used
by Andersen and Peres [AP09] to further improved the
work-to-volume ratio to O(polylog(n)/+/¢(S)) while
having the same performance guarantee as in [ACLOG}
Using a better analysis of the escaping probability
of random walks, Oveis Gharan and Trevisan [OT12]
(see also [KL12]) showed that the y/log(|S|) factor in
the performance ratio can be removed, thereby almost
matching the guarantee of Cheeger’s inequality. They
combined this with the evolving set process to find a
set S" with ¢(S") = O(\/#(5)/e), |S'| = O(]S|**¢) and
work-to-volume ratio O(]S|€ polylog(n)/v/).

Our contribution is to show that the performance of
some simple local graph partitioning algorithms (trun-
cated random walks, personal pagerank) almost match
that of the improved Cheeger’s inequalities. These pro-
vide the first analyses showing that random walk based
algorithms perform better when ¢V (G), ¢x(G) or A\, (G)
is large, with similar performances to the spectral parti-
tioning algorithm while having additional features. We
note that Zhu et al. [ZLM13] gave a better analysis of
the personal pagerank algorithm when the internal ex-
pansion of the target set is large; our results are related
but incomparable.

1.2.3 Analysis of Mixing Time The notion of ex-
pansion profile was introduced by Lovasz and Kan-
nan [LK99] in the study of mixing times of random
walks. They proved that the mixing time is upper
bounded by [ m,(x)Q where ®(z) = ming<s<, ¢s, which
is a better bound on the mixing time when the aver-
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age conductance is large (e.g. small sets expand well in
geometric graphs).

Our work is inspired by their paper and some
subsequent work [KLMO06, MP05], both in the proof
techniques (will be discussed in the next subsection)
and in the definitions. The robust vertex expansion
and its expansion profile are studied in [KLMO06], where
better bounds on the mixing time are proved in a
similar form to the average conductance bound above.
In particular, it implies the mixing time is bounded
by O(log(n)/¥(G)), and thus Ay > Q(T(G)/log(n)).
We note that Morris and Peres also proved a lower
bound on the second eigenvalue (Theorem 15 in [MP05])
using a parameter related to vertex expansion, but their
definition is incomparable to ours.

Our contribution is to directly bound the second
eigenvalue (not the mixing time) using the expansion
parameters and our bounds are independent of n. Also,
the bound that we prove using ¢ is considerably
stronger. Using ¢;s, the average conductance bound
only gives 1/Xs < O(log(dn)/¢% + log(1/6)/$?), not
improving on Cheeger’s inequality even when ¢; =
Q(1) for constant §, while Corollary 1.2 gives a O(1)-
approximation when ¢5 = (1) for constant §.

1.3 Technical Overview The proofs are inspired by
the work of Lovdsz and Kannan [LK99]. We observe
that their method is useful in analyzing the solution to
a Laplacian system (Lz = b), and can be extended to
study both the second eigenvectors (Lx = Az) and the
personal pagerank vectors.

The high-level approach is to look at the solution
vector x € R™ with 2y > z9 > ... > x,, and relates
the (slow) decrease of x; to the (large) expansion of
the level sets in this vector. Similar to [LK99], we
define a jumping sequence of indices 1 = mg, my, ma, ...
such that z,,, — o, is inversely proportional to the
expansion of the level set [1,m;] (see Lemma 2.1). Using
the Laplacian equation of the second eigenvector, we use
an inductive argument to show that if the expansion of
all level sets is Q(y/A2), then the values of z; decrease
slowly enough such that z,,5, > 0 (see Lemma 2.2),
contradicting that x is orthogonal to the all-one vector.
We remark that this gives a new and quite different
proof of Cheeger’s inequality (e.g. without using the
Cauchy-Schwarz inequality). To prove Theorem 1.1, we
use the robust vertex expansion to argue that each jump
can be made longer (m;y; — m; made larger) and this
gives the improved bound. To prove Theorem 1.2, we
argue that given an ordering of the vertices, if ¢y is
large, then there are only a small number of indices
in the jumping sequence whose corresponding level sets
[1,m;] are of small expansion (see Lemma 2.3), and then
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we modify the induction hypothesis to obtain the result
(see Lemma 2.4). The inductive arguments and the
use of ¢ in arguing about expansions of level sets are
the new elements in the proofs that improve upon the
average conductance bound of Lovédsz and Kannan.

The previous analyses of both the truncated ran-
dom walk algorithm [ST13] and the personal pagerank
algorithm [ACLO06] are based on the combinatorial tech-
nique introduced by Lovasz and Simonovits [LS90] in
analyzing the mixing time of random walks. This tech-
nique is quite different from the analysis of spectral par-
titioning algorithms. It requires to consider the ran-
dom walk vectors for many different time steps, and
it is difficult to incorporate the notions of ¢, or A\, in
the analyses as the ordering and level sets are chang-
ing in each time step®. Our techniques provide two
approaches to lift the analysis of the spectral graph
partitioning algorithm for local graph partitioning algo-
rithms, bringing closer the analyses of these two types
of algorithms. For the personal pagerank algorithm, we
use the Lovasz-Kannan approach to directly analyze the
vector so that we can use ¢y to reason about the level
sets (Lemma 2.3). We note that this approach is consid-
ered by Andersen and Chung to give a simplified proof
of the personal pagerank algorithm [ACO07], and we will
reuse some of their lemmas to obtain Theorem 1.3. For
the truncated random walk algorithm, we use the spec-
tral approach of Arora-Barak-Steurer [ABS10] to di-
rectly obtain a vector with small Rayleigh quotient and
small support, so that the improved Cheeger’s inequal-
ities can be applied to obtain results for approximating
small-set expansions®.

Finally, we remark that this approach can be ap-
plied to analyze the solutions to other Laplacian sys-
tems. Consider the following algorithm for approxi-
mating edge expansion. For an unknown target set S,
pick a random vertex s € S, inject n units of current
to s and extracts one unit of current from every ver-
tex in the graph, sort the vertices by the voltages’,
and output the level set with the smallest expansion
among all level sets of size up to n/2. Our approach
implies that this algorithm always outputs a set S’ with
?(S") = O(\/¢(S)logn). We believe that this approach
draws more connections to the mixing time literature
and will find further applications.

5We still don’t know how to do a better analysis for the
evolving set process because of this difficulty.

6We thank David Steurer for suggesting this spectral approach.

7Or equivalently, sort the vertices based on the expected

hitting time to s.
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2 Spectral Partitioning

Let A := Xy and = be a second eigenvector such that
Lx = Ax. Sort the vertices so that x1 > 29 > ... > x,,.

2.1 Vertex Expansion The proof of Theorem 1.1
consists of two steps. The first step is to prove the drop
lemma and then define a jumping sequence to apply the
lemma. The second step is to use an inductive argument
to derive a contradiction if the expansion of all level sets
are large.

2.1.1 Drop Lemma and Jumping Sequence The
following lemma bounds the decrease of the values in
z to the expansion of the level sets of x. Recall that
w(S,T) denotes the total weight of the edges with one
vertex in S and another vertex in 7.

LEMMA 2.1. (DROP LEMMA) For 1 < a < b < mn, we
have "
AN .
To — T < Zz:l T

~ w(lL,d],[b,n])
Proof. For each i,

Ty — E Wi = )\(El
J

Sum this equation for 1 < i < a, we have
a a a
D) ITIED 3) DEAED) o8
i=1 j i=1 j i=1

Since w;; = wj;, this can be simplified to

sziwij - szjwij = )\leZ

i<a j>a i<a j>a i=

Consider the edges from the set [1,a] to the set [b,n].
Each edge contributes (z; —x;)w;; to the left hand side,
which is at least (z, — xp)w;;. Therefore, we have

w([1,dl, [b,n]) - (za — xp) < AZI

and thus "
2y < 2z Ti
w([1, a], [b,n])
We define a jumping sequence of indices to apply
the drop lemma. Let mg =1 and

mip1 = [mi(1+¢" (mi))],

where ¢V (m;), #(m;), ¥(m;) are shorthands for
oV ([1,m;]), #([1,m;]), ¥([1,m;]) respectively.  Then,
for m; < n/2, by the definition of ¢V (m;), we have

w({Lmil i, m]) > g - 6(my).
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Putting it in the above inequality with a = m; and
b= m;41, it follows that

2\ Z:’:l Ti 2/\Tmi
p(mi)’

Ty —ImiJrl S " (ZS(m) =
) )

(2.3)

where

Ty =

~| =

l

E €Z;.
i=1
Note that Z; is non-increasing over [.

2.1.2 Induction We will prove the following lemma
by induction.

LEMMA 2.2. If ¥(m;) > 32X and ¢(m;) > 32X for all
mi <n/2, then Ty, < 2y, for allm; <n/2.

First we see how it implies Theorem 1.1. Let m;
be the first term in the jumping sequence such that
m; > n/2. Note that the assumptions of Lemma 2.2
would imply that z,,, > %fm]. > 0, where the last
inequality follows because Y ., z; = 0 (as the second
eigenvector is orthogonal to the all-one vector) and so
all partial sums are positive. But this implies that
x; > 0 for all 1 < ¢ < n/2, and applying the same
argument to —x will give us a contradiction. Therefore,
the assumptions of Lemma 2.2 must not hold, and thus
there is an m; < n/2 with U(m;) < 32X or ¢p(m;) < 32X,
proving Theorem 1.1.

Now we proceed to prove Lemma 2.2.

Proof. It is clear that the inequality holds for my.
Assume that Z,,, < cw,,, where ¢ = 2,8 we would like
to prove that Tp,,,, < cZy,,.,. Note that

mi41 mi M1

>
i=1

I
7
E
M

MyTm; + (Mig1 — M) Ty,

IAINA

T, (Mip1 + (¢ — 1)my).

Dividing both sides of this inequality by m;11, we have

Tmip = x"ni(l + (C N 1) mnzﬂil
(c—1)
< o T )
c+¢Y (mi) ¢(mi)
= e (T ) (G — 23!
< Ty,

8The variable ¢ is used so that we can reuse the calculation

here for the proof of Theorem 1.2.
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where the second inequality follows from the definition
of mjy1, the third inequality is by (2.3) and by the
induction hypothesis, and the last inequality follows
from the following claim by plugging in ¢V (m;) for h
and ¢(m;) for . Note that the conditions of Claim 1
follows from the assumptions of Lemma 2.2, and this
completes the proof.

Cram 1. If 2 < ¢ <4, 32X\ < hp and 32\ < ¢, then

we have
c+h ©

(m)(w

—2)\0)_6

Proof. The conclusion to check is

(c—1)h 2Ae

c+h %)
1
1+h ) +<p—2)\c

1+h)(g0—2)\c

c>( )=(c— )

which is equivalent to

—(c—=1)h 2)\c? (c — 1)h(2Xc)
1+h ©—2x  (1+h)(p—2Xxc)

Since ¢ > 32\ > 2¢), this is equivalent to

0>

0> —(c—1)h(p —2Xe) + 22 (1 + h) — (c — 1)h(2Xc),
which can be simplified to

c 21 . 2,\(}1l+h) EESVEIN oY
@ he ¢

Since 2 < ¢ < 4, the left hand side is at least 1/8. We
consider two cases. The first case is when 1/(hp) > 1/¢,
and so the right hand side is at most 4\/(hy). We
have 1/8 > 4X\/(hyp), as long as he > 32A, which is
satisfied by our assumption. The second case is when
1/(he) < 1/¢, and so the right hand side is at most
4\/p. We have 1/8 > 4\ /p, as long as ¢ > 32\, which
is also satisfied by our assumption.

c

2.2 Proof of Theorem 1.2 We follow the same ap-
proach to prove Theorem 1.2. The additional arguments
are in Lemma 2.3 to bound the number of terms in the
jumping sequence with small expansion using ¢, and in
Claim 2 to control the inductive bound dynamically.

For Theorem 1.2, we define the jumping sequence
as follows. Let mg =1 and

1
miv1 = [mi(1+ §¢(mi)ﬂ-
Then, for m; < n/2, we have

w([l,ms], [mit1,n]) = mig(m;) — (mig1 —mi — 1)
1
Z 5mi B(m;),
so that equation (2.3) still holds after applying the drop

lemma.
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2.2.1 k-way Expansion The assumption on ¢y al-
lows us to bound the number of terms in the jumping
sequence with small expansion. We note that the fol-
lowing lemma can be applied to any ordering of vertices
(not just for second eigenvector), and it will be applied
to personal pagerank vectors later.

LEMMA 2.3. For any 0 < ¢i/4, there are at most
16k/¢r terms m; in the jumping sequence with 6 <

Proof. Suppose by contradiction that there are at least
16k /¢y, such terms. Let yo be the first such term and
let y; be the (167/¢y)-th such term. We claim that the
sets {[1,yol, [vo, y1]s-- -, [Yk—1,yk]} are all of expansion
less than ¢y, contradicting the definition of ¢. Note
that

0. 16 86
Yir1 2 yi(L+ 5)% > y(1+ —),
2 Pk
and thus
. 80y;
Yivr1 —Yi = .
i o

The expansion of the set [y;, y;+1] is

w([yi7yi+1]7 [Lyl} U [yi-'rl?n])

&([Yis Yis1)) -
< w([1, yil, [1, v:]) + w(([1, yit1], [1, yir1])
B Yitl — Yi
20y;41 + 20y;
o Yi+1l — Yi
2y;
= 20014+ )
Yi+1 — Yi

Using the lower bound on y; 1 — y;, we have

Sl i) < 20+ % < oy,

where the last inequality is by our assumption that

9<¢k/4-

2.2.2 Induction In the following, we assume that
gf)i > 1024\, as otherwise Theorem 1.2 holds trivially.
We will prove the following lemma by induction.

LEMMA 2.4. If ¢7 > 1024\ and ¢(m;) > 256k\/ ¢y, for
all mi <n/2, then Ty, < 4@y, for all m; <n/2.

As argued before, the assumptions of Lemma 2.4
would imply that x; > 0 for all 1 < i < n/2, leading
to a contradiction. So, the assumptions of Lemma 2.4
must not hold, and thus there is an m; with ¢(m;) <
256k\/ ¢y, proving Theorem 1.2.

To prove Lemma 2.4, we will prove by induction
that Z,,, < ¢y, where initially ¢g = 2 and

e if o(m;) > dr/4,
LT /(1 - eei)  if d(my) < di /4,

where ¢, = 2X\/¢(m;). We first assume this induction
step and show that c., < 4 using Lemma 2.3. Then we
will verify the induction step.

CLAIM 2. o < 4.

Proof. First, we prove by induction that

Co
1 -1 _
- Ej:O €50

Assume this is true for ¢. Then

C; =

Ci
Cs
i 1— €;C;
Co 1
- (1 i—1 1 . E'( Co ))
- Z]:O EjCO v 1—Zj;é €j5Co
1 — Z;‘:O EjCO

Next, we bound c,, using Lemma 2.3. Recall that ¢; =
2\/¢(m;) and we can assume that ¢(m;) > 256kA/ ¢y
Let 00 = 256k)\/¢k and 01‘_;,_1 = 291'. By Lemma, 2.3,
there are at most 16k/¢y terms m; in the jumping
sequence with 0 < ¢(m;) < 20 when 0 < ¢/4.
Therefore,

2o =2 > g

i>0 j:0; <¢(m;)<20;
2\
> 2 7

i>0 j:0,<¢p(m;)<20;

IN

IA
|“M
‘n—\
o
Pl
|$

Therefore,

Co Co
= <

Coo s
1—Zj€j00 1_Z0

We prove the induction step. There are two cases,
depending on whether ¢(m;) < ¢y /4. We first consider
the case when ¢(m;) < ¢r/4. In this case, just apply
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equation (2.3) and we have

< 2XCi T,
Lo Ty — ——————
e 2T G )
= o, (1 —€c;)
1—61'61‘
> T
> ()
> Tmn
Cit1

by the definition of ¢; and ¢; 1 and we are done in this
case.

It remains to consider the case when ¢(m;) > ¢y /4.
By induction, we assume that 7,,, < ¢;z,,,, and we
claim that Z,,,,, < ¢;%s,,,,. By the same calculation as
in the induction for Theorem 1.1, we have

Mi41 my Mi41

Z T = Z:EZ + Z Ty < Ty, (Mig1 + (¢ — 1)my).

i=1 i=1 i=m;+1
Similarly, dividing both sides of this inequality by m;41,
we have

ci + 50(mi)
1+ % (ml)

P(mi)
B(m;) — 2A¢;

i+1( )( ) < CiTlmiyqs

where the last inequality follows from Claim 1 by
plugging in h = ¢(m;)/2, ¢ = ¢(m;), ¢ = ¢; and
checking that the conditions 2 < ¢ < 4 (Claim 2),
ho > ©*/2 > ¢2/32 > 32X and ¢ > 32\ are satisfied

by our assumptions. This completes the induction step
and thus the proof of Lemma 2.4.

3 Personal Pagerank

We show that a similar and simpler analysis applies
to the personal pagerank vector. Given a parameter
a € (0,1] and a vertex s, the personal pagerank vector
rs,o € R™ is the unique solution to the equation rs o =
axs+ (1—a)Wr, o, where W is the transition matrix of
the lazy random walks. Note that rs , is a probability
distribution vector. In the following, we assume S is an
unknown target set with 3|S|log(]S]) < n.

3.1 Drop Lemma Let z := ry, be the personal
pagerank vector and assume z; > T2 > ... > X,.
Andersen and Chung proved a drop lemma for pagerank
vectors (see Lemma 1 of [ACO7] and compared to our
Lemma 2.1), for 1 <a <b <n,

(3.4) Tg —Tp <

w([L,a], [b,n])’

3.2 Escaping Probability Let S be an unknown
target set. Using a bound on the escaping probability
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of random walks [ST13]?, Andersen and Chung proved
that for half of the vertices s in S, the personal pagerank
vector & := 75, will have the property that (see
Lemma 5 of [ACOT7])

‘ ¢(5)
(3.5) lesz.
icS
Setting o = 3¢(S) makes sure that ), ¢ x; > 2/3 and
it follows that (see Lemma 2 of [ACO07]) there exists an
a < |S| with
2
> —.
"= Balog(IS])

3.3 Vertex Expansion For vertex expansion, we
start our jumping sequence by setting mg = a and then
define

miy1 = [mi(14 6" (@))].
By this definition, we have w([1,m;], [m;+1,n]) > $m; -
@(m;), and it follows that

< 2a
Ty = Ty, — ——————
mit1 m m; - ¢(mz)
and 5
a
Tome = Tq — _
-z T
Suppose by  contradiction  that  ¢(m;) >

360(5)log(|S]) /6" (G) for all m; < 3[S|log(|S]).
Then

20 200V (G)
; m; - ¢(m;) = QZO 36a(1+ ¢V (G))ip(S) log(|S])
1
3alog(|S])’

where the last inequality uses the bound that

2iz01/(1+6Y(G) < (1+¢Y(G))/¢" (G) < 2/6"(G)
and our choice that o = 3¢(S). This implies that

1
3|5 log(|S]) = 3alog(|S)

and thus

1
201y BT

Jj=0 0<5<3|S[log(|S])

since a < |S|, contradicting that x is a probability dis-
tribution vector. Therefore, there must exist an m,; <
3|S[log(|S]) with ¢(m;) < 366(S)log(|S])/¢"(G),
proving the first part of Theorem 1.3.

YActually, using a stronger result by Oveis Gharan and Tre-
visan [OT12], one can show that z(S) > 25t ¢ it does

= ate(S)(1-a)’
not change the results in the following subsections.

Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



Downloaded 01/30/17 to 99.253.152.191. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

3.4 k-way Expansion For k-way expansion, we de-
fine the jumping sequence by setting my = a and

mir1 = [mi(1+ ¢(mi))].
As before, we have w([1,m;], [mi1,n]) > 2m; - ¢(m;),
and it follows that

2
Lo

" my - g(my)

Imi+1 Z

and )
@
T, = Tq — .
; m; - ¢(m;)
We divide the summation into two parts

2 2«
2wt 2w

m m
iip(m;)<dr /4 iip(m;) > /4

The second part is at most

2 8« 64a
2. b/ = 2 abn (Lt /D) = adl

The first part can be bounded by Lemma 2.3 as
follows.  Suppose by contradiction that ¢(m;) >
1152k (S) log(|S|)/¢r for all m; < 3|S|log(]S|). Let
0o = 1152k¢(S) log(|S])/ér and 6; = 20,4 for i > 1.
By Lemma 2.3, there are at most 16k/¢; terms in the
jumping sequence having conductance between 6 and 26
when 0 < ¢ /4. Therefore, the first part is at most

2c 32k «
L2 sy S 2o ab

32k «
B ; E a2ty
_ 6dka
~ agwbo
Putting these back into the first inequality, we have
64 64ka
T, = T — @ — aonbo
2 1926(S)  1926(S)k
alog(|S)  adf agibo
2 384¢(S)k
3alog(|S]) B agrby
1
3alog(|S|)’

where the second inequality is by the lower bound of x,
and the choice of & = 3¢(S5), and the last inequality is
by our choice of 6y. This implies that

1
315 log(|S]) = 3alog(|S])
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and thus

1
21 ety BT

Jj=0 0<5<3|S]log(|S])

since a < |S|, contradicting that x is a probability
distribution vector. Therefore, there must exist an
mi < 3(5]log(|S]) with ¢(ms) < 1152ke(S) log(|S])/éx.
proving the second part of Theorem 1.3.

3.5 Local Algorithm Andersen and Chung [AC07]
show that the drop lemma (equation (3.4)) still holds
even for approximate personal pagerank vectors, which
can be computed efficiently in unweighted graphs. In
the following, we assume the graphs are unweighted d-
regular (in our setting, the edge weights are either 1/d
or 0). An e-approximate vector for r; . is a vector 7";7&
that satisfies r; , = a(xs —q) + (1 —a)Wr , where the
vector ¢ is non-negative and satisfies ¢(u) < e for every
vertex u in the graph.

LeMMA 3.1. ([ACOT]) There is an algorithm that com-
putes an e-approzimate vector r. . The running time of
the algorithm is O(d/(eat)). Assume Tea(l) =75 o (2) >
oo 214 o(n). The approzimate vector vy , satisfies for
any 1 <a<b<n,

oo = Tha = ol = (1=a)W)™(xs — (xs = 0))
= al-(1—-a)W) g
< el —(1—a)W)

= el,

where the last equality holds since Tisan eigenvector of
both I and W with eigenvalue 1. Hence for any vertex
u, we have r{ ,(u) > rso(u) —e. We set e = 1/(6]5])
and a = 3¢(S) so that

ngya(i) z Zrm(i) —€lS|>1— #S8) _

«
icS icS

>

)

=
N | =

for those vertices s that satisfy equation (3.5). Hence
there exists an a < |S| with

1
rl o (a) > ————.
sal0) 2 2alog | S|
Since r; , satisfies the drop lemma (equation (3.4))
and contains good initial value, both arguments in

vertex expansion and k-way expansion follow (with the
assumption 3|S]log(|S|) < n replaced by 6]S|log(]S]) <

Copyright © by SIAM.
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n). The runtime of this algorithm is dominated by
the runtime for computing the approximate vector p;,t
and sorting at most O(|S|log(|S])) vertices after, and
hence the total complexity is O(d/(ea)+|S|log?(|S|)) =
O(d|S|/6(S) + |S]1og(15])).

4 Random Walks

In this section, we present a spectral analysis of the
random walk local graph partitioning algorithm [ST13,
KL12]. The proof consists of three steps. The first step
is to show that the Rayleigh quotient of the random
walk vector ps ¢ = Wiy, is small, by using the analysis
in the power method. The second step is to show
that the ||ps.|l2 is large for many vertices s in the
unknown target set, by using the bound on escaping
probability (or the staying probability). This allows us
to apply the argument in [ABS10] to ps; to obtain a
vector with small Rayleigh quotient and small support.
Then we apply the improved Cheeger’s inequality to
prove Theorem 1.4. Finally, we show that the truncated
random walk vectors would also work, thereby proving
a local implementation of the algorithm.

4.1 Rayleigh Quotient Recall that the Rayleigh
quotient of a vector z is defined as R(x) = 27 La/||z|?.
The following lemma shows that the Rayleigh quotient
of the vector p; := Wty becomes smaller when t
becomes larger. The proof follows the analysis of the
power method in computing the largest eigenvector.

LEMMA 4.1. For any starting vertez s,

R(pas) < 2= 2|paslly

Proof. Let xs = Z?:l c;v; where v; are eigenvectors
of L. Note that the lazy random walk matrix is
W = I — L/2, and thus the vector ps; = Wiy, =
Yoy ci(l = X;/2)'v;. Hence, the Rayleigh quotient of
Ds,t 18

T
Ps.tLps.t
R(ps,t) - i °

Z’L 1 1(1_)‘/2)2t/\
Zz 1 z(l_k/2)2t
g (1= Ai/2)*
Zz 1 z(l_)\/2)2t .

Note that Y, c¢Z = ||xs||3 = 1, and thus ¢Z can be viewed
as a probability distribution. Let X be the random
variable having value 1— \; /2 with probability ¢?. Then
we can write R(ps:) = 2 — 2E[X 2T /E[X?]. By the
power mean inequality and the non-negativity of X, we
have

= 2-2

E[X2t+1]1/(2t+1) 2 E[th]l/(2t).
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Hence

R(ps,t) S 9 _ QE[XQt]l/Qt

" 1/2t
2-2 (Z 21— /\l—/2)2t>

2 — 2||ps.cl3’"-

4.2 Small Support Vector with Small Rayleigh
Quotient A vector z is called spectrally d-sparse if
lz||3 < 6nljz||3. First, by using a result by Oveis
Gharan and Trevisan on escaping probability (or staying
probability), we bound the spectral sparsity of the
random walk vector. Then, we use a result used by
Arora, Barak and Steurer to turn a spectrally sparse
vector into a small support vector with similar Rayleigh
quotient.

The following lemma by Oveis Gharan and Trevisan
shows that if ¢(.S) is small, there is a large subset U C
S, such that the random walk starting at any vertex
s € U stays entirely inside S with good probability. In
particular, the probability that the walk ends inside .S
is large.

THEOREM 4.1. ([OT12]) For any subset S CV, there
is a subset U C S, such that |U| > |S|/2, and for any
s € U we have

1 30(9)\"
2 peelv) = <1¢§)) '
veS
This provides a bound on the spectral sparsity of p; ;.

LEMMA 4.2. For any subset S C V', there is a subset
U C S such that |U| > |S|/2, and for any s € U we
have

I 40000(5|
Ipetlh = G =55(5) /27

Proof. By Cauchy-Schwarz and Theorem 4.1, we have

[[pst I3 > Z Ps,t(v)

veS

2
> |S‘ (gpst )
1 (1 36(S)\')
= |<200 (1_2>>

L (309
- 40000|S|( 2 )

Since ||xslli = 1 and W preserves l-norm, we have
| xs|I* =1, and the result follows.
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The following lemma in [ABS10] shows how to ob-
tain a vector y with small support and similar Rayleigh
quotient from a spectrally d-sparse vector x. The proof
is by choosing an appropriate threshold ¢ and set y =
max(z — t,0).

LEMMA 4.3. ([ABS10]) Let = € R‘Zvol be a non-
negative vector with ||z||3 < dn||z||3. Then there exists
a vector y with supp(y) = O(dn) and R(y) = O(R(z)).

We will apply Lemma 4.3 on p, ¢ and obtain a vector
with small Rayleigh quotient (Lemma 4.1) and small
support (Lemma 4.2).

4.3 Improved Cheeger’s Guarantees We are
ready to prove Theorem 1.4. In the following we assume
d(S) <1/4 and |S| > 2. We set t = elog |S]/(64(S)) so

that
2t
(1-2) = e(-so(s)®

exp(—619(S))
exp(—elog |S))
Els

By Lemma 4.2, we have
Ips.¢ T < 40000[S|"<|ps.e 3.
On the other hand, since |S| > 2,

(40000[S)"/2) > exp <_1712§|5|)

- e (28)

| 516(5)

Therefore, by Lemma 4.1, we have

30(5), | _510(8), _ ) (919)
Rip.s) < 220 - 20 - 24 — o (430,

Now, we apply Lemma 4.3 by plugging the vector p;
for x and obtain a vector y with supp(y) < O(]S|}*€)
and R(y) = O(¢(5)/e). Finally, by the proof of the
improved Cheeger’s inequality (1.2) (see Section A in
Appendix), we find a level set S” with |S'| < |supp(y)| =

O(|S|**+¢) and
-0

ko(S

€/ )\k
Since a level set of y is a level set of p; ;, this proves the
approximation guarantee of Theorem 1.4.

or
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4.4 Local Algorithm Computing the vector ps: =
Wiy, exactly requires at least linear time. In the
following, we assume the graph is an unweighted d-
regular graph (in our setting, the edge weight is either
1/d or 0). To obtain a local algorithm, we can compute
a good approximation to ps + by repeatedly applying the
operator W (initially we compute W) and truncating
the small values to zero.

LEMMA 4.4. ([ST13, KL12]) Let ps; = Wy, be the
exact random walk vector starting at verter s. There
is an algorithm that compute a vector pj, such that

Psit = Doy = Psit — ol and Pl >0 in time O(dt* /).

We set t = e€log|S|/¢(S) and o =
#(S)/(160000|S|1T€), so that the time complexity
of our local algorithm is O(de?| S| < 1og? |S|/$(S)?). It
remains to show that p’, , is still spectrally sparse and
has small Rayleigh quotiént.

LEMMA 4.5. For ps: that satisfies the conclusion in
Lemma 4.2, we have

1
1950017 < Wllpgtlli

Proof. In the proof, we let x := ps; and y = pi,.
By Lemma 4.4, we have y(i)?> > x(i)? — 2ax(i) since
y(i) > max(x(i) — a, 0). Therefore,

Il = 300 = 3" a(0)* =203 a(i) = [lal} — 2.

By Lemma 4.2, we have [|z[|3 > 1/(40000]S|**€). From
our choice of a, we have 2a = ¢(5)/(80000|S|'T¢) <
#(9)|z||3/2. Therefore,

S
ol —2a > ol (1~ %52)
> L
= 80000] S|+

> 2
= 80000] S|+ Y

where the last inequality holds as ||y||] < ||z]|7 = 1.

LEMMA 4.6.

Rp,,) < (X))

€

Proof. Again, we let = := p; ; and y := p/ ; in the proof.
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Let r =2 —y > 0. Then we have

y" Ly
yTy
(x —7)TL(x —7)
yTy
2l Lo +rTLr — 22T Ly
yTy
22T Le + 2rT Ly
yTy '

R(y) =

<

By the calculation in Lemma 4.5, |y[|3 > (1 —
#(S5)/2)||z||3. Hence, using r > 0 and y > 0, we have
1713 < llzl3 = llyl13 < &(S)||=[|3/2 and r"Lr < 2rTr <
&(S)||z||3. So, we have

2TLx  rTLr
R(y) = O ( + )
) vy yTy
_ 0 <mTLx N rTLr)

Ty Ty

= O(R(z) + ¢(9))
- o(49).

With Lemma 4.5 and Lemma 4.6, we can use the
same proof in Section 4.3 to prove Theorem 1.4 with the
time complexity claimed.

To prove Theorem 1.4(2), we only need to set
e = 1/log(|S]) so that |S|**¢ = O(|9]).

4.5 Local Eigenvalue We remark that if we do
not care about local implementations, we can find a
particular good starting vertex u such that the random
walk algorithm starting at u gives a better performance
guarantee ¢(S’) = O(kAs/(e¢r)), where Ag is the
smallest eigenvalue of the matrix Lg which is the
restriction of L on the subset S. Chung [Chu07] shows
the following local Cheeger’s inequality:

< mi < .
As < min O(T) < V2Xs

Hence \g is at most ¢(S) and could be much smaller, for
instance when a subset of S has very small expansion.
The idea is similar to that in [KL12] and we just give a
quick sketch. Let vg be the corresponding eigenvector
with eigenvalue Ag. We choose our starting vertex
to be u = argmax; |[vg(i)|. Then we show that the
spectral sparsity of the ¢t-steps random walk is at most
IS]/(1 = As)?t < |S]/(1 —O(4(S)))?. This allows us to
set t to be larger so as to improve the Rayleigh quotient
of the random walk vector.
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A Relations between Improved Cheeger’s
Inequality and Theorem 1.2

First, we show that Theorem 1.2 can be derived from the
proof of the improved Cheeger’s inequality, as pointed
out to us by Luca Trevisan. Then, we show that
the improved Cheeger’s inequality can be derived from
Theorem 1.2, using a graph powering trick as described
in [KL14].

A.1 TImproved Cheeger’s inequality implies
Theorem 1.2 The following stronger statement was
shown in [KLLOT13].

THEOREM A.l. (THEOREM 3.5 OoF [KLLOT13], RESTATED)

For any non-negative vector x with supp(z) < n/2, let
Gsweep(x) be the minimum expansion of the level sets of
x. At least one of the following holds:

1. Gsweep(z) < O(k)R(z).

2. There exists k disjointly supported wvectors
X1,..., 2k such that for all 1 < i <k, supp(x;) C
supp(z) and R(z;) < O(K*R(2)*/Psweep(2)?)-

We apply the theorem with z = max(vs,0) or
x = max(—wvg,0), whichever of smaller support. Note
that R(z) < A2 by standard argument [HLWO06]. When
the first case of Theorem A.1 holds, it is clear that

¢(G) < ¢sweep(x) < O(k)R(x) < O(k;)\z) < O(%)

Otherwise, there exist k disjointly supported vec-
tors, each with Rayleigh quotient not larger than
O(K*X3 /¢ yeep()). Apply (the original) Cheeger’s ar-
guments on these vectors, we can find & disjoint subsets
S;, each of them satisfies ¢(5;) < O(kAa/Psweep()).

This implies that

kAo
O
=0 @
or
)\2 _ Q(¢k¢svs;:ep(x)) _ Q((bk(i'(G)),

and Theorem 1.2 follows.

A.2 Theorem 1.2 implies improved Cheeger’s
inequality In [KL14], the authors proved a lower
bound on the expansion of graph powers and used it
to show some reductions on Cheeger’s inequalities. We
show that the same approach can be used to prove im-
proved Cheeger’s inequality by Theorem 1.2.
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THEOREM A.2. (THEOREM 1 OF [KL14], RESTATED)
Let H denote the graph with adjacency matriz W where
W is the lazy random walk matriz of G. Then we have

1 ?(G) | vi
H)> —(1-(1-"—= .
O(H) 2 51— (1= £V
The following corollary is a generalization of Corol-
lary 12 of [KL14], which shows that general cases of im-
proved Cheeger’s inequality can be reduce to the cases

where A\ is constant.

COROLLARY A.1. Suppose one could prove
that ¢(H) < CXo(H) for some C > 1/10
whenever A,(H) > 1/4, then it implies that
o(G) < 40CX2(G)/\/Ae(G) for any G and any
Me(G).

Proof. We assume that ¢(G) < +/Az, as otherwise,
by Cheeger’s inequality, 2X2(G) > ¢(G)? > ¢(G)vV/ Ak
and the statement is true. Consider H with adjacency
matrix W1/A+(E) Then

M) =1 (1= 2Dy (- Ly 21

Therefore, if one could prove that ¢(H) < CAy(H), then

Cxa(H) > ()
> - - A9y
1 4(@)
> - e 50
)

80/ M (G)’

where the second inequality is by Theorem A.2. On the
other hand,

i) =1~ (1= 2y < 220

and the corollary follows by combining the two inequal-
ities.

Now we show the improved Cheeger’s inequality
in [KLLOT13] follows from Corollary A.1 and Theo-
rem 1.2. By the easy side of the higher order Cheeger’s
inequality, we have ¢, > A\r/2. Hence, for any graph
G with Ay > 1/4, we have ¢, > 1/8 and Theo-
rem 1.2 gives ¢(G) = O(kA2(G)). Therefore, we can
apply Corollary A.1 (with C = O(k)) and conclude
that ¢(G) = O(kA2(G)/+/Ak(G)) is true for any graph
G and any A, and the improved Cheeger’s inequality
in [KLLOT13] follows.
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