Algorithmic Spectral Graph Theory

Lap Chi Lau
School of Computer Science
University of Waterloo

September 16, 2026






To my parents and my famaly,

for their love and support






Table of Contents

Preface
AT Usage

0 Overview

Classical Results

1 Graph Spectrum

1.1 Adjacency Matrix . . . . . . . . L
1.2 Laplacian Matrix . . . . . . . . . . e e e
1.3 Normalized Adjacency and Laplacian Matrix . . . ... . ... ... ... .....
1.4 Generalizations . . . . . . . . e
1.5 Problems . . . . . e

2 Cheeger’s Inequality

2.1 Cheeger’s Inequality for Graphs . . . . . . . ... ... o Lo
2.2 FEasy Direction: Continuous Relaxation . . . . . ... ... ... ... ... ....
2.3 Hard Direction: Rounding Algorithm . . . . . .. .. ... .. ...
2.4  The Spectral Partitioning Algorithm . . . . .. .. ... .o 0L
2.5 Variants of Cheeger’s Inequality . . . . . . . . . . ... ...
2.6 Problems . . . . ...

3 Random Walks on Graphs

3.1 Markov Chains . . . . . . . oL e
3.2 Random Walks on Undirected Graphs . . . . . . . . .. .. ... .. .. ......
3.3 Spectral Analysis of Mixing Time for Undirected Graphs . . . . . . . ... ... ..
3.4 Applications of Random Walks . . . . . ... . ... .. ... .. . ...
3.5 Random Walks on Directed Graphs . . . . . . . . . ... ... ... ...
3.6 Problems . . . . . e
4 Expander Graphs: Properties
4.1 Expander Mixing Lemma . . . . . . . .. L L Lo
4.2  Converse of Expander Mixing Lemma . . . . . . . ... ... ... ... ... ..

4.3 Bounding Spectral Radius by Rectangular Sums . . . . .. .. ... ... ..

ix

x1

Nej

14
15
16

19
19
21
22
26
29
30

35
35
37
39
44
45
46

49
20
51
52



4.4  Graphs with Large Spectral Gap . . . . . . . .. . ... Lo
4.5 Small-Set Vertex Expansion . . . . . . . .. ..
4.6 Random Walks on Expander Graphs . . . . . . . .. .. ... ... ... ...
4.7 Problems . . ... e

Expander Graphs: Constructions

5.1 Probabilistic Constructions . . . . . . . . . ..o
5.2 Algebraic Constructions . . . . . . . . .. L e
5.3 Combinatorial Constructions . . . . . . . . . . . ..
54 Problems . . . . . .

Expander Graphs: Applications

6.1 Pseudorandommness . . . . . . ... e
6.2 Constructing Efficient Networks and Algorithms . . . . . . .. ... ... ... ...
6.3 Complexity Theory . . . . . . . . . .
6.4 FError Correcting Codes . . . . . . . . . .
6.5 Problems . . . . ...

Generalizations of Cheeger’s Inequality

Higher-Order Cheeger Inequality

7.1 Motivation and Statements . . . . .. .. ..o
7.2 Cheeger Rounding and Spectral Embedding . . . . . ... ... ... ... .. ..
7.3 Isotropy Condition and Clustering by Directions . . . . ... ... ... ... ...
7.4 Ideal Case: Far Apart Clusters . . . . . . . . . . . .. . ...
7.5 General Case: Space Partitioning and Smooth Localization . . . .. ... ... ..
7.6 Alternative Randomized Rounding Algorithms . . . . . . ... .. ... ... ...
7.7 Polylogarithmic Higher-Order Cheeger Inequality . . . . .. .. ... ... ... ..
7.8 Problems . . . . ..

Improved Cheeger Inequality

8.1 Motivation and Statement . . . . . .. .. L Lo L
8.2 Intuition and Proof Outline . . . . .. .. . ... . . o
8.3 Constructing 2k-Step Approximation . . . . . . . .. ... Lo
8.4 Rounding 2k-Step Function . . . . .. . ... o
8.5 Problems . . . . . e

Fastest Mixing Time, Vertex Expansion, and Reweighted Eigenvalues

9.1 Definitions and Statements . . . . . .. ... L L
9.2 Semidefinite Program for Fastest Mixing Time . . . .. . ... ... ... .. ...
9.3 Easy Direction by Reduction . . . .. .. ... . 0
9.4 Hard Direction by Dimension Reduction and Rounding . . . . . ... ... ... ..
9.5 Reweighted Higher Eigenvalues . . . . . . . . . ... ... ... ... . .....
9.6 Reweighting Conjectures . . . . . . . . . . . . e
9.7 Problems . . . . . .

10 Reweighted Eigenvalues for Directed Graphs and Hypergraphs

10.1 Cheeger Inequality for Directed Vertex Expansion . . . . . ... .. ... ... ...

26
99
60
61

65
65
66
66
72

75
75
76
77
78
82

87



II

11

12

13

10.2 Fastest Mixing Time on General Markov Chains . . . . . . .. ... ... ... ..
10.3 Cheeger Inequality for Directed Edge Conductance . . . . . . . . .. ... .. ...
10.4 Proof Overview . . . . . . . . . e
10.5 Cheeger-Type Inequalities for Hypergraphs . . . . . . . . ... .. ... .. ..
10.6 Discussions and Open Questions . . . . . . . . .. ... L oo
10.7 Optimal Cheeger Inequality for Directed Edge Conductance . . . . . . . ... . ..
10.8 Problems . . . . . . . e e

Random Walks and Graph Decompositions

Small Sparse Cuts from Random Walks

11.1 Approximating Small-Set Edge Conductance. . . . .. . ... ... ... ...
11.2 Spectral Approach . . . . . . . ..
11.3 Power Method . . . . . . . . . . L
11.4 Cheeger Inequality for Small-Set Edge Conductance . . . .. ... ... ... ...
11.5 Local Graph Partitioning by Random Walks . . . . . .. .. .. ... ... ... ..
11.6 Hard Example for Local Graph Partitioning . . . . . . . .. .. ... ... .. ...
11.7 Problems . . . . . . L

Expander Decomposition

12.1 Expander Decomposition from Recursive Sparse Cuts . . . . .. ... ... .. ...
12.2 Expander Decomposition from Most-Balanced Sparse Cuts . . . . . . . . ... ...
12.3 Fast Algorithms Using Approximate Balanced Sparse Cuts . . . . . . . . ... ...
12.4 Fast Algorithms Using Flows and Fair Cuts . . . . .. .. ... ... ... ....
12.5 Balanced Sparse Cuts from Local Graph Partitioning . . . . . . .. . ... ... ..
12.6 Expander Hierarchy and Applications . . . . . .. .. ... ... ... ... ....
12.7 Problems . . . . . . L

Threshold Rank Decomposition

13.1 Small-Set Expansion via Subspace Enumeration . . . . . . ... ... ... ... ..
13.2 Subexponential Algorithm for Small-Set Expansion Conjecture . . . . . . ... ..
13.3 Low Threshold Rank Graph Decomposition . . . . . .. .. .. ... ... .....
13.4 Subexponential Algorithm for Unique Games Conjecture . . . . . . . .. ... ...
13.5 Small-Set Expanders . . . . . . . . L

III Spectral Sparsification and Applications

14

15

Spectral Sparsification, Matrix Concentration, and Effective Resistance

14.1 Cut Sparsification . . . . . . .. L L
14.2 Spectral Sparsification . . . . . . ..o
14.3 Random Sampling Algorithm . . . . . . .. ... ... oo
14.4 Fast Algorithm and Applications . . . . . . . ... .. ...
14.5 Effective Resistance . . . . . . . . . . . . ..o
14.6 Problems . . . . . . . e

Spectral Sparsification via Potential Function
15.1 Linear-Sized Spectral Sparsification . . . . . . . . . . ..o 0oL

143

145
145
147
149
150
151
153
154

157
157
159
160
162
164
166
166

169
170
172
173
174
178

181

183
183
185
187
190
193
196

199



15.2 Deterministic Algorithm and Polynomial Perspective . . . . . . ... .. ... ...
15.3 Potential Functions . . . . . . .. .. Lo
15.4 Changes of Potential Values . . . . . . . . . .. .. .. oo
15.5 Averaging Argument . . . . . ... L
15.6 Further Developments . . . . . . . . . . . . . ..
15.7 Problems . . . . . ..

16 Spectral Sparsification and Algorithmic Discrepancy Theory
16.1 Discrepancy Theory and Matrix Sparsification . . . . . . . ... ... ... .. ...
16.2 From Matrix Partial Coloring to Matrix Sparsification . . . . . .. ... .. .. ..
16.3 Potential Function from Regularized Optimization . . . ... ... ... ... ...
16.4 Matrix Partial Coloring by Discrepancy Walk . . . . . . .. .. ... ... ... ..
16.5 Fast Algorithms . . . . . . .. . . .
16.6 Problems . . . . . . e

IV Cut Matching Games and Matrix Multiplicative Weight Update

17 Cut-Matching Game
17.1 Sparsest Cut and Expander Flows . . . . .. ... ... o oL,
17.2 Cut-Matching Game . . . . . . . . . L e
17.3 Algorithmic Applications. . . . . . . . . .. . e

18 Matrix Multiplicative Weight Update
18.1 Online Decision and Multiplicative Weight Update Method . . . . . .. . ... ..
18.2 Matrix Generalization . . . . . . . . . L
18.3 Cut Player Strategy from Matrix Multiplicative Update . . . . ... ... ... ..
18.4 Problems . . . . .. e

19 Fast /log n-Approximation Algorithm for Edge Expansion
19.1 Primal Program and Geometric Analysis . . . . . . ... ... ... ... ...
19.2 Dual Semidefinite Program and Expander Flows . . . ... ... ... ... ....
19.3 Primal Dual Approach to Semidefinite Programs . . . . . ... ... ... .. ...
19.4 Efficient Implementation of Oracle . . . . . . .. ... ... ... .. ... .....
19.5 Problems . . . . . . . e e e

V Semidefinite Programming and Approximation Algorithms

20 Local-to-Global Correlation Rounding on Expander Graphs
20.1 Unique Games and Semidefinite Programming Relaxation . . .. ... ... .. ..
20.2 Global Correlation Rounding . . . . . . . . .. ... L
20.3 Local-to-Global Correlations on Expander Graphs. . . . . . .. .. ... ... ...

21 Local-to-Global Correlation Rounding on Low Threshold Rank Graphs
21.1 Conditioning on Lasserre SDP Hierarchy . . . . . . . .. ... .. ... ... ....
21.2 Local Correlation and Independent Randomized Rounding . . . . . . . ... .. ..
21.3 Global Correlation and Conditioning . . . . . . . . . .. ... ... ... ...
21.4 Local-to-Global Correlation of Low Threshold Rank Graphs . . . . . . ... .. ..

213
213
215
216
219
222
223

225

227
227
229
234

241
241
242
246
249

251
251
255
258
262
267

269

271
271
273
275



22 Local-to-Global Correlation Rounding on General Graphs? 291

22.1 Toward Subexponential Algorithms for Sparsest Cut . . . . . ... ... ... ... 291
22.2 Toward Subexponential Algorithms for Other Problems . . . ... ... ... ... 297
22.3 Counterexamples to Reweighting Conjectures . . . . . . . .. ... ... ... ... 298
VI Matrix Concentration and Semi-Random Problems 303
23 Matrix Concentration Inequalities 305
23.1 Chernoff Bounds . . . . . . . . . e 305
23.2 Matrix Exponential and Logarithm . . . . . ... .. ... o000 306
23.3 Matrix Concentration Inequalities via Matrix Exponentials . . . . . . . ... .. .. 307
23.4 Matrix Chernoff Bounds and Matrix Bernstein Inequality . . . . ... ... .. .. 309
23.5 An Elementary Approach to Matrix Concentration . . . . . .. .. ... ... ... 313
23.6 Sharper Matrix Concentration Inequalities . . . . . . . . .. .. .. ... ... ... 317
23.7 Problems . . . . . L 318
24 Refutation Algorithms for Semi-Random Constraint Satisfaction Problems 323
24.1 Random 2-XOR: Quadratic Form . . . . . . ... ... ... ... 323
24.2 Random k-XOR: Tensor Flattening . . . . . . . . . ... ... ... ... 326
24.3 Semi-Random CSPs: Reweighting Trick . . . . ... ... .. ... ... 328
24.4 Random 3-XOR: Cauchy-Schwarz Trick . . . . .. ... ... ... ... .... 330
25 Kikuchi Matrices and Applications 335
25.1 Smooth Tradeoff for CSP Refutation . . . . ... ... ... ... ... ... 335
25.2 Lower Bounds for Locally Decodable Codes . . . . . . . ... ... . ... .... 340
25.3 Hypergraph Moore Bound . . . . . . . .. . ... o o 345
25.4 Tensor Principal Component Analysis . . . . . .. . ... ... ... ... ..... 348
25.5 Problems . . . . .. e 353
VIIHigh-Dimensional Expanders and Mixing Time 357
26 High-Dimensional Expanders 359
26.1 Simplicial Complexes . . . . . . . . .. L e 359
26.2 Local Spectral Expanders . . . . . . . . . .. 362
26.3 Oppenheim’s Trickling Down Theorem . . . . . . . . .. .. .. .. ... ...... 366
26.4 Local-to-Global Method . . . . . . . . . . ... . 370
26.5 Problems . . . . . .. 373
27 Higher Order Random Walks 377
27.1 Random Walks on Simplicial Complexes . . . . . . . . . .. .. ... ... .. 377
27.2 Kaufman-Oppenheim Theorem and Matroid Expansion . . . ... ... ... ... 381
27.3 Spectral Gap Bound in Product Form . . . .. .. ... ... ... ... ... ... 381
27.4 Sparse Local Spectral Expanders and Steurer’s Conjecture . . . . . . . . .. .. .. 385
27.5 Problems . . . . . L 388
28 Spectral and Entropic Independence 391

28.1 Spectral Independence . . . . . . . ... 391



28.2 Simplicial Complex for Glauber Dynamics . . . . . . . . . .. ... ...
28.3 Applications of Spectral Independence . . . . . . . . .. .. ... ... ...
28.4 Analyzing Mixing Time Using Entropy . . . . . . . ... .. .. L. ..
28.5 Modified Log-Sobolev Constant for Strongly Log-Concave Distributions . . . . . .
28.6 Problems . . . . . e e e

Appendix

A Linear Algebra
A.1 FEigenvalues and Eigenvectors . . . . . . . . . . .. ...
A2 Formulas and Inequalities . . . . . . . . . . .

B Notations
B.1 Basic Notation . . . . . . . . . . . . .
B.2 Vectors . . . . . . . .
B.3 Matrices . . . . . . ..
B.4 Graph Matrices and Spectrum . . . . . . . .. Lo Lo
B.5 Undirected Graphs . . . . . . . . . . e
B.6 Directed Graphs . . . . . . . oL
B.7 Markov Chains . . . . . . . . . . . e

Index

407

409
409
416

421
421
421
421
422
422
423
423

425



Preface

I was drawn to spectral graph theory by the amazing work and wonderful course notes of Dan
Spielman and Luca Trevisan. Without their beautiful expositions, I could not have gained the
ingpiration and intuition to explore this mysterious topic. Luca’s random thresholding proof of
Cheeger’s inequality was particularly influential, as I have since proved several results using this
technique. Along with many people in our community, I benefited greatly from Luca’s wisdom and
devotion to explaining proofs in a way that makes every step feel inevitable. My hope is that this
book can serve a similar role for a new generation of researchers, helping readers understand the
ideas behind recent developments and use them in their own work. This book is written in memory
of Luca Trevisan. This book is also intended to complement Dan’s book “Spectral and Algebraic
Graph Theory”. To limit overlap, I have left out important topics such as Laplacian solvers and the
solution to the Kadison—Singer problem, even though the latter is my all-time favorite proof.

Since 2012, I have taught different versions of this graduate course six times, and this book evolved
from my handwritten course notes. I am especially thankful to the students in my classes, partic-
ularly those with whom I have learned and worked together, including, in chronological order, Tsz
Chiu Kwok, Yin Tat Lee, Hong Zhou, Vedat Levi Alev, Pak Hay Chan, Akshay Ramachandran,
Kam Chuen Tung, Renato Ferreira Pinto Jr., Robert Wang, Raymond Liu, and Alfred Mikhael.
This book would not have been possible without them. I am also grateful to Shayan Oveis Gharan
and Luca Trevisan for all that I have learned from our discussions and collaborations in spectral
graph theory. My gratitude also goes to colleagues whose friendship and support have meant a great
deal to me, including Anna Lubiw, Mark Giesbrecht, Joseph Cheriyan, Jochen Koenemann, Eric
Blais, Rafael Oliveira, Sepehr Assadi, Elena Grigorescu, and Santhoshini Velusamy at the Univer-
sity of Waterloo, and John Lui, Leizhen Cai, Andrej Bogdanov, and Shengyu Zhang at the Chinese
University of Hong Kong. I thank Salil Vadhan for his continued encouragement to write this book.
Special thanks go to John Watrous for designing the book template, to Robert Wang for creating
several excellent figures in this book, and to Tsz Chiu Kwok for starting this journey with me.

ix






Al Usage

Since December 2024, GPT has been used for light editing, including correcting typos and gram-
matical errors and checking mathematical consistency. Beginning in July 2026, during the final
stages of preparing the book, GPT was used to create figures and develop some new exercises and
problems. Toward the end of the preparation, GPT was used to generate proofs of the following
new results, resolving several open questions posed in the book:

[u—

. the polylog higher-order Cheeger inequality in Theorem 7.17;

[\

. the optimal directed Cheeger inequalities in Theorem 10.16 and Problem 10.22;
3. the counterexamples to the Arora—Ge conjecture in Theorem 22.10;

4. the counterexamples to Miller’s conjecture in Problem 2.15.

All text in this book was written by the author, including the exposition of these new results.
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Chapter 0

Overview

This book begins with a review of classical results in spectral graph theory, followed by an explo-
ration of several recent major developments, with a focus on algorithmic results.

Classical Results

After introducing basic concepts and results from linear algebra, we study Cheeger’s inequality, a
foundational result in spectral graph theory. This theorem states that the spectral gap' is large
if and only if the graph expansion” is large. This connection between an algebraic quantity and a
combinatorial property has three major applications.

1. Random Walks on Graphs

Analyzing the mixing time of random walks® is an important topic with numerous applications in
random sampling and approximate counting [LP17]. A basic result in spectral graph theory is that
the mixing time of random walks is roughly equal to the inverse of the spectral gap. Cheeger’s
inequality thus implies that a graph has small mixing time if and only if it has large expansion,
providing a combinatorial characterization that is useful for analyzing mixing time.

2. Expander Graphs

Expander graphs, typically defined as sparse graphs with large expansion, have surprisingly many ap-
plications in theoretical computer science and mathematics [HLW06]. Cheeger’s inequality provides
an efficient method to certify that a graph has large expansion, which is crucial in the construction of
expander graphs. We will study the basic properties of expander graphs and Ramanujan graphs®,
the combinatorial construction called the zig-zag product, and several interesting applications of
expander graphs.

'Defined as the difference between the first and second eigenvalues.

*Which quantifies how well a graph is connected by comparing the number of edges leaving a subset of vertices
to the size of the subset.

3Defined as the number of steps required for the probability distribution on vertices to converge to the limiting
distribution.

‘Expander graphs with the maximun possible spectral gap, roughly speaking.
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3. Graph Partitioning

The proof of Cheeger’s inequality provides a fast algorithm to output a subset of vertices of approx-
imately minimum expansion. This is known as the spectral partitioning algorithm, a widely used
heuristic in practical graph partitioning applications with good performance, e.g. [SMO00].

Recent Developments

The recent developments still mostly center around these three primary themes, but introduce
significantly new ideas and techniques, extending the reach of spectral graph theory. These topics
illustrate how spectral graph theory has developed from a beautiful mathematical subject into a
broad algorithmic framework, leading to fast and simple algorithms for a wide range of problems.

1. Generalizations of Cheeger’s Inequality and Graph Partitioning

Spectral graph theory has a long history, but only in the last decade have researchers begun to
explore graph partitioning using higher eigenvalues, inspired by the influential work on small-set
expansion [ABS15]. We study the so-called higher-order Cheeger inequality [LOT14, LRTV12| and
the improved Cheeger inequality [KLLOT13], which use higher eigenvalues to design multi-way
graph partitioning algorithms and to analyze the classical spectral partitioning algorithm. Cheeger-
type inequalities have traditionally focused on edge expansion in undirected graphs. We discuss
how to use reweighted eigenvalues to extend these inequalities to vertex expansion [KLT22], as well
as to directed graphs and hypergraphs [LTW23].

2. Random Walks and Graph Decompositions

Random walks can be used to design local graph partitioning algorithms with a running time
depending only on the output size, providing a valuable algorithmic tool for processing massive
graphs [ST13]. We present a unified spectral analysis for this result and the small-set expansion re-
sult in [ABS15]. We study how these results can be used to develop graph decomposition algorithms,
including expander decompositions, which are crucial tools for designing fast graph algorithms. We
also study threshold rank decompositions and the subspace enumeration method [Koll1| for design-
ing subexponential-time approximation algorithms for Unique Games [ABS15].

3. Spectral Sparsification and Applications

Expander graphs can be seen as sparse approximations of complete graphs. Spectral sparsifica-
tion involves constructing a sparse graph that approximates the spectral properties of a dense
graph [ST11|. The study of this problem has been highly productive, leading to significant results
and techniques. The analysis of a natural random sampling algorithm [SS11] brought the tools of
matrix concentration inequalities to the field, with important applications in designing fast algo-
rithms for solving Laplacian linear equations [ST14]. The design of optimal spectral sparsification
algorithms led to the potential function developed in [BSS14, ALO15|, with applications in designing
approximation algorithms and far-reaching consequences in mathematics [MSS14]. We will study
these results as well as a new discrepancy-theoretic approach for constructing spectral sparsifiers.

2
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4. Cut-Matching Game and Matrix Multiplicative Update

The cut-matching game is an iterative framework for constructing expanders through flows and
cuts, originally developed to design fast algorithms for approximating edge expansion [KRV09].
It has since found unexpected applications in designing both fast and approximation algorithms
for other graph problems. We study the original proof in [KRV09] and a more systematic proof
using the matrix multiplicative weight update method [AK16]. We further study an almost linear-
time O(y/logn)-approximation algorithm for edge expansion [She(9], building on the expander flow
framework in the seminal work [ARV09].

5. Semidefinite Programming and Approximation Algorithms

Expander graphs satisfy a local-to-global property that is useful for designing approximation al-
gorithms [AKKSTV08]. We study the local-to-global correlation rounding method for semidefi-
nite programming developed in [BRS11, GS11|, which extends this approach to low-threshold-rank
graphs’. It remains an important open question whether these methods can be extended to obtain
subexponential-time approximation algorithms for general graphs beyond the best-known approxi-
mation guarantees for polynomial-time algorithms. We discuss an approach to this open question
for the edge expansion problem based on conjectures about reweighting graphs to have small mixing
time.

6. Matrix Concentration and Semi-Random Problems

The spectrum of random matrices is a well-studied topic with deep results [Trol5, BBvH23|, which
can be leveraged to design spectral algorithms for various semi-random graph problems, including
the task of separating noise from signal. We study fundamental matrix concentration inequalities
and see their applications in designing spectral algorithms for CSP refutation |[GKM25|. We also
study recent developments based on the Kikuchi matrix method [WAM?25]|, including proving lower
bounds for locally decodable codes [AGKM23] and resolving Feige’s conjecture on the hypergraph
Moore bound [GKM22, HKM?23|.

7. High-Dimensional Expanders and Mixing Time

High-dimensional expanders generalize expander graphs to higher dimensions [Lubl8], with recent
breakthrough applications in error-correcting codes and the analysis of random walks. We study how
this new concept provides a local-to-global way to bound the spectral gap of the random walk ma-
trix [Oppl8, KO20], leading to an elegant solution to the matroid expansion conjecture [ALOV24].
We will also see how this approach is sharpened to develop the spectral independence and entropic
independence frameworks |[AL20, ALO24, AJKPV22|, which provide powerful tools for analyzing
the mixing time of random walks and have led to major advances in the field.
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Chapter 1

Graph Spectrum

The linear algebraic approach to algorithmic graph theory views graphs as matrices and uses con-
cepts and tools in linear algebra to design and analyze algorithms for graph problems.

Spectral graph theory focuses on using eigenvalues and eigenvectors of matrices associated with the
graph to study its combinatorial properties. While it may not be clear why eigenvalues provide
useful information about graphs, they do, and a surprising amount of information can be obtained
from them.

In this chapter, we consider the adjacency matrix and the Laplacian matrix of an undirected graph,
and study some basic results in spectral graph theory such as characterizations of bipartiteness and
connectedness. General references for this chapter include [Spi25, Trel7].

1.1 Adjacency Matrix

We start with simple graphs for simplicity. The generalization to weighted graphs is straightforward.

Definition 1.1 (Adjacency Matrix of Simple Graphs). Given a simple graph G = (V = [n], E), the
adjacency matriz A(G) is an n X n matriz where A;; = Aj; =1 if ij € E(G) and A;jj = Aj; =0
otherwise.

The adjacency matrix of an undirected graph is symmetric. Therefore, by the spectral theorem
for real symmetric matrices in Theorem A.5, the adjacency matrix has an orthonormal basis of
eigenvectors with real eigenvalues. We denote the eigenvalues of the adjacency matrix by

oL >0 > > Q.

Let us begin with some examples and compute their spectra.

Example 1.2 (Complete Graphs). If G is a complete graph, then A(G) = J — I, where J denotes
the all-one matriz. Any vector is an eigenvector of I with eigenvalue 1. Hence, the eigenvalues of
A are one less than those of J. Since J has rank 1, there are n — 1 eigenvalues equal to 0. The
all-ones vector is an eigenvector of J with eigenvalue n. Thus, n — 1 is an eigenvalue of A with
multiplicity 1, and —1 is an eigenvalue of A with multiplicity n — 1.

This example exhibits the largest gap between the largest eigenvalue and the second largest eigenvalue.

9
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Example 1.3 (Complete Bipartite Graphs). Let K, ; be the complete bipartite graph with p vertices
on one side and q vertices on the other side. Its adjacency matriz A has rank 2, so 0 is an eigenvalue
with multiplicity p 4+ q — 2, and there are two nonzero eigenvalues o and 5. By Fact A.38, the sum
of the eigenvalues is equal to the trace of A, which is 0 since there are no self-loops. Thus, f = —a.

To determine «, consider the matriz A?. Since B = —a, the nonzero eigenvalues of A% are both o?,
while 0 is an eigenvalue with multiplicity p + q — 2. Again, by Fact A.38,

207 = Tr(A%) = ||Al|} = 2pq,

where the equality Tr(A?) = || A||% uses that A is symmetric, and || A% = D A(i,7)? is the

squared Frobenius norm of A. Thus o® = pq, and so the two nonzero eigenvalues are \/pq and

—/Pq. Therefore, the spectrum is (\/pq,0,...,0,—/pq).

In Problem 1.19 and Problem 1.20, we compute the spectra of the cycles and the hypercubes.

Bipartiteness

The idea in Example 1.3 can be extended to characterize the spectrum of a bipartite graph. The
following lemma says that the spectrum of a bipartite graph is symmetric about the origin on the
real line.

Lemma 1.4 (Spectrum of a Bipartite Graph is Symmetric). If G is a bipartite graph and o is an
eigenvalue of A(G) with multiplicity k, then —« is also an eigenvalue of A(G) with multiplicity k.

Proof. If G is a bipartite graph, we can order the vertices so that
0 B
o= (2 %)

Suppose u = (5) is an eigenvector of A(G) with eigenvalue a. Then

<BOT g) <§> =« (5) = B'z=ay and By=azx.

x

Now consider ( ) It satisfies:

(o 0)(2)= (%)= () =),

Thus, <_:cy> is an eigenvector of A(G) with eigenvalue —a. The map <§> — < o > is linear and

-y
invertible, so it maps the eigenspace of a bijectively to the eigenspace of —«. Therefore, the two
eigenvalues have the same multiplicity. O

The next lemma shows that the converse is also true. The proof uses a trace argument that is
commonly used to bound eigenvalues of random graphs.

10
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Lemma 1.5 (Symmetric Spectrum Implies Bipartiteness). Let G be an undirected graph and let
Q1 > ... > ay be the eigenvalues of its adjacency matrix. If a; = —au—ir1 for each 1 < i < n, then
G s a bipartite graph.

Proof. Let k be any positive odd number. Then " , af = 0, by the symmetry of the spectrum.
Note that o/f > 0/5 > .. > a’fL are the eigenvalues of Ak, because if Av = av then AFv = ov. By
Fact A.38, it follows that

Tr(A%) = Zaf =0.
i=1

Observe that (Ak’)m is the number of length-k walks from i to j in G, which can be proved by a
simple induction. Now suppose G has an odd cycle of length ¢. Then (Ae)m- > 0 for each vertex i
on the odd cycle. This implies that

n

Tr(A") =) (A9 >0,

=1

since each diagonal entry of A’ is non-negative. This is a contradiction. Therefore, G has no odd
cycles and is thus a bipartite graph. O

Combining Lemma 1.4 and Lemma 1.5 shows that a graph is bipartite if and only if the spectrum
of its adjacency matrix is symmetric about the origin.

Proposition 1.6 (Spectral Characterization of Bipartite Graphs). Let G be an undirected graph
and let a; > ... > ay, be the eigenvalues of its adjacency matriz. Then G s bipartite if and only if
; = —ap_i11 for each 1 < i <n.

When the graph is connected, the characterization is even simpler. In Problem 1.21, we show that
a connected graph is bipartite if and only if a1 = —ay,.

Largest Eigenvalue

For a real symmetric matrix A, the spectral radius (Definition A.18) is equal to the operator norm
(Definition A.22), i.e., p(A) = || A|op- For the adjacency matrix of a connected graph, the largest
eigenvalue is equal to the spectral radius and has multiplicity one, as guaranteed by the Perron—
Frobenius theorem (Theorem A.20).

We record some basic upper and lower bounds on the largest eigenvalue of the adjacency matrix.
The following lemma is a special case of the simple bound that the spectral radius of a nonnegative
matrix is upper bounded by its maximum row sum.

Lemma 1.7 (Max Degree Upper Bound). Let G = (V, E) be an undirected graph with mazimum
degree d, and let a; > ... > «ay be the eigenvalues of its adjacency matriz. Then a; < d.

Proof. Let v be an eigenvector with eigenvalue a;. Multiplying v by —1 if necessary, let j be a
vertex with v(j) > v(i) for all i € V(G) and v(j) > 0. Then

ar-v(f) = (A)G) = Y wi) < > v(i) =deg(y) - v(4) < d-v(j).

i €E(Q) 1:j€E(Q)

Since v(j) > 0, this implies that oy < d. O
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Following the proof more closely, we can characterize the connected graphs for which oy equals the
maximum degree.

Exercise 1.8 (Tight Max Degree Upper Bound). Let G be a connected undirected graph with
mazimum degree d and largest eigenvalue oy = d. Then G 1s d-reqular.

The maximum degree upper bound can be far from tight. In Problem 1.22, we see that the largest
eigenvalue of a tree with maximum degree d is at most 2v/d — 1.

On the other hand, the average degree provides a lower bound on the largest eigenvalue. More
generally, the largest eigenvalue is at least the maximum average degree over all induced subgraphs.
One corollary is that the largest eigenvalue is at least the size of a maximum clique minus one.

Exercise 1.9 (Average Degree Lower Bound). Let G = (V, E) be an undirected graph with largest
eigenvalue a1. Then

1
ap > Q%ang;degs(v), where  degg(v) := |{u | uv € E and u € S}|.

See Problem 1.23 for a question about the largest eigenvalue and graph density.

In Chapter 4, we will see a more refined combinatorial quantity for approximating the largest
eigenvalue of the adjacency matrix when we study the expander mixing lemma (Theorem 4.3). This
quantity can be interpreted as a bipartite version of graph density, and it provides a logarithmic
approximation to the largest eigenvalue.

1.2 Laplacian Matrix

The Laplacian matrix plays a more important role in spectral graph theory than the adjacency
matrix, for reasons that we will see shortly.

Definition 1.10 (Diagonal Degree Matrix). Let G = (V, E) be an undirected graph with V(G) = [n].
The diagonal degree matriz D(G) of G is the n x n diagonal matriz with D;; = deg(i) for each
1< <n.

Definition 1.11 (Laplacian Matrix). Let G be an undirected graph. The Laplacian matriz L(G) of
G is defined as L(G) := D(G) — A(G), where D(G) is the diagonal degree matriz in Definition 1.10
and A(QG) is the adjacency matriz in Definition 1.1.

For d-regular graphs, the diagonal degree matrix D(G) is simply d - I,, and so the spectra of the
adjacency matrix and the Laplacian matrix are essentially the same. Thatis,let a3 > a2 > ... > a,
be the eigenvalues of the adjacency matrix, and let A\; < A9 < ... < A\, be the eigenvalues of the
Laplacian matrix. For d-regular graphs, it holds that A\; = d — «; for 1 < ¢ < n, and thus the -th
largest eigenvalue of A corresponds to the i-th smallest eigenvalue of L.

Throughout this book, we use the convention that the eigenvalues of A are denoted by {o;}? | and
those of L are denoted by {\;}}_;. The eigenvalues of A are ordered in non-increasing order, while
those of L are ordered in non-decreasing order. When we refer to the k-th eigenvalue of a graph,
we mean either the k-th largest eigenvalue of the adjacency matrix or the k-th smallest eigenvalue
of the Laplacian matrix.

12
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For non-regular graphs, relating the eigenvalues of the adjacency matrix and the Laplacian matrix
is more challenging. On the one hand, as discussed above, we do not have a simple graph-theoretic
characterization of a; for non-regular graphs. On the other hand, the smallest eigenvalue A; of the
Laplacian matrix is always equal to zero, as we will soon demonstrate.

We define the edge incidence matrix for the proof, which will also be useful later.

Definition 1.12 (Edge Incidence Matrix). Let G = (V, E) be an undirected graph with V(G) = [n]
and m = |E|. For each edge e = ij € E, fiz an arbitrary orientation from i to j, and let b. be the
n-dimensional vector with the i-th position equal to +1, the j-th position equal to —1, and all other
positions equal to 0. Let B(G) be the n x m edge incidence matriz whose columns are {b. | e € E}.

For an edge e = ij € E, let L. be its Laplacian matriz, where (L¢)i; = (L¢)jj = 1 and (Le)ij =
(Le)jﬂ' = —1. Note that the Laplacian L. of an edge e can be written as bebeT, and the Laplacian of
the graph G can be written as

L(G)=) L.=) bb, =B(G)B(G)'.

eckE eckE

Using this definition, we see that zero is always the smallest eigenvalue of the Laplacian matrix.

Lemma 1.13 (Smallest Eigenvalue of the Laplacian Matrix). The Laplacian matriz L(G) of an
undirected graph G is positive semidefinite, and its smallest eigenvalue is zero, with the all-ones
vector as a corresponding eigenvector.

Proof. As L can be written as BB, as shown in Definition 1.12, it follows that L is positive
semidefinite by Fact A.9. Thus, all eigenvalues of L are non-negative. It is straightforward to verify
that L1 = 0, so 0 is the smallest eigenvalue, and 1 is a corresponding eigenvector. O

Having a trivial smallest eigenvalue and a simple corresponding eigenvector is one reason that the
Laplacian matrix is easier to work with. Another reason is that the Laplacian matrix has a quadratic
form with a nice combinatorial interpretation.

Lemma 1.14 (Quadratic Form for Laplacian Matrix). Let L be the Laplacian matriz of an undi-
rected graph G = (V, E) with V(G) = [n]. For any vector x € R",

a" Le = Z (z(i) — x(j))z.

ijEE
Proof. Using the decomposition of L in Definition 1.12,

2 L :xT( 3 Le>x = xT< > bebeT>x = 3 aTeble = (ali) - x(j)’. O

e=ij€E e=ij€E e=ijE€E ijEE

When 2 is the characteristic vector x5 of a subset S C V, note that " Lz = |§(S)|. Lemma 1.13
and Lemma 1.14 will be used to derive a useful formulation for the second smallest eigenvalue of
the Laplacian matrix when we study Cheeger’s inequality.
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Connectedness

It turns out that the second smallest eigenvalue of the Laplacian matrix can be used to determine
whether the graph is connected.

Proposition 1.15 (Spectral Characterization of Connected Graphs). Let G be an undirected graph

and let \p < ... < A\, be the eigenvalues of its Laplaciaon matriz L. Then G is connected if and only
if A2 > 0.

Proof. Suppose G is disconnected. Then the vertex set can be partitioned into two nonempty sets
S1 and So such that there are no edges between them. For a subset S C V', let xg € R™ be the
characteristic vector of S. It is easy to verify that both xg, and xg, are eigenvectors of L with
eigenvalue 0. Since xgs, and xg, are linearly independent, it follows that 0 is an eigenvalue with
multiplicity at least 2, and thus Ay = 0.

Conversely, suppose G is connected. Let x be an eigenvector with eigenvalue 0. Then its quadratic
form " Lz = 0, and so > ijen(z() — 2(4))? = 0 by Lemma 1.14. This implies that x(i) = z(j) for
every edge ij € E. Since G is connected, it follows that x = ¢- 1 for some ¢, and thus the eigenspace
corresponding to eigenvalue 0 is one-dimensional. Therefore, the eigenvalue 0 has multiplicity 1,
which implies Ay > 0. O

The proof of Proposition 1.15 can be extended to the following generalization.

Exercise 1.16 (Spectral Characterization of Number of Components). Prove that the Laplacian
matriz L(G) of an undirected graph G has 0 as an eigenvalue with multiplicity k if and only if G
has k connected components.

1.3 Normalized Adjacency and Laplacian Matrix

Recall that the spectrum of the adjacency matrix satisfies
d>a1>ay> ... > ap > —d,

where the upper and lower bounds depend on the maximum degree d of the graph. This often
introduces a dependency on d when relating these eigenvalues to combinatorial parameters.

To remove this dependence and state Cheeger’s inequality more cleanly, we consider the normalized
versions of the adjacency matrix and the Laplacian matrix. These normalized matrices were popu-
larized and systematically studied in Chung’s book [Chu97] to generalize results for regular graphs
to all graphs.

Definition 1.17 (Normalized Adjacency and Laplacian Matrices). Let G be an undirected graph
with no isolated vertices. The normalized adjacency matriz A(G) of G is defined as

A(G) =D 2AD 2,

where D is the diagonal degree matriz in Definition 1.10 and A is the adjacency matriz in Defini-
tion 1.1. The normalized Laplacian matriz £L(G) of G is defined as

L(G):=D 2LD 2,
where L is the Laplacian matriz in Definition 1.11. Note that L(G) = I — A(G).

14
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We will use the same notation conventions as before. The eigenvalues of A(G) are denoted by
a1 > ag > ... > ay, and those of £L(G) are denoted by Ay < Ao < ... < \,. Since L(G) = [—A(G),
as stated in Definition 1.17, the spectra of £(G) and A are essentially equivalent, in the sense that
Ai =1 —q; for 1 <4 <n. After normalization, the eigenvalues are bounded as follows.

Lemma 1.18 (Normalized Eigenvalues). Let G be an undirected graph with no isolated vertices.
Let ay > ... > «ay be the eigenvalues of its normalized adjacency matriz, and let \y < ... < X\, be
the eigenvalues of its normalized Laplacian matriz. Then

l=a1>2a>...2a,>—-1 and 0= A < A <...< )\, <2.

Proof. First, we show that A\; = 0. Note that 0 is an eigenvalue of £, since
£(D31) = (D2 LD~2)(D?1) = (D2 L1) = 0,

Furthermore,
1 1 1 1 1 1
L=D2LD2=D:BB' D :=(D:B)(D:B),
where B is the edge incidence matrix defined in Definition 1.12. It follows that £ = I — A is positive

semidefinite by Fact A.9, and thus 0 is the smallest eigenvalue of £. This implies that oy = 1 as
/\1 =1- an.

Next, we prove that a,, > —1. We will show that D —|—Alis also a positlive semidefinite matrix. Then
the same argument as above implies that I + A = D72(D + A)D™ 2 is also positive semidefinite,
and thus 1+ oy, > 0. There are at least two ways to see that D + A is positive semidefinite. One
way is to define B as the “unsigned” matrix of B, where Bv,e = |Bye| for all v € V and e € E.
Using a similar argument as in Definition 1.12, we can verify that D + A = BB'. Another way is
to use a similar decomposition as in Definition 1.12 and see that the quadratic form of D + A can
be written as
2T (D+ Az =" (a(i) + ()",
ijEE

which is a sum of squares and thus non-negative. This implies that A, < 2, since \, =1 —«,. O

1.4 Generalizations

We discuss two natural directions for generalizing these basic results: one has many interesting
results, while not much is known in the other direction.

Quantitative Generalizations for Undirected Graphs

So far, we have used the graph spectrum to deduce simple combinatorial properties of the graph,
such as bipartiteness and connectedness. These properties are easy to deduce directly by simple
combinatorial methods, such as breadth-first search or depth-first search. One might wonder why
these spectral characterizations are useful.

The key feature of the spectral characterizations is that they can be generalized quantitatively to
prove robust versions of the basic results. For example:

e )\, is close to zero if and only if the graph is close to being disconnected. This is the content
of Cheeger’s inequality.
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e )\, is close to 2 if and only if the graph has a structure close to a bipartite component. This
is an analog of Cheeger’s inequality for A,.

e ) is close to zero if and only if the graph is close to having k connected components. This is
a generalization called the higher-order Cheeger’s inequality.

These results form the basis of many spectral graph algorithms. We will see precise statements and
proofs in later chapters.

Directed Graphs and Hypergraphs

For directed graphs, we can consider the adjacency matrix A and the Laplacian matrix L = D — A,
where D is the diagonal out-degree matrix. We may ask whether the spectrum of these matrices
can be related to the combinatorial properties of the directed graph. However, since these matrices
are no longer symmetric, their eigenvalues can be complex numbers, and very little is known about
the relationship between the spectrum and the combinatorial properties of directed graphs.

For hypergraphs, it is not even clear what the natural associated matrices should be. It has been
an open direction to develop a spectral theory for directed graphs and hypergraphs.

In this book, we will keep these directions in mind and mention reasonable questions and known
results whenever possible. For directed graphs, we will discuss a recent generalization of Cheeger’s
inequality using reweighted eigenvalues. For hypergraphs, we will introduce the active research area
of high-dimensional expanders, which provides a promising framework for developing a spectral
theory for hypergraphs.

1.5 Problems

Problem 1.19 (Cycles). Compute the Laplacian spectrum of Cy, the cycle on n vertices.

Hint: The eigenvectors of the Laplacian matriz of Cy, involve the n-th roots of unity.

Problem 1.20 (Hypercubes). An n-dimensional hypercube is an undirected graph with 2" wver-
tices. Each verter corresponds to a string of n bits. Two vertices have an edge if and only if their
corresponding strings differ by exactly one bit.

1. Given two undirected graphs G = (V,E) and H = (U, F), we define G x H as the undirected
graph with vertex set V- x U, where two vertices (v1,u1) and (v, uz) have an edge if and only
if either (1) v1 = vo and uiug € F, or (2) up = ug and vivg € E. Let x be an eigenvector of
the Laplacian of G with eigenvalue o, and let y be an eigenvector of the Laplacian of H with
eigenvalue 3. Show that we can use x and y to construct an eigenvector of the Laplacian of
G x H with eigenvalue o + 3.

2. Use (1), or otherwise, to compute the Laplacian spectrum of the n-dimensional hypercube.

Problem 1.21 (Spectral Characterization of Connected Bipartite Graphs). Let G be a connected
undirected graph, and let oy > ... > a, be the eigenvalues of its adjacency matriz. Prove that G is
bipartite if and only if a1 = —ay,.

You may need to use the Perron—Frobenius theorem (Theorem A.20) and the optimization formula-
tion of eigenvalues in Definition A.12.
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Problem 1.22 (Largest Eigenvalue of a Tree). Prove that the largest eigenvalue of the adjacency
matriz of a tree with mazimum degree d is at most 2+/d — 1.

(This bound is important in the study of Ramanujan graphs.)
Problem 1.23 (Largest Eigenvalue of Graphs of Bounded Arboricity). A graph G = (V, E) has

arboricity k if k is the minimum number of edge-disjoint forests required to cover all the edges of
the graph. A classical result in combinatorial optimization by Nash-Williams states that

. 255

SCV:[S|>2 [ |S] —1
which is closely related to the density of the densest subgraph.

What is the best upper bound on the largest eigenvalue of the adjacency matriz of a graph with
arboricity k, expressed in terms of k and the maximum degree d?

Problem 1.24 (Number of Spanning Trees). Let G = (V, E) be an undirected graph with V = [n].

1. Let B be the edge incidence matriz of G as defined in Definition 1.12. Prove that the determi-
nant of any (n—1) x (n—1) submatriz of B is £1 if and only if the n— 1 edges corresponding
to the columns form a spanning tree of G.

2. Let L be the Laplacian matriz of G and let L' be the matriz obtained from L by deleting the
last row and last column. Use part (1), or otherwise, to prove that det(L') is equal to the
number of spanning trees of G.

You may use the Cauchy—Binet formula in Facl A.33.
Problem 1.25 (Wilf’s Theorem). Let G be an undirected graph, and let ay be the largest eigenvalue
of its adjacency matriz. Prove that x(G) < |a1| + 1, where x(G) is the chromatic number of G.
You may find Cauchy’s interlacing theorem (Theorem A.16) useful.
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Chapter 2

Cheeger’s Inequality

Recall from Proposition 1.15 that a graph G is connected if and only if Ay > 0, where Ao is the
second smallest eigenvalue of the normalized Laplacian matrix. Informally, Cheeger’s inequality is
a robust generalization of this statement: a graph is well-connected if and only if A; is large. This
connection between a combinatorial property and an algebraic quantity is important in the theory
of random walks and the study of expander graphs, which we will explore in the next chapters.
Moreover, the proof of Cheeger’s inequality provides an efficient algorithm for graph partitioning,
which is useful in both theory and practice.

Cheeger’s original inequality was proved in the setting of Riemannian manifolds [Che70]. The
inequality in the graph setting was established in several works in the 1980s [Dod84, AMS85, Alo86,
SJ89]. In this chapter, we begin by motivating the formulation of Cheeger’s inequality in the graph
setting, using edge conductance as a measure of well-connectedness. We then interpret A2 as a
continuous relaxation of edge conductance to establish the easy direction of Cheeger’s inequality.
Next, we follow the exposition of Trevisan |Tre08], which explains the hard direction through a
rounding algorithm that relates the continuous relaxation to the discrete property. Finally, we
present the spectral partitioning algorithm and discuss its strengths and limitations.

2.1 Cheeger’s Inequality for Graphs

Cheeger’s original inequality relates the isoperimetric constant of a manifold to the second smallest
eigenvalue of its Laplace operator (see [Trel3a, Trel3b]| for expositions).

The discrete analog of the Laplace operator is the Laplacian matrix, as defined in Definition 1.11.
For a more detailed explanation of why the Laplacian matrix is the discrete analog of the Laplace
operator, please see [HLW06, Trel3a]. To provide a quick intuition: one application of the Laplace
operator is to define the heat equation du/0t = Au, where u(x,t) represents the temperature at
point z at time t and A is the Laplacian operator. The discrete analog of the heat equation is
du/dt = — Lu, which implies that

du(i)

= —Lu(i) = — Z (u(i) —u(g)).

jijicE

This equation states that the rate of change of u(7) is proportional to the net flow of heat into vertex
1 from its neighboring vertices.
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The isoperimetric constant of a Riemannian manifold quantifies how well-connected the manifold is
by measuring the ratio of the volume of the boundary of a subset to the volume of the subset itself.
More formally, the Cheeger constant is defined as

pa—1(0S) f ta—1(0S)

hM = inf ; =
) = i {1a(3), ma T\ S)F ~ Suats)spatat)  HalS)

where 0.5 denotes the boundary of an open subset S, and pg and pg_1 denote the d-dimensional
and (d — 1)-dimensional measures, respectively.

A natural way to define an isoperimetric constant of a graph is to measure volume using the edges
of the graph. (Other natural definitions will be discussed in Section 2.5.)

Definition 2.1 (Edge Conductance). Let G = (V, E) be an undirected graph. The conductance of
a subset S CV and the conductance of the graph G are defined as

6(5)]
S) =
oS8) = L0s)

and o(Q) = min

 SCV:0<vol(S)<|E|

where 6(S) denotes the set of edges with exactly one endpoint in S, and vol(S) := ), _gdeg(v) is
the volume of the subset S. Note that the constraint vol(S) < |E| is equivalent to vol(S) < 3 vol(V),
as vol(V') = 2|E|. Also note that for all S C V, it holds that 0 < ¢(S) < 1, as ¢(S) is the ratio of
the number of edges cut by S to the total degree in S.

Cheeger’s original inequality [Che70| states that, for a compact Riemannian manifold M,

h(M)?
VR

A=

where A denotes the smallest positive eigenvalue of the Laplace operator.

The corresponding inequality in the graph setting was established in several works during the
1980s [Dod84, AMS85, Alo86, SJ89], with motivating applications to constructing expander graphs
and analyzing random walks. We present the following version, which uses the second smallest
eigenvalue of the normalized Laplacian matrix, as formulated by Chung [Chu97|. This formulation
provides the cleanest bound for non-regular graphs, without any dependence on the maximum
degree.

Theorem 2.2 (Cheeger’s Inequality for Graphs). Let G = (V, E) be an undirected graph, and
let Ao be the second smallest eigenvalue of its normalized Laplacian matriz L(G), as defined in

Definition 1.17. Then
A
5 <6(0) < V2h

The first inequality is called the easy direction, and the second inequality is called the hard direction,
which is the graph analog of Cheeger’s original inequality for Riemannian manifolds. We will see that
the easy direction corresponds to using the second eigenvalue as a “relaxation” of graph conductance,
while the hard direction corresponds to “rounding” a fractional solution to graph conductance to an
integral solution.

An important implication of Cheeger’s inequality is that Ao, the second smallest eigenvalue of the
normalized Laplacian matrix, can be used to certify that a graph is an expander. A graph G is
called an expander graph if ¢(G) > ¢ for some constant 0 < ¢ < 1. Sparse expander graphs are
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highly efficient combinatorial objects with numerous applications in theoretical computer science
and mathematics [HLWO06]. Cheeger’s inequality implies that a graph is an expander if and only if
A2 is a constant bounded away from zero. This provides an algebraic method for certifying expander
graphs, bringing deep mathematical tools into their study, and leading to significant advances in
the field.

2.2 Easy Direction: Continuous Relaxation

We prove the easy direction of Cheeger’s inequality in this section. The key observation is that Ao
and ¢(G) can be written as optimization problems of the same form.

We start with the optimization formulation of the second eigenvalue of the normalized Laplacian
matrix using the Rayleigh quotient from Definition A.12.

Lemma 2.3 (Optimization Formulation for Ao). Let G = (V = [n], E) be an undirected graph, and
let Ay be the second smallest eigenvalue of its normalized Laplacian matriz L(G). Then

Sier (@) = 2())”
Ao = min Y subject to deg(z) - xz(2) = 0.
27 sern\{0) Zzevdeg() x(i)? ! 2 deg(d) (i)

eV
Proof. By the Rayleigh quotient characterization in Lemma A.14,
T Tp—-27rp-3
. ) ' Lx . x' D 2LD 2z
A2 = min Rg(r)=  min . ¥ = min - ,
n. — -
eeRmz Loy veRriwlD2T T T peRnip1D2T X

where vy is the first eigenvector of the normahzed Laplacian matrix, which is parallel to D31 by
Lemma 1.18. By the change of variable z = D2y for y € R™, this can be rewritten as

2
N . y' Ly e (W) —y(j))
2 = min min

yGR"D%yLD%I yTDy yER" Z ev deg( =0 ZZEV deg( ) (2)2 ’

where the last equality follows from the quadratic form of the Laplacian matrix in Lemma 1.14. [

Next, observe that the graph conductance can also be written in the same form.

Lemma 2.4 (Optimization Formulation for Graph Conductance). Let G = (V = [n], E) be an
undirected graph. Then

¢(G) = min ZijeE (x(z) _ m(j))2 subject to 0< Zdeg 2 < |E)|.
ee{0,1}n oy deg(i) - x(i)? g

Proof. For aset S CV, let xg € {0,1}" be the characteristic vector of S. Note that

10(S)] _ Zijeé(S) 1 _ ZijeE Ixs(2) = xs ()] _ ZijeE(XS(i) - XS(j>)2 _ XELXS
VOI(S) = g deg() © Sy deg() - xs() | Sosey deg(d) xs(2  xiDxs
Each vector = in {0,1}" corresponds to the characteristic vector of the subset S := {i | z(i) = 1}.

The graph conductance ¢(G) minimizes over nonempty subsets with volume at most |E|, which
corresponds to the constraint that Y-,y deg(i) - z(i)? < |E|. O

¢(5) =
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Intuition: Continuous Relaxation

There are two differences between the two formulations in Lemma 2.3 and Lemma 2.4: one involves
the domain, and the other involves the constraint.

The major difference is that the former optimizes over the continuous domain x € R", while the
latter optimizes over the discrete domain = € {0,1}". A good way to think of the relationship
between the two optimization problems is that the former problem is a relaxation of the latter.
This is a common idea in the design of approximation algorithms. The latter problem is an NP-
hard combinatorial optimization problem. The relaxation idea is to optimize over a larger continuous
domain, so that the problem becomes efficiently solvable. Since the optimization is over a larger
domain, the objective value of the former problem can only be smaller than that of the latter, and
so one would expect that A2 < ¢(G). This is the main intuition behind the easy direction.

This is a common theme in spectral graph theory: the spectral quantities involve the continuous
domain = € R", while the combinatorial properties involve discrete domains such as x € {0,1}" or
xe{-1,1}"

For these two formulations, however, the constraints are also different. It turns out that the in-
equality Ao < ¢(G) does not hold, but the slightly weaker inequality Ay < 2¢(G) does.

Proof of the Easy Direction

To upper bound Mg, it is enough to find a vector x satisfying the constraint ), deg(i) - z(i) = 0,
and compute its Rayleigh quotient Ry (z). Let S C V be an optimal solution to graph conductance,
with ¢(S) = ¢(G) and vol(S) < |E|. Consider the following two-valued solution z € R™ with

1 e
S(i) = {VOI(S)1 ifie s '
~ vol(V=S5) if 7 g S

By construction,

) ) deg() deg(1)
Zdeg(z) cz(1) = Z — Z — = =0.
eV i€s vol(5) iev—s vol(V' — 5)
Thus, z is a feasible solution to the optimization problem for Ae in Lemma 2.3, and it follows that

Y ijeE (Z(i) - Z(j))2 6(S)] - (voll(S') + vol(&—S))z |6(9)| - 2|E|
A i€ _ _ s
P ey dogl 07 i@ + @) wol(9) -vol(v — 5) = 2905

where the last inequality uses the assumption that vol(S) < |E|, which implies that |E| < vol(V —S).
This completes the proof of the easy direction.

2.3 Hard Direction: Rounding Algorithm

By optimizing over a larger domain, the objective value of the continuous problem will typically
be smaller than that of the discrete problem. The hard direction is to prove that this relaxation is
not too small: Ay cannot be much smaller than ¢(G), ensuring that Ay is a good approximation of
o(G).

For graph conductance, the objective is to find an integral solution z € {0,1}" that minimizes the
ratio in Lemma 2.4. However, once the problem is relaxed to the continuous domain, the optimal
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solution « € R™ for Ay may be very smooth and continuous. The task in the hard direction is to
prove that there always exists an integral solution z whose objective value is not much worse than
that of z. A common approach in approximation algorithms is to design a procedure to “round”
the continuous solution x to an integral solution z, while bounding the objective value of z in terms
of the objective value of x. This is the approach taken by Trevisan [Tre08], which provides a more
intuitive proof of Cheeger’s inequality.

Ideas and Overview

We can think of the optimizer x € R" for the optimization problem in Lemma 2.3 as an embedding of
the vertices of the graph into the real line, such that the total squared edge length ZUGE(gc(z')—alc(j))2
is small. To produce an integral solution z, a natural idea is to perform “threshold rounding”, where
we pick a threshold ¢ and set z(i) = 0 if z(i) < t and z(¢) = 1 if 2(¢) > ¢t. The intuition is that if
most edges are short in this embedding, then there must exist a threshold with few crossing edges.
A simple analogy is that if the average number of nonzeros in the rows of a matrix is small, then
there must exist a column with few nonzeros. This intuition can be made precise by introducing
the intermediate optimization problem in the following ¢;-form:

. ZijeE ’y(z) - y(])‘
yeR? Yoy deg(i) - y(i)

The proof of the hard direction consists of the following three steps:

1. Truncate an optimal solution for Ay in Lemma 2.3 to obtain a solution z € R’ that satisfies

ZijGE (ac(z) - af(j))Q
> icy deg(i) - z(i)?

where supp(z) := {i € V' | (i) # 0} is the support of the vector z. This step ensures that the
output of the rounding algorithm has volume at most |F|. The assumption that the optimal
solution to Ao satisfies the constraint ) . i deg(i) - (i) = 0 is only used here. This step can
be thought of as bridging the gap between the constraints in Lemma 2.3 and Lemma 2.4.

< A2 and vol(supp(z)) < |E|, (2.1)

2. Use the solution x to construct a solution y € R”} that satisfies
ZijeE ly(i) —y ()l
> ey deg(i) - y(i)

This step can be interpreted as an embedding from £3 to £1, and it incurs the square root loss
in Cheeger’s inequality.

< V/2)\ and vol(supp(y)) < |E|. (2.2)

3. Apply the threshold rounding procedure described above to y to obtain a set .S satisfying

d(S) < /2 and vol(S) < |E|.

This step is lossless and relies on a simple probabilistic analysis, consistent with the row-
column averaging intuition described above.

With this overview in mind, we proceed to present the details in reverse order, as the main ideas
are in the last two steps.
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Threshold Rounding

In the threshold rounding step, we take a vector y € R} from (2.2) and output a set S C supp(y)
with at most the same objective value. Our analysis follows that of Trevisan [Tre08], whose idea is
to choose a random ¢t > 0 and consider the level set S; := {i € V | y(i¢) > t}. The conductance of
St is then bounded by separately computing the expectation of the numerator E[|6(S;)|] and the
expectation of the denominator E [vol(S;)]. The idea of choosing a random ¢ is similar to randomized
rounding in approximation algorithms, and Trevisan’s approach of computing the expectations
separately simplifies the analysis of the ratio.

Lemma 2.5 (Threshold Rounding). Let G = (V = [n], E) be an undirected graph. Let y € R’} be a
nonzero vector. There exists t > 0 such that the threshold set Sy := {i € [n] | y(i) >t} is nonempty
and satisfies

ZijeE ly(i) —y(5)
T Yiev deg(d) - y(i) |

P(S) <

Proof. Scale y so that max; y(i) = 1. Let ¢ € (0, 1] be chosen uniformly at random. Note that the
threshold set S; := {i € V' | y(i) > t} is nonempty by construction. In the following, the expected
values of the numerator and the denominator for S; are computed separately.

For an edge ij € E, note that the probability that ij € §(S;) is |y(i) — y(j)|, when the random
threshold ¢ falls between y(i) and y(j). By linearity of expectation,

Et“5(5t Z Pr(ij € 0(Sy)) Z !y

ijeER ijeER

For a vertex i € V, note that the probability that i € S is y(i), when the random threshold ¢ is at
most y(i). By linearity of expectation,

Vol St Zdeg Pr (i€ St) = Zdeg
eV %

It follows from Lemma 2.6 below that

RICDIR E:[10(S)l] _ Lijerly(® —y()|

vol(Sy) = Ey[vol(Sy)] = Yoiev deg(i) - y(i) - .

mtin o(Sy) = mln

Lemma 2.6 (Spielman’s Favorite Inequality). Let ai,...,a, and by,..., b, be positive numbers,
and let p1,...,py be a probability distribution. Then

ai S piag a:
. 3 1= 1 K3
min — < =l < omax —.

b — Z?:H?ibi i b

The proof of this inequality is left as an exercise to the reader.

Embedding from /2 to ¢,

In the embedding step, we construct an ¢;-solution y in (2.2) from an ¢3 solution z in (2.1). The
most obvious mapping is y(i) := x(i)? to match the denominators, and it works.
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Lemma 2.7 (Embedding Step). Given an undirected graph G = (V,E) and a nonzero vector
x € R, there is a vector y € R’ with supp(y) = supp(x) such that

Sier W) =y _ |, Syer (#0) = 2()’
Yiev deg(i) - y(0) ~ \" Tiey degi) - 2()?

Proof. Set y(i) = z(i)? for all i € V. By construction, supp(z) = supp(y). The main idea is to use
the Cauchy-Schwarz inequality to bound the numerator as follows:

Dy =y =D (@) = x(i)] - =) + 2@ < D (@) = 2(5)? | D (@(i) + 2(5))%

ijEE ijEE ijEE ijEE

Observe that
@) + () < Y 220 + 2(j)?) =2 deg(i) - (i),
ijEE ijEE %

Combining these inequalities, it follows that

> iev deg(i) -y(i) 2 iey deg(i) - (i)? O\ Xiev deg(d) - (i)

>ijer 1Y@ —y(i)l < \/ZijeE(x(i) — ()2 X ey deg(i) - x(i)? 23 en (2(i) — x(}.))z
—.

O

Remark 2.8. For Cheeger’s inequality, the rounding step and the embedding step are often combined
into one step. Here, we separate them to highlight that there are two ideas involved. For other
approzimation algorithms for sparse cut problems, such as the Leighton-Rao algorithm based on
linear programming, the embedding step from an arbitrary metric to £1 is the main technical step.

Truncation Step

Given an optimal solution z for Ao, we first shift « to obtain z with objective value no larger and
the additional property that both the positive part of Z and the negative part of Z have volume at
most |E|; see Figure 2.1. The proof crucially relies on the assumption that )", deg(i) - 2(i) = 0.

l n/2 n/2 n/2

Figure 2.1: In this figure, we assume the graph is regular, so that vol([n/2]) = |E|. The picture on
the left is the second eigenvector x, with the horizontal axis representing the vertices in [n] and the
vertical axis representing the values x (7). The picture in the middle is the vector z after shifting so
that z(n/2) = 0, and the picture on the right is the vector after truncation.

Lemma 2.9 (Shifting). Let x € R™ be an optimal solution for Ao in Lemma 2.3. There exists a
vector T € R™ such that vol({i | z(i) < 0}) < |E| and vol({i | z(i) > 0}) < |E| and

Sijen (20) = 2(1)° _ Tyep (#() — 2())”
Siev deg(i) 27 ~ iy deg(i) - 2(i)?
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Proof. Let ¢ € R be a weighted median such that vol({i | (i) < ¢}) < |E| and vol({i | (i) > ¢}) <
|E|. Set Z := x — ¢I. By construction, vol({i | Z(i) < 0}) < |E| and vol({i | Z(i) > 0}) < | E|.

For the ratio, observe that the numerator does not change by shifting, and the denominator cannot
decrease because

S deg(i) - 2(0)2 = 3 deg(i) - (2() — 0 = 3 deg(i) - #(0)? + 2 S deg(i) > 3 deg(i) - 2(i)?,
icV eV icV eV icV
where the second equality uses the assumption that ), deg(i) - #(i) = 0. This completes the

proof. (Note that Z may not satisfy the constraint ) ;- deg(i)-z(i) = 0, so it may not be a feasible
solution to Ay in Lemma 2.3.) O

Next, we show that either the positive or the negative part of Z satisfies the requirements in (2.1).

Lemma 2.10 (Truncation). Let £ € R™ be a vector that satisfies the properties in Lemma 2.9.
There exists a vector x € R, with vol(supp(z)) < |E| and

Sijen (#(0) = 2(7)° _ Tyjep (2() — 7))
Ciev dea(i) 2D Ty deg(i) - #(1)?

Proof. Let T € R™ be the vector with Z (i) := max{z(7),0} for 1 <i <mn, and let z_ € R” be the
vector with z_(7) := min{z(i),0} for 1 <i < n. It suffices to argue that either £, or —Z_ satisfies
the requirements. By construction, both . and —Z_ have support volume at most |E|. For the
ratio, note that

N = N = g i =2
Dijep(@+(1) = 24(1)* + Yijep(@-(i) — 2-(4))* _ YijeE (z(3) — 2(j))

Diev deg(i) -4 (i) + Doy deg(i) - Z-(1)2 T Xy deg(i) - 2(i)?
where the denominators are equal, and the numerator on the left-hand side can only be smaller

than that on the right-hand side by a simple case analysis. The conclusion then follows from
Lemma 2.6. O

)

Proof of the Hard Direction

The proof of the hard direction is summarized as follows. Let vy € R™ be an eigenvector of L(G)
with eigenvalue Ao. First, apply the transformation u := Dfévg to obtain a vector u that satisfies
the requirements in Lemma 2.3. Next, apply the shifting and truncation steps in Lemma 2.9 and
Lemma 2.10 on u to obtain a vector x that satisfies the requirements in (2.1). Then, apply the
embedding step in Lemma 2.7 on x to obtain a vector y that satisfies the requirements in (2.2).
Finally, apply the threshold rounding step in Lemma 2.5 to y to obtain a threshold set S; with
#(Sy) < v/2X2 and vol(S;) < |E|. This completes the proof of the hard direction of Cheeger’s
inequality.

2.4 The Spectral Partitioning Algorithm

Finding a set of small conductance, also called a sparse cut, is an important algorithmic problem with
numerous applications. It is useful in designing divide-and-conquer algorithms and has applications
in image segmentation, data clustering, community detection, VLSI design, and more.
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Algorithm 1 The Spectral Partitioning Algorithm
Require: An undirected graph G = (V, E) with V = [n] and m = |E].
1: Compute the second smallest eigenvalue A2 of £(G) and a corresponding eigenvector = € R™.
2: Compute the vector y := D2z and sort the vertices so that y(1) > y(2) > ... > y(n).
3: For 1 <i<n—1,let S; = [i] if volg ([i]) < m, and let S; = [n] \ [i] if volg ([i]) > m.
4: return S;«, where ¢* € argming«;«,,_; #(.5;).

The problem of finding a sparsest cut is NP-hard. A popular heuristic for finding an approximate
sparsest cut in practice is the following spectral partitioning algorithm.

This algorithm is remarkably simple, with only a few lines of code when implemented in mathemat-
ical software such as MATLAB. This simplicity is one reason why this heuristic is popular.

There is a near-linear-time randomized algorithm to compute an approximate eigenvector corre-
sponding to Ag, using the power method and a fast Laplacian solver [ST14]. This makes the
spectral partitioning algorithm both practically and theoretically efficient, which is another reason
for its popularity.

The primary reason for its popularity is its excellent empirical performance in various applications,
especially in image segmentation and clustering. The introduction of normalized cuts (closely related
to sparse cuts) and spectral partitioning algorithms by Shi and Malik [SM00] in the context of image
segmentation was considered a breakthrough.

The proof of Cheeger’s inequality provides a nontrivial performance guarantee for the spectral
partitioning algorithm, that it will always output a set S with conductance ¢(S) < v/2X2 < 21/0(G).
This follows because the shifting, truncation, and embedding steps in the proof of the hard direction
are only used for the analysis and do not change the ordering of the vertices. Therefore, the cuts
considered in the threshold rounding step are also considered by the spectral partitioning algorithm.

The spectral partitioning algorithm is a constant factor approximation algorithm when ¢(G) is a
constant, providing an efficient way to certify that a graph is an expander, as discussed earlier.
However, its approximation ratio can be arbitrarily bad when ¢(G) is small. For example, the
approximation ratio guarantee is ©(y/n) when ¢(G) = O(1/n). Providing a theoretical explanation
of the empirical success of the spectral partitioning algorithm remains an open problem. We will
revisit this question when we study the improved Cheeger’s inequality in Chapter 8.

In the following, we discuss the theoretical performance of the spectral partitioning algorithm in
more detail. We present examples where the easy direction is tight, where the hard direction is
tight, and where the spectral partitioning algorithm is fooled.

Tight Example for the Hard Direction

Consider the cycle of 4n vertices. One can compute the second eigenvector of the cycle exactly (see
Problem 1.19), but we do not need it here. Recall that Ay = min_ ¢ x' Lx/x "z, so to give an upper
bound, it suffices to exhibit a vector with small objective value. Consider

12 11 1 1
x:(1,1—7,1——,...,7,(),——,...,—1—|——,—1,—1+7,...,—
n n n n n n
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Then z L I, and so

. )2 2

> ijeE (z(i) — =(j)) n(;) 1

Ao < : e =0(5).
2> ey (i) n n?

On the other hand, the conductance of the cycle of 4n vertices is @(%), by taking a balanced cut

with 2 edges and 2n vertices. This is an example where the hard direction ¢(G) < /2y is tight up

to a constant factor.

In this example, A2 is not a good estimate of ¢(G), but the spectral partitioning algorithm works
perfectly to output a set S with ¢(S) = ¢(G), as it outputs a set S with ¢(S) ~ V2 =~ ¢(G). Tt
is actually a general phenomenon that rounding algorithms work perfectly for the worst integrality
gap examples.

Tight Example for the Easy Direction

To find an example for which the spectral partitioning algorithm performs poorly, we need to
examine cases where the easy direction is tight, but the algorithm outputs a set S with ¢(S) =~

Vs~ \/6(G).

For the easy direction, one can check that it is tight for the hypercubes; see Problem 1.20. However,
there are vectors in the second eigenspace where the spectral partitioning algorithm performs poorly;
see Problem 2.14. Since we do not have control over which eigenvector in the second eigenspace is
returned, this provides an example where the spectral partitioning algorithm can perform poorly.

An Example Fooling the Spectral Partitioning Algorithm

The cycles and the hypercubes are the standard examples showing that both sides of Cheeger’s
inequality are tight. In the hypercube example, the spectral partitioning algorithm may only output
a set S with ¢(S) =~ /¢(G). However, this example may not be fully satisfying, as the algorithm
could still work perfectly depending on the choice of eigenvector. More importantly, we do not
clearly see or gain intuition about how the spectral partitioning algorithm is fooled.

Figure 2.2: Two cycles with unit edge weights, joined by a matching whose edges have weight
100/n%. The minimum-conductance cut separates the two cycles.

We construct such an example in Figure 2.2 by tweaking the cycle example. Let G be the
weighted graph with vertices {vi,...,v0n,Vn41,...,02,}, and two cycles (vy,v2,...,v,) and
(Un+1, Un+2, - - -, V2,) where every edge in these cycles is of weight one, and a “hidden” matching
{01V 41, V2Vn12, . . ., UpV2,} where every edge in the matching has weight 100/n2. It is easy to
see that the minimum-conductance set is S := {v1,...,v,}, with ¢(S) = O(1/n?). However, the
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edges in the hidden matching are just barely heavy enough that the spectral partitioning algorithm
does not “feel” the cut separating the two cycles, and still considers the smooth embedding of
the cycle as the best way to map the vertices onto the real line. Indeed, one can verify that
the second eigenvector = in this example is still the same as that in the cycle of n vertices, with
2(v;) = 2(vppi) for 1 < i < n. See Figure 2.3 for an illustration. Therefore, Ay is still O(1/n?)
which is close to ¢(G), but the cut of smallest conductance is completely lost in x and every
threshold set has conductance 2(1/n). This example provides a more insightful view into how
the spectral partitioning algorithm is fooled. Although this example is a weighted graph, one can
modify it slightly to keep the same structure while making the graph unweighted.

0.100 1
0.06
0.075 4

0.04
0.050 A

0.025 0.02

0.000 1 0.00
-0.025 -0.02
—0.050 —0.04

—0.075

—0.06
—0.100 A

0 25 50 75 160 125 1_’;0 175 200 0 25 50 75 100 125 150 175 200

Matching edge weight 1/500 Matching edge weight 1/1000

Figure 2.3: The plots of the second eigenvector are generated for the graph with 200 vertices.
Vertices 0 to 99 belong to the first cycle, and vertices 100 to 199 belong to the second cycle. A
matching edge connects vertex ¢ and vertex ¢ + 100 for 0 < ¢ < 99. When the edge weight in the
hidden matching is slightly heavier, the second eigenvector is the same as that of the cycle, with
matched vertices having the same value. When the edge weight in the hidden matching is slightly
lighter, the second eigenvector becomes a binary vector, indicating the sparsest cut.

Miller’s question: An interesting question is whether sweeping all eigenvectors would give a sig-
nificantly better approximation for conductance than the spectral partitioning algorithm. Guattery
and Miller [GM98] constructed related examples showing that using several eigenvectors can still
lead to poor cuts. Miller actually conjectured a positive answer and popularized this question. In
Problem 2.15, we modify the example in Figure 2.2 to give a counterexample to this conjecture.

2.5 Variants of Cheeger’s Inequality

We discuss two variants of Cheeger’s inequality, based on different definitions of the isoperimetric
constant of a graph.

Edge Expansion

Cheeger’s inequality is often stated using edge expansion rather than edge conductance.
Definition 2.11 (Edge Expansion). Let G = (V, E) be an undirected graph. The edge expansion of
a nonempty subset S CV and the edge expansion of the graph G are defined as

0(5)]

) = d ) = i d(5).
(5) S| o @ s0<|5I<Iv]/2 (5)
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Both edge expansion and edge conductance aim to identify the “bottleneck” in the graph. For
d-regular graphs, the two definitions are essentially equivalent, with ®(G) = d - ¢(G). For non-
regular graphs, the relationship between edge conductance and the second smallest eigenvalue of
the normalized Laplacian matrix is more elegant, without any dependence on the maximum degree
of the graph.

Vertex Expansion

Another natural definition of an isoperimetric constant of graphs is based on measuring the “volume”
using the vertices of the graph.

Definition 2.12 (Vertex Expansion). Let G = (V| E) be an undirected graph. The vertex expansion
of a subset S CV and the vertex expansion of the graph G are defined as
P(S) == LG and P(G):= min  P(9),

|15 5:0<|S|<|V]/2

where 0(S) :=={v ¢ S| Ju € S with uwv € E} denotes the vertex boundary of S.

There is a Cheeger-type inequality relating vertex expansion to the second smallest eigenvalue of
the Laplacian matrix.

Theorem 2.13 (Cheeger’s Inequality for Vertex Expansion). Let G = (V, E) be an undirected graph
with mazimum degree d, and let N}, be the second smallest eigenvalue of its (unnormalized) Laplacian
matriz L(G), as defined in Definition 1.11. Then

, P(G)?
VL s A raes

The first inequality is the easy direction proved by Tanner [Tan84] and Alon and Milman [AMS5].
The second inequality is the hard direction proved by Alon [Alo86]. Note that these imply that
A5 (G) can be used to provide an O(1/d/v(G))-approximation algorithm to 1(G).

Compared to Cheeger’s inequality for edge conductance, there is an extra factor d loss between the
upper and lower bounds. In Chapter 9, we will introduce a new Cheeger’s inequality for vertex
expansion using a concept called reweighted eigenvalues, which improves the dependence on the
maximum degree from d to logd.

2.6 Problems

Problem 2.14 (Spectral Partitioning for Hypercubes). Let G be the hypercube of dimension d with
24 wertices, and let £(G) be its normalized Laplacian matriz.

(a) Show that there is an eigenvector x € R2' of L(G) with eigenvalue Ny so thal the spectral

partitioning algorithm applied to x outputs a set S with ¢(S) = %RL (z) = %)\2.

(b) Show that there is an eigenvector y € R2 of L(G) with eigenvalue Ao so that the spectral
partitioning algorithm applied to y outputs a set S with ¢(S) = /Rs(y) = V2.

(Hint: Consider a conver combination of the good vectors in the previous part.)
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Problem 2.15 (Sweeping All Eigenvectors). Consider the wvariant of spectral partitioning that
sweeps every nonconstant vector in an orthonormal eigenbasis and returns the best cut. We con-
struct an example where this algorithm has approzimation ratio O(n). The construction was found
by GPT 5.6 in August 2026.

Use the double-cycle graph in Section 2.4, with vertices vi,...,vo,, where n > 6 is divisible by 6.
Keep the cycle edges of weight one, but change each matching edge weight to T := 1 — cos(2m/n).

The idea is to hide the cut separating the two cycles by mizring its eigenvector with the eigenvectors
of the cycles. For j =0,1,2 and 1 <1i < n, define
2w 27y 1
f]’(vi) .= COS < + 3])

2mi 27y 1
n 2

+ 3 and  fj(vp4s) = cos <n + 3

(a) Show that \o(G) = 27/(2 + 7) and that fy, f1, fa are orthogonal eigenvectors with this eigen-
value. Complete them, after normalization, to an orthonormal eigenbasis of L(G) in which
every remaining vector x is either symmetric, meaning x(vp4;) = x(v;) for all 1 < i < mn, or
antisymmetric, meaning x(v,4;) = —x(v;) for all 1 <i < n.

(b) Show that the cut separating the two cycles is a minimum-conductance cut, with ¢(G) =

7/(2+7) =0O0(n"?).

(c) Show that every nontrivial sweep cut from every nonconstant vector in this basis has conduc-
tance Q(n~1), even if equal coordinates are ordered arbitrarily. Deduce that the algorithm has
approzimation ratio ©(n).

Hint: Use the eigenvectors of a cycle for Part (a). For Part (c), every nontrivial cut other than
the cut separating the two cycles crosses an edge of weight one. Show that no ordering used by the
algorithm places all vertices of one cycle before all vertices of the other.

Problem 2.16 (Houdré-Tetali Isoperimetric Constant). Consider an isoperimetric constant of
graphs introduced by Houdré and Tetali [HT04]. Assume the graph G = (V = [n], E) is d-regular
for simplicity. For a verter i and a subset S C 'V, denote d(i,S) :=|{ij € E| j € V —S}|. For any
p € [0,1], the isoperimetric constants ¢, of a subset S C V' and of the graph are defined as

1 d(i, S)\P .
a8 =g 2 (Tg) emd @@= mine(S)
€S -

(a) Verify that p1(G) is equal to the edge conductance ¢(Q).

(b) Check that po(G) is equal to the inner vertex expansion 1, (G) with the convention that 0° = 0.

Let 0;,(S) :=={i € S| d(i,S) > 0} be the inner vertex boundary. Define i, (S) := |0in(S)|/]S|
and wm(G) = minS:\S\gn/Q wm(s)

(c) Show that @%(5)2 < p1(85) - wo(S) for every S C V.
(d) Prove that cp%(G)Q < A2 -logd, where Ay is the second smallest eigenvalue of the normalized

Laplacian.

(e) Prove that o,(G)* < T1—1 - A2 for any p € (3,1].

mt: A similar randomized rounding proof as in the hard direction o eeger’s inequality works
Hint: A simil domized di in the hard directi Ch s 1 lit k

to prove (d) and (e). See [LT24].)
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Cheeger-Type Inequality for )\, and Bipartiteness Ratio

Through his exposition of Cheeger’s inequality using the intermediate ¢1-problem presented in this
chapter, Trevisan [Tre09] discovered an analog of Cheeger’s inequality for \,,.

In this subsection, we follow his thought process to derive the result, starting with a spectral
characterization relating A, to the bipartiteness of the graph.

Exercise 2.17 (Spectral Characterization of Bipartiteness). Let G = (V, E) be an undirected graph,
and let A\, be the largest eigenvalue of its normalized Laplacian matriz L(G). Then A\, = 2 if and
only if G has a bipartite component, i.e., a connected component that is bipartite.

Trevisan |Tre09| proved a robust generalization, showing that A, is close to 2 if and only if G is close
to having a bipartite component, in the same style as Cheeger’s inequality in Theorem 2.2. To state
his result, we write the optimization formulation for 2 — A,, and then motivate the corresponding
combinatorial property.

Exercise 2.18 (Optimization Formulation for 2 — \,,). Let G = (V, E) be an undirected graph and
let A\, be the largest eigenvalue of L(G). Then

o Yen (@) +2()°
2 — )\, = min )

zeR™ ZiEV deg(z

Trevisan defined the combinatorial property to measure the bipartiteness ratio of a subset of vertices
using the ¢;-version of the optimization problem in Exercise 2.18.

Definition 2.19 (Bipartiteness Ratio). Let G = (V = [n], E) be an undirected graph. The bipar-
titeness ratio of a nonzero vector x € {—1,0,1}" is defined as

ZijEE }m(l) + x(j)’
> icy deg(i) - [2(3)]

The bipartiteness ratio of a graph G is defined as

Blz) =

5(G) =, min | A(z).

Given a subset S and a bipartition (L, R) of S, the corresponding vector x € {—1,0,1}" is defined
by
+1 ifvel
2(i)={ -1 ificR
0  otherwise

Trevisan proved the following analog of Cheeger’s inequality for 2 — A, and 5(G).

Problem 2.20 (Cheeger’s Inequality for A\, [Tre09]). Let G = (V, E) be an undirected graph, and
let Ny, be the largest eigenvalue of L(G). Then

%(2 “ ) < BG) < V22— ).
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An interesting application of this inequality is the design of an approximation algorithm for the
maximum cut problem using spectral techniques. The observation is that if A, is bounded away
from 2, then the graph does not have a very large max-cut.

Problem 2.21. Use the easy direction of Problem 2.20 to show that the trivial approzimation
algorithm of cutting 50% of the edges is a 1/\,-approzimation algorithm for the mazimum cut
problem.

On the other hand, if A, is close to 2, the hard direction of Problem 2.20 can be used to find a
subset S with a bipartition (L, R) with small bipartiteness ratio. This ensures that more than 50%
of the edges with an endpoint in .S will be cut. We can then apply the same idea recursively on
V'\ S to obtain a better-than-50% approximation algorithm for the maximum cut problem. See
[Tre09] for details and [Sot15] for an improved analysis.

References

[Alo86] Noga Alon. Eigenvalues and expanders. Combinatorica, 6(2):83-96, 1986. 19, 20, 30

[AM85] Noga Alon and Vitali D. Milman. A1, isoperimetric inequalities for graphs, and superconcentrators.
Journal of Combinatorial Theory, Series B, 38(1):73-88, 1985. 19, 20, 30, 386

[Che70] Jeff Cheeger. A lower bound for the smallest eigenvalue of the Laplacian. In Problems in Analysis:
A Symposium in Honor of Salomon Bochner, pages 195-199. Princeton University Press, 1970. 19,
20

[Chu97] Fan R. K. Chung. Spectral Graph Theory. American Mathematical Society, 1997. 14, 20

[Dod84] Jozef Dodziuk. Difference equations, isoperimetric inequality and transience of certain random
walks. Transactions of the American Mathematical Society, 284:787-794, 1984. 19, 20

[GM98] Stephen Guattery and Gary L. Miller. On the quality of spectral separators. SIAM Journal on
Matriz Analysis and Applications, 19(3):701-719, 1998. 29

[HLWO06] Shlomo Hoory, Nathan Linial, and Avi Wigderson. Expander graphs and their applications. Bul-
letin of the American Mathematical Society, 43(04):439-562, 2006. 1, 19, 21, 57, 60, 65, 66, 72, 75,
76, 78

[HT04] Christian Houdré and Prasad Tetali. Isoperimetric invariants for product Markov chains and graph

products. Combinatorica, 24:359-388, 2004. 31

[LT24] Lap Chi Lau and Dante Tjowasi. On the Houdré-Tetali conjecture about an isoperimetric constant
of graphs. In Proceedings of Approzimation, Randomization, and Combinatorial Optimization:
Algorithms and Techniques (APPROX/RANDOM), pages 36:1-36:18, 2024. 31

[ST89] Alistair Sinclair and Mark Jerrum. Approximate counting, uniform generation and rapidly mixing
Markov chains. Information and Computation, 82(1):93-133, 1989. 19, 20

[SMO00] Jianbo Shi and Jitendra Malik. Normalized cuts and image segmentation. IEEE Transactions on
Pattern Analysis and Machine Intelligence, 22(8):888-905, 2000. 2, 27

[Sot15]  José A. Soto. Improved analysis of a Max-Cut algorithm based on spectral partitioning. SIAM
Journal on Discrete Mathematics, 29(1):259-268, 2015. 33

[ST14] Daniel A. Spielman and Shang-Hua Teng. Nearly linear time algorithms for preconditioning and
solving symmetric, diagonally dominant linear systems. SIAM Journal on Matriz Analysis and
Applications, 35(3):835-885, 2014. 2, 27

33



Algorithmic Spectral Graph Theory

[Tan84]

[Tre08]

[Tre09]

[Trel3al

[Tre13b]

Robert Michael Tanner. Explicit concentrators from generalized n-gons. SIAM Journal on Alge-
braic and Discrete Methods, 5:287-293, 1984. 30

Luca Trevisan. The spectral partitioning algorithm, 2008. Blog post. URL: https://
lucatrevisan.wordpress.com/2008/05/11/the-spectral-partitioning-algorithm/. 19, 23,
24

Luca Trevisan. Max Cut and the smallest eigenvalue. In Proceedings of 41st Annual ACM Sym-
posium on Theory of Computing (STOC), pages 263-272, 2009. 32, 33

Luca Trevisan. The Cheeger inequality in manifolds, 2013. Blog post. URL: https://
lucatrevisan.wordpress.com/2013/03/20/the-cheeger-inequality-in-manifolds/. 19

Luca  Trevisan. Proof of the Cheeger inequality in  manifolds, 2013.
Blog post. URL: https://lucatrevisan.wordpress.com/2013/03/21/
proof-of-the-cheeger-inequality-in-manifolds/. 19

34


https://lucatrevisan.wordpress.com/2008/05/11/the-spectral-partitioning-algorithm/
https://lucatrevisan.wordpress.com/2008/05/11/the-spectral-partitioning-algorithm/
https://lucatrevisan.wordpress.com/2013/03/20/the-cheeger-inequality-in-manifolds/
https://lucatrevisan.wordpress.com/2013/03/20/the-cheeger-inequality-in-manifolds/
https://lucatrevisan.wordpress.com/2013/03/21/proof-of-the-cheeger-inequality-in-manifolds/
https://lucatrevisan.wordpress.com/2013/03/21/proof-of-the-cheeger-inequality-in-manifolds/

Chapter 3

Random Walks on Graphs

Given an undirected graph G = (V, E), a random walk is a simple stochastic process that starts
at a vertex and, at each step, moves to a uniformly random neighbor of the current vertex. We
are interested in understanding the long-term behavior of the random walk. Is there a limiting
distribution on the vertices as the number of steps tends to infinity? If so, how many steps are
needed for the walk to converge to the limiting distribution?

There are two main approaches to addressing these questions. One is probabilistic, based on the
concept of “coupling” two random processes. The other is spectral, using the eigenvalues of the tran-
sition matrix. We study the spectral approach and refer the reader to [Hig02, LP17| for expositions
on the probabilistic approach.

In this chapter, we begin with the more general setting of a finite Markov chain and state the
fundamental theorem. We then specialize this theorem to the case of random walks on undirected
graphs and use spectral analysis to prove it. The spectral analysis builds naturally on the results
in Chapter 1 and Chapter 2, and provides a useful upper bound on the mixing time. Finally, we
discuss some applications of random walks and mention some known results for random walks on
directed graphs.

3.1 Markov Chains

A finite Markov chain is defined by a finite state space and a transition matrix.

Definition 3.1 (Transition Matrix). Let [n] be the stale space. A matriz P € R™™" is a probability
transition matriz if P is entrywise nonnegative and Zje[n] P, ; =1 foreachi € [n]. For1<i,j <mn,
the entry P; ; is the transition probability from state i to state j.

Definition 3.2 (Markov Chain). A sequence of random variables (Xo, X1,...) is a Markov chain
with state space [n] and transition matriz P € R™*™ 4f, for all ig,...,i4-1,1,7 € [n] and t > 1,

Pr(Xy1=j|Xe=0,X1=144-1,...,Xo=1i0) =Pr [Xey1 =j | Xy = i] = P

This property, known as the Markov property, states that the transition probability from i to j
depends only on the current state Xy, regardless of the states Xg, ..., Xy—1 that precede it.

Let po € R™ be an initial probability distribution over the states. Then p; := po P! is the probability
distribution on the states after t steps of the Markov chain.
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A Markov chain can be viewed as a random walk on a weighted directed graph G = ([n], w), where
the transition probability from state i to state j is proportional to the edge weight w(i, j), so that

w(i, §)
Py =)
T ke wlis k)

Irreducibility and Aperiodicity

Two key properties ensure the existence of a unique limiting distribution.
Definition 3.3 (Irreducibility). A Markov chain defined by a transition matriz P € R™"™ is called
irreducible if, for any two states i,j, there exists an integer t such that Pr[X, = j | Xo =1i] > 0.

Equivalently, the underlying directed graph G = ([n], E) with E(G) := {ij | P;; > 0} is strongly
connected.

This property is called irreducibility because, if it is not satisfied, then the Markov chain can be
reduced to a smaller one for studying the limiting distribution. Specifically, the limiting distribution,
if it exists, is supported on the strongly connected components with no outgoing edges.

Definition 3.4 (Aperiodicity). The period of a state i is defined as
ged{t > 1| Pr[X; =i | Xo=1i] >0},

the greatest common divisor of the set of times when it is possible to return to the starting state i. A
state i is aperiodic if its period is equal to 1. A Markov chain is aperiodic if all states are aperiodic;
otherwise it is called periodic.

For example, random walks on an undirected bipartite graph are periodic, as every state has period 2.
Similarly, random walks on a directed cycle of length k > 1 are periodic, with every state having
period k. In general, a Markov chain need not converge to a limiting distribution if it is periodic.

Irreducibility and aperiodicity together imply the following property.

Proposition 3.5 (Reachability). For any finite, irreducible, and aperiodic Markov chain, there
exists an integer T < 0o such that Pr[Xy = j | Xo =1 > 0 for alli,j and all t > 7.

The proof of reachability uses aperiodicity and a simple number-theoretic argument to establish
the statement for all i = j, and then uses irreducibility to extend the statement for all i # j. We
do not need this result for the spectral analysis in this chapter. Interested readers are referred
to [Hag02, LP17] for a detailed proof.

Stationary Distribution and Convergence

Informally, if a limiting distribution exists, then it is a stationary distribution, defined as follows.

Definition 3.6 (Stationary Distribution). For a Markov chain defined by a transition matriz P €
R™ "™ " a probability distribution © € R™ is a stationary distribution if TP = T, where T is represented
as a row vector.
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A stationary distribution 7 satisfies 7P* = 7 for any ¢ > 1. From a linear algebraic perspective, 7'

is simply an eigenvector of PT corresponding to the eigenvalue 1.

To define convergence, we need a measure of how close two probability distributions are. One
commonly used measure is the total variation distance.

Definition 3.7 (Total Variation Distance). Given two probability distributions p,q € R™, the total
variation distance between p and ¢ is defined as

drv(F,q) = le *Ilp qlh-

We say that p; converges to a probability distribution ¢ as t — oo if limy—e0 drv (P, @) = 0.

Fundamental Theorem of Markov Chains

The fundamental theorem states that any finite, irreducible, and aperiodic Markov chain has a
unique limiting distribution. Moreover, this limiting distribution is independent of the initial dis-
tribution.

Theorem 3.8 (Fundamental Theorem of Markov Chains). Consider the Markov chain defined by
a transition matriz P € R™™. Let py € R™ be an initial probability distribution on the states. Let
pr € R™ be the probability distribution after t steps, i.e., Py := poPt. If the Markov chain is finite,
irreductble, and aperiodic, then the distribution Py converges to a unique stationary distribution 7,
regardless of the initial distribution py.

The intuition behind the probabilistic proof of the fundamental theorem is as follows: For any
finite, irreducible, and aperiodic Markov chain defined by P, running the chain for a sufficiently
long time ensures that it is possible to reach any state from any other state (Proposition 3.5).
If two instances of the Markov chain, (Xo, Xy,...) and (Yp,Yy,...), meet at the same state at
some time t (i.e., Xy = Y}), then we can couple their future moves so that their future behavior
becomes indistinguishable, because Markov chains “forget” their history. By Proposition 3.5, any two
instances of the Markov chain will eventually meet with probability one, and thus all distributions
converge to the same limiting distribution as ¢ — oo. This is the basic intuition behind coupling
proofs of convergence.

In the following sections, we specialize the fundamental theorem to the case of random walks on
undirected graphs and use a spectral approach to prove it. The spectral analysis has the advantage
that it also provides a useful upper bound on the mixing time.

For the general result, we refer the reader to [Hag02] for a probabilistic proof using coupling, to
[LP17] for a probabilistic and algebraic proof, and to [HJ13] for a purely algebraic proof related to
the Perron-Frobenius theorem (Theorem A.20).

3.2 Random Walks on Undirected Graphs

We consider random walks on an unweighted undirected graph G = (V, E), where at each step
the walk moves to a uniformly random neighbor of the current vertex. The fundamental theorem
becomes easier in this special case, as there are simple characterizations of irreducibility, aperiodicity,
and the limiting distribution. We also consider lazy random walks at the end of this section.
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Matrix Formulation: The transition probability P;; from a vertex 7 to a vertex j is simply
1/deg(i) if ij € E and zero otherwise, and so the transition matrix is P = D~!'A, where D is
the diagonal degree matrix in Definition 1.10 and A is the adjacency matrix in Definition 1.1. Let
Po : V — R be an initial probability distribution, and let p; be the probability distribution after ¢
steps of random walks. Then p;1 = p; P = pyD ' A, and by induction p; = po(D~LA)L.

Stationary Distribution: Recall that a probability distribution @ : V — R is a stationary
distribution of P if 7P = 7. It is equivalent to saying that 7 is an eigenvector of P with eigenvalue
1. Given that P = D' A for random walks on undirected graphs, it is not difficult to identify one
such eigenvector with probabilities proportional to the degrees.

Lemma 3.9 (Stationary Distribution of Undirected Graphs). Let G = (V, E) be an undirected
graph and let P = D™'A be its transition matriz. The distribution ©:V — R with

deg(i) _ deg(i)
Zjev deg(j) 2|E

(i) =
for all i € V is a stationary distribution of P.

Irreducibility: Is 7 in Lemma 3.9 the unique stationary distribution? Not necessarily. For exam-
ple, if the graph is disconnected, the distribution after many steps depends on the initial distribution
(e.g., which component contains the starting vertex). This corresponds to the irreducibility condi-
tion in the fundamental theorem. For undirected graphs, the irreducibility condition is equivalent
to the graph being connected.

Aperiodicity: Even if the graph is connected, a limiting distribution may not exist. For example,
in a connected bipartite graph, if the initial distribution py is supported on a single vertex, then the
distribution p; depends on the parity of £, as the support of p; oscillates between the two sides of the
bipartite graph. This corresponds to the aperiodicity condition in the fundamental theorem. For
connected undirected graphs, observe that the aperiodicity condition is equivalent to the condition
that the graph is non-bipartite.

Fundamental Theorem: Given the simple characterizations of the conditions in the fundamental
theorem, the theorem reduces to the following statement for undirected graphs.

Theorem 3.10 (Fundamental Theorem for Undirected Graphs). Let G be a connected, non-bipartite
undirected graph. Let P = D™'A be the transition matriz of random walks on G. The distribution
7 in Lemma 3.9 is the unique stationary distribution. Furthermore, for any initial distribution py,
the distribution p; := po P! converges to @ as t — o0.

Lazy Random Walks

The non-bipartiteness condition ensures that the Markov chain is aperiodic. There is a simple
modification of the random walks so that this assumption can be removed by adding self-loops to
the graph.
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Definition 3.11 (Lazy Random Walks). Let G be an undirected graph. The transition matriz W of
the lazy random walks is defined as W = %I + %D‘lA. In other words, the lazy random walk stays
at the current vertex with probability % and moves to a uniformly random neighbor of the current
vertex with probability %

By performing lazy random walks, we make the Markov chain aperiodic and obtain the following
corollary of Theorem 3.10.

Corollary 3.12 (Fundamental Theorem for Lazy Undirected Graphs). Let G be a connected undi-
rected graph. Let W = %I + %DilA be the transition matriz of lazy random walks on G. The
distribution T in Lemma 3.9 is the unique stationary distribution. Furthermore, for any initial
distribution po, the distribution py == poW' converges to @ as t — oo.

It will be clear from the spectral analysis in the next section why the constant 1/2 is used.

3.3 Spectral Analysis of Mixing Time for Undirected Graphs

In this section, we prove the fundamental theorem for undirected graphs in Theorem 3.10 using
spectral analysis. Besides being elegant and insightful, spectral analysis can also be used to analyze
the mixing time, which is the rate of convergence to the unique stationary distribution. In this
section, we write probability distributions as column vectors for the spectral analysis.

We first assume that the undirected graph is d-regular. We then explain the modifications needed
for non-regular undirected graphs.

Spectrum of the Transition Matrix for Regular Graphs

For a d-regular graph, the transition matrix P for random walks and the transition matrix W for
lazy random walks are
1

1 1
P=D1'A=-A= =-I+=
7 A and W 5 + 2A,

where A is the normalized adjacency matrix in Definition 1.17.

This is the main simplification under the d-regular assumption, as the matrices P and W are still
real symmetric. Another simplification is that the stationary distribution 7 in Lemma 3.9 is simply
the uniform distribution 1/n for a d-regular graph.

Our goal is to prove that

T T
lim P'pp =~ and lim Wipy = —,

t—o0 n t—o0 n

regardless of the initial distribution py, as long as the graph is connected and non-bipartite for

random walks, and connected for lazy random walks.

For the spectral analysis, we write py and p; as column vectors. To compute P'py and Wipy (repeated
applications of the corresponding operator), it is helpful to know the spectra of the matrices P and
W, as discussed in Appendix A.

Let a; > ag > ... > ay, be the eigenvalues of A and let vy, ..., v, be the corresponding orthonormal
eigenvectors. Recall that
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1. (Stationary Distribution:) a; = 1 and v; = I/y/n from Lemma 1.7,
2. (Irreducibility:) ag < 1 if and only if G is connected from Proposition 1.15,

3. (Aperiodicity:) «a;, > —1 if and only if G is non-bipartite from Problem 1.21.

For the lazy random walk matrix W, the eigenvalues are 3(1+a1) > 2(1+a2) > ... > 2(1 4 ayp),
which implies that the smallest eigenvalue is always at least 0. This is why the non- bipartiteness
assumption can be removed when we consider lazy random walks.

Limiting Distribution

After translating the combinatorial conditions in the fundamental theorem into spectral conditions,
we can restate the fundamental theorem for d-regular undirected graphs in Theorem 3.10 as follows,
and the proof becomes transparent.

Proposition 3.13 (Limiting Distribution for Regular Graphs). Let G = (V = [n],E) be a d-
reqular undirected graph. Let P = A be the transition matriz of random walks on G, and let
l=a1 > ay> ... > a, > —1 be its eigenvalues. If as < 1 and oy, > —1, then, for any initial
probability distribution po,

T
hm Plpy = —
n’
Proof. Let vy, vs,...,v, be the corresponding orthonormal eigenvectors. For any initial distribution

Do, We write Py = c1v1 + ... + ¢cpv, where ¢; = (Pp, v;) for 1 < i < n. Then,

n n
po = At< E cw,) = Zciﬂtvi = E ciaﬁvi.
i=1 i=1

The assumptions g < 1 and «,, > —1 imply that |a;] < 1 for 2 < i < n. Hence,

n

lim P! Po = lim E cza v; = 101,
t—o0 t—o00 7
’L

as all but the first term go to zero as ¢ — oo. In the d-regular case, v1 = T/\/ﬁ and thus ¢; =
(Po, 1/+/n) = 1/y/n, as Py is a probability distribution. Therefore,

1 1 1
-y O
n

lim Ptﬁo =ClV1 = —F—="—F#—= =
t—0o0

v /n

The proof shows that, under |a;| < 1 for 2 < i < n, the distribution P!py converges to the first
eigenvector, which is proportional to the all-one vector. Check that the same proof works for lazy
random walks on d-regular graphs to prove Corollary 3.12.

Mixing Time

The mixing time quantifies how fast p; converges to the limiting distribution.

The following definition applies to general Markov chains, where the transition matrix need not be
symmetric. When writing 7y and p; as column vectors, p; := (P ) pp.
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Definition 3.14 (Mixing Time). Consider the Markov chain defined by a transition matriz P €
R™"  Let pp € R™ be an initial probability distribution on the states, and let Py € R™ be the
probability distribution py := (P")!po after t steps.

Suppose that the limiting distribution T = limy_,oo Py exists. For any 0 < € < 1, the e-mizing time
Te(P) of P is defined as the smallest t such that dry(py, ©) < € for every initial distribution po,
where dpv is the total variation distance in Definition 3.7.

When € is not specified, it is assumed to be a small constant such as 1/4, and we simply say that
71/4(P) is the mizing time of the Markov chain with transition matriz P.

To bound the mixing time, we use the same approach as in Proposition 3.13, but assume that «q
and |ay,| are bounded away from one, ensuring |af| converges to zero quickly for 2 < i < n.

Theorem 3.15 (Bounding Mixing Time by Spectral Gap). Let G = (V, E) be a d-reqular undirected
graph with V' = [n]. Let P = A be the transition matriz of random walks on G, and let 1 = ay >
ag > ... >y > —1 be its eigenvalues. Let g := min{1l — o, 1 — |ay,|} be the two-sided spectral gap.
Then the e-mizring time of P satisfies

Proof. Continuing from Proposition 3.13,
I’ n
Py = ~+ z; ciodkv;,
1=

where v1,...,v, are the orthonormal eigenvectors, ¢; = (po,v;) for 2 < i < n, and T = f/n is the
limiting distribution. Then,

n

E ciafvi

=2

ozvl Vn

)

drv (pr, @) = dpv (P'po, 7) = 2Hptﬁo —
2

where the last inequality follows from ||v||; < y/n-||v]|2 for v € R™, which follows from the Cauchy-
Schwarz inequality. Since vy, ..., v, are orthonormal,

n

¢ 202t < 2t 2
g CiOv; g o ) g .
=2 ;

= HPOHQ < HpoHl = 1. Therefore,

Note that > ,c? < >°%

'le

n
dry (P, ) advi|| < [n(l—g)2 Zc? <Vn(l—g)t < ne 9t
2 i=2
Setting t 2> %ln (%) ensures dyv (P, ) < e for any initial distribution py. O

For the lazy random walk matrix W, the smallest eigenvalue is at least 0, so the two-sided spectral
gap of W is simply g = %(1 —ag) = %)\2, where Ag is the second smallest eigenvalue of the normal-
ized Laplacian matrix. Cheeger’s inequality in Theorem 2.2 then implies the following important
consequence.
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Theorem 3.16 (Bounding Mixing Time by Edge Conductance). Let G = (V, E) be a d-regular
undirected graph with V = [n]. Let W = %I + %fl be the transition matriz of lazy random walks on
G. Then,

(W) < ¢(é)2 In (%)

This result provides a combinatorial condition for fast mixing. For an expander graph with ¢(G) =
Q(1), the mixing time of lazy random walks is O(Inn). Establishing a polylogarithmic mixing time
is crucial for many applications, as we will discuss through examples.

Theorem 3.16 is useful in designing random sampling algorithms. For uniform random sampling,
the analysis for regular graphs is usually sufficient, as we can set up the Markov chain (e.g., by
adding self-loops) so that the underlying graph is regular.

Spectrum of the Transition Matrix for General Graphs

The random walk matrix for general graphs is P = D™'A, and the lazy random walk matrix is

W = %I + %P. The main difference from the d-regular case is that these matrices are not symmetric
in general, and so the spectral theorem in Theorem A.5 cannot be directly applied to reason about

their eigenvalues and eigenvectors.
A simple but important observation is that P and W are similar to real symmetric matrices (see

Definition A.3), and so the eigenvalues of P and W are still all real numbers.

Lemma 3.17 (Spectrum of Random Walk Matrices). Let G = (V, E) be a connected undirected
graph with V' = [n], and let A be its normalized adjacency matriz. Let the eigenvalues of A be

Q) > Qo> ... > ay, and let vy, v, ..., vy be a corresponding orthonormal basis of eigenvectors.
Then the eigenvalues of the random walk matriz {3 = Dl_lA are a{so a1 > a9 > ... > ayp, and the
corresponding eigenvectors of PT = AD™! are D2vy, D2vs, ..., D2v,.

The eigenvalues of the lazy random walk matric W = 51 + 3P are 3(14+ 1) > 3(1 + ag) > ... >
%(1 + o), and the corresponding eigenvectors of W are D%vl, D%UQ, . ,D%vn,

Proof. Note that P = DA = D~2(D"2AD 2)D? = D 3AD?, and so P is similar to A, as D
is non-singular when the graph is connected. By the same argument, W is similar to %I + %A. By
Fact A.4, P and A have the same spectrum, and W and %I + %A have the same spectrum.

Note that D%vi is an eigenvector of P with eigenvalue y, as
PT(D2v;) = (D2AD"2)(D2v;) = D2 Av; = ai(D2v;).

Similarly, D%vi is an eigenvector of W' with eigenvalue %(1 + ). 0

The vectors D%vl, . ,D%vn are linearly independent because D is non-singular for a connected
graph. Note that these vectors are in general not orthonormal with respect to the standard inner
product, but they are orthonormal with respect to the following weighted inner product:

(u,v)p-1 :=u'D"'w and ||v|p-1 := VoTD-lu. (3.1)
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Spectral Analysis for General Undirected Graphs

Using this weighted inner product, we can generalize the spectral analysis in Proposition 3.13 and
Theorem 3.15 to non-regular graphs. We describe the main modifications and leave the verification
of the details to the reader.

To compute the limiting distribution (PT)!py = (D%.AD_%)tﬁo = D%AtD_%ﬁo, we write the initial
distribution pp as > ;- cZ-D%vi to take advantage of the orthonormality of vy,...,v,, where ¢; =

(Po, D%vi)Dq for 1 <i < n. We can then adapt the proof in Proposition 3.13 to prove the following
equivalent form of the fundamental theorem for undirected graphs in Theorem 3.10.

Exercise 3.18 (Limiting Distribution for Undirected Graphs). Let G = (V, E) be an undirected
graph with V. = [n]. Let P = D7'A be the transition matriz of random walks on G, and let
l=a1 > ay> ... > a, > —1 be its eigenvalues. If as < 1 and o, > —1, then, for any initial
probability distribution py,

Ty d
A (P7)Po = 5pps
where d is the degree vector with d(i) = deg(i) for 1 <i < n.

To bound the mixing time, we adapt the proof in Theorem 3.15. The key steps are

15: = 7l < I Tllp - 15 = 7llp-1 = V2IE] - |5 = 7l p-1 < (1= 9)'v/2|E] - || ol p-1 (3-2)

where the first inequality is by Cauchy-Schwarz and the last inequality is by a weighted orthonor-
mality argument as in Theorem 3.15. Then the same theorem as in the d-regular case can be
proved.

Theorem 3.19 (Bounding Mixing Time by Spectral Gap and Edge Conductance). Let G = (V, E)
be an undirected graph with V = [n]. Let P = D~ 1A be the transition matriz of random walks on
G, andlet 1 =1 > ag > ... > an > —1 be its eigenvalues. Let g := min{l — aa, 1 — |ay,|} be the
two-sided spectral gap. Then the e-mizing time of P satisfies

Te(P) S ;ln (%)

Let W = %I + %D_IA be the transition matriz of lazy random walks on G. Then

(W) < ! In (E)

P(G)? \e
For weighted undirected graphs, the same arguments can be used to prove that
1 1 1 1
€ P S - 1 ( ) d € S 1 )7 .
i ( ) ~g " € * Tmin o § (W) ~ ¢(G)2 ! (E * Tmin (3 3)

where iy := min; 7(4) is the minimum stationary probability of a vertex. We leave the verification
of these bounds to Problem 3.22.

Remark 3.20. This spectral approach can be further extended to prove the fundamental theorem for

directed graphs, but it is more involved and requires the Perron-Frobenius theorem and the Jordan
normal form; see [HJ13] for proofs.
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3.4 Applications of Random Walks

We briefly discuss two applications of random walks that will be studied in later chapters. In both
cases, random walks are used to solve the problem while exploring only a small portion of the graph.

Random Sampling

An important application of random walks is in random sampling. As an example, consider the
following algorithm for generating a uniformly random spanning tree of an undirected graph.

Algorithm 2 Random Exchange Algorithm for Sampling Random Spanning Trees

Require: An undirected graph G = (V, E).
1: Compute an arbitrary spanning tree Ty of the graph.
2: for 1 <t <rtdo
3 Add a uniformly random edge e € E'\ Ty—1 to Ty_1.
4:  Remove a uniformly random edge f in the unique cycle formed in T;—; + e.
5
6
7

Set Ty :=T;_1 +e— f.
: end for
: return 1.

To analyze this algorithm, we interpret it as performing a random walk on a large “spanning tree
exchange graph” H. In H, each vertex represents a spanning tree of the original graph, and two
vertices are connected if their corresponding spanning trees T and 7" can be obtained from each
other by one step of the algorithm (i.e. 7" =T + e — f for some edges e, f in the input graph).

Note that the exchange graph H could have as many as Q(n"2) vertices when the original graph
has n vertices. Therefore, to show that 7 < poly(n) is sufficient to return an almost uniform random
spanning tree, we must prove that the random walks on H mix in polylogarithmic time relative to
its size. From a combinatorial perspective, this requires proving that the spanning tree exchange
graph H is an expander graph, a task that is generally quite challenging.

There are different approaches to proving fast mixing of Markov chains. One is the coupling method,
the most common and versatile probabilistic technique for bounding mixing time (see [LP17]). An-
other is the canonical path method, which uses multicommodity flow to lower bound the graph con-
ductance, so that Theorem 3.16 can be used to upper bound the mixing time. A famous application
of the canonical path method is approximating the permanent of a non-negative matrix [JSV04],
which is equivalent to approximately counting and sampling perfect matchings in a bipartite graph.

These methods are beyond the scope of this book. Instead, we will analyze the random exchange
algorithm for sampling random spanning trees using the new techniques from high-dimensional
expanders in Chapter 26, Chapter 27, and Chapter 28.

Local Graph Partitioning

Another useful application of random walks is in graph partitioning. This idea, originally proposed
by Spielman and Teng [ST13], is to use the random walk distribution (W T)*y; from some starting
vertex ¢ to identify a small sparse cut in the graph. They proved that the performance of the
random walk algorithm for graph partitioning is comparable to that of the spectral partitioning
algorithm in Chapter 2. Furthermore, the random walk algorithm has the significant advantage
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that it can be implemented locally, so that the running time depends only on the output size but
not on the original graph size. This provides a sublinear time algorithm for graph partitioning
in some situations. Local graph partitioning is an active research topic on its own, and there are
several other algorithms such as using PageRank vectors [ACL06] and evolving sets [AOPT16]. We
will discuss these results in Chapter 11.

3.5 Random Walks on Directed Graphs

For directed graphs, there are currently no simple direct relationships between the eigenvalues of
their transition matrix and the mixing time of random walks.

In this section, we discuss some known results about the mixing time of random walks on directed
graphs, using the second eigenvalue of symmetric matrices associated with directed graphs.

Stationary Flow Graph

Given a directed graph G = (V, E) with an edge weight function w : E — R, let P be the transition
matrix of the random walk, where

P w(if) .
T Y kiker w(ik)

Assume that P is irreducible and aperiodic. Let 7 be the unique stationary distribution of P.

To study the mixing time of the weighted directed graph G = (V, E,w), it is helpful to consider the
stationary flow graph G = (V, E, f), where f(i,j) := 7(i) - P;; is the probability flow on edge ij in
the stationary distribution 7. Verify that the weighted directed graph Gy = (V, E, f) is Eulerian,
satisfying

St = Y flik) forallieV.

jijicE kikeE
The weighted adjacency matrix of Gy is denoted by F' := ILP, where II := diag(7). The Eulerian
property implies that the i-th row sum of F' is equal to the i-th column sum of F for all 4.

Symmetric Matrices for Directed Graphs

The common idea is to replace the directed chain by a symmetric object defined using its stationary
flow. Fill [Fil91] defined the sum matrix as

A= %(P + I tPT).

Chung [Chu05] defined the directed Laplacian matrix of G as

1

1 F+FT
£:I—§(H%PH’%+H’%PTH%> :I—H2<+2>H§. (3.4)

Observe that £ is the normalized Laplacian matrix of the symmetrized flow graph where the weight
of the edge between i and j is %(f(z,j) + f(j,1)), as the diagonal degree matrix of the symmetrized
flow graph is still II by the Eulerian property.

Note that the spectra of 2l and £ are essentially the same, as 2 and I — £ are similar matrices.
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Bounding Mixing Time by Spectral Gap of Symmetric Matrix

A main result from [Fil91, Chu05| uses the spectral gap of 2 or £ to bound the mixing time of
random walks on G.

Theorem 3.21 (Bounding Mixing Time by Second Eigenvalue of Directed Graphs [Fil91, Chu05]).
Let G = (V, E) be a strongly connected directed graph with a weight function w : E — R4, and let P
be the transition matriz of the random walks on G with P(i,j) = w(ij)/ Y .ixep w(ik) forij € E.
The e-mizing time of the lazy random walks on G, with transition matriz %(I+P), to the stationary

distribution T salisfies
(I + P ) < 1 | (
Te < -lo
2 na(g) 8

where \o(L) is the second smallest eigenvalue of £ in (3.4), and Tmin = mingey 7(1).

)
Tmin * 6)

Cheeger Constant of Directed Graphs

The Cheeger constants of a set and of a directed graph [Fil91, Chu05, LP17| are defined as

Diesjgs "WP7) _ Yiesjes Fh7) —  min
5 _ e d h(G):= sm(S)g%h(S)' (3.5)

h(S) =

This is also known as the conductance or the bottleneck ratio in the literature [LP17].

Since the stationary flow graph F' is Eulerian, the Cheeger constant of the flow graph is the same as
that of the symmetrized flow graph with adjacency matrix %(F +FT). Thus the following Cheeger’s
inequality by Chung [Chu05] for directed graphs is a direct consequence of Cheeger’s inequality for
undirected graphs in Theorem 2.2:

SM(2) < h(G) < VIA(E)

A consequence of Theorem 3.21 is that

T€<IZP) S h(é:)? +log (7Tm1ne)

It is also possible to prove this consequence directly using combinatorial methods [LS93, LP17].

3.6 Problems

Problem 3.22 (Weighted Undirected Graphs). Extend the proof of Theorem 3.19 to establish (3.3).
Fill in the proof details for Exercise 3.18 and Theorem 5.19.

Problem 3.23 (Upper Bound on Mixing Time and Initial Distribution). Suppose the initial dis-
tribution p satisfies p(i) < 2w (i) for all i, where 7 is the unique stationary distribution. Prove that,
starting from such an initial distribution,

1 1
doy((PT)p,7) <€ for t2=In (f)
g €

and
1

doy(WT)5,7) <€ for t2 Sap (1)

€
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In other words, the factor log(n) in Theorem 3.19 is only needed to get away from distributions
concentrated on a small sel.

Problem 3.24 (Lower Bound on Mixing Time). Let G = (V = [n], E) be a connected undirected
graph. Let W = %I + %D_lA be the transition matriz of lazy random walks on G. Prove that the
e-mizing time of W satisfies

(V)2 — (1)

~1—ay €
where agy is the second largest eigenvalue of the normalized adjacency matrizc A(G). A simpler
problem is to prove that

(W) 2 ¢(1G) (1),

where ¢(G) is the edge conductance of G. You may also consider the special case when G is d-regular.

Problem 3.25 (Page Ranking). Suppose someone searches a keyword (e.g., “car”), and we want
to identify the web pages that are the most relevant for this keyword and those that are the most
reliable sources. A page is considered reliable if it points to many highly relevant pages.

First, we identify the pages with this keyword and ignore all others. Then we run the following
ranking algorithm on the remaining pages. Each vertex corresponds to a remaining page, and there
is a directed edge from page i to page j if there is a link from page i to page j. Call this directed
graph G = (V, E).

For each vertex i, we have two values, s(i) and r(i), where r(i) represents the relevance of the page
and s(1) represents its reliability as a source (larger values are better). We start with arbitrary initial
values, such as s(1) = 1/|V| for all i, as we have no prior information.

At each step, we update s and r, where s and r are vectors of the s(i) and r(i) values, as follows:

1. Update r(i) = Zj:jieE s(j) for alli, as a page is more relevant if it is linked by many reliable
sources.

2. Update s(i) = Zj:ijEE r(7) for all i, using the updated values r(j), as a page is a more reliable
source if it points to many relevant pages.

To keep the values bounded, let R = ZLZ‘I r(i) and S = Zl‘i'l s(i), and normalize by dividing each
s(i) by S and dividing each r(i) by R. We repeat these steps multiple times to refine the values.

Let s, € RVl be the vectors of the s and r values. Provide a matriz formulation for computing s
and 7.

Suppose G is weakly connected, meaning that the underlying undirected graph is connected when edge
directions are ignored, and has a self-loop at each vertex. Prove that there is a unique limiting s and
a unique limiting v for any initial s, provided s > 0 and s # 0. You may use the Perron-Frobenius
theorem (Theorem A.20) to solve this problem.
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Expander Graphs: Properties

Generally speaking, expander graphs are graphs that approximate complete graphs well, ideally
with a linear number of edges. There are several reasonable ways to define expander graphs:

1. Algebraically, expander graphs are graphs with spectrum close to that of the complete graph,
e.g., graphs with a large one-sided or two-sided spectral gap.

2. Combinatorially, expander graphs are graphs with strong connectivity properties, e.g., graphs
with large edge conductance or small-set vertex expansion.

3. Probabilistically, expander graphs are graphs in which random walks behave as independent
random samples, e.g., they mix rapidly or satisfy strong pseudorandomness properties.

From what we have learned in Chapter 2 and Chapter 3, these three perspectives are closely related:

e Cheeger’s inequality in Theorem 2.2 states that ¢(G) 2 1 if and only if Ay 2 1.

e The spectral analysis in Theorem 3.16 and Problem 3.24 shows that the mixing time 7 of the
lazy random walk on G = (V, E) satisfies

1 1
— <7< —log|V].

Complete graphs are the best expander graphs from all three perspectives, but we are interested
in sparse expander graphs with a linear number of edges. In constructions of expander graphs, the
spectral definition is the most convenient. We use the following stronger spectral definition that

also bounds the last eigenvalue.

Definition 4.1 (Two-Sided Spectral Expanders). Let G be a d-reqular graph and let the spectrum
of its adjacency matriz be d = aq > ag > ... > ay > —d. We say that G is an (n,d, a)-graph if G
has n vertices, G is d-regular, and max{az, |a,|} < a.

In this chapter, we first prove the expander mixing lemma and its converse, providing an approxi-
mate combinatorial characterization of two-sided spectral expanders. Then we discuss the extremal
question of how small « can be. Finally, we investigate the stronger combinatorial and probabilistic
properties that an (n,d,a)-graph has when a = o(d), including small-set vertex expansion and
improved mixing time.
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4.1 Expander Mixing Lemma

A well-known and useful property of two-sided spectral expanders is that they behave like random
d-regular graphs. Consider the number of edges between two subsets S, 7T of vertices.

Definition 4.2 (Induced Edges). Given an undirected graph G = (V,E) and S,T C V, define
E(S,T) = {(u,v) | u € S,v € T,uv € E} to be the set of ordered pairs where uw € S and v € T.

Note that an edge with both endpoints in S N'T is counted twice, as both (u,v) and (v,u) are in
E(S,T).

In a random d-regular graph, one expects about d|S||T’|/n ordered edges from S to T'. The expander
mixing lemma by Alon and Chung [ACSS]| says that, in a two-sided spectral expander, |E(S,T)] is
close to this expected value for all S,T7 C V. This can be interpreted as a pseudorandomness or
discrepancy property of a two-sided spectral expander.

Theorem 4.3 (Expander Mixing Lemma [AC88]). Let G = (V, E) be an (n,d,«)-graph. Then, for
every S, T CV,

. d|S||T
E(s.m)] - B < o157y

Proof. First, write ]E (S,T)| as an algebraic expression. Let xg and x7 be the characteristic vectors
of S and T. Notice that |E(S,T)| = xI Axr, where A is the adjacency matrix of G.

Next, decompose xs and x7 in an eigenbasis to relate \E(S, T)| to the eigenvalues of A. Let
v1,...,Un be an orthonormal basis of eigenvectors of A. Write x5 = > a;v; and x7 = > bjvy,

where a; = (xs,v;) and b; = (x7,v;). Recall that a; = d and v; = 1/y/n, s0 a1 = |S|/+/n and
by = |T|/+/n. Then, by orthonormality of vy, ..., vy,

|E(S,T)| = x{ Axr = (;awi)TA(Zlijj) = Zaiaibi = d|5;l]T| + 20@%@-
i= j= i=

1=

Therefore, by the definition of « and the Cauchy-Schwarz inequality,

_ d|S||T - " -
5.1 - P |57 ot < 3 ol < ol Bl = allxslalr e = oy TSTTT
1=2 1=2
where @ = (ay,...,a,) and b= (b1,...,b,) and ||@]l2 = || xs]|2 and HZ;HQ = [|x7||2- O

See Problem 4.17 for a slightly stronger form of the expander mixing lemma. The same proof
extends to non-regular graphs using the normalized adjacency matrix.

Exercise 4.4 (Expander Mixing Lemma for Non-Regular Graphs). Let G = (V, E) be an undirected
graph with |V | = n. Let A be its normalized adjacency matriz with eigenvalues 1 = oy > ag > -+ >
an > —1 and let a := max{aa, |an|}. Prove that, for every S CV and T C 'V,

|E(S,T)| - W < a/vol(S) - vol(T.

The following is an application of the expander mixing lemma.

Exercise 4.5 (Maximum Independent Set and Chromatic Number of Two-Sided Spectral Ex-
panders). Let G = (V,E) be an (n,d,o)-graph. Show that the size of a mazimum independent
set is at most an/d. Conclude that an (n,d,a)-graph has chromatic number at least d/c.
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4.2 Converse of Expander Mixing Lemma

Interestingly, Bilu and Linial [BL06| proved a converse of the expander mixing lemma, showing that
it comes close to providing a combinatorial characterization of two-sided spectral expanders.

Theorem 4.6 (Converse of Expander Mixing Lemma [BL06]). Let G = (V = [n], E) be a d-regular
graph. Suppose that

—» d|S||T
‘E(,S',T)‘—|ST|LH <AVISI|IT| for all S,T CV with SNT = {. (4.1)
Then all but the largest eigenvalue of A(G) are bounded in absolute value by O(’y(l + log %))

Compared to Cheeger’s inequality in Theorem 2.2, this provides a tighter relationship between the
spectral quantity and the combinatorial discrepancy property, without a square root loss. Combining
Theorem 4.3 and Theorem 4.6, we obtain

d
véaiv(lﬂogf),
gl

where ~y denotes the smallest value satisfying (4.1), and « := max{ag, |ay,|} is the largest non-
trivial eigenvalue of A(G) in absolute value. Thus, « provides a logarithmic approximation to the
combinatorial discrepancy quantity -y, which Bilu and Linial called “jumbleness”.

Bounding Spectral Radius by Rectangular Sums

The proof of Theorem 4.6 relies on the following proposition, which bounds the spectral radius of a
real symmetric matrix (see Definition A.18) by its “rectangular sums”.

Proposition 4.7 (Bounding Spectral Radius by Rectangular Sums [BL06|). Let B be an n xn real
symmetric matriz such that the £1-norm of each row of B is at most d, and all diagonal entries of
B have absolute value O(B(l + log %)) for some 0 < B < d. Suppose that

|x$Bxr|

—==—=—1 < B for all nonempty S,T C [n] with SNT = (. (4.2)
Ixs 2 [Ixr 2

Then the spectral radius of B is O(,B(l + log %))

Recall from the optimization formulation for the spectral radius in Lemma A.19 that

aTBa| Byl
TER™: x£0 x'x z,y€R™: 270, y#0 ”.’EHQHQ”Q’

so the above proposition shows that taking the maximum over disjointly supported characteristic
vectors provides a logarithmic approximation to the spectral radius, and a constant factor approx-
imation when 8 = Q(d).
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Largest Eigenvalue and Bipartite Density

An interesting consequence of this proposition is a logarithmic approximation to the largest eigen-
value of the adjacency matrix in terms of its bipartite density. This follows from the Perron-
Frobenius theorem (Theorem A.20), which implies that the spectral radius of the adjacency matrix
of an undirected graph is equal to its largest eigenvalue.

Corollary 4.8 (Largest Eigenvalue and Bipartite Density). Let G = (V = [n], E) be an undirected
graph with mazimum degree d, and let ay be the largest eigenvalue of its adjacency matriz. Then

p |E(S,T)|
<a; <B(1+1log— h = IS
B<ar S 5( + log B) where 3 @iS’Tgrﬁf}u:{SmT:Q) |S||T|

is called the bipartite density of G.

Note that the bipartite density provides a much better approximation to the largest eigenvalue than
the usual density lower bound in Exercise 1.9. For example, it gives a good approximation to the
largest eigenvalue of a tree.

Proof of Converse of Expander Mixing Lemma

Before proving Proposition 4.7 in the next section, we first show that it implies the converse of the
expander mixing lemma.

Proof of Theorem 4.6. The idea is to apply Proposition 4.7 to the error matrix
B:=A(G) —d- vy,

where v; = 1/y/n is the first eigenvector of A(G). Let the eigenvalues of A(G) be (d, s, ..., ay).
Then the eigenvalues of B are (0, ag, ..., a,), as A(G) and B have the same eigenvectors. Therefore,
bounding maxa<;<p |a;] is equivalent to bounding the spectral radius of B.

Note that the ¢1-norm of each row of B is at most 2d, the diagonal entries have absolute value
at most 1, and the assumptions in (4.1) and (4.2) are equivalent with § = ~. Therefore, apply-
ing Proposition 4.7 gives that the spectral radius of B is O(fy(l + log%)), and this implies that

| S’y(l+log%). O

maXQSign

4.3 Bounding Spectral Radius by Rectangular Sums

The proof of Proposition 4.7 in [BLO6] combines the constraints in (4.2) to establish that

|z Bx|

Tz

d
< 5(1 + log B) for all nonzero x € R". (4.3)
The combination of the constraints is guided by linear programming duality, and as a result the
proof is not quite intuitive and it is not clear how the numbers were chosen.

We provide a different presentation of their proof following Trevisan’s style. We prove the contra-
positive that if (4.3) is violated, then there must be a violating constraint in (4.2). To do so, we use
a simple randomized rounding argument as in the proof of the hard direction of Cheeger’s inequality
in Section 2.3. This argument may clarify how the numbers in the proof are chosen.
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Proof of a Weaker Version

To highlight the main idea, we first prove a weaker version of Proposition 4.7. We then explain the
modifications needed to prove the full statement in the next subsection.

Contrapositive: In this subsection, our goal is to prove the weaker statement that

B
2(logyn+1)8 = Jy,z e {-1,0,1}" with ly_B|

3o € R with L
13 lyll2ll=ll2

Assumption: We assume that ||x|2 = 1 and each nonzero entry of x is a negative power of two.
This is a natural first step to discretize x, and we will justify this assumption in the next subsection.

Notations: Let Sy, := {i € [n] | |z(i)] = 27*} be the set of indices with absolute value 27%  and
let s; := |Sk|. Let x& be the signed pattern of z restricted to S, such that x;(i) = 1 if z(i) = 27F,
xk(i) = —1if #(i) = —27%, and xx(i) = 0 otherwise. Note that z =", 2 Fx;.

Probability Distribution: We sample y and z independently from the same distribution, where
2—k
Prly = xx] = Prlz = xx] = — if Sp #0,

and ¢ =} 4 2 2% is the normalizing constant.

Probabilistic Argument: As in the proof of Cheeger’s inequality, we argue by Lemma 2.6 that
there exist y,z € {—1,0,1}" with

ly'Bz| _ Efly'B2|]
lyllz[lzllz ~ E[llyll2 [Iz]l2]”

and so it remains to compute the expected values separately.

Expected Numerator: By the triangle inequality,

E[‘yTBz” :%:zl:z—k.z L xi Bxi| > ‘(;2—%>TB<§I:2—%>‘ = |z"Bz|. (4.4)

This is the main motivation for defining the probability distribution in this way, so that the expected
numerator can be compared directly to the numerator |z " Bz|.

Expected Denominator: By independence,

E(lyll2 1]2] = ¢ E [llyll2]* (Zakuxku) =Xt vEs 09

We would like to compare this to the denominator
o\ ! 2k
= (22_ Xk) <ZQ_ Xl) = Z 27" 5. (4.6)
k l k
To do so, we split the right-hand side of (4.5) into three terms:

22 kak + Z Z 2_k_l+1\/% + Z Z 2—k—l+1\/@.

k Lk<l<k+logn k LI>k+logn
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Using the AM-GM inequality, the second term is upper bounded by
Z Z o k=l sgrs < Z Z (2*2k3k + 2*2131) < 2logn - Z 27 %g, (4.7)
k Lk<l<k+logn k Lk<i<k+logn k
The third term is upper bounded by

o> arlen Jgs < %Zz—%\@ MovE <Y 2 e <) 27y,
k l k k

k l:l>k+logn

where the second last inequality uses ) ; \/5; < v/ny/>_; 51 < n by Cauchy-Schwarz and ), s; < n.
Combining these inequalities,

A Elllyll2lz]l2) < 2(logn +1)> 2 s, =2(logn+1) - 2" .
k
Conclusion: Therefore, there exist y,z € {—1,0, 1}" such that
vB _ E[B) | B
lyll2llzllz = Efllyll2 - [Iz]l2] ~ 2(logn + 1) - ||z |13

> f.

We would like to reduce the logn factor to log(d/B). Observe that we did not use the assump-
tion about the f1-norm of the rows in this proof. To exploit this assumption, we will modify the
probability distribution used to sample y and z.

Proof of Proposition 4.7

The proof has a similar structure to that in the previous subsection. We explain the modifications
and fill in the missing details here.

Zero Diagonal Entries: We assume that the diagonal entries of B are zero. See Exercise 4.18.
Contrapositive: To prove Proposition 4.7, we prove the contrapositive that
B d
dz € R" with |T| |2x] > ﬁ(logB + 1> =  Jdy,z€{0,1}",(y,z) = 0 with
Tll2

Negative Powers of Two: We rescale = to satisfy ||z||2 = 1. Then, using a simple rounding
argument in Problem 4.19, we construct a vector £ € R" such that each nonzero entry of Z is a
negative power of two and

.
ly' Bz| > 5.
yll2ll 2|2

1Z03 — 4 el

We let z :=  in the following. We use the same notations Sy C [n] and xx € {—1,0,1}" as before.

1z T Bz| . |z Bx|

Probability Distribution: We sample y,z € {—1,0,1}" jointly (not independently), where
(y,2) = (x&, x1) with probability 27%7! /¢ if S, # 0,8, # 0, and |k — 1| < n,

where c is the normalization constant that makes this a probability distribution, and 7 is a parameter
that we will choose to be log(d/3).

This is the main modification, where pairs (xx, x;) with |k —1] > n are not sampled. The motivation
is to avoid the logn loss in the denominator in the previous analysis. However, this will make the
numerator smaller, and the choice of 7 is to balance the numerator and the denominator.
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Expected Numerator:

T T —k—1, T
cE|lyTB:| = Y i Bl 2 e Bel - Y 27y By,
k,l:|kfl\§n kL k—1>n

where the inequality follows from the previous analysis in (4.4). The key observation is that the
second term can be bounded using the £;-norm assumption:

Yoo 2 Bxl= > 2By <271y 27 Y |y By <27 "dZQ 2k g

kl:|k—1|>n ke l:l>k+n k I>k+n

where the first equality uses the symmetry of B, and the last inequality holds as Y, |x, I'Bxi| < d-sp,
which follows from the ¢;-norm assumption. Therefore, by (4.6),

c-E UyTBz” > |z Bx| — 2_"dz2_2ksk = |2 Bz| —27"d -z x.
k

Expected Denominator: Recall that || xx|l2 = v/Sk, so

Ellylz-llzlel= > 27" epsi= Zz S D D eV

k| k—1|<n k Lk<I<k+n

Using the same calculation in (4.7), we obtain that

Efllyllz - 1zl2] <Z2 2’“8k+2nz2 Py = (2n+ 1)z’

Good {—1,0,1}" Vectors: By Lemma 2.6, there exist y,z € {—1,0,1}" such that

ly" Bz| - E [|y"B2|] - 2" Bz|—27"d 2"z |z" Bz 27 3
lyllzllzllz — Efllyllz- zll2] = @n+DaTa 2+ 1)zTe 2m+17~"
—_—

(%) (x)

where the last inequality holds by choosing n = 1 +1log(d//3) and the assumption in the contraposi-
tive. To see how to choose n and set the assumption in the contrapositive, the idea is to ensure that
(x) is 2(B) and (*x) is smaller by a constant factor. Setting n = 1 + log(d/B) ensures that the sec-
ond term is O(8)/(2n+ 1), and setting |2 Bz|/z "z > n- f in the assumption of the contrapositive
ensures that the first term is Q(5).

Good {0,1}" Vectors: Write y =y —y~ and z = 27 — 27, where y*,y~, 27,27 € {0,1}". Let
(7, Z) be one of the four options of (y*, 2%) that maximizes the absolute value of the bilinear form.

Check that
5782 _1 |y B

1Fl2llzllz — 4 [lyllzllzllz”
Disjoint Supports: If supp(y) N supp(z) = 0, we are done. Otherwise, by our construction,
supp(y) = supp(z). Let Y := {i € [n] | y(¢) = 1}. Consider a random partition (S,T") of Y, where
each i € Y is put in S with probability 1/2 and in T otherwise, independently for different vertices.
Use the assumption that the diagonal entries of B are zero to argue that there exists a partition
SUT =Y with
xsBxr| _ 1 |9'Byl
Ixslellxrll2 =2 [lgl5
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Conclusion: The proof of Proposition 4.7 follows by chaining together the inequalities:

xsBxr| o [9"Bg| . |y'Bz| _ |z'BE|-27d-3'F
Ixslallxrlle ~ N19l3 ~ lylallzlle = (@n+1)i'z

z B,

where the last inequality follows from the choice n = 1 + log(d/f) and from

7' B¥ x| Bz
>
1zll3 "~

>ﬂ<logg+1>.

HﬂcHz

Tightness: Bilu and Linial [BLO6| proved that Theorem 4.6 is tight: there are graphs satisfying
the conditions but with spectral radius Q(5(log(d/8) + 1)).

4.4 Graphs with Large Spectral Gap

How large can the spectral gap be? Or, equivalently, how small can « be in an (n,d, «)-graph?

In this section, we present matching lower and upper bounds for this question, and discuss somne
strong properties of graphs with large spectral gap.

Lower Bounds

We begin with a simple trace argument showing that a > v/d for sparse regular graphs.

Claim 4.9 (Easy Lower Bound for «). Let G be an (n,d, «)-graph. Then

a>\f —d

n—l

Proof. Let A be the adjacency matrix of G with eigenvalues d = a1 > ag > ... > o, and |y < «
for 2 <4 < n. Since the trace of a matrix is equal to the sum of its eigenvalues by Fact A.38,

=) ol <d®+ (n— 1)’
i=1

On the other hand, Tr(A?) = nd, as each edge uv contributes a length-two walk from u to u and a
length-two walk from v to v. Combining the two inequalities establishes the claim. O

A higher-order trace argument can be used to prove a lower bound close to 2v/d — 1.

Theorem 4.10 (Trace Lower Bound for «). Let G be an (n,d, a)-graph with d fized. Then

a>2vVd—1-—o0,(1).

Proof. Let A be the adjacency matrix of G with eigenvalues oy > ... > ay,. For any k € N,
Tr(A%) = Z a2k < @2 4 (n — 1)a?t.
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On the other hand, recall from Lemma 1.5 that Tr(A2?¥) is equal to the number of length-2k closed
walks in G. For each vertex v, the number of length-2k walks from v to v is at least the number
of such walks in an infinite d-regular tree. In an infinite d-regular tree, the number of such walks
is at least Cj, - (d — 1)¥, where C}, is the k-th Catalan number. This is because each such walk has
k forward steps and k backward steps, where every prefix of a walk has at least as many forward
steps as backward steps, and there are at least d — 1 options for each forward step. Thus,

Tr(A%) > n - Cp - (d— 1)F = k11<2:)(d—1)’“.

Combining the inequalities and using Stirling’s approximation (%f) ~ 4% /\/Tk,

2k k 2k
o 1 <2k>(d_1)k_d>4(d DL

@ “k+1\k n 2(k + )% n

Therefore, by choosing k < logn/logd so that d?* /n < 1, while letting k go to infinity as n grows,

a>Z‘d—gll_ona)zz\/dﬁ(l_o(l‘;fk))—on(1>z2\/df1—0n<1>’
(2(k +1)2) %

% _ eXp( log 245 21};)g(k+1)) —1_ O(lol‘%k). 0

where the second inequality follows from (2(k+ 1)%)

The following well-known result by Alon and Boppana provides a tight lower bound on the second
eigenvalue of the adjacency matrix of a d-regular graph.

Theorem 4.11 (Alon-Boppana Bound [Nil91]). Let G = (V, E) be a d-regular graph and as be the

second largest eigenvalue of its adjacency matriz. Then

2\/ -1 -
o2 = 2Vd Ldlag(G)/2J

where diag(G) denotes the diameter of the graph G.

The theorem implies that if we have an infinite family of d-regular graphs whose second eigenvalues
are at most apg, then ag > 24/d — 1 as the diameter grows to infinity with the graph size.

The proof is by constructing a vector x L 1 with Rayleigh quotient 2" Az/x"2z ~ 2¢/d —1. The
vector x is similar to the first eigenvector of a d-regular tree (see Problem 1.22). We will not prove
Theorem 4.11 and refer readers to [HLWO06, Section 5.2] or Trevisan’s exposition [Trel4].

Upper Bounds

A major discovery is that graphs with o < 2+/d — 1 exist.

Theorem 4.12 (Lubotzky, Phillips, Sarnak [LPS88|, Margulis [Mar88|). For every prime p and
every positive integer k, there exist infinitely many (n, d, &)-graphs with o < 2+/d — 1 and d = p*+1.

The graphs constructed in [LPS88| are the Cayley graphs of certain groups. The proof relies on some
deep results in number theory, specifically on proven cases of conjectures by Ramanujan, which are
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well beyond the scope of this course. That is the reason why these graphs are called “Ramanujan
graphs”.

This naturally leads to the question of whether there are combinatorial or probabilistic constructions
of Ramanujan graphs. The simplest probabilistic construction is to generate a random d-regular
graph. A famous result by Friedman shows that most d-regular graphs are nearly-Ramanujan.

Theorem 4.13 (Friedman [Fri08]). Let G be a random d-regular graph on n wvertices where d is
fized, and let o := max{ag, |a|} where ag and oy, are the second largest and smallest eigenvalues
of the adjacency matriz of G. Then, for every e > 0,

Pr(a<2vVd—1+¢) =1—-o0,(1).

It has been a long-standing open question whether most d-regular graphs are Ramanujan. Recent
progress has significantly advanced our understanding of this problem, including simpler proofs,
new approaches, and sharper bounds. A remarkable recent paper by Huang, McKenzie, and
Yau [HMY?24| proves that a random d-regular graph is Ramanujan with probability approximately
69%. The proofs of these results are also well beyond the scope of this course.

It is still an open problem to design deterministic combinatorial constructions of Ramanujan
graphs, although there have been breakthroughs in such constructions for bipartite Ramanujan
graphs [MSS15, MSS18| using the method of interlacing polynomials.

Properties

What additional properties do Ramanujan graphs possess that typical expander graphs do not?
Typical d-regular expander graphs G = ([n], E)) satisfy the following properties:

1. Algebraic: A2(L£(G)) 2 1, where £ is the normalized Laplacian matrix;
2. Combinatorial: ¢(G) 2 1, where ¢(G) is the edge conductance of Gj

3. Probabilistic: 7(G) < logn, where 7(G) is the mixing time of lazy random walks on G.

Note that the mixing time bound is optimal when d is a constant, as the graph has diameter
Q(logn), but it does not improve even when d is large.

Definition 4.14 (Graphs with Large Spectral Gap). We say an (n,d, a)-graph G has a large spectral
gap if a = O(d'=°) for some constant 0 < ¢ < 1/2, and say that G is near-Ramanugjan if c = 1/2.

For near-Ramanujan graphs, the lower bound on edge conductance is (1 — O(%)) This is only

slightly stronger than that of typical expander graphs, and does not quantify the additional expan-
sion properties that near-Ramanujan graphs possess. The right combinatorial parameter to measure
the additional expansion properties of near-Ramanujan graphs is the small-set vertex expansion.

A d-regular graph G = ([n], F) with a large spectral gap satisfies the following properties:

1. Algebraic: A2(L£(G)) > 1 —O(d™°¢), where £ is the normalized Laplacian matrix;
2. Combinatorial: ¥(S) = d2¢ if |S| < n/d%, where 1(S) is the vertex expansion of a set S;

3. Probabilistic: 7(G) < logn/logd¢, where 7(G) is the mixing time of random walks on G.
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These are significant upgrades over the combinatorial and probabilistic properties of typical expander
graphs: The second property implies that a near-Ramanujan graph has near-perfect small-set vertex
expansion. The third property implies that a graph with a large spectral gap has constant mixing
time when d = n° for some constant ¢ > 0. We will explore these in the next sections.

4.5 Small-Set Vertex Expansion

For an (n, d, a)-graph, Tanner’s theorem shows that sets of size up to a?n/d? have vertex expansion
Q(d?/a?). Note that the bound becomes interesting when o < d. In the extreme case of a near-
Ramanujan graph, sets of size up to Q(n/d) have near-perfect vertex expansion of Q(d).

Theorem 4.15 (Tanner’s Theorem). Let G = (V, E) be an (n,d,a)-graph. For any 0 < § < 1/2
and any subset S CV with |S| = én,

W(S) > <5+ ‘C’g)_l —1.

Proof. The idea is to consider the quantity || Axg |3, where A is the adjacency matrix and yg is the
characteristic vector of S C V. This quantity is bounded in two ways. For the lower bound, we show
that if the closed vertex boundary [0[S]| is small, then ||Axs||3 is large, where [S] := 9(S) U S.
For the upper bound, we use the spectral property that || Az||3 < o?| |3 for = L 1.

For a vertex v € V, let degg(v) := [{u € S | uv € E}| be the number of neighbors of v in S. Then

= Y degg(v s (Bueors degs(v)®  (dls))’

veV v€eI(S]

where the inequality follows from Cauchy-Schwarz. This proves the lower bound.

For the upper bound, write xs = > ;- ; ¢;v; as a linear combination of the orthonormal eigenvectors
of A, with v1 = 1/y/n and ¢1 = (xs,v1) = |S|/v/n. Then

lAxs3 = HZcz-am Z 202 < EI8C L 2106l = 2618 + a2/,
i=1
Combining the inequalities yields
[9)| d? o\ !
¥(S) + S| 2 Pt a2 +

For Ramanujan graphs, Tanner’s theorem shows that sets of size up to n/(Cd) for a large constant
C have vertex expansion close to d/4.

Kahale [Kah95] improved Tanner’s theorem and showed that small linear-sized subsets in Ramanu-
jan graphs have vertex expansion close to d/2. The same paper provided an example where
a < 2¢/d—1+ o(1), but the graph has a small set with vertex expansion at most d/2, proving
that the d/2 bound is tight.

For some applications in constructing error-correcting codes, graphs with small-set vertex expansion
strictly greater than d/2 are required. We will revisit this question in the next chapter.
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4.6 Random Walks on Expander Graphs

Random walks on expander graphs behave like independent random samples in two important ways:
they converge quickly to the uniform distribution, and their trajectory satisfies strong concentration
properties.

Mixing Time

We usually consider random walks on (n,d, a)-graphs when d = O(1). In this regime, as shown
in Theorem 3.15, random walks converge to the uniform distribution in O(logn) steps as long as
a < (1—e€)d for some constant € > 0. This bound is optimal because a d-regular graph with d = ©(1)
has diameter Q(logn), so even if the graph is Ramanujan the mixing time remains Q(logn).

Now, consider the regime when d = n¢ for some constant € > 0, so that the diameter of the graph
could be a constant. For typical expander graphs with a = ©(d), there still exist (n,d, a)-graphs
that have mixing time Q(logn). In contrast, for graphs with a large spectral gap, where a = O(d'~¢)
for some constant ¢ > 0, every (n,d, a)-graph has constant mixing time.

The verification of these claims is left to Problem 4.23. This demonstrates that graphs with large
spectral gaps, as defined in Definition 4.14, exhibit significantly stronger randomness properties
compared to typical expander graphs.

Concentration Property

Interestingly, random walks on expander graphs not only provide strong randomness properties for
the final vertex in the walk, but also for the sequence of vertices traversed during the walk. In some
applications, the sequence of vertices in a walk can effectively replace a sequence of independent
uniform random variables.

The following result is not presented in its most general form, but will suffice for the application
of probability amplification that we will see in Chapter 6. For more general statements, the reader
is referred to [HLW06, Vad12|. To develop intuition, it is useful to compare the probability bound
stated below with the corresponding bound when each X; is an independent uniform random sample.

Theorem 4.16 (Concentration Property of Random Walks on Two-Sided Spectral Expanders).
Let G = (V,E) be an (n,d,a)-graph with o < d/10. Let B C V with |B| < 155|V|. Let Xq be a
uniform random vertex, and let X1, ..., X; be the vertices produced by t steps of a random walk. Let
S={ie{l,...,t}| X; € B} be the set of times when the random walk is in B. Then,

n(i1)s(3)"

Proof. We first set up the matrix formulation of the problem. The initial distribution of Xy is
Do = T/n Let Ip be the diagonal matrix with a 1 in the i-th diagonal entry if ¢ € B and zero
otherwise, and similarly define I for B =V — B. For a probability vector p, Ip - p restricts § to
B. The probability that the random walk is in B precisely at the times in .S is

ps = TT(IZtA)(IZt—I‘A)(IZt—2A) e (IZQ‘A)(IZI‘A)ﬁO’

where Z; = B if i € S and Z; = B otherwise, and A is the normalized adjacency matrix (the
transition matrix of the random walk).
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We will prove that pg < (%)|S| for every fixed S C {1,...,t}. The theorem then follows by a union
bound as
i+1 41 t+1
1\ 2 1\ 2 2
S| > E < E < E: - < ot+1( = _ [~ .
<| | ) " < > - <5> -0 V5
S:|S|>t/2 S:|S|>t/2 S:|S|>t/2

To prove pg < (%)|S|, we use the operator norm ||-||op; see Definition A.22. Note that ||Ip|lop =
[ 15 lop = [|A]lop = 1. We will prove || IpA|lop < &, which implies pg < (%)|S| as follows:

ps=1"(Iz,A)...(IzA)p

<12 - |(Iz,A) ... (Iz, A)po ]|, (Cauchy-Schwarz)
< |12 - H (Iz,A)...(Iz,A Hop | Do |2 (operator norm in Definition A.22)
t
< |72 - <HHIZ¢‘A||OP> |0 1]2 (multiplicative property in Fact A.24)
ISl 1
<ITl- (3) - Iaoll (from || T5Aop < & and || IpAop < 1)
()" (since || T}z = vt and o2 = —=)
=lz) - since =+/n an =——
5 2 Poll2 NG
It remains to prove that ||IpAlop < &, which is equivalent to proving that [|IpAz|3 < 5| z|3
for any nonzero vector x. Write x = cjv1 + ... 4+ ¢pv,, Where vy,...,v, are the orthonormal

eigenvectors of A with eigenvalues 1 = a3 > ... > «a,, > —1. Since G is an (n, d, «)-graph, we have
maxa<i<n{|a;|} < a/d. It is then natural to decompose || IpAz||3 into two terms:

n
IB E C; O V;

i=1

2 2

n
IB E C; ;U5

1=2

I IpAz |2 = || IpA(civr + ... + cpvp)|3 =

< 2”[301041?)1 H% + 2‘

2 2

Using ¢; = (x,v1) = (x %) = ﬁ Y oiq (i) and |B| < 155, the first term is

1 n 2 n . 2 2 1
7(2 )131 = 9|B| 2im 2" 2|B| - Illz =z |3,
n n 50

i1 2

2| Inerono 2 =

where the first inequality is by Cauchy—Schwarz. Using a/d < 1/10, the second term is

n 2 n
2‘ IB;;WM < 20all,- ;Ciam _2Zc2a2 <2(9 ) Zc <2( ) |z |l3 < 50\\3:\\2,
Adding the two terms gives || IpAz||3 < 25”1‘”%, and hence [[IpA|op < % O

4.7 Problems

Problem 4.17 (Tighter Expander Mixing Lemma). Let G = (V, E) be an (n,d,«)-graph. Prove
that, for every SCV and T CV,

|E(S,T)| - d'*im‘ < a\/|5|Ty(1 - ynsy) (1 - @).

n

Obtain the corresponding improvement in the non-reqular case.
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Exercise 4.18 (Zero Diagonal Entries). Argue that if Proposition 4.7 is true for matrices with zero
diagonal entries, then Proposition 4.7 is true.

Problem 4.19 (Powers of Two). Show that given any v € R™ with ||z|2 = 1, there is a vector
Z € R™ such that each nonzero entry of @ is of the form +27% for some integer k, and
Z"Bz| _ 1 |2" Bz
~ 12 Z -5 2
lzlz — 4 [zl

Hint: Design a rounding such that E[Z(i)] = x(7) and |Z(i)| < 2|x(i)|, and use the assumption that
the diagonal entries of B are zero to argue that E [QETB:%} =z Bx.

Problem 4.20 (Edge Conductance from Expander Mixing Lemma). Let G = (V, E) be an undi-
rected graph, and let A be its normalized adjacency matriz with eigenvalues 1 = a1 > ag > -+ >
an > —1. Let a := max{ag, |ay|}. Use the non-reqular expander mizing lemma in FEzercise J.J to
prove that

¢(G) 2

— Q.

N | =

Problem 4.21 (Small-Set Vertex Expansion from Expander Mixing Lemma). Use the expander
mizing lemma in Theorem /.3 to prove that an (n,d, a)-graph with a large spectral gap (as defined
in Definition 4.14) has good small-set vertez expansion. Compare the bound you obtain to Tanner’s
bound in Theorem 4.15.

Problem 4.22 (Diameter Bound from Expander Mixing Lemma). Let G = (V, E) be an (n,d, o)-
graph with o < d. Use the expander mizing lemma in Theorem 4.5 to prove that

. logn
< ot
dlam(G) S log( / )

Problem 4.23 (Mixing Time of Graphs with Large Spectral Gap). Let G be an (n,d, «)-graph with
d = n for some constant € > 0.

(a) Give an example with o = ¢ - d for some constant 0 < ¢ < 1 and mizing time Q(logn).
(b) Show that the mizing time is O(1) when o = d'=¢ for a constant 0 < ¢ < 1/2.

Problem 4.24 (Two-Sided Probability Bound of Expander Walks [AB09, Exercise 22.2|). Let
G = (V,E) be an (n,d,a)-graph. Let B C'V with |B| = dn, where § > 2a/d. Let Xo be a uniform

random vertex, and let X1, ..., X be the vertices produced by t steps of a random walk on G. Prove
that 200\ t+1 20\ t+1
(5—70‘) <Pr[X;€B forall0<i<t] < (5+§) .
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Chapter 5

Expander Graphs: Constructions

In this chapter, we explore several constructions of expander graphs. We begin with a discussion
of probabilistic and algebraic constructions, then analyze the zig-zag product, a combinatorial con-
struction, and conclude with an overview of other combinatorial constructions. The content of this
chapter is mostly based on [HLWO06].

5.1 Probabilistic Constructions

Constructing expander graphs is generally considered a challenging task. Ironically, almost all
d-regular graphs are expander graphs, and even near-Ramanujan graphs!

For the combinatorial perspective, the probabilistic method can be used to prove that a random
d-regular graph has constant edge conductance with probability tending to 1 as the graph size goes
to infinity. Furthermore, it can be proved the vertex expansion of linear-sized subsets is close to
d — 2 [HLWO06, Section 4.6], which goes beyond the d/2 bound achieved by Ramanujan graphs.

For the spectral perspective, as discussed in Section 4.4, Friedman [Fri08] proved that almost all d-
regular graphs are near-Ramanujan. Moreover, the recent breakthrough work by Huang, McKenzie,
and Yau [HMY24| proved that a random d-regular graph is Ramanujan with probability approxi-
mately 69%.

For applications such as designing randomized algorithms, such randomized constructions can be
used directly.

Generating Random d-Regular Graphs

A technical question is how to generate a random d-regular graph.

The configuration model is a commonly used method for constructing random graphs with a specified
degree sequence. It creates “half-edges” for each vertex according to its degree, and then randomly
pairs these half-edges to form edges. The resulting graph may have self-loops or parallel edges, but
conditioned on being simple, its distribution is uniform over all simple graphs with the prescribed
degree sequence.

In the permutation model, a 2d-regular graph on n vertices is generated by independently choosing
d random permutations 71, ..., on [n] and adding an edge (v, m;(v)) for each v € [n] and i € [d].
This does not yield the uniform distribution on simple 2d-regular graphs, but for fixed d > 2, a
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sequence of events has probability 1 — o(1) under the permutation model conditioned on being
simple if and only if it has probability 1 — o(1) under the uniform distribution on simple 2d-regular
graphs |GJKWO02].

For fast algorithms for sampling random regular graphs, we refer the reader to [GW17].

5.2 Algebraic Constructions

For applications such as derandomization, probabilistic constructions cannot be used directly. More-
over, in some applications, we cannot afford to generate the whole graph and need to explore the
graph locally. Algebraic constructions are deterministic and explicit, allowing efficient computation
of the neighbors for any vertex.

The first explicit construction of expanders is due to Margulis, a family of 8-regular graphs G, for
every positive integer m. The vertex set is V},, = Zy, X Zy,. The neighbors of the vertex (z,y) are

(fc+y,y),(w—y,y),(:E,y—l—z),(:v,y—ﬂc),(x+y+1,y),(x—y—1,y),(:v,y~l—.7c—|—l),(a:,y—:v—1),

where all operations are modulo m. We recommend the proof by Lee in [Trel7, Chapter 19].

Another interesting construction is a family of 3-regular graphs on p vertices, for every prime p.
The vertex set is Zp, and a vertex x is connected to x + 1, z — 1 and to its multiplicative inverse
2~! modulo p. The proof relies on a deep result in number theory.

The constructions of Ramanujan graphs by Lubotzky, Phillips, Sarnak [LLPS88] and Margulis [Mar8§]
are Cayley graphs of certain groups. We refer the reader to [HLWO06] for the construction and for
an exposition of Cayley expander graphs.

5.3 Combinatorial Constructions

Developing more elementary constructions and analyses of expander graphs remains an area of great
interest. The general approach in combinatorial constructions is to build larger expander graphs
from smaller ones. It turns out that this approach has significant applications in algorithms and
complexity, as we will see in the next chapter.

Replacement Products

The replacement product is perhaps the most natural product to begin with. The base case could
simply be a constant-size complete graph. Let G be an (n,k,e1k)-graph and H be a (k,d, e2d)-
graph. A replacement product of G and H is to replace each vertex v in G with a copy of H, so
that each edge incident on v connects to a different vertex of H; see Figure 5.1.

Definition 5.1 (Replacement Product). Let G be a k-regular graph on n vertices and H be a d-
reqular graph on k wvertices. The replacement product G(x)H 1is a graph whose vertex set is the
Cartesian product [n] x [k] of the vertex sets of G and H. Two vertices (u,i) and (v,j) have an
edge if and only if:

1. u=vandij € E(H), or

2. wv € E(G), v is the i-th neighbor of u in G, and w 1is the j-th neighbor of v in G.
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Figure 5.1: The replacement product G () H.

Intuitively, G () H is a combinatorial expander if G and H are combinatorial expanders. Consider
aset S CV(GQ@)H). If S has either a large or small intersection with every “cloud” (copy of H),
then S should have large expansion due to the large expansion of G, as S essentially corresponds to
a subset of vertices in G. If S has medium intersections with many clouds, then S should have large
expansion because H has large expansion, and there are many crossing edges within these clouds.
See Problem 5.15 for a combinatorial analysis that makes this intuition precise.

The spectral approach, which we will see shortly, can be thought of as a linear algebraic way to
formalize this idea efficiently in a more general setting.

Zig-Zag Product

The actual construction by Reingold, Vadhan and Wigderson [RVWO02] that we will analyze is
slightly more complex.

Definition 5.2 (Zig-Zag Product). Let G be a k-reqular graph on n vertices and H be a d-reqular
graph on k vertices. Fiz a replacement product G (x)H. The zig-zag product G (z) H s a graph whose
vertex set is [n] x [k]. Two vertices (u,i) and (v, j) are connected by an edge if and only if u # v and
there exist a,b € [k] such that (u,i)—(u,a), (u,a)-(v,b), and (v,b)—(v,j) are all edges in G@)H,
where (u,a)—(v,b) is the unique edge incident on (u,a) that leaves the cloud of .

In words, each edge in the zig-zag product G'(z) H corresponds to a length-three walk in the re-
placement product G (r) H, where the first step is within a cloud, the second step is the unique way
to leave the cloud, and the third step is within the new cloud; see Figure 5.2.

The intuition that the zig-zag product is a spectral expander comes from random walks. Each edge
in G (@) H corresponds to a random step in H, a deterministic step in G, and another random step
in H. We should think of the first two steps as going to a random neighboring cloud, and the third
step as moving to a random neighbor within that cloud. Since both G and H are spectral expanders
with fast mixing properties, after a few steps the walk loses information about both the cloud and
the location within the cloud. Thus, G (z2)H inherits the fast mixing property and is a spectral
expander.
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(1,1) (3,2)

Figure 5.2: The zig-zag product G (2) H.

Theorem 5.3 (Zig-Zag Theorem |[RVWO02|). Let G be an (n,k,ei1k)-graph and H be a (k,d, ead)-
graph. Then G @) H is an (nk,d?, (€1 + €2 + €3)d?)-graph.

We will prove the theorem in the next subsection. First, let us see how the zig-zag product can be
used to construct larger and larger constant-degree expander graphs. The idea is to combine it with
the following standard operation that increases the spectral gap.

Definition 5.4 (Graph Power). Let G be a graph with adjacency matriz A. The k-th power G* is
the graph with the same vertez set as G and adjacency matriz A"

In words, the number of parallel edges between v and v in G¥ is equal to the number of length-k
walks between u and v in G. Note that while the spectral gap of G¥ improves significantly, its
degree also increases significantly.

Exercise 5.5 (Spectral Gap of Power). If G is an (n, d, ed)-graph, then G* is an (n, d*, *d*)-graph.

The idea of the combinatorial construction is to use graph power to increase the spectral gap, and
then use the zig-zag product to reduce the degree without significantly reducing the spectral gap.

Theorem 5.6 (Expanders from Zig-Zag Product). For every sufficiently large constant d, there
exists an infinite family of (n,d?, d*/4)-graphs.

Proof. Let H be a (d*,d,d/16)-graph. Its existence can be shown using a probabilistic argument
when d is sufficiently large, and it can be found via exhaustive search in constant time.

Using H as the building block, define G; inductively by G1 = H? and G411 = G? (%) H. We claim
that G; is a (d*, d?, d?/4)-graph for all i > 1. The base case follows from Exercise 5.5. Assuming
that G; is a (d%, d?, d?/4)-graph, then G? is a (d*,d?*, d*/16)-graph by Exercise 5.5, and G?(2) H is
a (d*+1) 42 d%/4)-graph by Theorem 5.3. O
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Proof of the Zig-Zag Theorem

It is straightforward to check that G (z) H has nk vertices and is d*regular. We bound the spectral
gap of G(z)H.

Matrix Formulation: The first step is to write down the walk matrix Z of the zig-zag product
G@H. Let W(H) be the k x k walk matrix of H, which is simply JA(H) where A(H) is the
adjacency matrix of H. Let W be the nk x nk matrix with n copies of W(H) on the diagonal.
This represents the transition matrix for one step of the random walk within the clouds in G'(2) H.
The steps between clouds are deterministic: the walk moves from a vertex (u,?) to a unique vertex
(v,7) with v # u. The transition matrix for this deterministic step is thus a permutation matrix P,
where P, ;) (v;) = 1 for each inter-cloud edge and zero otherwise. It follows from the definition of
the zig-zag product that
Z =WPW.

Thus, the random walk matrix of G (z) H has a very clean form, which is likely the reason for defining

the zig-zag product in this way.

The graph G'(z)H is regular, so T,k is an eigenvector of Z with eigenvalue 1. To prove the zig-zag
theorem, it suffices to show that for all f 1 1,, the Rayleigh quotient satisfies

/T2 f|
17113

This implies that all eigenvalues of Z other than the largest one have absolute value at most
€1 + €2 + €3, and hence all eigenvalues of A(G (z) H) other than the largest one have absolute value
at most (€1 + ez + €3)d>.

<€+ €+ €5

Rz(f) =

Vector Decomposition: For any f L 1,, we decompose f into two vectors so that we can apply
the spectral properties of G and H. This step demonstrates the power of linear algebra: in the
larger domain R™ there is a natural way to decompose a vector. In contrast, in the combinatorial
setting, it is unclear how to decompose a set of vertices in G'(z) H into subsets of G and H to use
their expansion properties, as discussed earlier.

Define fg as the average of f on each cloud, so that fg(u,i) = %Z;‘f:l f(u,7) for all (u,i) €
V(G (@) H). Thus, two vertices in the same cloud have the same value in fg. Define fg = f — fa.
Note that fr sums to zero in each cloud, i.e., Z;?:l fr(u,j) =0 for each u € G. Using the triangle
inequality,

fTZf| = |fTWPWf| = |(fa + fu) " WPW (fa + fu)|
< |fEWPW fa| + 2| fGWPW fu| + | f5WPW ful.

Since W(H) - I, = 1), as H is regular, it follows that W fo = fc, as vertices in the same cloud have
the same value in fg. Thus,

\FTZf| <|fGPfal + 21 & PW ful + | fEWPW ful.

We will use the spectral properties of G and H to establish:
L. |f(—|;—PfG’ < e fel? (Claim 5.9),

69



Algorithmic Spectral Graph Theory

2. |fEWPW fi| < & fx)% (Claim 5.7),

3. 2lfLPW fu| < 26 fell2ll frr |2 (Claim 5.8).

Assuming these claims and using || f[|3 = || fa |3 + || fu |3, it follows that

fTZf < eallfoll?+2el fellal frll2 + 3l fu I3
< allfald+e(lfell3 + I fall3) + el full3
< (a+e+e)fl3

This completes the proof of Theorem 5.3, leaving the three claims to be proven. See Problem 6.9
for a sharper analysis.

Spectral Bounds: The following claim uses the spectral property of H and the fact that fz sums
to zero in each cloud.

Claim 5.7 (Quadratic Term of H). |ffWPW fy| < €2|| fu||3.

Proof. First, we claim that |[W(H) - z|2 < e x|z for any = L T;. To see this, let z = Zle Civ;,
where vy, ..., vy is an orthonormal basis of eigenvectors of W (H) with eigenvalues ay, ..., ax. Note
that ¢y =0, as v; = 1/\/% and = L 1. Since H is a (k, d, e2d)-graph, a? < €2 for 2 < i < k. Thus,

k

§ GV

=2

2

2 k

k
=Y ol <) < el
2 =2 i=2

2

I ) ol = |- (Zﬁ;)

This implies that ||[W full2 < € full2, as the sum of the entries in each cloud is zero in fg.
Therefore,

[faWPW fr| < W fullz - |1 PW fullz = IW fu 3 < &l full3,

where the inequality is by Cauchy-Schwarz and the equality holds because P is a permutation
matrix. O

The second claim is straightforward.

Claim 5.8 (Cross Term). |fl PW fr| < e fall2|| full2-

Proof. By Cauchy-Schwarz and the bound |W fx||2 < €2 fx||2 established in Claim 5.7,
[fe PW ful < |l fallz - 1PW frlla = | foll2 - W full < el fa ]l fr ] O

The final claim uses the spectral property of G and the fact that f L 1,y.

Claim 5.9 (Quadratic Term of G). |fiPfc| < el fall3.

Proof. The main point is that fg Pfq is equal to a corresponding quadratic form of the walk
matrix of G. To see this, we “contract” each cloud to a single vertex. Define g : V(G) — R by
g(v) = Vk - fg(v,1), so that || g||3 = || fe||3. We claim that flPfq = ¢"W(G)g, where W(G) is
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the random walk matrix of G. This is because each inter-cloud edge (u,7)—(v, j) in the replacement
product contributes fe(u,i) - fa(v,j) to f& Pfq, while the corresponding edge uv € G contributes

g(u) - W(G)uw - 9(v) = VEfa(u,1) - % Vkfa(v,1) = falu.i) - fo(v, )

to g' W(G)g. Since f L Lk, it follows that fo L 1,5 and thus g L 1,,. Therefore,

ePel _ lg"W(Ggl _
I fell3 gl =7

where the inequality holds because G is an (n, k, €1k)-graph. O

This concludes the proof of Theorem 5.3. The idea of decomposing a vector into different components
is useful in many proofs. We will use it again when we study high-dimensional expanders.

Remark 5.10. It remains an open question whether a variant of the zig-zag product can be used
to construct near-Ramanujan graphs. See Problem 5.13 for a related problem, and [CCM2]] for a
negative answer to this question for the specific zig-zag product in Definition 5.2.

Lifts of Graphs

Another combinatorial approach to constructing expanders, first proposed by Friedman, is to “lift”
a smaller Ramanujan graph into a larger one. A k-lift H of an (n,d, a)-graph G is a d-regular graph
on nk vertices, where each vertex u of G is replaced by k vertices wq,...,u; in H, and each edge
uv € G is replaced by a perfect matching between {uy,...,ux} and {v1,..., v} in H.

A useful way to analyze lifts is to distinguish between old and new eigenvalues (see Problem 5.16).
The old eigenvalues are inherited from the base graph G, so the main problem is to control the new
eigenvalues introduced by the lift. Friedman’s conjecture states that, for a fixed base graph G, the
new eigenvalues of a random lift should be bounded in absolute value by the spectral radius of the
“universal cover” of G, up to an o(1) term. For a d-regular base graph, this target is 2v/d — 1+ 0(1).

There are several results on random k-lifts. A strong result by Puder [Pudl5| proves that a random
k-lift of a Ramanujan graph has all new eigenvalues with absolute value at most 2v/d — 1 4 1, with
probability tending to 1 as k — oo.

Bilu and Linial [BLO06] studied 2-lifts. They used the converse of the expander mixing lemma from
Theorem 4.6 and a derandomized version of the probabilistic method to construct an infinite family
of (n, d,0(y/dlog? d))—graphs. This line of work was strengthened by Mohanty, O’Donnell, and
Paredes [MOP22|, who used repeated random 2-lifts and derandomization to construct d-regular
graphs whose nontrivial eigenvalues have absolute value at most 2v/d — 1 + ¢, for every constant d
and every ¢ > 0.

Marcus, Spielman, and Srivastava [MSS15] developed an original approach using interlacing polyno-
mials to prove that every bipartite Ramanujan graph has a 2-lift that is also bipartite Ramanujan,
i.e., all its nontrivial eigenvalues have absolute value at most 2v/d — 1. This was later generalized
by Hall, Puder, and Sawin [HPS18|, who proved that for every r, every bipartite Ramanujan graph
has an r-lift that is again bipartite Ramanujan.
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Lossless Expanders

A graph is called a lossless expander if every sufficiently small linear-sized subset has vertex expan-
sion close to d. These graphs have applications in constructing error correcting codes, as we will
see in the next chapter.

As discussed previously, a random d-regular graph has small-set vertex expansion close to d — 2,
while there are Ramanujan graphs with small-set vertex expansion at most d/2. This d/2 barrier is a
limitation of the spectral method. It was a major open problem to design deterministic constructions
of two-sided lossless expanders matching the strong small-set vertex expansion property of random
graphs.

Capalbo, Reingold, Vadhan, and Wigderson [CRVWO02| constructed one-sided bipartite lossless
expanders using an intricate zig-zag product on “conductors” (a randomness-enhancing object); see
also [HLWO06, Chapter 10]. Recently, Golowich [Gol24] and independently Cohen, Roth, and Ta-
Shma [CRTS23] gave simpler and improved constructions of one-sided bipartite lossless expanders
by composing a small lossless expander with a large two-sided bipartite spectral expander.

A series of recent works has made significant progress on the two-sided problem. These new con-
structions are based on ideas from high-dimensional expanders. Hsieh, Lin, Mohanty, O’Donnell,
and Zhang [HLMOZ25] constructed explicit two-sided vertex expanders beyond the spectral barrier
of d/2, with small-set vertex expansion at least (3/5 — 04(1))d. Most recently, Hsieh, Lubotzky,
Mohanty, Reiner, and Zhang [HLMRZ25| constructed explicit constant-degree lossless vertex ex-
panders: for every ¢ > 0 and all sufficiently large d, every sufficiently small linear-sized subset S
satisfies |0(S)| > (1 — €)d|S|.

5.4 Problems

Problem 5.11 (Probabilistic Construction of Lossless Expanders). Fiz a constant 0 < € < 1 and
an integer d > 2/e. Let m = Cdn, where C is a sufficiently large constant depending on d and e.
Let G = (L, R, E) be a random left d-reqular bipartite graph with |L| = n and |R| = m, where each
vertex in L chooses a uniformly random d-subset of R, independently for different vertices.
Prove that there is a constant a > 0 such that, with high probability as n — oo, every subset S C L
with | S| < an satisfies

IT(S)] = (1 —€)d|S].
Hint: Use a union bound over the choices of S and over possible small sets containing T'(S).
Problem 5.12 (Polarity Graphs of Projective Spaces [AK97]|). Let q be a prime power and let
t>2. Let V := {span(z) : z € F;*1\ {0}}, where span(z) = {cz : ¢ € Fy} is the one-dimensional
subspace generated by x. Equivalently, two nonzero vectors represent the same vertex if they differ
by a nonzero scalar. Define a graph G(t,q) on V by putting an edge between two vertices span(x)
and span(y) if and only if (x,y) = 0. This condition is well-defined, since multiplying = or y by a
nonzero scalar does not change whether (x,y) is zero. In this problem, loops are allowed, and a loop
contributes 1 to the corresponding diagonal entry of the adjacency matriz and 1 to the degree.

Prove that G(tv q) is an (nv d, )\)-graph with
n=(¢"=1)/(g—1), d=(¢'—1)/(g—1), and \=q" D/

Conclude that, for fized t and ¢ — oo, the graph has d = (1 + o(1))n' =/t and X = (14 o(1))Vd.
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t—1

Hint: Show that any two distinct vertices have a = (¢"— —1)/(q¢ — 1) common neighbors.

Problem 5.13 (Zig-Zag Product with a Ramanujan Building Block). Use a small Ramanujan
graph as a building block, together with graph powers and zig-zag products, to construct an infinite
family of (n,d, O(d®*))-graphs.

Problem 5.14 (Balanced Replacement Product [AB09, Lemma 21.18]). The balanced replacement
product is defined in the same way as the replacement product in Definition 5.1, except that we add
d parallel edges for each edge of type (2), rather than a single edge as in Definition 5.1.

Prove that if G is an (n,k,(1 — €)k)-graph and H is a (k,d,(1 — 6)d)-graph, then the balanced
replacement product of G and H is an (nk,2d, (1 — €52/24)2d)-graph.

Problem 5.15 (Combinatorial Proof of Balanced Replacement Product [AB09, Exercise 21.24]).
Provide a combinatorial proof that if G is a k-regular graph on n vertices with edge conductance at
least € and H 1is a d-regular graph on k vertices with edge conductance at least &, then the balanced
replacement product of G and H has edge conductance at least €26/1000.

Hint: Consider a subset S in the balanced replacement product of G and H and its intersection with
each cloud. Treat separately the clouds that have a (1 — €/10)-fraction of vertices in S and those
that do not. For the former case, use the edge conductance of G, while for the latter, use the edge
conductance of H to lower bound the edge conductance of S.

Problem 5.16 (Spectrum of 2-Lifts [BL06|). Let G = ([n], E) be an undirected graph. A signing
of the edges of G is a function s : E(G) — {—1,+1}. The 2-lift Gy = (V,E) of G associated with
a signing s is defined as follows. The vertex set 1% of Gy isV = {1,...,n,1",...,n'}, where each
vertez i € V(G) has two copies i and i' in Gy. For each edge ij € E(G), if s(ij) = 1, then the
edges ij and i'j' are in E; if s(ij) = —1, then the edges ij' and i'j are in E. The signed matriz
Ag € R™™ is defined as follows. Ifij € E, then (Ag)ij = (As)ji = s(ij), otherwise (Ag);j = 0.

Prove that the spectrum of the adjacency matriz A(Gs) of the 2-lift G, is equal to the disjoint union
of the spectrum of the adjacency matriz A(G) of G (called the old eigenvalues) and the spectrum of
the signed matriz As (called the new eigenvalues). That is, the multiplicity of an eigenvalue o of
A(GS) is equal to the sum of the multiplicity of o in A(G) and the multiplicity of o in As.
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Chapter 6

Expander Graphs: Applications

This chapter highlights some key applications of expander graphs. We discuss expander codes in
more detail, as they form the basis of recent breakthroughs in constructing asymptotically good
locally testable codes [DELLM22, PK22|. The content of this chapter is mostly based on [HLWO06].

6.1 Pseudorandomness

Expander graphs are pseudorandom objects, as suggested by the expander mixing lemma in Theo-
rem 4.3. This pseudorandomness makes them useful for reducing, or even eliminating, randomness
in certain settings.

Reducing Randomness in Probability Amplification

Suppose we have a randomized algorithm with error probability 1/100 that requires n random
bits. To decrease the error probability, the standard approach is to run the randomized algorithm
independently k times and take the majority answer as the output. By a standard concentration
argument, this decreases the error probability to e~2(%). However, this approach uses kn random
bits.

We show how to achieve exponentially small error probability while using only n + O(k) random
bits. To do so, let us reinterpret the above analysis from a random-walk perspective.

Let V denote the set of all n-bit strings. The condition that the randomized algorithm has error
probability at most 1/100 is equivalent to saying that, among the 2" n-bit strings, at most 2" /100
of them are “bad” strings. Let B C V denote this set of bad strings. The majority-vote algorithm
fails if more than k/2 of the randomly sampled strings are from B. Sampling k independent n-bit
strings can be interpreted as performing a random walk of length k£ on the complete graph with
self-loops over V', and using the corresponding bit strings of the vertices on this walk.

The key idea is to replace the random walk on the complete graph with a random walk on a
constant-degree expander graph over V. Let G be a (2", d, d/10)-graph, where d is a constant. Such
graphs exist, for example, by taking a sufficiently large constant power of a Margulis expander as
described in Section 5.2. In the first step of the random walk, we use an n-bit random string. In each
subsequent step, instead of using n random bits to select the next n-bit string, we choose a random
neighbor of the current string in G and use the corresponding string of this random neighbor. Since
GG is a d-regular graph, each subsequent step requires only logs d random bits to select a random
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neighbor. Thus, the total number of random bits used is n+ (k—1) logy d = n+ O(k). Importantly,
the neighbors of a Margulis expander can be computed efficiently, allowing the corresponding strings
to be computed quickly without constructing the entire graph G. This is where the explicitness of
an algebraic construction becomes useful.

What about the error probability of this expander-walk algorithm? This is precisely what Theo-
rem 4.16 is formulated for. It shows that the failure probability of taking the majority answer from
a random walk of length k on a two-sided spectral expander with a < d/10 is at most (2/v/5)".

Expander Random Walks

This is just one example of using expander graphs in derandomization; see [Vadl2| for more.
See [Gil98] for a well-known Chernoff bound for random walks on two-sided spectral expanders,
and see |[GLSS18] for a recent generalization to the matrix setting.

The result above can be interpreted as showing that majority functions are fooled by expander
random walks, meaning that they cannot distinguish independent random samples from those pro-
duced by expander random walks. See [CPT21] for a recent paper demonstrating that many other
functions are similarly fooled by expander random walks.

6.2 Constructing Efficient Networks and Algorithms

A d-regular expander graph can be viewed as highly efficient, having only a linear number of edges
while achieving strong connectivity. From this perspective, it is natural to use expander graphs in
constructing efficient networks.

Efficient Networks

One interesting example is the construction of superconcentrators, which are directed graphs with
n input nodes and n output nodes (and possibly other nodes) that satisfy the strong connectivity
property: for any k < n, there exist k vertex disjoint paths connecting any k input nodes and any
k output nodes. For example, the complete bipartite graph K, ,, satisfies this property but requires
O(n?) edges. Valiant initially conjectured that no superconcentrator with O(n) edges exists as part
of an attempt to prove circuit lower bounds. Later, he developed a recursive construction of a
superconcentrator with O(n) edges using expander graphs as building blocks; see [HLW06].

Another classical application of expander graphs is the construction of optimal sorting networks
with O(nlogn) comparators and O(logn) depth [AKS83].

Efficient Algorithms

Superconcentrators and expander graphs can also be used to design efficient algorithms. A simple
example is the design of fast algorithms for computing matrix rank [CKL13|. In this application,
an expander graph or superconcentrator is used to “compress” a rectangular matrix A € F™*™ with
n > m into a square matrix B € F™*™ in linear time, such that rank(A) = rank(B) with high
probability; see Figure 6.1. This leads to faster randomized algorithms for computing the rank of
a rectangular matrix and finding linearly independent columns. For this application, probabilistic
constructions of bipartite expander graphs are sufficient.
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Figure 6.1: A bipartite expander graph G = (X,Y; E) is used to compress the input matrix A
into a smaller matrix B. Each column of B is a random linear combination of the columns of its
neighbors; for example, Bs is a random linear combination of As, A and As.

Another example is to use superconcentrators to design a faster algorithm for computing edge
connectivities in a directed acyclic graph [CLL13].

6.3 Complexity Theory

The construction of expanders using zig-zag products has inspired remarkable developments in
complexity theory. In an interesting parallel, the construction of expanders using cut-matching
games has been applied widely in the design of efficient algorithms, as we will see later in Chapter 17.
These results demonstrate the value of combinatorial constructions of expander graphs.

Graph Connectivity in Log-Space

A striking application of the zig-zag product in Definition 5.2 is solving the s-t connectivity problem
in undirected graphs using logarithmic space.

If randomness is allowed, solving s-t connectivity in logarithmic space is simple: just perform a
random walk for O(n?) steps. This works because the expected cover time of any undirected graph
is at most O(n?).

For deterministic algorithms, Savitch’s algorithm solves the more general problem of s-t connectivity
in directed graphs using O(log2 n) space, by recursively guessing the midpoint of a directed s-t path.
It remains an important open problem whether s-t connectivity in directed graphs can be solved in
O(logn) space. Such an algorithm would imply NL = L, meaning that the nondeterministic and
deterministic log-space complexity classes are equal.

Reingold [Rei08] discovered a deterministic O(logn)-space algorithm for s-t connectivity in undi-
rected graphs using zig-zag products. If the input graph G is a connected d-regular expander graph
with constant d, then G has diameter of O(logn). Paths of length O(logn) in such a graph can
be enumerated in O(logn) space, since each neighbor requires only log, d bits to describe. Thus,
solving s-t connectivity in constant-degree expander graphs using O(logn) space is straightforward.
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Reingold’s approach is to transform any graph G into a regular graph Gy whose connected com-
ponents are expanders, such that s,t are connected in G if and only if they are connected in Gg.
First, G is converted into a D-regular graph G with constant D = d'® by replacing high-degree
vertices with constant-degree expander graphs and adding self-loops to low-degree vertices, similar
to the replacement product in Definition 5.1. The resulting Gy is an (n,d'®, €;d')-graph on each
connected component, where e; < 1 — 1/n?, since any connected undirected graph has a spectral
gap of at least 1/n.

To improve expansion, the idea is to construct Gi11 := (G; (@) H)®, where H is a (d'%,d, d/2)-graph.
Using a stronger version of the zig-zag theorem in Theorem 5.3, it can be shown that the spectral
gap roughly doubles with each iteration. More precisely, if G; is an (nd'%, d'6, ¢;d'®)-graph, then
Git1 is an (nd16(i+1), d'%, €;11d%)-graph, where €;11 < €7 as long as ¢; > 3/4. Therefore, repeating
this construction for k& = O(logn) iterations yields Gy, an (nd'6*, d'®, 3d'6 /4)-graph with constant
spectral gap. Note that the size of G}, is at most a polynomial factor larger than G for k = O(logn),
and s and t are connected in G if and only if they are connected in Gg. See Problem 6.9 and
Problem 6.10 for more details of the eigenvalue improvement step.

A technical challenge in this approach is computing a neighbor of a vertex in Gy, using logarithmic
space. The intuition is that there are only O(logn) recursion levels in the zig-zag construction, and
each level only needs to store constant-size local information, since the degree is constant. Reingold
proved that this can indeed be achieved using a careful implementation of the rotation maps;
see [Rei08, Vadl2| for details. We also provide an outline of the implementation in Exercise 6.11,
Exercise 6.12, and Problem 6.13.

Hardness Amplification

Random walks on expander graphs can also be used for hardness amplification, transforming in-
stances that are hard to approximate into instances that are even harder to approximate. See
[HLWO06, Section 3.3] or [AB09, Chapter 22| for a simple application of expander random walks in
proving the hardness of approximating the maximum independent set problem. This provides a nice
example of using expander random walks to completely eliminate randomness from a probabilistic
reduction.

Dinur [Din07] provided an elegant proof of the important PCP theorem using expander random
walks. Her proof, inspired by Reingold’s result, involves multiple iterations of “powering” and
“degree reduction”, which make the underlying constraint satisfaction problem increasingly harder
to approximate. See [AB09, Chapter 22| for a good exposition of the PCP theorem.

6.4 Error Correcting Codes

A major motivation behind the early development of expander graphs comes from coding theory,
where small-set vertex expansion is a key combinatorial quantity.

A code C' C {0,1}" of length n is a subset of n-bit strings, where each string in C is called a
codeword. To design a good error-correcting code, we aim to choose codewords that are far from
each other so as to correct more errors, while also maximizing the number of codewords so as
to achieve a high information rate. This can be viewed as a sphere packing problem, where the
objective is to fit as many disjoint Hamming balls of a certain radius as possible within FZ.

78



Chapter 6

Definition 6.1 (Distance of Code). Given C C {0,1}", the distance of C is defined as dist(C) :=
ming yecio4y A (T, y), where dy(x,y) is the Hamming distance between two codewords x and y. The
relative distance of C is defined as dist(C)/n.

Definition 6.2 (Rate of Code). Given C C {0,1}", the rate of C is defined as log(|C|)/n, where
log |C| can be thought of as the number of bits of information sent.

Definition 6.3 (Asymptotically Good Code). A family C, C {0,1}"™ of codes is asymptotically
good if there are constants v > 0 and § > 0 such that for all n, the relative distance of C,, is at least
0, and the rate of Cy, is at least 7.

The existence of asymptotically good codes can be proved using a standard probabilistic method.
However, for codes to be practical, encoding and decoding should also be achievable in polynomial
time in n (ideally linear time in m). This requirement makes designing good codes much more
challenging.

A common class of codes is the class of linear codes, where C'is a linear subspace of F. Linear codes
have the advantage that they can be described by a basis, and so encoding can be done in O(n?)
time. Additionally, a simple but useful property of linear codes is that the minimum distance of the
code is equal to the minimum Hamming weight of a nonzero codeword, because dy(z,y) = ||z —y|1
and z —y is a codeword. The natural decoding strategy is to find the nearest codeword to a received
word, but this is an NP-hard problem even for linear codes.

Low-Density Parity-Check Codes

The idea of constructing codes from graphs was first suggested by Gallager, who used sparse bipartite
graphs to design low-density parity-check codes (LDPC codes).

Let A be a parity-check matrix for a code C, such that C = {x € F} | Az = 0}, where A € {0,1}"™*"
with m < n. Each row i of A is a parity-check constraint, requiring > 7_; A;; - #(j) = 0 (mod 2).
Note that the rate of this code is 1 —m/n if A has full row rank. Thus, one objective is to minimize
the number of constraints to ensure a good lower bound on the rate.

The matrix A can be viewed as a bipartite graph G = (L, R; E'), where L = [n] represents variables,
R = [m] represents constraints, and there is an edge between variable i € L and constraint j € R if
Aj; = 1. The small-set vertex expansion of G is the key property in analyzing LDPC codes.

Definition 6.4 (One-Sided Small-Set Vertex Expansion). Let G = (L, R; E) be a bipartite graph
with |L| = n and |R| = m where m < n. For any 0 < 0 < 1, define the left §-small-set vertex
expansion of G as

10(5)

L L .
Va(G) = min - =g

where O(S) is the vertex boundary as in Definition 2.12.

The following theorem relates the one-sided small-set vertex expansion of the graph to the minimum
distance of the code. The proof uses the unique-neighbor property guaranteed by sufficiently strong
one-sided small-set vertex expansion.

Theorem 6.5 (Distance of Expander Code [SS96]). Let G = (L, R; E) be a left d-reqular bipartite
graph with w(%(G) > d/2. Then the parity-check code C(G) defined by G has relative distance greater
than §.
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Proof. Let S C L be a subset of left vertices with |S| < dn. By the left small-set vertex expansion
assumption on G, |0(S)| > d|S|/2. A simple counting argument shows that there exists a vertex
v € 9(S) C R with only one neighbor in S. Such a vertex is called a unique neighbor of S.

To lower bound the minimum distance, recall that it is equivalent to lower bound the support size
of every nonzero codeword = € {0,1}". Let S be the support of . If |S| < dn, then by the above
argument, there exists a unique neighbor v € R of S. This implies that the parity constraint on v
is not satisfied by x, so x is not a codeword of the parity-check code defined by G. Therefore, any
codeword of this parity check code must have support size greater than dn, and thus the minimum
distance of this code is greater than on. O

For efficient decoding, a stronger requirement ¥ (G) > 3d/4 is needed. As discussed in Section 5.3,
this strong condition is satisfied with high probability in random left d-regular bipartite graphs.
For deterministic constructions, Capalbo, Reingold, Vadhan, and Wigderson [CRVW02] used an
intricate variant of the zig-zag product to construct one-sided small-set vertex expanders with
YE(G) > 0.99d for some & > 0, while m/n < 0.99, so that the rate of the code is at least 0.01.

Fast Decoding Algorithm

A key feature of LDPC codes defined by expander graphs is that there exists a surprisingly simple
and efficient decoding algorithm.

Algorithm 3 Flip Algorithm for Expander Code
Require: A parity-check matrix A € {0,1}™*" and a bit string = € {0,1}".
1: Let 29 := z and t = 0.
2: while there is an unsatisfied parity-check constraint do
3:  Find a bit ¢ such that flipping it decreases the number of unsatisfied parity-check constraints.
That is, find an 7 € [n] such that

HA(I(t) +xi) H1 < HAx(t) Hp

where y; is the characteristic vector of ¢ and the addition is modulo 2.
Set (1) := 2" 4 y; and t « t + 1.

: end while

6: return z(®).

oo

The analysis of the flip algorithm relies on a stronger assumption on the left small-set vertex
expansion than that in Theorem 6.5.

Theorem 6.6 (Efficient Decoding of Expander Code [SS96]). Let G = (L, R; E) be a left d-reqular
bipartite graph with L = [n] and R = [m] and ¥} (G) > 3d/4. Let x be an n-bit string whose distance
from a codeword y is at most on/2. Then the flip algorithm returns y in at most m iterations.

Proof. The plan is to argue that:

1. There exists a bit ¢ such that flipping it decreases the number of unsatisfied constraints, as
long as distg (x(t), y) < on;

2. disty (aj(t),y) < én for all ¢ if disty (x(o),y) < on/2.
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These imply that the number of unsatisfied constraints decreases with each iteration, so the al-
gorithm must stop after at most 7 < m iterations. At that point, z(™) is a codeword because
all constraints are satisfied. Moreover, z(7) must be equal to y, as distH(a:(T),y) < én, while the
distance between y and any other codeword is strictly bigger than dn by Theorem 6.5.

Let A := {i € [n] | z® (i) # y(i)} be the set of errors at the ¢-th iteration. Assume 0 < |A| < dn. We
argue that there exists a bit ¢ such that flipping it decreases the number of unsatisfied constraints.
Partition 9(A) into satisfied neighbors 94 (A) and unsatisfied neighbors d_(A). Since |A| < dn, by
the left small-set vertex expansion assumption,

01 (A)[ +[0-(A)] = |0(A)| > 3d|A[/4.

Consider the d|A| edges between A and 9(A). Each vertex in 04 (A) contributes at least two such
edges, while each vertex in 0_(A) contributes at least one such edge, and so

2004 (A)] + 0-(A)] < dA].
Combining these two inequalities gives
|0_(A)| > d|Al/2. (6.1)

Thus, there must exist a vertex i € A with strictly more than d/2 unsatisfied neighbors, so flipping
i decreases the number of unsatisfied constraints.

To complete the proof, we argue that |A| < dn in every iteration. Suppose this is not true. Since
|A| changes by one in each iteration, there must be a first iteration such that |A| = dn. At this
iteration, there are strictly more than d|A|/2 = dén/2 unsatisfied constraints by (6.1). However,
since the initial error is at most dn/2, the number of unsatisfied constraints in the beginning is
at most dén/2. This contradicts the fact, proved in the previous paragraph, that the number of
unsatisfied constraints decreases whenever |A| < on. O

Spielman [Spi96] further designed “superconcentrator codes” to construct asymptotically good codes
with linear-time encoding and decoding algorithms.

Tanner Codes

Tanner codes generalize LDPC codes by allowing the “base code” to be more general than a simple
parity check. Let Cy C {0,1}¢ be the base code, and let G = (V, E) be a d-regular graph with
V = [n] and E = [m]. The Tanner code is defined as

C(G) = {y S {0, l}m ‘ Yis() € Cy for all i € [n]},

where y5(;) is the vector y restricted to the d edges in §(i) for a vertex i € V. Each bit y(j) of
a codeword corresponds to an edge j € E of (G, and a binary string y is a codeword if y5(;) is a
codeword of the base code Cj for every vertex i € V of G.

The advantage of Tanner codes is that we can use a stronger base code with larger minimum
distance, instead of a parity-check code with minimum distance two. For a base code Cy with
minimum distance dp, the vertex expansion requirement for G can be relaxed to d/dy to achieve the
same distance as the corresponding LDPC code. In particular, by Tanner’s theorem (Theorem 4.15),
a spectral expander can be used as G to design asymptotically good codes with linear-time encoding
and decoding algorithms, without requiring lossless expanders.
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The decoding algorithm for Tanner codes is still an iterative “fixing” algorithm, where invalid local
views at a vertex are replaced by their nearest valid codewords in the base code. The analysis is
similar to that for LDPC codes: if the decoding algorithm fails, one can argue that there must exist
a “denser” subgraph than what is allowed by the expander mixing lemma.

Recent breakthroughs [DELLM22, PK22| in designing asymptotically good codes that are also
locally testable generalize Tanner codes to 2-dimensional expanders, where expander graphs are
considered 1-dimensional expanders.

6.5 Problems

Problem 6.7 (Upper Bound on a). Prove that an (n,d,o)-graph satisfies o < d(1 — Q(%)) as
long as it is connected and has a self-loop at each vertez.

Hint: You may use the fact that the diameter of a d-regqular graph is O(n/d).

Problem 6.8 (Cover Time). Let G be an (n,d,«)-graph with a self-loop at each vertex. Let s be
a vertex in G, and let (Xo,...,X¢) be a random walk on G where Xy := s. Show that, for every
vertex t connected to s,

Pr[X,=1] 2 when £ > n*logn.

S

Conclude that a random walk of O(n? log? n) steps will reach every vertex t connected to s with high
probability.

Problem 6.9 (Sharper Zig-Zag Bound [RVWO02, Rei08|). Let G be an (n,k,e1k)-graph and let H
be a (k,d,ead)-graph. Prove that G(z)H is a

1 1
(nk, d2, (2(1 —€2) e + 5\/(1 —€e2)2. e+ 46%) d2> -graph.

Hint: Using the notation in Section 5.3, let Z = W PW be the random-walk matriz of G(z)H. For
any vector f, write f = fg + fru, where fg is constant on each cloud and fi sums to zero on each
cloud. Decompose fg =Y, aru,, where the u,’s are cloud-constant eigenvectors corresponding to
nontrivial eigenvalues s, of the normalized adjacency matriz of G. Thus |s,| < €1. For each r, write

Pu, = spuy + /1 — 82 hy,

where h, is a unit vector that sums to zero on each cloud. Use P?> = I to show that

Ph,. =+\/1—82-u, — s;h,.

For each two-dimensional space span{u,, h,}, show that the corresponding upper bound for W PW
is the largest absolute eigenvalue of

Sy €2/ 1 — 52
€94/1 — s2 — 5,63 '

Compute this eigenvalue and mazimize over |s,| < €;.
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Problem 6.10 (Eigenvalue Improvement in Reingold’s Iteration [Rei08]). Let A(G) denote the
normalized second eigenvalue in absolute value of a regular graph G. Let H be a fized graph with
ANH) <1/2, and define

Gi = (Gi,1 @H)S

Use the gap-preserving zig-zag bound in Problem 6.9 to prove that
AMGy) < max{\(G;_1)?,1/2}.

Conclude that if \(Go) < 1 — 1/n?, then the graph G; has constant spectral gap after O(logn)
iterations.

Exercise 6.11 (Rotation Map of Zig-Zag Product). Let G be a k-regular graph with rotation map
Rotg : V(G) x [k] = V(G) x [k]|, where Rotg(v,i) = (w,j) means that the i-th edge incident on v
goes to w, and it is the j-th edge incident on w. Let H be a d-regular graph with vertex set [k] and
rotation map Roty : [k] x [d] — [k] x [d]. Show that the zig-zag product G(z)H has rotation map

Rotgeym = (V(G) x [k]) x ([d] x [d]) = (V(G) x [k]) x ([d] x [d])
given by the following rule. Starting from ((v,a), (i,7)), let
Roty(a,i) = (b,7), Rotg(v,b) = (w, ¢), Rotg(c, j) = (e, ).

Then
Rote@n((v,a), (0,5)) = ((w,e), (7',)).
Conclude that if G and H are explicit, then G (2)H is explicit.

Exercise 6.12 (Rotation Map of One Zig-Zag Iteration). Let G be a D-regular graph with rotation
map Rotg. An edge label of G™ can be represented by a tuple (i1,...,i,) € [D]". First, show that
the rotation map of G" is given as follows. Starting from vg = v, define Rotg(vg—1,1q) = (g, Jq)
for 1 < q <r. Then Rotgr (v, (i1,...,%)) = (Ur, (Jrs---,71))-

Now suppose that G;_1 is D-reqular and that H is a d-reqular graph with vertex set [D], where
D = d'S. Using the rotation-map formula for the zig-zag product in Erercise 6.11, describe the
rotation map of

Gi=(Gi1@H)®

in terms of Rotg, , and Roty. Equivalently, view an edge label of G; as a tuple of eight labels in
[d] x [d]. Conclude that if G;—1 and H are explicit, then G; is explicit.

Problem 6.13 (Recursive Local Computation [Rei08]). Recall that the graphs in Reingold’s con-
struction are defined recursively by G; = (Gi—1 @H)S, where H s a fived constant-size graph and
every G; has constant degree D = d'%. A wvertex of G; can be represented as (v, ag, . ..,a;_1), where
v € V(Go) and each a; € [D]. An edge label of G; is represented by another element a; € [D], which
we view as a tuple of 16 labels in [d).

Describe a recursive algorithm for computing Rotg, on the registers (v,ao,...,a;) by modifying
these registers in place. The algorithm should apply Roty sizteen times, call Rotg, |, on every other
step, and reverse the order of the sixteen return labels at the end. FErplain why a naive recursive
implementation may use O(log®n) space, and why this in-place implementation uses only O(logn)
space when i = O(logn).
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Problem 6.14 (Gap Amplification by Expander Walks). Let G = ([n], E) be a constraint graph
whose underlying graph is an (n,d, ad)-graph for some absolute constant o < 1. Suppose that every
assignment on the vertices violates at least an € fraction of the edge constraints.

Define the t-th power instance by putting a constraint on each length-t walk, requiring that all
constraints along the walk are satisfied. Prove that every assignment satisfies at most a (1 — ce)
fraction of the powered constraints, where ¢ > 0 is an absolute constant depending only on a.

Hint: Prove the following edge-hitting property of expander walks: for every set B C E with |B| >
€|E|, a random walk of length t avoids B with probability at most (1—ce)t, where ¢ > 0 is an absolute
constant depending only on .

Problem 6.15 (Bad Configuration for Flip Algorithm). Construct a left d-reqular bipartite graph
G = (L,R;FE) and a set S C L such that |0(S)| > d|S|/2, but every vertex in S has at most d/2
unsatisfied neighboring constraints when the error set is S. Explain why the flip algorithm may get
stuck even though S has a unique neighbor. This illustrates why the stronger condition ¢(5L(G) > 3d/4
is needed for efficient decoding.

Problem 6.16 (Distance of Tanner Codes from Expander Mixing Lemma). Let G = (V, E) be an
(n,d,a)-graph, and let Cy C {0,1}¢ be a linear base code with minimum distance dy. Let C(Q)
be the corresponding Tanner code. Prove that every nonzero codeword of C(G) has support size at
least do(dy — a)n/(2d) whenever dy > «. Conclude that the relative distance of C(QG) is at least
do(do — ) /d%. This shows that spectral expanders are already sufficient for obtaining Tanner codes
with constant relative distance, as long as the base code has sufficiently large minimum distance.

Hint: If F C FE is the support of a nonzero codeword and S C 'V is the set of vertices incident to
F, then every vertex in S is incident to at least dg edges of F'. Use the expander mizing lemma to
upper bound the number of edges induced by S.
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Part 1

(Generalizations of Cheeger’s Inequality

We study generalizations of Cheeger’s inequality through higher eigenvalues and explore recent
extensions for vertex expansion, directed graphs, and hypergraphs using reweighted eigenvalues.
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Chapter 7

Higher-Order Cheeger Inequality

Cheeger’s inequality in Chapter 2 is a robust generalization of the basic fact that \o(G) = 0
if and only if G is disconnected. The higher-order Cheeger inequality in this chapter is a robust
generalization of the basic fact that A\t (G) = 0 if and only if G has at least k connected components.

7.1 Motivation and Statements

Arora, Barak and Steurer [ABS15]| were the first to establish such a generalization. Informally, they
proved that if Ay is small then there exists a set S with small edge conductance and |S| < |V|/k,
generalizing the fact that if A, = 0 then there exists a set S with edge conductance 0 and |S| < |V|/k.
This result was used in [ABSI15] to design a subexponential time algorithm for Unique Games.
This work has inspired many subsequent studies that use higher eigenvalues to design and analyze
approximation algorithms. We will present their result later in Chapter 11 when we study random-
walk based techniques for graph partitioning.

The higher-order Cheeger inequality provides a conceptually stronger generalization, asserting that
Ak is small if and only if G has at least k disjoint subsets 51, .. ., Sk each with small edge conductance.

Definition 7.1 (k-Way Edge Conductance). Let G = (V, E) be a graph. The k-way edge conduc-
tance is defined as

or(G) = min max ¢(S;),

81,50,.,5,CV 1<i<k

where the minimization is over pairwise disjoint nonempty subsets Si,...,S; of V.

The following results were obtained independently by two research groups.

Theorem 7.2 (Higher-Order Cheeger Inequalities [LOT14, LRTV12|). Let G = (V, E) be a graph
and let A\ denote the k-th smallest eigenvalue of its normalized Laplacian matriz. Then

e S 0(G) S KV A

Moreover, for fewer disjoint subsets, there is an improved dependence on k such that
b31/4(G) SV Ax logk.

The direction A\, < ¢x(G) is called the easy direction, while the direction ¢x(G) < k*v/ Ay is called
the hard direction. As in Cheeger’s inequality, the easy direction shows that Ay is a relaxation of
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the k-way edge conductance problem, while the hard direction is proved using a rounding algorithm
for this relaxation. We leave the easy direction as an exercise.

Problem 7.3. Prove the easy direction. Hint: Use the Courant-Fischer theorem in Theorem A.15.

For the hard direction, we will first follow the exposition in [Leel3] to prove the weaker bound
ox(G) < K72/, illustrating the main ideas in the proof without getting into the advanced ge-
ometric partitioning and dimension reduction arguments needed for the sharper bounds. Then,
we will present a very recent development that improves the dependence on k from polynomial to
polylogarithmic.

Throughout this chapter, we make the simplifying assumption that the graph is d-regular. All the
results can be extended to general graphs using standard arguments.

7.2 Cheeger Rounding and Spectral Embedding

We first revisit the Cheeger rounding algorithm from Chapter 2 and then motivate the use of the
spectral embedding for the k-way edge conductance problem.

Cheeger Rounding

The following rounding algorithm is a consequence of the threshold rounding step in Lemma 2.5
and the embedding step in Lemma 2.7. Note that it applies to all vectors, not just eigenvectors.

Lemma 7.4 (Cheeger Rounding). Given a graph G = (V = [n|, E) and a nonzero vector © € R",
there ezists an efficient algorithm to find a subset S C supp(x) such that

x Lx

#(S) < V2R(z) where R(z)=—

r' T

is the Rayleigh quotient of x, and supp(zx) := {i € [n] | x(i) # 0} is the support of x.

When )\ is small, there are k orthogonal eigenvectors vy, ..., vk, each with a small Rayleigh quotient.
Applying Lemma 7.4 to each v; produces subsets Si,...,Sk, each with small edge conductance.
Since the eigenvectors vi,...,v; are orthogonal, it is natural to expect that the sets Si,..., Sk
differ significantly. However, dealing with each vector separately does not provide a clear way to
combine the resulting subsets St, ..., S; into k disjoint subsets with small edge conductance.

This motivates a more global view that considers all the k vectors simultaneously.

Spectral Embedding

An interesting idea in [LOT14, LRTV12| is to use the spectral embedding defined by the first k
eigenvectors to find & disjoint subsets of small edge conductance (a set of small edge conductance
is also called a sparse cut).

Definition 7.5 (Spectral Embedding). Let G = (V = [n], E) be a graph. Let \; < ... < Xy be the
k smallest eigenvalues of L(G), and v, ...,vx € R™ be the corresponding orthonormal eigenvectors.
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Let U € R™¥F be the n x k matriz where the j-th column is v;j. The spectral embedding u; € R* of
a vertex © is defined as the i-th row of U.

Y I
-

’ ‘ — Up —

In the spectral embedding, each vertex i is mapped to a point u; € R*. This embedding is commonly
used in practice to find disjoint sparse cuts. Heuristics often apply geometric clustering algorithms,
such as the k-means algorithm, to partition the points into k clusters, which are then used to
partition the graph.

These heuristics are reported to work well in applications such as image segmentation and data clus-
tering, but no comparable worst-case theoretical guarantees were known. The proof of the higher-
order Cheeger inequality provides a rigorous analysis of certain variants of these methods [NJWO01],
justifying the use of spectral embedding for graph partitioning. Analyzing the k-means heuristics
for general graphs remains an open problem. See [PSZ17| for a rigorous analysis of the k-means
heuristic for “well-clustered” graphs.

7.3 Isotropy Condition and Clustering by Directions

For the spectral embedding to provide useful information for finding &k disjoint sparse cuts, it is
necessary that the points are reasonably “well spread out”. For example, if all vertices are mapped
to only two points in R¥, then there is no natural way to partition the points into & clusters.

As expected, such bad cases do not occur because the k eigenvectors are orthogonal. The question
is how to use the orthogonality to derive conditions that facilitate clustering.

Isotropy Condition

As v1, ..., vy are orthonormal vectors, the matrix U in Definition 7.5 satisfies U U = I}, which can
be rewritten as y ., u;u; = I. This implies that the spectral embedding satisfies the following
isotropy condition.

Lemma 7.6 (Isotropy Condition). Let uy, ..., u, € R¥ be the spectral embedding of the vertices in
Definition 7.5. For any x € RF with ||z|s = 1,

n

Z<$7Uz‘>2 =1.

i=1
Proof. The condition UTU = I, implies that ' U Uz = "2 = 1 for any = € R¥ with ||z|j2 = 1.
Writing UTU = 3" | w;u; shows that

n

n n
1:xT(Zuiu2—>x: E x ugu, v = E (z,u)?. O
i=1 i=1

=1
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This lemma says that for any unit vector z € R¥, the sum of the squares of the projections of the
w; onto x is equal to 1. To develop some intuition, suppose u; = ug = --- = u; = y € R¥, so that
the first [ vertices are all mapped to the same point y. Then the lemma implies that

1= §<yu> > g!u ) Zuuqu

lyll2

On the other hand, as each eigenvector satisfies ||v;|l2 = 1,

n k
D lwill3 = 1U1F =D _llvillz = k. (7.1)
i=1 i=1

Therefore, if we define the “mass” of a vertex i to be ||u;||3, then the above calculation shows that
at most a 1/k fraction of the total mass can be mapped to the same point. This ensures that
the spectral embedding maps the vertices to at least k distinct points, ruling out the bad cases
mentioned earlier.

Clustering by Directions

The same reasoning shows that points with similar directions carry at most about a 1/k fraction of
the total mass. This motivates clustering points by their directions, ensuring they are reasonably
well spread out. The following distance measure and spreading property formalize this idea.

Definition 7.7 (Radial Projection Distance). Let uy,...,u, € R¥ be the spectral embedding of the
vertices in Definition 7.5. The radial projection distance between two vertices i and j is defined as

uj

d(i,j) H —
Hquz ujll2 |l

if N|will2, [|ujll2 > 0. If u; = uj = 0, then d(i,7) := 0; if one of u;,u; is zero, then d(i,j) := oo.

Lemma 7.8 (Spreading Property). Let G = (V = [n], E) be a graph. Let uy,...,u, € R* be the
spectral embedding of the vertices in Definition 7.5. Let 0 < A < 1. If S C V satisfies d(i,j) < A

foralli,j €8S, then
Sl <
€S

Proof. Choose an arbitrary vertex j € S and consider the unit vector u;/||u;||2. By the isotropy
condition in Lemma 7.6,

=3 ) > Sl (R ) = e (1 -5

where the last equality holds because (u,v) = 1 — ||u — v||3/2 for any two unit vectors u,v. Using
the assumption d(i,j) < A, it follows that

12 Yl (1- ) > Sl (1 - A2)

€S €S

Rearranging gives the lemma. O
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1
2vVk
subsets with diameter at most A, the lemma ensures that each subset has mass at most 1 + i
Thus, even after selecting k£ — 1 such subsets, the remaining mass is still at least 1/2. This mass
balance allows us to form k groups by clustering based on directions, each containing an Q(1/k)
fraction of the total mass.

To ensure mass balance, we will choose A such that ﬁ <1+ i (e.g., A ). By forming

7.4 Ideal Case: Far Apart Clusters

The previous section rules out the bad cases for clustering based on directions. In this section,
we analyze the ideal scenario in which the spectral embedding provides exactly what we want: k
clusters that are far apart from each other.

Suppose there exist k disjoint subsets Si,So,..., Sk satisfying the following two properties (see
Figure 7.1):

e Each subset S; has mass 1, i.e., ZjeSiHujH% =1

e The clusters are well-separated, i.e., d(S;, Sj) > ¢ for all i # j, where d(S;, Sj) := min{d(a,b) |
a€ S;,be S]}

Can we conclude that these k subsets correspond to k disjoint sparse cuts in the graph?

Rayleigh Quotient of the Spectral Embedding and Cheeger Rounding

To analyze the spectral embedding, we extend the definition of the Rayleigh quotient and the
Cheeger rounding result in Lemma 7.4 to work with k-dimensional embeddings. Recall that the
Rayleigh quotient of a vector z : V — R is defined as

v Lx 2Lz ZUGE(:U(Z) —z(5))*

k(z) = eTx  di'z dd ey x(i)?

For k-dimensional embeddings, the Rayleigh quotient is defined as follows.

Definition 7.9 (Rayleigh Quotient of k-Dimensional Embedding). Let ¥ = (¢1,...,¢y) be a k-
dimensional embedding of the vertices, where 1; € R¥ for each i € V. The Rayleigh quotient of ¥

is defined as
ZijeEHwi - 1/’]‘”%
dY ey lIvill3

R(V) :=

From a k-dimensional embedding with a small Rayleigh quotient, we can apply Cheeger rounding
to obtain a sparse cut within its support.

Lemma 7.10 (Cheeger Rounding for k-Dimensional Embedding). Given a graph G = (V = [n], E)
and a k-dimensional embedding U = (11, ...,%y,) of the vertices, there exists an efficient algorithm
to find a subset S C supp(V¥) such that

¢(S) < V2R(V),
where supp(¥) := {i € [n] | ¥; # 0} is the support of V.
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Proof. Expanding the k-dimensional embedding coordinate-wise and applying Lemma 2.6,

Sijer Lo (i) =0 Tl Sipep@il) =0 Eiepls) —5(0))*

R(V) = > min

A ey Yo il1)? A3 Liev ¥ill)? 5 A ey il
Let z;(i) := 4;(1) for i € [n] and 1 <1 < k. The above implies that there is a coordinate [ such that
R(z;) < R(¥). Applying Cheeger rounding in Lemma 7.4 to x; gives the lemma. O

The spectral embedding provides an initial k-dimensional embedding with a small Rayleigh quotient.

Lemma 7.11 (Rayleigh Quotient of the Spectral Embedding). Let uy,...,u, € R* be the spectral
embedding of the vertices in Definition 7.5. The Rayleigh quotient of the spectral embedding is

Yieplui—ulll 1
R(U) = =4 == N< A
7SN THER DD

Proof. Since u;(l) = v;(i), where v; is the I-th eigenvector of £,

Yijen Zf:l(“i(l) —u;(1)? Z;ﬂ=1 > ijep(vi(t) — v (4))? Zf,l Nd 1L
R(U) = = - = — M\,
) A icv Zle ui(l)? dezl > iev ui(i)? dk k ; :

where we used Y, vi(i)? = ||v[|3 = 1 and Zl-jeE(vl(z')—vl(j))2 =d-R(v)- Y ey u(@)?=d-N. O

The Basic Plan

We are now ready to analyze the ideal scenario. Starting from the spectral embedding U with a
Rayleigh quotient at most A, the plan is to construct & embeddings ¥y, ..., Uy such that supp(¥;) C
S;. If this can be done so that the Rayleigh quotient of ¥; is small for all 1 <[ < k, then Cheeger
rounding in Lemma 7.10 can be applied to each ¥; to obtain a sparse cut supported on Sj.

The question is how to construct ¥; and upper bound its Rayleigh quotient. The most natural way
to define Wy is to zero out everything outside Sj:

\IJl - (wl,lv LRI 7¢l,n) Where wl,i = {_’ l

0 otherwise.

The Rayleigh quotient of ¥; is

R(¥,) = Zz’jeEH@Z’l,i — i 5 _ ZijeE,ieSl,jeSl i — u; 15 + Zz’jeE,ieS,,jng, i |13

dY v llvnill3 A3 ies, lluill

To bound R(¥;), we compare its numerator and denominator with those of R(U) term-by-term.

For the denominator, » ;. g || u; |3 =1 by the assumption in the ideal scenario, and Y,y [lu[|3 = &
by (7.1). Thus, the denominator of R(W;) is 1/k times the denominator of R(U).

For the numerator, edges ij € FE with i € S; and j € S; contribute equally to R(¥;) and R(U). For
edges with i € S; and j ¢ S;, the contribution to R(¥;) is ||u;||3, while the contribution to R(U) is
|u; — uj||3. By Claim 7.12, [lu;ll2 < 2|lu; — ujll2/d(i, 5) < 2|lu; — ujll2/6.
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° 7/’ 21

Figure 7.1: The spectral embedding U in the ideal scenario when k£ = 3 and the three disjointly
supported embeddings constructed from U.

Combining these bounds,

ZijeE,ieSl,jeSlHui - U’JH% + Zz’jeE,iGSl,j¢SlHuiH2 k . Z'L]EEHUZ UJH% _ ﬁ . R(U)

Y ieqlluall3 ~ 5 A3 ey lluill3 62
Applying Cheeger rounding in Lemma 7.10 to each ¥; gives a set S; C .S; with ¢(5)) S VEA/J. As-
suming § is a constant, the sets S7,...,S) are disjoint sparse cuts with edge conductance O(v/kAy).
This is the basic idea behind the hard direction of Theorem 7.2.

R(¥;) =

Claim 7.12. For two vectors u;, uj, ||uil|2 < 2||ui—uj||2/d(4, j), where d(i, j) is the radial projection
distance in Definition 7.7.

Proof. By the triangle inequality,

For the second term, again by the triangle inequality,

Huz\lz H%H2H HHuz\z HmHzH HHUsz HU’]HQH

H H  Mlugllz = Hluillo] _ [lus = w2
fuills \UJHQ i ||2 =" el

Therefore, d(i,j) < 2||u; — ujl|2/| uil|2. Rearranging gives the claim. O

Improved Dependence on k for Fewer Disjoint Sparse Cuts If we focus on finding only k/2

disjoint sparse cuts, we can achieve a better dependence on k. Sort the sets S1,...,.Sk so that
2 2
Do lw—uli<-o < > =3
ijeEi€S) ijeE, €Sy,

Since the sets are disjoint, each edge can contribute to at most two of these sums. Therefore, an
averaging argument implies that

1
S hw—wlE S Y -l
ijEE €Sy o ijeE

S RU)/% for all 1 < 1 < k/2.
Assuming ¢ is a constant, the sets Sj,...,S} /o are disjoint sparse cuts with edge conductance

O(VAk)-

This reduces the numerator by a factor of k and gives R(V;) <
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7.5 General Case: Space Partitioning and Smooth Localization

We follow a similar strategy in the general case. We aim to find £ disjoint subsets Si,...,S; CV
such that

e Each subset S; has mass §2(1), or equivalently, ZjeSiHujH% > %Z?ﬂ““j 12;

e The clusters are well-separated, i.e., d(S;, Sj) > 26 for all i # j.

We describe below how to partition the space to construct these disjoint subsets, and then how to
use smooth localization to obtain disjoint sparse cuts from them.

Space Partitioning

The difficult case is when the points are evenly distributed across the space, as it is not clear how
to identify the disjoint subsets S, ..., Sk with the required properties.

A simple approach, presented in [Leel3], is to partition the directions in Sk=1 (the unit sphere in

R¥) into cubes with side length L = 5. All points u; € R whose directions u;/| ;|2 lie in the

same cube @ are grouped into a block B. The diameter of each cube @ is at most Lvk = ﬁ By

the spreading property in Lemma 7.8, each block B has mass at most 1 + i

Figure 7.2: Partitioning the directions on Sk_1~into cubes (left) and shrinking a cube @ to obtain
@ (right). The vertices whose directions lie in @) form the shrunk block B.

To ensure that points in different cubes are sufficiently far apart, we define Q C Q to be the smaller
cube consisting of all points that are at least # away (in Euclidean distance) from every side of
Q; see Figure 7.2. Similarly, B C B denotes the points u; € R* whose directions u;/||u;||2 lie in Q.
By this construction,

vol(Q) = (1 - ﬁ)k vol(Q) > (1 - i) vol(Q).

Thus, if we choose a uniformly random axis-parallel translation of the cube partition, the expected
total mass of points in the shrunk blocks is at least k — i. Therefore, there exists a translation for
which the total mass of points in the shrunk blocks is at least k& — %; fix such a translation.

To construct digjoint Si,...,5; C V, each with mass at least i, we sort the shrunk blocks by

non-increasing mass and greedily form Sy, ..., Sx—1 by taking blocks until each S; has mass at least
%. The last subset Si consists of all the remaining blocks. This is always possible since the greedy
construction gives each of the first k£ — 1 subsets mass at most 1+ ﬁ Therefore, the last subset Si
has mass at least (k— 1) — (k— 1)(1 4 ) > 1.
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To summarize, the result achieved in this subsection is as follows.

Lemma 7.13 (Disjoint Subsets). There are disjoint subsets S1, ..., Sk such that

e Each subset S; has mass at least I, i.e., ZjesiHujH% > 1

e The clusters are well-separated: for all i # j, d(S;, Sj) > ﬁ = 8%'
Smooth Localization
Given disjoint subsets S1, ..., Sk in Lemma 7.13, the goal is to construct k£ embeddings ¥y,..., Uy :

V — RF with small Rayleigh quotients and pairwise disjoint supports, as in the ideal scenario.

The difference from the ideal scenario is that there are points not in S; U --- U S,. Suppose there
is a point 7 ¢ S; U --- U Sk that is very close to some point i € S;. In this case, if ¥; is defined by
zeroing out all points outside S;, the length of the edge ij in ¥; would be ||u;||2, which could be
much larger than ||u; — uj||2. The ratio could be unbounded, and the term-by-term analysis would
fail.

To handle this issue, we use the condition d(S;,S;) > 26 to provide some room to “smoothly”
decrease the lengths of the embedded points to zero as their distance from S; increases.

Definition 7.14 (Smooth Localization). Let & be a parameter and Si,...,Sy be disjoint subsets.
For each 1 <1<k and each point j, let d(j,S;) = min;eg, d(i,7) and define

d(]v Sl)
1)

Clj '= max {1 - ,O} and ;= ¢ uj,

where W; = (Y11,...,%1,) is the k-dimensional embedding that we construct and U = (u1, ..., uy)
is the spectral embedding in Definition 7.5. See Figure 7.3 for an illustration.

=1
o Slope = 3

S¢ Se

Figure 7.3: The cutoff used in the ideal scenario (left) and the smooth cutoff used in the general
case (right).

Note that if d(j,S;) > 6, then 1 ; = 0, so the embeddings ¥y, ..., ¥}, are disjointly supported if
d(S;, Sj) > 26 for all i # j.

On the other hand, if d(j, S;) < d then ¢;; decreases linearly with distance at a rate of 1/6. This
smooth localization is designed to ensure that the term-by-term analysis works.

Lemma 7.15 (Distortion from Smooth Localization). Using the same notation in Definition 7.1/,
for every 1 <1<k and every ij € F,

2
i = thugllz < (14 5) - s = w >
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Proof. Fix 1 <1 <k, and write ¢; := ¢; and ¢; := ¢ j. Following the definitions in Definition 7.14,

91 — i

Note that |¢; — ¢j| < d(i, )/, since truncation at zero does not increase differences and |d(j, S;) —
d(i,51)] < d(i,7) by the triangle inequality. Combining this with d(i, 7) - ||u]|2 < 2||u; — ;|2 from
Claim 7.12, the first term is

l2 = [lciui — cjujlle = [[eiwi — cju; + cjui — cjujlle < e — ¢ - |luill2 + [es] - [ui — ujll2.

d(i, j)
5

Since |¢;| < 1, the second term is at most ||u; — u;]|2, and the proof is complete. O

2
lei = ¢l - fluillz < luillz < 5 - flui —ugle-

Putting Everything Together

We put the pieces together to prove a weaker version of the hard direction of Theorem 7.2.
First, compute the spectral embedding U = (u1,...,u,) as in Definition 7.5.

Next, apply the space partitioning scheme in Lemma 7.13 to obtain the disjoint subsets S, ..., Sk,
each with mass at least %, and pairwise well-separated with d(S;, S;) > # for all 7 # j. Note that
this step relies on the spreading property in Lemma 7.8.

Then, apply smooth localization from Definition 7.14 with § := 16% to obtain k-dimensional em-

beddings W1, ..., ¥x. By the choice of §, the embeddings Wy, ..., ¥, are disjointly supported. By
construction, for each 1 <1 <k, ¢;; = u; for all i € S;, and so
1

D llnilly = > Nl > = D llvald 2 D llwli.

icV 1€S5] eV icV

=

Combining the previous bound with Lemma 7.15 and Lemma 7.11, for each 1 <1 < k,

YijerllVu — i, 3 k- Dijerllui —u 13k

< — e = kMg
dZieVH@bMH% 62 leevlluzll% 62

Finally, applying Cheeger rounding from Lemma 7.10 to each ¥; yields disjoint subsets S{,..., S},
each with edge conductance at most O(y/k"\x). This completes the proof.

R(¥)) = S

Discussions

The tighter bound O(k?\/)Ay) is obtained using a more sophisticated random partitioning technique
developed in metric embedding, namely the padded decomposition.

The bound ¢34,/4(G) S v Axlogk is achieved by applying a dimension reduction technique to reduce
the spectral embedding from k-dimensional space to O(log k)-dimensional space.

The noisy hypercube in [LOT14]| provides an example where ¢x(G) 2 /Arlogk. It remained an
open question whether the k2 factor in Theorem 7.2 can be replaced by a polylog(k) factor.

Question 7.16. s it true that ¢r(G) < polylog(k) - vV Ak ?
Although higher-order Cheeger inequalities provide a conceptually stronger generalization, their

quantitative bounds are weaker than those in |[ABS15]. Finding a common generalization of these
two results is an interesting open problem for future research.
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7.6 Alternative Randomized Rounding Algorithms

The algorithm in [LRTV12] is elegant and simple to describe.

Algorithm 4 Randomized Rounding on Spectral Embedding [LRTV12]
Require: A d-regular graph G = (V = [n], E) and a parameter k.

1: Compute the spectral embedding u1, ..., u, € R* in Definition 7.5.
2: Pick k independent Gaussian vectors g, ..., gr ~ N(0, Ix).
3: Construct disjointly supported vectors hy,..., hy € R" as follows:

L <uja g’L> if1 = argmaxle[k]{<uj>gl>}
hi(j) = '
0 otherwise.

4: Apply threshold rounding in Lemma 2.5 to each h? to obtain a set S; C supp(h;).
5: return all S; with ¢(S;) < VA logk.

It is proved in [LRTVI12| that this algorithm will return (k) subsets with constant probability.
The proof directly analyzes the threshold cuts by bounding the expectations of the numerator and
denominator and the variance of the denominator, using properties of Gaussian random variables.

In Problem 7.23, we present a similar algorithm using random hyperplanes. Its guarantee ¢y, /5(G) S

~

log kv/ Ak (G) is slightly weaker, but its proof is more elementary, using the spreading property and
geometric comparison developed in this chapter.

See also [MMSV24] for a recent generalization of the higher-order Cheeger inequality, obtained using
the orthogonal separator technique.

7.7 Polylogarithmic Higher-Order Cheeger Inequality

In this section, we present a very recent positive answer to Question 7.16, where the proof is provided
by Chat GPT-6 in September 2026.

Theorem 7.17 (Polylogarithmic Higher-Order Cheeger Inequality). For every d-reqular graph G
and every 2 < k < |V,

61 (G) S log? k /().

While the previous approach used to prove Theorem 7.2 constructs k disjoint sparse cuts directly,
the new approach constructs them in O(logk) iterations. In the first iteration, we start with
3k/4 disjoint sparse cuts Si,...,Ssp/4, each with conductance at most ¢ < +/Axlogk, using ei-
ther Theorem 7.2 or Algorithm 4. Then, using a standard combinatorial cut improvement proce-
dure [GGT8Y, LRO4], we trim each S; to its “core” and also search for additional sparse cuts in the
complement S := V \ U;S;. The main idea is to show that if this procedure fails to find k disjoint
sparse cuts, then the current sparse cuts S1, ..., Sy, each with conductance at most ¢, can be refined
to obtain S7,...,S), with ' > (r 4+ k)/2, each with conductance at most ¢ + O(y/A;logk). Thus,
each iteration reduces the number of sparse cuts still needed by at least half, while increasing the
conductance bound by O(v/Axlogk). After O(logk) iterations, we obtain k disjoint sparse cuts,

each with conductance at most O(log% k A/ Ak(G)).
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Local Conductance and Local Eigenvalues

To prepare for the refinement step on a set S C V, we define the local edge conductance, local
Laplacian, and local eigenvalues as follows:

e The local edge conductance of a subset T C S is defined as ¢s(T") := |E(T, S\ T)|/(d|T)),
where the denominator retains the degree d of the original graph.

e The local normalized Laplacian is defined as Lg := %LG[S], where Lg(g) is the combinatorial
Laplacian of the induced subgraph.

e The local eigenvalue \;(S) is defined as the j-th smallest eigenvalue of Lg, counting multi-
plicity. The constant function gives A1(S) = 0.

Apply Theorem 7.2 or Algorithm 4 to the graph obtained by adding self-loops to G[S] to restore
degree d, whose normalized Laplacian is £g. For 2 <[ < |S|, this gives disjoint nonempty subsets

Th, ..., T34 € S, each satisfying
¢s(Ti) S vV Au(S)logl. (7.2)

This is the main tool in the refinement step. We next bound the global conductance ¢(T;) in terms
of the local conductance ¢g(7;), and then bound the local eigenvalues \;(S) in terms of the global
eigenvalues \j.

Cores: From Local to Global Conductance

It is possible that 7' C S has small local edge conductance ¢g(T") but large global edge conductance
¢(T), even if S is a sparse cut. The observation is that this happens only if ¢(S\ T) < ¢(S5),
and this motivates the following definition. We say that a set S C V is a core if ¢(S5) < ¢(T') for
every T' C S. The following lemma bounds the global edge conductance ¢(T') by the local edge
conductance ¢g(7") when S is a core.

Lemma 7.18 (Local-to-Global Conductance for Cores). For every core S CV and every T C S,
O(T) < ¢(5) + 2¢5(T).

Proof. For any core S C V, deleting a proper subset T' C S cannot decrease conductance:

[E(S, VAS) = [E(T, V)| + |E(T,S\T)|

¢(S) < G(S\T) = d(|S| - |T)

Substitute |E(S,V \ S)| = d¢(S)|S|, multiply by the denominator, and rearrange to obtain
[E(T,V\S)| < [E(T,S\T)|+ dp(S)|T|. (7.3)
The boundary of T consists of its edges to S\ T and to V' \ S, so it follows from (7.3) that

(T) = !E(T,S\T)!CZF;I‘E(TW\S)! < 2!E(T,5\Zl’|)T!+ do(S)|T| _ 205(T) + 6(S). [
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Trimming Inside and Outside

Given any S C V, a subset S’ C S of minimum conductance is a core with ¢(S") < ¢(S). A classical
combinatorial cut-improvement procedure finds such a core in polynomial time [GGT89, LR04[; see
Problem 7.24. We call this operation trimming.

Trimming Inside: Given disjoint sparse cuts 51, ..., .Sy, each with conductance at most a threshold
7, we trim each S; and replace it by the resulting core. Let S :=(J;_; S; be their union.

Trimming Outside: We also apply trimming in S := V \ S. Find a set T C S which minimizes
¢(T) using Problem 7.24. If ¢(T') < 7, we add a new core S,y1 := T, increase r by one, update S
and S, and repeat. We stop if we reach k cores each with conductance at most 7, or no set in S has
conductance at most 7. In the latter case, the following lemma shows that every sparse cut must
then have significant overlap with S,

Lemma 7.19 (Overlap of Sparse Cuts with Cores). Suppose trimming inside and outside with
threshold T stops with r < k cores Si,...,S,, and let S = Ui_, Si. Every set T C V with
o(T) < 7/2 satisfies

T 8| > |T)/4.

Proof. Suppose to the contrary that ¢(T) < 7/2 but |T'N S| < |T|/4. Let T' := T \ S be the
part of T outside the cores. We will show that ¢(7") < 7, contradicting the stopping condition for
trimming outside. The change in the boundary satisfies

BT VAT - [BTVAT) < 3 (BT, v\ 8)| - BT ns,si\T)|)

=1

< dY ¢(S)ITNS| < driTns|.
=1

For the first inequality, the positive terms include all newly exposed boundary edges, while the
negative terms count only some of the removed boundary edges. The second inequality follows by
applying the core inequality in (7.3) to S; and T'N S;, and the last inequality uses ¢(S;) < 7 for
every i. Dividing both sides by d|T”|, we obtain

IT] | TS5

o(T") < ¢(T) i T 7]

<T,

where the last inequality uses ¢(T) < 7/2 and the assumption that |T'N S| < |T'|/4 which implies
|T'| > 3|T'|/4. This contradicts the stopping condition for trimming outside. O

Bounding Local Eigenvalues by Global Eigenvalues

After trimming inside and outside, if we have not yet found k disjoint sparse cuts, we would like to
show that S can be further refined to obtain more sparse cuts. The key is to prove that sufficiently
many local eigenvalues satisfy A;(.S;) < Ag, so that we can apply the higher-order Cheeger inequality
in (7.2) to refine the cores.

The first step is to use Lemma 7.19 to show that, for every function in the span of the first &
eigenvectors of G, a constant fraction of its squared mass remains on 5.
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Lemma 7.20 (Overlap of Low-Energy Functions with Cores). Under the assumptions of
Lemma 7.19, if 7 > 4/2\p(G), then every f in the span of the first k eigenvectors of G

satisfies

S Fwp > ¢ 3 fw? (7.4)
uesS

ueV

Proof. Suppose to the contrary that there exists a function f: V — R with Rayleigh quotient

>uver(f () — f(v))?

B = =205 o Fe

1
2 2
SA(@) but 3 f)?*< g flu)
= ueV
We will find a threshold set T' with ¢(T) < 7/2 and |T'N S| < |T|/4, contradicting Lemma 7.19.

As in the proof of the hard direction of Cheeger’s inequality in Section 2.3, we use the random
threshold argument of Trevisan to construct 7. We scale f so that max,cy f(v)? = 1, choose ¢
uniformly randomly in (0,1], and set T3 := {v | f(v)*> > t}. Then E[|T3]] = ¥,y f(v)? and
similarly E[|T; N Sﬂ =D ed f(0)? < 23, v f(v)% Using the same Cauchy-Schwarz estimate as
in Section 2.3 and the assumption on 7,

E(|E(T, VAT = Y 1f(w)? = f(0)*] < dv2h Y f(0)? < c{TTIE[ITM-

wek veV

To obtain both desired properties at the same threshold, combine the two estimates to obtain
o dr
E[|B(T, V\T)| + 24|70 8] < 5 B/

Thus some threshold set T satisfies |E(T,V \ T)| + 2dr|T N S| < dQ—T|T|. Both terms on the left are
nonnegative, so ¢(T) < 7/2 and |T'N S| < |T|/4, contradicting Lemma 7.19. O

Now, we use Lemma 7.20 to show that the span of the first k£ eigenvectors, restricted to the cores,
remains k-dimensional and has small Rayleigh quotients for the block diagonal matrix of the local
Laplacians. The Courant—Fischer theorem then implies that there are many small local eigenvalues.

Lemma 7.21 (Bounding Local Eigenvalues by Global Eigenvalues). Under the assumptions of
Lemma 7.20, if r < k, there exist integers ly, ..., 1, satisfying

Zli =k and N;(S;) <8\(G) for1<i<r.
i=1

Proof. For a function g on S, its local Rayleigh quotient is

g Lsg Puvers)(9(u) — g(v))?
Rs(g) := T = 15 o)

We will obtain &k small local eigenvalues by finding a k-dimensional space of functions on S in which
every function has small local Rayleigh quotient. By Lemma 7.20, a function f in the span of the
first k eigenvectors of GG cannot vanish on S unless f = 0. This means that the restriction map has
trivial kernel and thus the restricted space is still k-dimensional.
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Place the local Laplacians along the diagonal of one matrix, diag(Lg,,...,Ls, ). Its Rayleigh quo-
tient is the average of the local quotients Rg,, weighted by the squared mass on each core. For every
nonzero f in the span of the first k eigenvectors of G, its restriction therefore has Rayleigh quotient

Yoi Ywvers) (F () = f(v))? ~ Zwep(f(W) = f(v))?
A es f(w)? T d8), f(w)?

as the numerator counts only edges within the cores, while Lemma 7.20 guarantees that at least one
eighth of the squared mass remains on S. The bound holds throughout the restricted k-dimensional
space, so the Courant—Fischer theorem gives at least k eigenvalues at most 8\, for this matrix.
Note that the eigenvalues of this matrix are exactly those of the local Laplacians, counted with
multiplicity. Therefore, there are at least k local eigenvalues at most 8\, proving the lemma. [

< 8k,

We can thus apply the higher-order Cheeger inequality in (7.2) to refine the cores. We are ready to
present the algorithm and finish the proof of Theorem 7.17.

Algorithm and Analysis

We summarize the algorithm for one round of refinement.

Algorithm 5 One Round of Refinement

Require: A d-regular graph G, disjoint sparse cuts S1,...,S, with 1 <r < k, and a threshold 7.
: Trim each S; and replace it by the resulting core using PI oblem 7.24. Let S := Ui_, Si.

1:
2: Apply trimming outside in V' \ S with threshold 7. Let Sy, ..., Ss be the current cores.

3: If s =k, return S1,..., 5.

4: Compute the local eigenvalues of Lg, for 1 <i <'s.

5: Choose l1,...,ls as in Lemma 7.21, with >°7 | l; = k and X\, (S;) < 8\x(G).

6: fori=1,...,sdo

7 Apply the higher-order Cheeger inequality in (7.2) to replace S; by [3l;/4] disjoint subsets.
8: return all resulting sets.

The analysis of the algorithm follows from the ingredients developed above.

Lemma 7.22 (One Round of Refinement). Given disjoint nonempty sets S1,..., S, with1 <r <k,
we can find disjoint nonempty sets Sy, ..., S’ such that (k+r)/2 <r' <k and

T

mjaxc;S(S}) < max{m;@xqﬁ(si),él 2)\k(G)} + O( M (G) log k)

Proof. Set 7 := max{maxlgigr ¢(S¢),4\/2)\k(G)}. All sets St,...,S after Step (2) are cores of
conductance at most 7 by Problem 7.24. If we reach k sets, the conclusion holds. Otherwise, the
outside search has stopped, so Lemma 7.20 and Lemma 7.21 justify Step (5). For the higher-order
Cheeger inequality, if [; = 1, the returned set .S; already has conductance at most 7. Otherwise,
each returned subset T C S has local conductance ¢g, (T \/ M, (Si)logli < v/ Ak(G)logk by
(7.2). The core inequality in Lemma 7.18 then transfers thls to global conductance:

O(T) < ¢(Si) + 2¢5,(T) < 74 O(\/ Mi(G) logk).
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Finally, [3l;/4] is an integer greater than [;/2, so it is at least (I; + 1)/2. The number of returned

sets is
3l; I +1 k+s k+r
= = > .
r’ Z [ 1 ; 2 2~ 2
The returned sets are disjoint because Sy, ..., S are digjoint and the refined sets are disjoint subsets
of S1,...,Ss. O

Finally, the proof of Theorem 7.17 follows easily from Lemma 7.22.

Proof of Theorem 7.17. Start with [3k/4] disjoint sparse cuts, each with conductance O(v/A log k),
by using either Theorem 7.2 or Algorithm 4. Then repeatedly apply Lemma 7.22. Each round
reduces the number of missing cuts by at least half. After at most [log, k| rounds fewer than
one missing cut can remain, so we have all k. Each round increases the conductance bound by

O(V i logk), so
maxd) ) S VA logk 4+ logy k v/ A logk < 10g2 kA O

The proof provides a randomized polynomial time algorithm for finding &k disjoint sparse cuts.

7.8 Problems

Problem 7.23 (Rounding by Random Hyperplanes). Analyze the following algorithm.

Algorithm 6 Rounding by Random Hyperplanes

Require: A d-regular graph G = (V = [n], E) and a parameter k.
1: Compute the spectral embedding u1, ..., u, € R* in Definition 7.5.
2: Pick t = clogk independent g1, ..., g ~ N(0, ;) for a sufficiently large constant c.
3: Partition vertices into 2¢ blocks based on the signs of (u;, g1), ..., (u;, gr).
4: For each nonempty block B, set fg(i) = ||u;||2 for i € B and zero outside, and apply threshold
rounding to f% to obtain a set Sp as guaranteed by Lemma 2.5.
5: return all sets with ¢(Sg) < log kv/Ag.

Prove that this algorithm succeeds in returning at least 3k/4 sets with constant probability.

1. For the denominators, show that, for sufficiently large c,
9 k
E Z HfB||2 < m
B:||fpl3>5/4

Hint: Use the spreading property and the fact that o random hyperplane separates two direc-
tions at angle 6 with probability 0/m.

2. For the numerators, use Claim 7.12 and Cauchy-Schwarz to show that

E{ZZW — fp02]] < dtk/n

B wveE
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3. Use these estimates to show that, with constant probability, at least 3k/4 blocks produce sets
with conductance O(log kv/ ).

Problem 7.24 (Cut Improvement [GGT89, LR04|). Given a graph G = (V,E) and S CV, find a

subset T' C S of minimum conductance in polynomial time.

Hint: For a threshold T, construct a network on S U {s,t} with:

e an arc s — u of capacity T degq(u) for each u € S;

e an arc u — t of capacity |E({u}, V '\ S)| for each u € S;

e two opposite unit-capacity arcs for every edge of G[S].

Prove that such a set T with ¢(T) < 7 exists if and only if the minimum s—t cut in this network
has capacity less than 7y, g degq(u).

[ABS15]

[GGTS9]

[Leeld]

[LOT14]

[LRO4]

[LRTV12]

[MMSV24]
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Chapter 8

Improved Cheeger Inequality

Given the practical success of the spectral partitioning algorithm, an open question has been to
provide a theoretical justification of this phenomenon. The improved Cheeger’s inequality in this
chapter shows that spectral partitioning performs well on graphs with a large “higher-order spec-
tral gap”, a condition usually satisfied in practical instances from image segmentation and data
clustering.

8.1 Motivation and Statement

Several research directions are relevant to this open question. One approach is to analyze the
average-case performance of the spectral partitioning algorithm under planted random graph mod-
els [Bop87, McS01]. Another is to study spectral partitioning for specific graph classes, such as
planar graphs [ST07| and minor-free graphs |[BLR10|. These are significant mathematical results,
but they do not necessarily capture practical instances.

An interesting approach is to analyze the algorithm’s performance on “well-clusterable” in-
stances [BL12, DLS12]|, as these are particularly relevant in applications such as image segmentation
and data clustering. While multiple combinatorial formulations of well-clusterable instances exist,
they are not naturally amenable to analysis of spectral partitioning.

The higher-order Cheeger inequality in Theorem 7.2 provides an algebraic formulation of this notion.
If Ao is small but As is large, then Theorem 7.2 implies that ¢2(G) is small but ¢3(G) is large. This
means that there is a good way to cut the graph into two pieces but not into three. Informally, this
suggests that the graph resembles two expanders connected by a sparse cut — an instance that is
well-clusterable.

More generally, a graph can be considered well-clusterable if it has a large “higher-order spectral
gap”, meaning that A\ is large for a small k. In such graphs, there are at most a few outstanding
sparse cuts as ¢ (G) is large. The following theorem proves that the spectral partitioning algorithm
performs much better on these instances.

Theorem 8.1 (Improved Cheeger’s Inequality [KLLOT13]). Let G = (V, E) be a graph and A be
the k-th smallest eigenvalue of its normalized Laplacian matriz L. For any k > 2,

A9 kAo
5 <#(G) S Nove

Moreover, the spectral partitioning algorithm in Chapter 2 returns a set S with ¢(S) < kda/v/ Ak
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For a graph with A\, = (1) for a small constant k, Theorem 8.1 implies that the spectral partitioning
algorithm is a constant factor approximation algorithm for edge conductance, avoiding the square-
root loss in Cheeger’s inequality (Theorem 2.2). This assumption is usually satisfied in practical
instances from image segmentation and data clustering [vLO7]. Thus, Theorem 8.1 provides a
rigorous justification of the empirical success of the spectral partitioning algorithm.

8.2 Intuition and Proof Outline

Consider the case when Ag is small but A3 is large. Since Ay is small, Cheeger’s inequality guarantees
the existence of a sparse cut (S, V' —S). Since A3 is large, the higher-order Cheeger inequality implies
that ¢3(G) is large. Intuitively, this means that neither G[S] nor G[V — S] can contain a sparse
cut, as this would imply the existence of three disjoint sparse cuts, contradicting the assumption
that ¢3(G) is large. Therefore, the induced graphs on both S and V' — S must be expander-like.
Since (S,V — S) is a sparse cut and the subgraphs are expanders, the minimizer for the Rayleigh
quotient in Lemma 2.3 is expected to resemble a binary solution, which would imply Ay ~ ¢(G).

See Figure 8.1 for an illustration.
(25} lL

Figure 8.1: Two expanders connected by a sparse cut and the corresponding second eigenvector,
which resembles a 2-step function.

v v

The proof of Theorem 8.1 has two main steps. For simplicity, we assume the graph is d-regular.

The first step is to show that if Ay is large, then any vector z with a small Rayleigh quotient
R(z) = 2" Lx/z "z is close to a 2k-step function.

Definition 8.2 (k-Step Function). Let G = (V = [n], E) be a graph. Giveny € R" and 1 <k < n,
we say y is a k-step function if the number of distinct values in {y(i)}iev is at most k.

Lemma 8.3 (Constructing 2k-Step Approximation). Let G = (V = [n|, E) be a d-regular graph.
For any x € R"}, there exists a 2k-step function y € Rt such that

lz—yl2 o [R(z)
lzll2 ~\

and  supp(y) C supp(z).

The second step is to show that if a vector with a small Rayleigh quotient is close to a 2k-step
function, then the spectral partitioning algorithm performs better.

Lemma 8.4 (Rounding 2k-Step Approximation). Let G = (V = [n], E) be a d-reqular graph. Let
x € RY and let y € R} be a 2k-step function. The spectral partitioning algorithm applied to x
outputs a set S C supp(x) with

qﬁ(S)gk-R(x)Jrk-W- R(z).
T2
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Given a second eigenvector v € R™ with R(v) = Ao, we apply the shifting and truncation steps in
Lemma 2.9 and Lemma 2.10 to obtain a vector x with R(z) < R(v) = A2 and |supp(x)| < n/2.
Then Theorem 8.1 follows immediately from Lemima 8.3 and Lemma 8.4.

8.3 Constructing 2k-Step Approximation

In this section, we prove Lemma 8.3. We need to show that if \; is large, then a vector x € R"}
with a small Rayleigh quotient must be close to a 2k-step function. We prove the contrapositive: if
a vector x with a small Rayleigh quotient is far from any 2k-step function, then Ay is small.

The idea is that if x is far from any 2k-step function, then x must be “smooth”. We then use this
smooth function to construct k disjointly supported functions 11, ..., ¥, € R™ such that each R(v;)
is not much larger than R(z). The following lemma then implies that A\x is small.

Lemma 8.5 (Generalization of Easy Direction of Higher-Order Cheeger Inequality). If¢1,..., 10 €
R™ are vectors with disjoint supports, then

< ).
Mg <2 max. R(;)

The Case When k£ =3

We illustrate the main idea in the case when k£ = 3; see Figure 8.2. To construct the disjointly
supported functions 1, 19,13, we choose two threshold values t; > t5 and partition the vertex set
into three groups:

Sp={i|z(@) >t1}, Sa:={i|t1 >x(i) >ta}, S3:={i]|ta > (i) >0}

Each 1y is a vector with supp(¢;) C S;, defined as

W (i) = {min{’@"(i) —t1], |x(i) —ta]} ifi€ S

0 otherwise.

e T — ¥
/\ '

e
< s

Figure 8.2: Constructing three disjointly supported functions 1, ¥s, 3 from x using the thresholds
tl and tg.

The values ¢1 > t9 are chosen such that

a1 = ll2ll3 = llvsll3.
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These values exist by a continuity argument, since [|¢1]|2, ||¥2]]2, ||®¥3]|l2 vary continuously with
t1,t2 € Ry. We note that the values ¢; and t5 are used for analysis only and do not need to be
computed in the algorithm. Define the 2-step approximation y € R’} as

Lt if |x(i) — t1| < |z(i) — ta
y(i) = .
to  otherwise.

In other words, y is the closest 2-step approximation of = using values ¢; and to. Note that ¢;(i) =
|z(i) — y(4)| for ¢ € S;, and thus

3
lz =yl = > _llvull3. (8.1)
=1

To bound R(v;), we compare R(¢;) and R(x). For the numerator, observe that |¢;(i) — ¢ (j)| <
|z(i) — x(j)| for all 4, j by construction. For the denominator, ||¢;[|3 = 3|z — y||3 by (8.1). Thus,

Siier 1Wi(@) — vi(h)? - 3% ijerle(@) —x()P  3R(x)-d-||z]3  3R(z)-|z|3
d- ||l - d- ||z —yll3 d-|lz -yl Iz —yll5

It follows from Lemma 8.5 that

R(iy) =

< max R(y) < 2E@ 12l lz—yl2 _ [6R(x)

A3
2 T 1<i<3 — z—vyl3 lzllz — A3

To summarize, the idea is that if z is far from any 2-step function, then ||z — y||3 is large and thus
R(vy) is small. Hence, Lemma 8.5 implies that A3 is small, proving Lemma 8.3 when k = 3.

The General Case

For general k > 2, we follow the same argument by introducing k — 1 threshold values ¢1,...,tx_1 to
partition the vertices into k disjoint subsets S, ..., S. Define ¢y € R} by ¢;(i) = min;{|x (i) —t;|}
if i € S; and ¢;(i) = 0 otherwise. Choose t1,...,tx_1 such that |[¢1]2 = -+ = ||k ]|2. Define the

(k — 1)-step approximation y as y(i) = t; if |x(i) — t;| = minj<j<p—1{|z(i) — t;|}. Following the

same calculation, we obtain

2k - R(x) - || =3
Iz = ylI3

but this bound has an extra factor of k compared to Lemma 8.3.

A <

Y

To eliminate this extra factor, we apply a simple trick also used in the higher-order Cheeger in-
equality in Chapter 7. Instead of using only k — 1 thresholds, we introduce 2k — 1 thresholds
t1 > to > -+ > top_1 to define 2k disjointly supported functions 1, ..., 1¥o,. As before, the thresh-
olds are chosen so that the functions have equal norms, and (i) is a threshold closest to (7). We
then sort v; by their numerators so that

> i () = ()P <Y 1) — ()P < e <Y [an(i) — ()]

ijEE ijEE ijEE
By counting the contribution of each edge, we see that
2k
Do ) =GP < D (i) — 2()
I=1ij€E ijeE
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An averaging argument shows that, for 1 <[ <k,
. . 1 . .
> (@) = () < = 2 le@) = =)
ijeE ijeElR
Thus, for the first k£ functions 1, ..., ¥,
Yyerli@®) — G _ i Yyeplo@) —2()? _ 2R(z)-d- ||z} _ 2R()-||=|3
d-[lvl3 T doglle—yl3 d-|lz -yl Iz —yl3

It follows from Lemima 8.5 that

R(iy) =

A WR(z) - ||z2 lz—yl> _ . [R()
— < max R < —"71 — 2 B - T2 .
y S R s = e =l ="\

We conclude that there exists a 2k-step function y with the approximation guarantee in Lemma 8.3.

8.4 Rounding 2k-Step Function

For Lemma 8.4, we follow the same randomized rounding approach as in the proofs of Cheeger’s
inequality in Theorem 2.2 and the converse of the expander mixing lemma in Theorem 4.6.

We first analyze the ideal scenario when « is exactly a 2k-step function, then extend the idea to the
general case where x is close to a 2k-step function y.

The Ideal Case

Let y1 > y2 > --- > yor, > 0 be the 2k distinct values in x, and set yox 11 = 0. For a vertex ¢ € V,
let I; be the index such that x(i) = y;,. For an edge ij € E, we use the convention that [; < ;.

Intuitively, we aim to return the threshold sets S; := {i | (i) > y;} where y; —y;41 is large, as edges
leaving S; must have long lengths and so there cannot be too many such edges.

Concretely, we output S; with probability (y; — 741)?, assuming Z?jl(yl —y141)% = 1 by scaling x.
The expected numerator of ¢(.5;) is

-1
E[5(S)l) = > Pr(ijiscut) = Y > (—w)” < Y (y, —w,)> = D (@) — 2(4))?,
ijel ek I=1; ijeE ijeE

where we used the inequality Y, a? < (3, a;)? for non-negative a;’s.

The expected denominator of ¢(S;) is

E [d|Si]] = Zd Pr(i € 5)) = Zd Zyl Yi+1) >Zd —y2k+1>2=%-2x22

i€V eV =l i€V eV
where we used the Cauchy-Schwarz inequality Zl az > (071 ai)? /5
Applying Lemma 2.6,
i 106 E0S)N] Yijep(@() — =(j))”
S T EAS] T & Yy al)?

This proves Lemma 8.4 when x is exactly a 2k-step function.

min 6(5)) =

=2k - R(x).
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The General Case

In the general case, we are only given a vector x that is close to a 2k-step function y.

There is an interesting way to generalize the above argument. Let t1 > to > - -+ > t9;, > 0 be the 2k
distinct values of y, and set top11 = 0. We may assume that y(i) is a threshold closest to x(i), since
this only decreases ||z — y|l2. We choose ¢t € (0, max; z(7)] with probability density proportional
to miny<j<or{|t — t;|} (the distance to the closest threshold) and output Sy = {i | z(i) > t}; see
Figure 8.3. We assume this density integrates to one by appropriately scaling « and y.

L e | e —
TR L — ;
’ x(i)
lies] b
L = [ i
P[ij iscut] = VA
B S —— '
x(g) A
L I — :

Figure 8.3: The picture on the left is for the analysis of the denominator, where the shaded area
represents the probability density function of the random threshold ¢. The picture on the right is
for the analysis of the numerator where A;; is the shaded area.

Expected Denominator:

E [d| S]] Z d-Pr(ie ) = Zd~ [area below x(7)].
eV eV

Let t; be the largest threshold value at most z(i). Then the area below z(7) is the sum of the areas
of the triangles below z(i) as shown in Figure 8.3, so

d
2 _ 2
E [d|St]] >dz< —t;) +Z (ti—t14+1) )Z Z; k+1 —lokt1) _78(k+1)”x”2’

eV

where we used the Cauchy-Schwarz inequality 25:1 a? > ( g Lai)?/j.

Expected Numerator:

E[]6(S:)]] Z Pr(ij is cut) Z [area between x(i) and x(j Z area(A;j)
ijelE ijelb ijeE

where A;; is the shaded region shown in Figure 8.3. This is the largest possible, as having a threshold
in between z(i) and x(j) can only make the area smaller. This area is equal to the area of the big
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triangle minus the two small triangles on the sides. Thus,

B0 < 3 (G0~ )]+ a) ~ o] + leti) - 4))’

ijEE
big triangle
- 30 = ¥ = 5(at) - 4 )
small triangle of ¢ small triangle of j
< 3 @) — () + 2l - x(j)\-(w)—y<i>r+|x<j>—y<j>\>]
ijEE
= TR dlal3+ 5 S 1) 20 () — v+ l2() — v())
UEE
< iR(x)-deH%% S (@)= 2G)) |3 (120) — )] + 20) — y()])’
ijeE ijeE
< R@)-dlzl3+ 5B@) - dlal3- |3 @) - yi)? + 20 0) - y()?)
ijEE
= R@)-dlxl3+ 5 R@) - dlal3- [30 20 (2) - y(i))?
eV

d d
= JR@) -3+ EVR(w) llz - Nl —ylle,

where we used Cauchy-Schwarz once and the inequality (a + b)? < 2a? + 2b? twice.

Combining these inequalities and applying Lemma 2.6,

o 190S)] _ E[Jo(So)l] [z —yll
ARSI <2(k+1)-R(z)+4vV2(k + 1) - /R(x) - =112,

]2

min §(5,) =

This completes the proof of Lemma 8.4.

8.5 Problems

Problem 8.6 (Tight Example for Theorem 8.1). Provide an exzample where the improved Cheeger
inequality is tight up to a constant factor for any k.

Problem 8.7 (Improved Cheeger Inequality Using k-Way Edge-Conductance [KLL17]). Using the
results in this chapter, prove that the spectral partitioning algorithm outputs a set S satisfying
kMo
~
where ¢y is the k-way edge conductance defined in Definition 7.1.

¢(9) <
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Chapter 9

Fastest Mixing Time, Vertex Expansion,
and Reweighted Eigenvalues

In Chapter 2 and Chapter 3, we have seen that Cheeger’s inequality connects
(i) edge conductance, (ii) second eigenvalue, (iii) mixing time.
In this chapter, we introduce a new Cheeger-type inequality that connects
(i) vertex expansion, (ii) second reweighted eigenvalue, (iii) fastest mixing time.

Towards the end, we discuss how to define the k-th reweighted eigenvalue and use it to establish
analogs of the higher-order Cheeger inequality and the improved Cheeger inequality for vertex
expansion. Finally, we discuss conjectures on reweighting that could have significant implications
for approximation algorithms.

9.1 Definitions and Statements

We introduce the key definitions and state the main results.

Fastest Mixing Time

The fastest mixing time problem was proposed in [BDX04]. In this problem, we are given an
undirected graph G = (V = [n], E) and a target probability distribution 7 : V' — R. The task is to
assign a transition probability P(7,j) on each edge ij € E(G) such that the stationary distribution
of random walks with transition matrix P is ©. The objective is to find a transition matrix P that
minimizes the mixing time to 7, among all transition matrices with stationary distribution 7. See
Figure 9.1 for an example where a “reweighting” significantly improves the mixing time.

Reweighted Eigenvalue

From Chapter 3, the mixing time of the lazy random walk associated with a reversible transition
matrix P is approximately inversely proportional to the spectral gap 1 — ag(P) of P, where 1 =
a1(P) > aa(P) > -+- > ap(P) > —1 are the eigenvalues of P. The fastest mixing time problem
was thus formulated by the maximum spectral gap achievable through a “reweighting” P of the
adjacency matrix of G.
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7\

N

Figure 9.1: An n-regular graph with two cliques of size n connected by a perfect matching. On the
left, where each edge has probability %, the mixing time is ©(n). On the right, where each matching
edge has probability % and each clique edge has probability m, the mixing time is O(1).

Definition 9.1 (Maximum Reweighted Second Eigenvalue [BDX04]). Given an undirected graph
G = (V,E) and a probability distribution 7 on V', the mazimum reweighted second eigenvalue is

A5(G) == max 1— as(P)

P>0
subject to  P(i,7) =0 Vij ¢ E
ZP(i,j):l VieV
JEV
(i) - P(i,j) = ®(j) - P(4,1) Vij € E.

The last constraint is called the time reversible condition, ensuring that the stationary distribution of
P is @ and that the transition matriz corresponds to random walks on a weighted undirected graph.

Note that X\5(G) = maxp>o(1 — a2(P)) = maxp>o A\2(I — P), which is the mazimum reweighted
second smallest eigenvalue of the normalized Laplacian matriz of G, subject to the constraints above.

We assume that the graph has a self-loop at each vertex, so that the problem in Definition 9.1
is always feasible. In the context of Markov chains, this corresponds to allowing a non-negative
holding probability at each vertex.

This optimization problem can be expressed as a semidefinite program and thus A5(G) can be
computed in polynomial time [BDX04].

Cheeger Inequality for Vertex Expansion

It was observed in [Roc05] that the 7-weighted vertex expansion is an upper bound on A3(G) up to
a constant factor.

Definition 9.2 (Weighted Vertex Expansion). Let G = (V, E) be an undirected graph and T be a
probability distribution on V. The weighted vertex expansion of a set S CV and of a graph G are

defined as B
P(8S) = 71(85) and Y(G) = min{l min w(S)},

7(S) " SCV0<7(S)<1/2

where 7(S) := > ,cq7(i). When 7 is the uniform distribution, 1(S) is the usual vertex expansion

|0S|/|S| in Definition 2.12.
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Recently, the following Cheeger-type inequality established that small vertex expansion is qualita-
tively the only obstruction to large A3(G).

Theorem 9.3 (Cheeger Inequality for Vertex Expansion 0724, KLT22, JPV23|). For any undi-
rected graph G = (V, E) with mazimum degree d and any probability distribution 7,

22(G) S Y(G) S/ A3(G) - logd.

Compared to Theorem 2.13, the reweighted second eigenvalue provides a much tighter relationship to
the vertex expansion than the ordinary second eigenvalue. The bound is optimal up to a constant
factor, as demonstrated by the discretized sphere example in [KLT22| and also the conditional
hardness result in [LRV13].

Combining the mixing time bound from (3.3) with Theorem 9.3 gives the following combinatorial
characterization of the fastest mixing time of a graph.

Corollary 9.4 (Fastest Mixing Time and Vertex Expansion). For any undirected graph G = (V, E)
with mazimum degree d and any distribution 7,

1 < logd - log(l/wrmn)7
(@)

where 7*(G) denotes the fastest mixing time of random walks and Ty, = mingey 7 (7).

The main goal of this chapter is to prove Theorem 9.3 in the case when 7 is the uniform distribu-
tion. In this special case, the transition matrix P is symmetric by the time reversible condition in
Definition 9.1.

9.2 Semidefinite Program for Fastest Mixing Time

In this section, we derive the mathematical programs needed for the proof of Theorem 9.3. We
begin with a semidefinite programming (SDP) relaxation of the ordinary second eigenvalue. Using
this relaxation and von Neumann’s minimax theorem, we construct the dual SDP corresponding to
the formulation in Definition 9.1. Finally, we give a directed graph formulation of the dual program,
which will be used in the proof of Theorem 9.3.

Semidefinite Program for Second Eigenvalue

To formulate the second eigenvalue using an SDP, we express it as the Rayleigh quotient of an n-
dimensional embedding and show that this provides an exact relaxation, as stated in the following
lemma. This approach is analogous to the one introduced in Chapter 7, where we analyzed the
Rayleigh quotient of a k-dimensional embedding and related it to the Rayleigh quotient of a 1-
dimensional embedding.

Lemma 9.5 (Semidefinite Program for the Second Eigenvalue). Let P € R™™™ be a symmetric
transition matriz of a graph G = (V = [n], E) satisfying the constraints in Definition 9.1. Then

| Sl £G) = FO)IE - P.j)
— P) = J
tmoalP)= e B o Sl 7013
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Proof. In the special case where the stationary distribution 7 is the uniform distribution T/ n, the
transition matrix P is symmetric, corresponding to the normalized adjacency matrix of a weighted
graph with weighted degree one for each vertex. From Section 1.3, we have 1 — as(P) = Xo(I — P),
where I — P is the normalized Laplacian matrix of the weighted graph. By Lemma 2.3,

_ _ . Yijer [F(@) = fF()? - P(i,4)
PP =Xell=P) = o o0 Sy FOP '

This is nearly identical to the statement of the lemma, except that f : V — Rinstead of f : V — R™.

Clearly, allowing functions f : V — R” expands the feasible set, which could only result in a
smaller optimal value. Conversely, given any solution f : V' — R", we can apply Spielman’s favorite
inequality (Lemma 2.6) as in Lemma 7.10 to show that at least one coordinate of f yields a one-
dimensional function f : V — R with an objective value no larger than that of the n-dimensional
solution. Therefore, the relaxation from f:V — R to f: V — R" is exact. O

To see that the formulation in Lemma 9.5 is an SDP, recall that a positive semidefinite matrix Y
can be written as F'T F where F € R™™, by Fact A.9. We associate the i-th column of F with f(i),
so that Yj ; = (f(4), f(j)) for all 7,5 € V. Then, the formulation in Lemma 9.5 can be rewritten as

min Y (Yi;— 2V, +Yj;) - P(i,5) (equivalent to > || f(i) = f(§)]3 - P(i,4))

ijeE ijeE
st ZY“ -1 (equivalent to ZHf(z)H% =1)
i€V %
Z Y;; =0 (equivalent to Z f(i) =0)
u,jev eV
Y =0, (ensuring Y; ; = (f(3), f(j)) for all 4,5 € V)

Note that the objective function is equal to the numerator in Lemma 9.5, as we normalize the
denominator to one. The second constraint is equivalent to the constraint ||Y",. f(¢)[|3 = 0, which
is equivalent to ),y f(i) = 0. Thus, the program in Lemma 9.5 can be written as optimizing a
linear function with linear constraints over the entries of a positive semidefinite matrix Y. This
confirms that it is a semidefinite program and can be solved in polynomial time.

The Dual Semidefinite Program of Definition 9.1

The reason that we use the above semidefinite program for the second eigenvalue instead of the one-
dimensional spectral program is that the set of feasible solutions is a convex set, which is not the
case for the spectral program. The convexity allows us to apply von Neumann’s minimax theorem
to derive the dual program.

Theorem 9.6 (Von Neumann’s Minimax Theorem). Let X,Y be compact conver sets. If h is a
real-valued continuous function on X XY such that h(z,-) is concave on'Y for all x € X and h(-,y)
is convex on X for ally €Y, then

i h = inh(z,y).
min ma (z,y) max min (2, y)

The following dual program was derived in [Roc05] (without using the minimax theorem).

118



Chapter 9

Proposition 9.7 (Dual Program for Fastest Mixing [Roc05]). Given an undirected graph G = (V =
[n], E) with a self-loop on each vertex and the uniform distribution T = 1/n on V, the following
semidefinite program v(G) is dual to the primal program X5(G) in Definition 9.1, where

V(G) = f VﬁRg,u;lVﬁ]R_*_ Zz:g(l)
subject to ZHf(z)H% =1
i€V
> f@)=0
2%
9(0) +90) = () = FG)l2 Vi € B.
Strong duality \5(G) = v(G) holds.

Proof. For a fixed transition matrix P, by Lemma 9.5,
. i) — f)I5- PG, j
odP)e ww | Zuself) -0 PG
FVoR?, 3oy f(i)=0 Zie\/”f(l) 13
The maximum reweighted second eigenvalue in Definition 9.1 can thus be formulated as
. i) — )5 P, j
A5(G) = max(l — ag(P)) = max min ﬁzweEHf( ) f(])HZ GE)
P20 P20 f.v—Rn, Sy f(5)=0 2ievlF@13
subject to P(i,j)=0 Vij¢ E
ZP(z',j) =1 VieV
JjeVv
pP=p".

Using the normalized Gram matrix formulation above, both feasible sets are compact and convex,
and the objective function is bilinear. We can therefore apply Theorem 9.6 to switch the order of
the max and the min to obtain the dual program:

Zijerllf@) = fOIE - PG, )

v(G) = min max ,
fV=Rr, Sy f(6)=0 P20 ZzeVHf(Z)H

subject to the same constraints on P as above.

For a fixed embedding f : V — R", note that the inner maximization problem is a linear program
over the entries of P, so we can reformulate it using linear programming duality to obtain

v(G) = min ; min » g(i
fVoRr o f(0)=0 920 ;

170~ FD) P e

subject to 9(i) +90) = -
YievIlf @17
where g(i) is a dual variable for the constraint ) .., P(i,j) = 1. Note that the constraint
g > 0 comes from the assumption that there is a self-loop at each vertex. Normalizing so that
>ievll F(@) > =1 gives the formulation in the proposition. O

We remark that the self-loop assumption ensures that the dual program has the inequality g > 0.
This is a crucial but subtle condition that will be used only once, and we will explicitly indicate
when it is needed.
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Directed Graph Formulation

We further simplify the dual program in Proposition 9.7 by eliminating the variables g : V- — R,.

The observation is that g(i) +g(j) > || f(:) — f(j) |13 implies that max{g(i), g(7)} > 5/l £ () = f(7) 13-
Thus, we assign a direction to each edge ij so that only the tail is “responsible” for the edge, allowing
us to eliminate the variables ¢(i) from the program.

Lemma 9.8 (Directed Dual Program for Fastest Mixing). Let G = (V = [n], E) be an undirected
graph and let E be an orientation of the edges in E. Consider the directed dual program

F(G)= min min Y max||f(i) - f(5)3

f:V=R" F eV JijeE
subject to > _[|f(i)]|5 =1
eV
> fi)=0.
eV

The inequality ¥(G) < 2v(G) holds.

Proof. Given an optimal solution f : V — R™ and g : V — Ry to v(G), f and ¢’ := 2¢g form a
feasible solution to the following program:

"(G) = i (4
(@) JVoRE gVSR, g‘;g (3)

subject to > [ f(#)[5 =1
eV
> fi)=0
eV
max{g'(i),g'(/)} > /() = fG)IE  Vij € E.

It follows that v/(G) < 2v(G).

Let f, ¢’ be an optimal solution to 7/(G). Define an orientation E of E such that each directed edge
ij € E satisfies ¢/(i) > || f(i) — f(j)||3. Then, ¢'(i) > max . gl f (i) — () ||3 for every vertex i,
where we used the assumption that ¢'(i) > 0 for those vertices with outdegree zero. This gives us

a solution to

. 1/
min E g (i)
VR, ¢V SR
! g T eV

subject to ZHf(z)H% =1
eV
> fi)=0
eV

g'(i) = max || £(i) = f(5)]

jujer

2 VieVW

Setting ¢'(i) := max, ._=||f(i) — f(4)||3 satisfies all the constraints and does not increase the
jijelr

objective value of 4/(G). This eliminates the variables ¢/(i) from the program, giving us a solution

f, E to ¥(G) with objective value at most v'(G) < 2v(G). O
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The assumption g > 0 is subtly used in the proof above. It is instructive to construct a counterex-
ample to ¥(G) < 2v(G) when the self-loop assumption is dropped and g : V' — R is allowed to have
negative entries.

9.3 Easy Direction by Reduction

There are two ways to prove the easy direction of Theorem 9.3.

One way is to show that 7(G) is a relaxation of ¥(G) up to a factor of two, by plugging in a binary
solution defined by a set S minimizing ¥ (S) to upper bound v(G). We leave it as an exercise to
the reader.

Exercise 9.9 (Easy Direction for Cheeger Inequality for Vertex Expansion). For any undirected
graph G = (V = [n], E) and the uniform distribution @ = 1/n,

A3(G) =(G) < 29(G).

Another way is to understand the easy direction directly, by using the edge conductance of a 1-
regular reweighted graph H of G to certify the vertex expansion of G.

Proposition 9.10 (Vertex Expansion through Edge Conductance). Let H be a reweighted graph
of G = (V, E) with weighted adjacency matriz P satisfying the constraints in the primal program in
Definition 9.1 when 7 is the uniform distribution. Then ¢(H) < (G), where ¢(H) is the weighted
edge conductance of H.

Proof. As the matrix P satisfies the constraints in Definition 9.1 and 7 is the uniform distribution,
the graph H is a weighted 1-regular graph, so its weighted edge conductance is given by

S wm SO w(@(s)
S:0<voly (S)< L vol, (V) VOl (S)  so<isi<iiv) S|
where we denote w(u,v) = P(u,v) as the weight of an edge and w(5(S)) 1= 3_ 45 wle).-
An important observation is that w(0(5)) < X,cos) deg,(v) = |9(5)], because each edge in 6(5)
has an endpoint in 9(S) and each vertex in 9(S) has weighted degree one. Therefore,

S — i PO PN _ ), 0
so<|sj<iv S| so<isizivi |5

IN

Proposition 9.10 shows that the edge conductance of any 1-regular reweighted graph H of G is
a lower bound on the vertex expansion of G. By the easy direction of Cheeger’s inequality in
Theorem 2.2, the edge conductance of the reweighted graph H is lower bounded by the second
eigenvalue of the normalized Laplacian matrix of H. To prove the best lower bound on the vertex
expansion of G, we thus maximize the second eigenvalue of the edge reweighted graph H. Therefore,
*
)\2(G) - H:H is a rgvlv%i)éhting of G )\2(H) = H:H is a rgvlvéeli}gi;hting of G 2¢(H) = 2¢J(G)

To summarize, a more direct and intuitive way to understand the easy direction of the Cheeger
inequality for vertex expansion in Theorem 9.3 is as a method to certify the vertex expansion of
a graph through a reduction to the edge conductance and spectral gap of a 1-regular reweighted
graph. This perspective plays an important role in the next chapter.

Interestingly, the hard direction shows that there is always a reweighted graph so that this reduction
works well to certify the vertex expansion.
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9.4 Hard Direction by Dimension Reduction and Rounding

There are two main steps in the hard direction. The first step is to project the n-dimensional SDP
solution to a 1-dimensional solution.

Definition 9.11 (One-Dimensional Directed Dual Program for Fastest Mixing). Let G = (V, E) be
an undirected graph and let E be an orientation of the edges in E. The 1-dimensional directed dual
program is

F(G) = min min Y max (f(i) — f(4))?

fVoR F ievj:ijeE’
subject to Zf(i)Q =1
i€V
> fi)=o.
i€V

Using the Johnson-Lindenstrauss theorem for dimension reduction, one can prove that ¥ (G) <
logn - ¥(G). The following improvement is obtained by using a Gaussian projection technique
developed in [LRV13]|. The assumption about the maximum degree is only used in this step.

Proposition 9.12 (Dimension Reduction for Directed Dual Program). For any undirected graph
G = (V, E) with mazimum degree d,

FD(@) < logd - 7(G).

The second step is to round the fractional solution to ¥ (G) to a subset S C V with $(S) <
FU(@G), using a relatively standard threshold rounding argument as in Chapter 2.

Proposition 9.13 (Threshold Rounding for Vertex Expansion). For any undirected graph G =
(V,E), there is a subset S CV with 0 < |S| < |V|/2 satisfying

U(S) S /AD(G).

Assuming these two propositions, the hard direction of Theorem 9.3 is established as follows:

$(S) S \/FDV(G) £ Vlogd-F(G) < Vlogd - v(G) = y/logd - \3(G),

where the inequality ¥(G) < 2v(G) is from Lemma 9.8 and the equality v(G) = A5(G) is by strong
duality in Proposition 9.7. This completes the proof of the hard direction of Theorem 9.3.

It remains to prove Proposition 9.12 and Proposition 9.13 in the next two subsections.

Dimension Reduction

We prove Proposition 9.12 in this section. We first obtain an O(logn) bound using the Johnson-
Lindenstrauss theorem, and then prove the O(log d) bound using a Gaussian projection method.
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O(logn) Approximation: An important result in metric embedding is the dimension reduction
theorem by Johnson and Lindenstrauss, which states that any set of n high-dimensional vectors
can be projected into O(logn)-dimensional space while approximately preserving their pairwise
Fuclidean distances.

Theorem 9.14 (Johnson-Lindenstrauss Theorem). Given 0 < € < 1 and a set X of n points in
R™, there exists a linear map A : R™ — R for k <In(n)/e? such that for all u,v € X,

(1= Ju—vll3 < [[Au—Av]3 < (1 +€) - lu—wvl3.

In particular, if each entry of Q is defined as Q(i,j) := gm-/\/E where g; ; are independent random
variables drawn from the normal distribution N(0,1), then the random matriz Q € RF¥*™ satisfies
the above property with probability at least 1 — 1/n.

First, we apply the Johnson-Lindenstrauss lemma to the m-dimensional solution f to ¥(G) in
Lemma 9.8 to obtain an O(logn)-dimensional solution f’, which preserves distances and lengths
up to a constant factor. Then, by selecting the “best” coordinate in f’ as a solution to ¥ (G) in
Definition 9.11, we can establish the bound ¥M(G) < logn - ¥(G). See Problem 9.30.

O(logd) Approximation: The Gaussian projection method projects the SDP solution into a 1-
dimensional solution by setting y(i) = (f(7),g), where g ~ N(0,1)" is a random Gaussian vector
with independent entries. This is a common technique in designing rounding algorithms for semidef-
inite programming relaxations.

For the analysis, we use the following basic properties of Gaussian random variables.

Fact 9.15 ([LRV13|, Fact B.3). Let Y1,Y5,...,Yy be d Gaussian random variables with mean 0 and
variance at most 0. Let Y be the random variable defined as Y := max{|Y;| | i € [d]}. Then

E [YV?] < 40°logd.

Fact 9.16 ([LRV13|, Lemma 9.8). Suppose Yi,...,Yy are Gaussian random variables such that
E[Zle Y] =1. Then

d 171
P V2> > —.
PR
We are ready to prove Proposition 9.12.

Proof of Proposition 9.12. Let f : V — R™ and E be an optimal solution to Y(G) as stated in
Lemma 9.8. We construct a 1-dimensional solution y : V- — R to ¥()(G) by setting y(i) = (f(i), g),
where g ~ N(0,1)" is a Gaussian random vector with independent entries.

First, consider the expected objective value of y in ﬁ'(l)(G). For each max term in the summand,
. )2 . . 2 . .
E[ max (y(0) — y(7)’| =E| max (f() = /(). 9)°| <4 max || ()~ f(7)]3-logd,
jij€E jij€E jijeE

where the last inequality follows from Fact 9.15 on the centered Gaussian random variables (f(i) —
f(4),g) with variance || f(i) — f(5)||?>. By linearity of expectation, the expected objective value of
~(1) i

TH(G) s

E| Y max (y(6) - y(j))*| < 4logd- " max | £() ~ F(j)|? = dlogd - F(G).
icV VEXIS) Z-GVJZZJGE
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Therefore, by Markov’s inequality,
Pr| Y max (y(i) — y(j))* = 96logd - 7(G)] <

oy Jii€E

Next, by applying Fact 9.16 with Y; = y(4), it follows that
. . , 1 1
E[ > o7 =2 Ii0IP=1 = Pr[> 25|25
% % icV

Finally, since 3,y f(i) = 0, it also holds that

> uli) =D (F@)9) = (3 SG0).g) =0.

i€V i€V i€V
Therefore, with probability at least 1/24, all the desired conditions hold simultaneously.

Since the second event Y.y, y(i)? > 1/2 holds, we can rescale y by a factor of at most v/2 to satisfy
the constraint .y, y(i)? = 1, while ensuring the objective value is at most 192log d-7(G). Hence,
we conclude that Y1 (G) < 7(G) - logd. O

Threshold Rounding

The proof of Proposition 9.13 is similar to that of the hard direction of Cheeger’s inequality in
Chapter 2. So we just describe the main steps and leave the details to the exercises.

The first step is a truncation step to ensure that the output set S satisfies |S| < |V|/2.

Exercise 9.17 (Truncation). Let G = (V = [n], E) be an undirected graph and @ = 1/n be the
uniform distribution on V. Given a solution to ¥V (G), there is a solution x € R and E with
| supp(z)| < n/2 and

2 iev (0)?

(@).

<«
For the threshold rounding step, we define the appropriate vertex boundary 0.5 for the analysis of
x4
the directed program () (@). Unlike S, &S may contain vertices in S. A good interpretation is

>
that 0.S serves as a vertex cover of the edge boundary §(.5) in the undirected sense.

Definition 9.18 (Vertex Cover Boundary and Expansion). Let G = (V, E) be a directed graph. For
S CV, define the vertex-cover boundary and the vertez-cover erpansion as

R - . © <
05:={ieS|3j¢Swithije EYyU{i¢ S|IjeSwithije E} and ¢(S):=|05|/|S|.
The main step is to prove that the standard threshold rounding will find a set .S with small vertex-

A xd
cover expansion ¥ (S). See Problem 9.31.

Proposition 9.19 (Threshold Rounding for v(G)). Let G = (V = [n], E) be an undirected graph
and @ = 1/n be the uniform distribution on V. Given a solution x € R? and E with

> vev T(v) maxyw—u(@(u) — (v))? < ()

> vev T(v)2(v)? ~
there exists a set S C supp(z) with ;:Z;(S) <VAD(G).
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xd
Finally, given a set S with small vertex-cover expansion ¥ (S), we find a set S’ C S with small
vertex expansion ¥(S’). See Problem 9.32.

Lemma 9.20 (Postprocessing). Let G = (V, E) be a directed graph. Given a set S with ¢(S) < 1/2,
there is a set S C S with ¢(S’) < 2¢(S) in the underlying undirected graph of G.

Combining these steps proves Proposition 9.13.

9.5 Reweighted Higher Eigenvalues

It is natural to extend the idea of reweighted eigenvalues to higher eigenvalues. In this section, we
specialize to the case where 7 is the uniform distribution and highlight some known results.

Definition 9.21 (Maximum Reweighted k-th Smallest Eigenvalue). Given an undirected graph
G = (V = [n], E), the mazimum reweighted k-th smallest eigenvalue of the normalized Laplacian
matriz of G is defined as

AR(G) 1= max Ap(I - P),

where P satisfies the same constraints as in Definition 9.1.

Using reweighted eigenvalues, the higher-order Cheeger inequality in Chapter 7 and the improved
Cheeger inequality in Chapter 8 have natural analogs for vertex expansion.

Theorem 9.22 (Higher-Order Cheeger Inequality for Vertex Expansion [KLT22|). Given an undi-
rected graph G = (V, E), the k-way vertex expansion of G is defined as

Yi(G) := min {1, min  max w(Si)},

515,55,V 1<i<k

where the minimum is taken over pairwise disjoint subsets Si,..., Sy of V.

If G = (V, E) is of mazimum degree d, then

M(G) SY(G) S k3 log k\/ A5 (G) logd  and  9y/9(G) S Vklog ky/ A (G) logd.

The dependency on k in the above theorem is likely not tight, but the following improved Cheeger
inequality for vertex expansion is tight up to a constant factor.

Theorem 9.23 (Improved Cheeger Inequality for Vertex Expansion [KLT22, Tun25|). For any
undirected graph G = (V, E) with mazimum degree d and any k > 2,

. k- A3(G) -logd
M(6) SO $ Tt

The proofs of these theorems follow as natural extensions of Theorem 7.2 and Theorem 8.1, demon-
strating a systematic way to extend results from edge conductance to vertex expansion.
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Semidefinite Programs for Reweighted Sums of Eigenvalues

A technical issue is that maximizing the k-th eigenvalue for £ > 2 is not a convex optimization
problem. Instead, the sum of the k smallest eigenvalues can be formulated as a semidefinite program.

Proposition 9.24 (Sum of k Smallest Eigenvalues). Let X € R™ "™ be a symmetric matriz and let
1 <k <n. Suppose the eigenvalues of X are Ay < Ao < --- < N\, Then, A\ + o+ -+ + A\ is the
value of the following semidefinite program:

min Tr(XY)
YGR'N Xn

subject to oY <<I,
k

In the proofs, the reweighted sum of eigenvalues is used instead of the reweighted k-th eigenvalue.

Definition 9.25 (Maximum Reweighted Sum of £ Smallest Eigenvalues). Given an undirected graph
G = (V, E) and the uniform distribution © on V, the mazimum reweighted sum of the k smallest
eigenvalues of the normalized Laplacian matriz of G is defined as
k
01 (G) :==max » N\ (I —P),

P>0 “
=1

where P satisfies the same constraints as in Definition 9.1. Note that
Ae(G) < 0i(G) < k- A (G).

We also have 03, (G) > kX;(G), which is useful for proving Theorem 9.23.

The dual program has a nice formulation that is similar to the isotropy condition in Lemma 7.6.

Proposition 9.26 (Dual Program for 0} (G)). For any undirected graph G = (V, E) with a self loop
at each vertexr and the uniform distribution 7, the following SDP is dual to the primal program in
Definition 9.25 where

~(G) = f-VaRLnigl-V%R Zg(i)
’ e + icV
subject to (i) + g(j) > | f(i) — f()I° Vij€E
PNIONONEYS

eV

DoIF@N = ke

eV

Strong duality o} (G) = k(G) holds.

9.6 Reweighting Conjectures

The result in this chapter (Corollary 9.4) implies that for any graph with constant vertex expansion,
there exists a reweighting such that the mixing time to the uniform distribution is O(logd - logn).
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Conjecture 9.27 (Fastest Mixing Time of Vertex Expander). Any graph with constant vertex
expansion admits a reweighting such that the mizing time to the uniform distribution is O(logn).

If true, this conjecture would imply a positive resolution to a conjecture by Steurer [Stel(, Conjec-
ture 9.2], which in turn would lead to an improved subexponential-time approximation algorithm
for the sparsest cut problem; see Chapter 22.

Arora and Ge also proposed a related reweighting conjecture for small-set vertex expanders.

Conjecture 9.28 (Reweighting for Small-Set Vertex Expanders [AG11]). Let G = (V,E) be a
graph on n vertices such that (S) > (n/|S|)Y¢ — 1 for every nonempty subset S C V, for some

constant ¢ > 1. Then G admits a reweighting whose normalized adjacency matriz has at most n°%)

eigenvalues smaller than —%6.

If true, this conjecture would yield an improved subexponential-time algorithm for coloring 3-
colorable graphs. See [AG11, Appendix D] for details on this implication.

Unfortunately, both conjectures turned out to be false. We discuss these developments and the
connections to approximation algorithms in Chapter 22.

9.7 Problems

Problem 9.29 (A, and Symmetric Vertex Expansion [BHT00]). Bobkov, Houdré and Tetali defined
an interesting quantity

Ao(G) == min 2 uev MKy (v, wen (xgu) — z(v))?
VSR, 1T ZUGV fL’(u)

and proved the following analog of Cheeger’s inequality:

Ao(G) S 2Y(G) £ VA(G),

~

where

DS VIWV =5 i oV (@) = min @Y (8)

Viay . 1]
)=Vl =g g un

is called the symmetric vertexr expansion of the graph. Provide a proof of their theorem.

Problem 9.30 (Dimension Reduction). Given a k-dimensional solution to 7(G) with objective value
v, show that there is a 1-dimensional solution to YV (G) with objective value at most O(k - 7).

Problem 9.31 (Threshold Rounding). Prove Proposition 9.19.
Hint: The inequality |z(i)* — z(j)?| < |z(i) — z(4)] - (|z(2) — z(4)] + 2|z(i)]) may be useful.

<~

Problem 9.32 (Postprocessing). Prove Lemma 9.20. Hint: Consider S':= S — 058.
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Chapter 10

Reweighted Eigenvalues for Directed
Graphs and Hypergraphs

It has been an open direction to develop a spectral theory for directed graphs and hypergraphs.
For directed graphs, the natural associated matrices are not symmetric, and little is known about
the relationship between their complex eigenvalues and combinatorial properties. For hypergraphs,
there is no universally accepted choice for the associated matrices.

In this chapter, we define reweighted eigenvalues for directed graphs and hypergraphs [LTW23],
and use these formulations to derive new Cheeger-type inequalities related to their expansion prop-
erties. This approach provides a general method for reducing expansion problems in more general
settings to the basic setting of edge conductance of undirected graphs. As a consequence, it yields a
combinatorial characterization of the fastest mixing time for general Markov chains, and an efficient
algorithm to certify that a directed graph is an expander.

We follow the original development in [LTW23] before presenting the optimal bounds in Section 10.7.

10.1 Cheeger Inequality for Directed Vertex Expansion

We begin with directed vertex expansion, as it is the closest analogue to the undirected vertex
expansion studied in the previous chapter.

Definition 10.1 (Directed Vertex Expansion). Let G = (V, E) be a directed graph. For a subset
S CV, define the set of out-neighbors of S as

0T (8):={j ¢ S|3icsS withij € E}.
The directed verter expansion of a set S CV and of the graph G are defined as

o min{|07(S)],]0* ()|} J(G) := min
P(S) = min {51, 5]} d (G) = @;ASCVWS).

Note that ((S) <1 for all S CV as 87(S) C S.

To define the reweighted eigenvalue for directed vertex expansion, we follow the approach in Sec-
tion 9.3 to reduce directed vertex expansion to undirected edge conductance.
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To certify that a directed graph G = (V, E) has large vertex expansion, the idea is to find the best
reweighted Fulerian subgraph H = (V, E,w) of G, where each edge ij € F has weight w(ij), and
the weighted degrees satisfy

> w(i) => w(ji)=1, VjeV.
eV eV

The directed edge conductance of H (see Definition 10.6) then provides a lower bound on the vertex
expansion of G. Since H is Eulerian, the edge conductance of H is half that of its underlying
undirected graph H, where each edge weight is given by

(w(ij) + w(ji)).

N |

w(ij) =

Since H is undirected, we can apply Cheeger’s inequality to lower bound its edge conductance
using the second smallest eigenvalue of its normalized Laplacian matrix. This leads to the following
formulation of the reweighted second eigenvalue for directed vertex expansion (see Proposition 10.11
for a proof of this reduction).

Definition 10.2 (Maximum Reweighted Second Eigenvalue with Vertex Capacity Constraints).
Given a directed graph G = (V, E), the mazimum reweighted second eigenvalue with vertex capacity
constraints is defined as

Tos A+ AT
510 =y (1~ 250
subject to  A(i,j) =0 Vij ¢ E
D AT =D AG) Vjiev
eV i€V
D A g) =1 VjieV

eV

where A is the adjacency matriz of the reweighted Fulerian subgraph. Then %(A + A" s the
adjacency matriz of the underlying undirected graph, £ := I — %(A-i—AT) 1s its normalized Laplacian
matriz, and \o(L) is the second smallest eigenvalue of L.

To ensure that the optimization problem for Xg*(G) 1s always feasible, we assume that each vertex
has a self-loop as in Chapter 9.

The following Cheeger-type inequality relates Xg*(G) and J(G), showing that the directed vertex
expansion is large if and only if the reweighted second eigenvalue is large.

Theorem 10.3 (Cheeger Inequality for Directed Vertex Expansion). For any directed graph G,

M (Q) < P(G) <, [ X*(@) log = ,
2(>Nw()w\/2(>ogAg*(G)

where A is the mazimum total degree of a vertexr of G, defined as max;cy{deg™ (i) + deg™ (i)}.

See Problem 10.22 for the optimal bound, which removes the additional log(l/Xg*(G)) term, match-
ing the Cheeger inequality for undirected vertex expansion in Theorem 9.3.
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10.2 Fastest Mixing Time on General Markov Chains

The reweighted eigenvalue for undirected vertex expansion in Definition 9.1 was used to bound the
fastest mixing time on reversible Markov chains in Chapter 9.

The reweighted eigenvalue for directed vertex expansion Xg*(G) in Definition 10.2 can be used to
bound the fastest mixing time on general Markov chains.

Definition 10.4 (Fastest Mixing Time on General Markov Chains). Given a directed graph G =
(V, E) and a probability distribution T on V, the fastest mizing time problem is defined as

7"(G) = min 7(P)

P>0
subject to  P(i,j5) =0 Vij ¢ E
> Pli,j) =1 VieV
JeV
> (i) P(i,5) = 7(5) Vjiev
eV

where P is the transition matriz of the Markov chain. The constraints are to ensure that P has
nonzero entries only on the edges of G, that P is a row stochastic matriz, and that the station-
ary distribution of P is ©. The objective is to minimize the mizing time T7(P) to the stationary
distribution 7.

A consequence of Theorem 10.3 is a combinatorial characterization of the fastest mixing time of
general Markov chains, showing that small directed vertex expansion is the only obstruction to small
fastest mixing time.

Theorem 10.5 (Fastest Mixing Time and Directed Vertex Expansion). For any strongly connected
directed graph G = (V = [n], E) with mazimum total degree A and © = 1/n,
1 1 A
<7(G) S = log =—— logn.
(€

B(G) ™ »(G)

Proof. Since the graph is strongly connected, Xé’* (G) > 0. To prove the upper bound, we prove that

™(G) < =
NS

log n,

and then the result will follow from Theorem 10.3. Let A be the adjacency matrix of an optimal
reweighted Eulerian subgraph in Definition 10.2. Observe that A is a transition matrix satisfying
the constraints in Definition 10.4 when # = 1/n, and so is (I + A)/2. Therefore, by the result of
Chung and Fill in Theorem 3.21,

1 1
< logn = = logn,
A2(£) A5 (G)

T*(G)§T<I+A>

2

where £ as defined in (3.4) is equal to I — (A + AT)/2 when @ = 1/n. Thus, Ao(£) = Xg*(G) The
proof of the lower bound is left to Problem 10.17. O
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Using the optimal bound in Problem 10.22, the same proof improves the upper bound to 7*(G) <
log(2A) logn/9(G)2. In Theorem 10.5, we only state the result when 7 is the uniform distribution
for simplicity. It can be extended to a general stationary distribution 7 if we define weighted directed
vertex expansion as in Definition 9.2.

Together, Theorem 10.3 and Theorem 10.5 connect the reweighted second eigenvalue, directed vertex
expansion, and fastest mixing time on directed graphs, similar to how the classical results connect
the second eigenvalue, undirected edge conductance, and mixing time on undirected graphs.

10.3 Cheeger Inequality for Directed Edge Conductance

Cheeger’s inequality has two primary applications: certifying whether an undirected graph is an
expander graph and providing a spectral algorithm for graph partitioning. This motivates the
development of a Cheeger-type inequality for directed edge conductance.

Definition 10.6 (Directed Edge Conductance). Let G = (V, E) be a directed graph. For a subset
S CV, define the set of outgoing edges of S as

6T (S):={ije E|ic S andj¢ S}.
The directed edge conductance of a set S CV and of the graph G are defined as

rqy . mn{[H SO e
#(S) == min{v?)l(S),V?)l(?)} d ¢(G):= @¢ch¢(s)’

where the volume is given by vol(S) 1= > ieg(deg® (i) + deg™ (i), the sum of total degrees in S.

To certify that a directed graph G = (V, F) has large edge conductance, we find the best reweighted
Eulerian subgraph H where each non-loop edge has weight w(ij) < 1, and the weighted indegree
and outdegree of each vertex are both equal to its total degree in G (by possibly adding self-
loops). The edge conductance of H provides a lower bound on that of G. Since H is Eulerian,
its edge conductance is half that of the underlying undirected graph H with edge weight w(ij) =
%(w(z §)+w(ji)). Applying Cheeger’s inequality to H provides a lower bound on its edge conductance
in terms of the second smallest eigenvalue of its normalized Laplacian matrix.

Definition 10.7 (Maximum Reweighted Second Eigenvalue with Edge Capacity Constraints).
Given a directed graph G = (V, E), the mazimum reweighted second eigenvalue under edge capacity
constraints is defined as

.
3*(G) = max A2<I—D—§(A+2A )D—§>

A>0
subject to  A(i,j) =0 Vij ¢ E
D AGG) =) AG) Vjiev
eV %
D A, §) = degh(j) + degg (4) Vjiev
eV
A(i,j) <1 Vij € E and i # j,
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where A is the adjacency matriz of the reweighted Eulerian subgraph, and D is the diagonal total-
degree matriz of G with D(j, j) = degh(j)+degg(j). The matriz 3(A+AT) is the adjacency matriz
of the underlying undirected graph, and its normalized Laplacian matriz is £ := I — %Dil/Q(A +
AT)D_1/2. The objective function is to mazimize the second eigenvalue of L.

To ensure that the optimization problem for Xg*(G) s always feasible, we assume that each vertex
has a self-loop with no capacity constraints.

The following result establishes a tighter Cheeger-type inequality relating XS*(G) and g(G)

Theorem 10.8 (Cheeger Inequality for Directed Edge Conductance). For any directed graph G,

1

XHG) < H(@) < X Q) - log ——.
5°(G) S o )N\/g( ) Og)\g*(G)

The important point about Theorem 10.8 is that there is no dependence on the maximum degree
of G, unlike in Theorem 10.3. As a consequence, Xg*(G) is a polynomial time computable quantity
that can certify whether a directed graph has constant edge conductance, analogous to the role of
the second eigenvalue in Cheeger’s inequality for undirected graphs.

Furthermore, as in the proof of Cheeger’s inequality, the proof of Theorem 10.8 provides a polynomial
time algorithm to find a set S with the stated guarantee. This introduces a new spectral approach
for clustering and partitioning directed graphs. See also [Yos16, Yos19] for a related Cheeger-type
inequality and its applications.

In Section 10.7, we present the recent optimal bound that removes the logarithmic factor, matching
the Cheeger inequality for undirected edge conductance in Theorem 2.2.

10.4 Proof Overview

The proofs of Theorem 10.3 and Theorem 10.8 have a similar structure to that of Theorem 9.3. We
just outline the proofs and highlight the role of the asymmetric ratio of a directed graph.

Semidefinite Programs for Reweighted Eigenvalues

We can follow the same approach as in Section 9.2 to construct the dual semidefinite programs.

Lemma 10.9 (Dual Program of Xg*(G)) Given a directed graph G = (V = [n], E), the dual
semidefinite program of Xg*(G) 18

1
i o N R
TE) = it gy iy s 52900
K3

subject to  q(j) > || (i) — f(G) 15 — r(i) + r(j) Vij € E

> fi)=0

iev
M@ =1.
iev

Strong duality 7°(G) = X5*(G) holds.
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Lemma 10.10 (Dual Program of X;*(G)) Given a directed graph G = (V = [n], E), the dual
semidefinite program of XS*(G) 18

1
. | e
Y@= min - omin 5> alij)

ijeE
subject to  q(ij) > || f(i) — f(5) 3 — r(i) + ()) Vij € E
> (deg™ (i) + deg™(4)) - f(i) =0
=%
> (deg™ (i) + deg™(4)) - || £(i) |3 = 1.
eV

Strong duality 7¢(G) = Xg*(G) holds.
Easy Directions by Reductions

There are two ways to prove the easy directions in Theorem 10.3 and Theorem 10.8. A standard
approach is to construct a solution to the dual programs ¥(G) or ¥¢(G) with small objective value
when the directed vertex expansion or the directed edge conductance is small. Instead, we use the
reductions discussed earlier to prove the easy directions in a more direct and intuitive way.

Proposition 10.11 (Easy Direction for Directed Vertex Expansion). For any directed graph G,
X5*(G) < 20(G).

Proof. Let w(ij) := A(i,j) be the edge weight in the Eulerian reweighted subgraph for ij € E. By
symmetry, it suffices to consider S C V with 0 < |S| < n/2. By Definition 10.1 of directed vertex
expansion and Definition 10.6 of directed edge conductance,

J(S) _ min {\8*(5)], ]8*(?)\} - 2 - min {w(é*(S)),w(df(S))}
 min{ISLIS} T min{voly(S), vol,(S)}
where we use the degree constraints in Definition 10.2 to establish that w(67(S5)) < |07(S)| and

w(57(S)) < |87(S)], and voly,(S) = 2|S| for every nonempty S C V as the total degree of each
vertex is 2.

Since the edge-weighted directed graph H = (V, E,w) is Eulerian, it follows that w(6*(S)) =
w(d7(S)) for every nonempty S C V. Thus, the directed edge conductance of H is half the edge
conductance of the underlying undirected graph H with edge weight w(ij) = 3 (w(ij) + w(ji)),
because

= 24(3),

25(5) _ min {w(é*(S)),w(df(S))} _ w(8(S)) — 4(8)
% . min{valw(S), Valw (9)} min{volg(S), voly(S)}
Since H is undirected, we can apply Cheeger’s inequality in Theorem 2.2 to lower bound its edge
conductance using the second smallest eigenvalue of its normalized Laplacian matrix £(A) := I —

%(A + AT). Therefore, for any such S,

J(8) 2 26(5) = 6(5) > L a(£(4).

Since this holds for any such S and any weighted Eulerian subgraph defined by A satisfying the
constraints in Definition 10.2, we conclude that 2¢)(G) > maxa A2(L(A)) = A" (G). O

The proof of the easy direction for directed edge conductance is similar and is left to Exercise 10.18.

134



Chapter 10

Hard Directions via Asymmetric Ratio

As in Section 9.4, the proof of the hard direction has two steps: dimension reduction and threshold
rounding. Both steps are more involved but follow a similar structure, so we omit the details and
only highlight a key parameter that plays an important role in the proofs.

Definition 10.12 (Asymmetric Ratio of Directed Graphs). Given a directed graph G = (V, E), the
asymmetric ratio of a set S CV and of the graph G are defined as

[67(S)] —
(3| and a(G) .—wglsaéiva(S).

a(s) =

The asymmetric ratio measures how close a directed graph is to an undirected graph. When a(G) =
1, the directed graph is Eulerian, with its edge conductance half that of the underlying undirected
graph. This parameter satisfies two useful properties.

First, it can be used to prove more refined Cheeger inequalities:

\/)\e* ) -log(2a(@)) and (G \/)\”* ) - log (A - a(G)). (10.1)

The improvement comes from a better dimension reduction analysis using the techniques in [JPV23],
and Hoffman’s result on bounded-weighted circulations. Hoffman’s result guarantees an Eulerian
reweighting with every edge weight between 1/a(G) and 1, which is the key property used to control
the loss in dimension reduction. The threshold rounding step has a twist that considers the two
orderings defined by f + r and f — r; see Problem 10.21.

Second, it relates to the directed edge conductance and directed vertex expansion as follows:

! and a(Q) < qA .
G) PG

a(G) < = (10.2)

The proofs of these inequalities follow from elementary combinatorial arguments. Combining these
inequalities yields Theorem 10.8 and Theorem 10.3.

10.5 Cheeger-Type Inequalities for Hypergraphs

A spectral theory for hypergraphs based on a continuous time diffusion process and a nonlinear
Laplacian operator has been developed [Loul5, CLTZ18].

In this section, we define reweighted eigenvalues for hypergraphs and use them to provide an ele-
mentary approach to derive their Cheeger-type inequalities.

Definition 10.13 (Hypergraph Edge Conductance). Let H = (V, E) be a hypergraph. For a subset
S CV, define the edge boundary and volume of S as

§(S):={ecE|lenS#0andenS#0} and vol(S):= Zdeg(i) = Z [{e:iec e}
i€S i€S
The hypergraph edge conductance of a set S CV and of the hypergraph H are defined as

6(3)| and ¢(H):= min ¢(S).

o(8) = min { vol(S), vol(S) } 0£SCV
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To define reweighted eigenvalues for hypergraphs, the idea is simply to consider the “clique-graph”
of the hypergraph H. We find the best reweighted subgraph G of the clique-graph and use its edge
conductance to provide a lower bound on the edge conductance of H, subject to the constraint that
the total weight of the “clique-edges” of a hyperedge e is bounded by 1.

Definition 10.14 (Maximum Reweighted Second Eigenvalue for Hypergraph Edge Conductance).
Given a hypergraph H = (V, E), the mazimum reweighted second eigenvalue for H is defined as

No(H) = max g (I - D*%AD*%)
subject to Z c(i, j,e) <1 Ve e B
{i,j}Ce
> clijie) = A, j) Vi,j €V and i # j
ecE:i,j€e
> A(i, §) = degy (i) VieV.
%

In this formulation, there is a clique-edge variable c(i,j,e) = c(j,i,e) for each unordered pair of
distinct vertices i, j in o hyperedge e, with the constraints that the total weight of the clique-edges in
e is bounded by 1. The matriz A is the adjacency matriz of the reweighted subgraph of the clique-
graph, with edge weight A(i,j) equal to the sum of the weights of the clique-edges involving i and j.
The diagonal degree matriz D is defined as D(i,1) = degp (7).

To ensure that the optimization problem for N5(H) is always feasible, we allow a self-loop at each
vertex of the reweighted graph without a capacity constraint.

Theorem 10.15 (Cheeger Inequality for Hypergraph Edge Conductance). For any hypergraph
H = (V, E) with hyperedges of size at most r,

Ao (H) S o(H) S 4/ A3(H) -log(r).

The following dual program can be derived using the same approach in Section 9.2.

o
D = i, gy 2900

subject to  g(e) > ||f(i) — fFG)|2  V{i,j} Ce Ve e E
> degp (i) - (i) = 0
eV
> degp (i) - 1£G)I3 = 1.
eV

Strong duality v5(H) = A\3(H) holds. We note that v5(H) provides the same semidefinite program
as in [CLTZ18|, and thus Theorem 10.15 follows from their results. Alternatively, we can follow
the same approach in Chapter 9 to prove Theorem 10.15, by doing dimension reduction and then
threshold rounding; see Problem 10.19.

10.6 Discussions and Open Questions

Reductions: The reweighted eigenvalue approach provides a general method for reducing expan-
sion problems in more general settings to the basic problem of edge conductance in undirected
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graphs. The effectiveness of this approach depends on how closely the given problem resembles the
edge conductance problem in an undirected graph. The maximum degree d for undirected vertex
expansion, the asymmetric ratio a(G) for directed edge conductance, and the maximum hyperedge
size r serve ag measures of this closeness. Trivial reductions to undirected edge conductance incur
a factor loss of d for undirected vertex expansion, a(G) for directed edge conductance (by ignoring
directions), and r for hypergraph edge conductance (by considering the clique graph). In con-
trast, reductions via the reweighted eigenvalue approach lose only a factor of logd in Theorem 9.3,
log(2a(@)) in (10.1), and log r in Theorem 10.15, respectively.

Generalizations: As in Section 9.5, reweighted higher eigenvalues can be defined for directed
graphs and hypergraphs. Using these reweighted higher eigenvalues, one can establish an analog
of the higher-order Cheeger inequality for hypergraphs, and an analog of the improved Cheeger
inequality for directed graphs and hypergraphs [LTW23]|. However, the natural analog of the higher-
order Cheeger inequality does not hold for directed graphs. It remains an open problem to determine
whether an alternative analog can be formulated in this setting.

Optimal Bounds: The original results in Theorem 10.3 and Theorem 10.8 left open whether the
log(1/A%) term is necessary. In Section 10.7, we remove this term for directed edge conductance,
giving an exact analog of Cheeger’s inequality in Theorem 2.2. The corresponding improvement for
directed vertex expansion is left as Problem 10.22.

Algorithms: Current algorithms for computing an optimal reweighted subgraph rely on semidef-
inite programming, which is both computationally expensive and not intuitive. It would be useful
to have faster and more ingightful algorithms for computing an optimal reweighting. Some progress
in this direction has been made in [LTW24|, where the matrix multiplicative weight algorithm is
used to develop a combinatorial approach based on flows for computing an approximately optimal
reweighting.

Unified Solution: Different reweighted eigenvalues may have different optimal reweighted sub-
graphs. A basic open question is whether there exists a single reweighted subgraph that is approx-
imately optimal for A} for all £ > 2.

10.7 Optimal Cheeger Inequality for Directed Edge Conductance

In this section, we present a recent development showing that the logarithmic factor in Theorem 10.8
can be removed, giving an exact analog of the classical Cheeger inequality in Theorem 2.2 for directed
edge conductance.

Theorem 10.16 (Optimal Cheeger Inequality for Directed Edge Conductance). For any directed
graph G,

— —

£51(G) S 6(G) S /A5 (G).

The proof was found by GPT-5.5 and communicated by Jack Spalding-Jamieson in July 2026. The
following exposition reinterprets and simplifies this proof.
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Dimension Reduction Loss

To illustrate the new idea, we first recall the main steps in the proof of Theorem 10.8 and see
where the logarithmic factor is incurred. The proof is similar in structure to the proof of Cheeger’s
inequality in Section 2.3. The difference is that we start from an n-dimensional SDP solution and
so there is an additional dimension reduction step. In the following, let d(i) := deg™ (i) + deg™ (4)
be the total degree of vertex ¢, and write (a)4 := max{a,0} for a € R.

1. Start from the SDP solution f:V — R™ and r: V — R in Lemma 10.10 with

Yiier (1FG) = DB =r@) +7()), _ .
ey () - 17O Sy and ;d (10.3)

2. Embed the SDP solution (f,r) into a 1-dimensional £3-solution z : V' — R, with the potential
rescaled to sr for some s > 0, satisfying

> ijeE ((x(@) — z(4))* — sr(i) + sr(j ))+ . 1
ey (i) - a(i)? SHglog s and ZGZVd L (10.4)

The logarithmic factor is incurred in this dimension reduction step, whose refined analysis
gives the bounds stated in (10.1).

3. Embed the 1-dimensional £3-solution (z, 7, s) into a 1-dimensional ¢;-solution y : V — R, with
the potential rescaled to tr for some ¢t > 0, satisfying

Dijen (ly(i) = y()| — tr(i) + tT(j))+ N 1
>iev d(@) - [y ()] W and Zezvd . (10.5)

4. Round the ¢;-solution (y,r,t) to a combinatorial solution S C V satisfying vol(S) < |E| and
Yier (W) —y() —tr(i) +tr(j))
2iev () - y(9)] '

This step uses a relatively standard threshold rounding argument, with the twist of considering
two orderings defined by y + tr and y — tr. We outline the proof in Problem 10.21.

(10.6)

Bypassing Dimension Reduction Loss via Composition

The refined dimension reduction bound underlying (10.4) is tight up to a constant factor [LTW23],
so removing the logarithmic loss requires a different approach from simply improving Step 2 above.
The key observation in the new proof is that the intermediate requirement in Step 2 is stronger
than what we need, and one can bypass this barrier by composing Steps 2 and 3 to obtain the
1-dimensional £1-solution directly from the SDP solution.

The dimension reduction in Step 2 is by standard Gaussian projection
2(i) == (g, £(i)) where g~ N(0,1,).
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The ¢1-embedding in Step 3 uses signed squaring, as in Cheeger’s inequality in Section 2.3. Choose
a shift ¢ to obtain

y(i) := (z(i) + ¢) - |2(i) + ¢| so that Zd(z) -y(i) = 0.

Composing these two steps gives y(i) := ((g, f(i)+ ) ‘(g f(3) +C‘ One can indeed show that this
composition removes the logarithmic loss. In the proof, we analyze a slightly different composition:
instead of shifting before signed squaring, we center afterward, setting

> jev A7) - (j) - 2 (7))
vol(V) '

2(i) = (g, F(i)) and y(i) == (i) - [o(i)| - (10.7)

This avoids the need to analyze the random shift ¢ and simplifies the calculation.

By construction, the constraint ),y d(i) - y(i) = 0 in (10.5) is satisfied. It remains to relate the
denominator and numerator in (10.5) to the corresponding quantities for the SDP solution in (10.3).
We will use the following elementary inequalities to bound differences of signed squares: for a,b € R,

%(a—b)2 < Ja-lal = b < Ja—b|- (lal + o). (10.8)

Bounding the Denominator

To bound the denominator, we use the centering condition of x in (10.4), which follows from the
centering condition of f in (10.3) as Yoy d(d) (i) = Yiey d(i) (g, (1)) = (g, Xiey d(@) £(i)) = 0.
Set b so that b-[b] = (>,cy d(i) - (i) - |x(z)|)/v61(V) Then the denominator of y in (10.5) satisfies

S i) yi)] = 32 dG0) - [o(i) - Je @) — b+ bl 2 5 ) - (00) ~5) > 5 D d) - w6
2% eV eV eV

where the first inequality is by the lower bound in (10.8), and the second inequality follows from
the centering condition of x which makes the cross term zero. Taking expectations and using

E[r(i)?] = El{g. /(2))*) = | £() [ gives
E[Zd@’!y(i} 3E [Zd } 5> di) 7B (10.9)

eV eV ZGV

Bounding the Numerator

We now compare the numerator of y in (10.5) to that of the SDP solution in (10.3). For an edge
with f(i) # f(j), note that

w(i) —2(j) = (g, f (i) = f(43)) = [ (8) = F(G)ll2 - haj where  hg; ~ N(0,1).
Applying the upper bound in (10.8) and the AM-GM inequality for any ¢ > 0 thus gives

[y =y = [2) - e i)] = o) - =)
< Jali) = 2(9)] - (Joi >| )
= FG) = Sl Ihigl - (12 + 2))
<t G = FGOIB+ 3 h (6] + ()
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Subtracting the rescaled potential difference now relates each edge term in the numerator of y in
(10.5) to the corresponding term for the SDP solution in (10.3):

(v =)l = tr@) +6r)) <t (150 = FDIB =) 7)) + 5 7+ (2] +1a()])

It remains to bound the expectation of the additive error term. To do so, we use the fact that
E[U?W?] < 3E[U?] - E[W?] for any two centered Gaussian variables U and W which need not be
independent.! Since E[hfj] =1 and E[z(3)?] = || £(1) |3, it follows from the preceding fact that

. A2 ‘ .
E 1 - (j26)] + l2(5))?] < 2E [ - (le()P + [2()P)] < 6(I/ )3+ 17G5)13)-
Taking expectations and summing over all edges gives

B[ 3 (v -l -t +000)) | < 0 X (150 - S0 =) +1))

ijeE ijek

o S d@IF@)I3

2%

(10.10)

Proof of Theorem 10.16

The lower bound follows from Theorem 10.8. For the upper bound, let f: V - R andr: V — R
be an SDP solution in (10.3). Embed f into a 1-dimensional ¢; solution y as described in (10.7).

Combining (10.9) and (10.10), and setting ¢t =1/ X;* to balance the two terms, we obtain

E> ijer (ly(i) —y() —tr@) +tr(j) -
E> iev d(@) - ly(d)] ~ \/7

By averaging, there is a choice of g with positive denominator whose quotient is at most the ratio
of expectations above. Applying the threshold rounding bound (10.6) thus proves the theorem.

Remarks: The same AM-GM argument applied directly to z gives an ¢3-quotient bounded by

O(\/Xg*), but this is a weaker guarantee than that in (10.4). The composition proof achieves this
bound directly for the ¢;-solution needed for threshold rounding.

The refined dimension reduction bound in (10.4) can also be recovered by adapting the Gaussian
tail argument in [JPV23] to the dual SDP formulation, using the same projection and potential
rescaling as in this section; see Problem 10.20.

Randomized Algorithm: A polynomial time randomized algorithm can be obtained using a
standard sampling argument. Applying Fact 9.16 to the Gaussian variables \/d(7) - z(7) implies that

. 1
Pr| St )] = § S d- 11OIE] > .
2% 1€V
Combining this with (10.10) and Markov’s inequality shows that a random g yields an ¢; quotient

of O(\/XS*) with constant probability. It is clear that each step can be carried out in polynomial
time.

'By Cauchy-Schwarz and the Gaussian fourth moment, E[U?W?] < \/E[U4] - E[W4] = 3E[U?] - E[W?].
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10.8 Problems

Problem 10.17 (Lower Bound on Fastest Mixing Time). Prove the lower bound in Theorem 10.5.

Exercise 10.18 (Easy Directions). Prove the easy directions in Theorem 10.8 for directed edge
conductance and in Theorem 10.15 for hypergraph edge conductance.

Problem 10.19 (Hard Direction for Hypergraph Edge Conductance). Prove the hard direction in
Theorem 10.15. Hint: The techniques in Chapter 9 suffice.

Problem 10.20 (Refined Dimension Reduction [JPV23]). Prove (10.4) directly from the SDP so-
lution in (10.3), using Gaussian projection x(i) := (g, f(i)) and rescaling the potential to tr.
Hint: For Z ~ N(0,1), use E[(Z2 —t),] < e /2 and take t = 21og(2/X5).

Problem 10.21 (¢1-Rounding for Directed Edge Conductance). Prove (10.6) using the two order-
mgs y +tr and y — tr.

1. First show how to obtain a cut from a scalar function. For x : V. — R, prove that some
threshold cut satisfies

> min { Y5 p(2(1) = 2(5)) 15 Yoijep(@(i) — 2(1)+ }
#5) = ey (D) J2() — ’

where c is a weighted median of x: the vertices strictly above and strictly below c each have at
most half the total volume.

2. Apply Part (1) to y+tr and y — tr. Show that both numerators are at most

> (@) = y(i)] = tr(@) + tr(5))+-

ijeE
Using > ;v d(@) - y(i) = 0, show that at least one denominator is at least 5> .oy, d(i) - [y(4)].
Deduce the desired bound.

Problem 10.22 (Optimal Cheeger Inequality for Directed Vertex Expansion). For any directed
graph G with mazimum total degree A, prove that

5(G) S 9(G) S /A5 (G) og(240).

Adapt the composition proof in Section 10.7, using the Gaussian mazimum argument in Chapter 9.
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Part 11

Random Walks and Graph
Decompositions

In this part, we see that ideas from random walks can be used to find small sparse cuts, which serve
as the building blocks for constructing expander decompositions and low threshold rank decompo-
sitions, providing a new paradigm for designing fast algorithms and approximation algorithms.
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Small Sparse Cuts from Random Walks

The problem of finding a small sparse cut is of both theoretical and practical interest.

On the theoretical side, the small-set expansion conjecture is closely related to the unique games
conjecture. Arora, Barak, and Steurer [ABS15] proved a Cheeger-type inequality for small-set
expansion and used it to design subexponential time algorithms for small-set expansion and unique
games. This influential result was the first to explore graph partitioning using higher eigenvalues and
inspired further developments in Cheeger inequalities (Chapter 7 and Chapter 8) and approximation
algorithms (Chapter 21 and Chapter 22).

On the practical side, finding a small sparse cut has important applications in processing massive
graphs. Spielman and Teng [ST13| designed the first local graph partitioning algorithm, which
identifies a small sparse cut while only exploring a limited portion of the graph. This work opened
up a new research direction and inspired further developments, including local graph partitioning
algorithms using PageRank vectors and evolving sets.

In this chapter, we present a unified spectral approach [KLL17| to establish both results.

11.1 Approximating Small-Set Edge Conductance

Informally, a small sparse cut is a set S C V with small edge conductance ¢(S) and small size |S].

Definition 11.1 (Conductance Profile). Given an undirected graph G = (V, E) and a parameter
§ < 1/2, the §-small-set edge conductance of G is defined as

os(G) = m #(9).

= n
5:0<|S]|<6|V|

The small-set expansion conjecture formulated by Raghavendra and Steurer [RS10]| postulates that
the problem becomes harder as é becomes smaller.

Conjecture 11.2 (Small-Set Expansion Conjecture [RS10]). For any constant ¢ > 0, there exists
a constant 6 > 0 such that it is NP-hard to distinguish whether a d-regular graph G = (V, E) is in
one of the following two cases:

1. ¢5(G) < ¢, or
2. ¢s(G) > 1 — ¢.
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A Cheeger-type inequality for small-set edge conductance would disprove this conjecture. Specifi-
cally, a polynomial time algorithm that always returns a set S with ¢(S) < \/¢s(G) and |S| < §|V]|
would distinguish the two cases. However, the spectral partitioning algorithm based on the second
eigenvalue and eigenvector in Chapter 2 does not have control over the size of the output set.

The best known approximation algorithm for small-set expansion is an SDP-based algorithm of
Raghavendra, Steurer and Tetali [RST10], which returns a set S of size O(|V]) with edge conduc-
tance 6(S) < /65(G) - log(1/0).

Arora, Barak, and Steurer [ABS15| proved a Cheeger-type inequality for small-set edge conductance
using (much) higher eigenvalues. The key point is that, when k is sufficiently large, the edge

conductance has no explicit dependence on k, unlike in the higher-order Cheeger inequality in
Theorem 7.2.

Theorem 11.3 (Cheeger Inequality for Small-Set Edge Conductance [ABS15]). For any d-regular
graph G = (V = [n], E), any 0 < e < 1, and any integer 2 < k < n, there exists a set S CV with

A lnn n
and |S| < e

¢(5) S

where Ay, is the k-th smallest eigenvalue of the normalized Laplacian matriz. In particular, if k > n®

for some B > 0, then
$(5) 54/ A‘“B and |S| S n' P17,
6 .

We will prove this result in this chapter and explain how it can be used to design a subexponential
time algorithm to distinguish between the two cases of the small-set expansion conjecture in Chap-
ter 13. The proof is based on the collision probability of random walks, which is analyzed using a
trace argument.

elnk

Random walks can also be used directly to design approximation algorithms for the small-set edge
conductance problem. The intuition for distinguishing the two cases in Conjecture 11.2 is as follows.
In the first case, if we start a random walk from a random vertex ¢ € .S, then the walk is expected to
remain in S with high probability. In the second case, the random walk is expected to mix quickly
for sets of size up to roughly 25|V|. Therefore, by computing Wty; for an appropriately chosen t,
where W is the lazy random walk matrix, we can sum its largest 6|V| entries to distinguish between
the two cases, as illustrated in Figure 11.1.

Figure 11.1: The cumulative sum of the entries of W'y; in decreasing order. The shaded region
represents the largest 6|V| entries. In the first case, their total mass is large, while in the second
case, the mass is spread over roughly 20|V| entries.
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This idea underlies Spielman and Teng’s local graph partitioning algorithm [ST13], which can return
a set S with an approximation guarantee close to that of Cheeger’s inequality while ensuring that
the output set size satisfies |S| < §|V].

Theorem 11.4 (Small-Set Edge Conductance from Random Walks [ST13]). Let G = (V, E) be a
d-regular graph. For any 0 < § < 1/2, there exists a polynomial time algorithm using random walks
that returns a set S CV with

¢(S) S Vos(G) -log(a|V]) and |S| < 4|V

Their original proof is based on a combinatorial approach by Lovasz and Simonovits [LS93].

In this chapter, we will use the collision probability of random walks to give a unified spectral proof
of both Theorem 11.3 and Theorem 11.4. The lower bound on the collision probability follows from
a trace argument for the first result and a staying probability argument for the second.

We will also explain how the random walk algorithm in Theorem 11.4 can be implemented locally so
that it runs in sublinear time when 4 is small enough and provides a local approximation guarantee.
See Theorem 11.13 for the precise statement.

11.2 Spectral Approach

The spectral approach seeks to find a vector x € R’} with a small Rayleigh quotient and small
support size. Applying the Cheeger rounding from Chapter 2 (see Lemma 7.4) to x would then
yield a subset S with

#(S) SV/R(z) and S Csupp(z),

where the Rayleigh quotient of x is

x' Lz _ ZUGE(»T(Z) - x(]))2
ala EalE

R(z) = (11.1)

Combinatorially and Analytically Sparse Vectors

The combinatorial requirement that x has small support size is not particularly suitable for spectral
analysis. The idea in [ABS15] is to relax this condition to make it amenable to spectral analysis
while maintaining essentially the same effect. By Cauchy-Schwarz, a vector « with support size at
most dn satisfies

lzlli =" le@l= Y |z@) < VIswp@)- [ > 2@ <Vén-||z]s,
=1 i€supp(x) t€supp(x)

which motivates the following definition.

Definition 11.5 (Combinatorially and Analytically Sparse Vectors). For d € [0,1], a vector x € R,
is called 0-combinatorially sparse if | supp(z)| < on, and d-analytically sparse if ||z||1 < Von- | z|s.

The following lemma shows that an O(d)-combinatorially sparse vector can be extracted from a
d-analytically sparse vector while preserving the Rayleigh quotient up to a constant factor.
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Lemma 11.6 (Combinatorially Sparse Vector from Analytically Sparse Vector). Given a §-

analytically sparse vector x € R, there exists a 46-combinatorially sparse vector y € R’} with

R(y) < 2R(x).

Proof. The proof follows from a simple truncation argument. By scaling, we assume that ||z |3 = on
and [[z||; < on. Define y € R?} as

1
y(i) := max {:c(z) - 1,0}.
It is clear that | supp(y)| < 4dn, as otherwise ||z||; > dn. Thus, y is 4d-combinatorially sparse.

We compare R(y) with R(x). For the numerator, as truncation does not increase the edge length,

(y(i) — y(j))* < ((i) — z(5))*.

For the denominator, note that y(i)?> > x(i)? — $2(i), which implies that
I3 =Sy = 322 - =3 w(i) = on - 2on = on = + |l
4 . 2 - - 2 2 2 ’
eV eV eV

where we used ||z||3 = én and ||z |1 < én. Therefore,

Zz]EE(y(Z) —y(5))? < ZUGE@?(Z) —z(4))?
dY ievy@? = 4y (i)

R(y) = = 2R(x). O

Algorithm and Analysis Outline

The algorithm is quite simple. We first describe it informally without specifying the parameters.
Let W = %I + %A be the lazy random walk matrix. The vector W'y; is the distribution of a length
t random walk starting from i, and ||[W?x;||3 is the collision probability of two independent such
walks.

1. For each vertex i € V, compute Wty; for some appropriately chosen t.
2. Truncate W'y; to a vector y with small support using Lemma 11.6.

3. Apply Cheeger rounding from Lemma 7.4 to y to obtain a small sparse cut.
The following is an outline of the analysis.

1. For step (1), we will prove that the vector W'y, has a small Rayleigh quotient for every i € V
when t is large enough. The analysis here is similar to that of the power method used for
computing an eigenvector corresponding to the largest eigenvalue.

2. For step (2), we lower bound the collision probability using two different arguments.

To prove Theorem 11.3, we use a trace argument to show that if there are many small eigen-
values of the normalized Laplacian matrix, then there exists a vertex i € V for which ||Wty;||3
is large when ¢ is small enough.

To prove Theorem 11.4, we use a combinatorial argument based on staying probability to
show that if there is a small sparse cut S, then there exists a vertex i € S for which ||Wty;||3
is large when t is small enough.
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3. Finally, we choose ¢t appropriately to balance the Rayleigh quotient and the analytic sparsity
of Wty;. A larger t gives a smaller Rayleigh quotient, while a smaller ¢ better preserves the
collision probability and hence analytic sparsity.

In the following sections, we will analyze step (1) of the algorithm in Section 11.3, prove Arora,
Barak, and Steurer’s Theorem 11.3 in Section 11.4, and prove Spielman and Teng’s Theorem 11.4
in Section 11.5, where we also explain how to implement the algorithm locally.

11.3 Power Method

In this section, we show that the Rayleigh quotient of Wty; is small when t is large enough. This
is not surprising, as Wty; — T/ n when G is a regular graph, so the Rayleigh quotient tends to zero
when t — oo. What matters is the precise convergence rate, since for analytic sparsity, ¢t cannot be
set too large, creating a tension in its choice.

The following power mean inequality, which states that E[Xp]% > E[Xq]% for a non-negative
random variable X and p > ¢ > 0, will be used in the analysis.

Lemma 11.7 (Power Mean Inequality). For non-negative real numbers aq,...,a, and w1, ..., wy
wzthz _ywj =1, for any p > q >0,

()

The analysis is similar to that of the power method, an algorithm for computing an eigenvector
corresponding to the largest eigenvalue of a matrix.

3=

n 1
q
> (S wat)
J=1

Lemma 11.8 (Power Method). Let G = (V, E) be a d-reqular graph. Let W = (I +.A) be the lazy
random walk matrix of G. For any verter i € V and integer t > 1,

1
R(W'xi) <2 —2|W'xil3,

where R(x) is the Rayleigh quotient as defined in (11.1).

Proof. Let the eigenvalues of W be 1 = a1 > as > ... > a, > 0 with corresponding orthonormal

eigenvectors vy, vo,...,v,. Write x; = Z] 1 ¢jvj. Then

n
thi:chazvj and ||[Wi;|3 = Z 2 Qt.

j=1
Since L =1—-A=2(1-W),
2 2t41
R(th) _ (X:Wt)’c(WtXZ) -9 _ 2( T )W(WtXl) —9_ 22? 1 c]aj
) = = = =
W hll3 W13 Y cadt
Since Zj 1 ] = [Ixill3 = 1 and aj > 0 for all j, we can apply the power mean inequality to obtain

(Speer )™= (So)”
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This implies that

1
Zn 02a2t+1

1 1
M_(Zcz 2 = (wlg) " = ol

Jj=1%3"J

Thus, the lemma follows. O

To understand what this result implies, first note that ||[Wy;|2 > 1/4/n, which is minimized when
Wtx; = 1/n. Thus, using 1 —z < e~ %,

R(Why:) < 2<1 - (\}ﬁf) - 2(1 - e_lng> < thn

Therefore, setting ¢ > Inn/\ ensures R(W'y;) < A, while setting ¢t > 1/ ensures R(W'y;) < Ann.

11.4 Cheeger Inequality for Small-Set Edge Conductance

The idea in [ABS15] is to use higher eigenvalues to lower bound the collision probability ||[W;||3.

Lemma 11.9 (Analytically Sparse Vector from Higher Eigenvalues). Let G = (V = [n], E) be a
d-regular graph, and let M\ be the k-th smallest eigenvalue of its normalized Laplacian matriz. For
any integers k > 1 and t > 1, there exists a vertex 1 € V with

k Ak
Wil > = (1- 26"
Proof. The proof follows from a simple trace argument. Let oy > --- > «, be the eigenvalues of
W. Since W =1 — %L, ap=1-— %)\k. Using Fact A.38, which states that the trace is equal to the
sum of eigenvalues,

St = zx;wﬂx] — T (W) za% > k(1-2)"

The lemma follows by averaging. O

If | Wexill3 > k/n = k[[Wix;||3/n (since |Wix;||1 = 1), then W', is a 1/k-analytically sparse vec-
tor by Definition 11.5. It would then follow from Lemma 11.6 that there exists a 4/k-combinatorially
sparse vector with Rayleigh quotient at most 2R(W?tx;), which would be ideal. We cannot achieve
this exactly, but we obtain something close with set size O(n/k'~¢) for any 0 < € < 1.

Proof of Theorem 11.5. Since the result is immediate when A, = 0 or A\; > 1, we assume that
0 <X <1.Sett=(elnk)/(2\x). By Lemma 11.9, there exists a vertex ¢ € V such that

k A k k k.l—e
IWxill5 > (1 — 7’“) > e M = 8 pmelnk B
n n n

where we used 1 — § > e™® for 0 <z < 1. This implies that Wty; is k~(1=9-analytically sparse.

For the Rayleigh quotlent, using Lemma 11.8 and the bound 1 —x < e™7,

1 kl—e
R(Why) <2 —2|Wixi|ls <2 - 2(
n

1
t

l nn
)t §2—2(3) _ 9 gt < Pelnn
n elnk
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Applying the truncation argument in Lemma 11.6 to Wty;, we obtain a vector y € R? satisfying

8 Inn 4n
<
Elnk a‘nd |Supp( )| kl 5

Applying Cheeger rounding in Lemma 7.4 to y yields a set S C V with

R(y) <

A Inn n
d < .
e o IS =

P(5) S

Finally, when k > n?, the inequalities Ink > S1Inn and k'€ > nf(1=9 imply the consequence. [

11.5 Local Graph Partitioning by Random Walks

One idea in [ST13] is to lower bound the probability of a random walk staying within a subset S.

Lemma 11.10 (Staying Probability). Let G = (V, E) be a d-regular graph, and let W be its lazy
random walk matriz. If the initial distribution is po := xs/|S| for a subset S C 'V, then p, :== Wipy
satisfies

Proof. The proof follows from a simple inductive argument. We lower bound Zje s Di(j) by the
probability that the random walk stays within S in all ¢ steps. Equivalently, we upper bound the
probability that the random walk leaves S in any of these ¢ steps.

The initial distribution py assigns each vertex in S a probability of 1/|S|. Since the graph is d-
regular and the random walk is lazy, each edge in §(S) carries probability mass 1/(2d|S|) out of S.
Thus, the total probability of leaving S in the first step is [6(5)|/(2d|S]) = ¢(5)/2.

We will argue that the probability of leaving S at each time step remains at most ¢(S)/2. This
implies that the total probability of leaving S in any of the t steps is at most ¢ - ¢(.5)/2, so

1
Zpt ) > Pr the random walk stays within S for all ¢ steps] >1-— 3 t-o(9).
jES

To complete the proof, we just need to observe the invariant that the probability at each vertex at
any time step is at most 1/|S|. This ensures that the above calculation of the probability of leaving
S holds for all time steps. The invariant follows by induction using the equation

S 1 . 1 1
P (i) = 3 -pi(i) + 2d Z pe(j) < Gk O
jijeE

Since the random walk matrix is a linear transformation, an averaging argument shows that there

exist good starting vertices within S.

Lemma 11.11 (Good Starting Vertices). Under the assumptions in Lemma 11.10, there exists
S" C S with |S'| > |S|/2 such that if po = x; for i € S’, then

S ow(i) = 1—t-(S).

JES
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Proof. From Lemma 11.10, if the initial distribution is py = xg/|S|, then the total probability of
leaving S in any of the ¢ steps is at most t-¢(5)/2. As xs/|S| is a convex combination of {x; | i € S},

5= Wi =wt(X8) = L .
pt_thO_Wt(|S|)_S]j€z;WtX]'

By Markov’s inequality, there exists S’ C S with |S’| > |S]/2 such that if pyp = x; for i € S’, then
the total probability of leaving S in any of the ¢ steps is at most ¢ - ¢(S). Then the lemma follows
as in Lemma 11.10. O

By Cauchy—Schwarz, this staying probability bound gives a lower bound on the collision probability
and hence analytic sparsity.

Lemma 11.12 (Analytically Sparse Vectors from Staying Probability). Under the assumptions in
Lemma 11.10 and Lemma 11.11, suppose additionally that t - ¢(S) < 1. There exists S’ C S with
|S"] > |S|/2 such that forie S,

La—ta8)>.

Wt . 2> -
H X2H2—’S‘

Proof. For any vertex ¢ € S’ from Lemma 11.11, by Cauchy-Schwarz,

2
Wl = W) ()7 > @(wai)(j)) > (1= t-0(8))" s

jes jes
Approximation Algorithm for Small-Set Edge Conductance

The upper bound on the Rayleigh quotient in Lemma 11.8 and the lower bound on the collision
probability in Lemma 11.12 can be combined to obtain an algorithm for small-set edge conductance
with an approximation guarantee close to that of Cheeger’s inequality.
Proof of Theorem 11.4. Let S be a subset with ¢(S) = ¢5(G) and |S| < 6|V|. Set

1

= 5505

From Lemma 11.12, there exists a vertex ¢ € .S with

Wiy |2 > — .

From Lemma 11.8, the Rayleigh quotient of W'y; satisfies

R(Why) < 2(1 B ||WtXi||2%) < 2<1 B (4‘15’)¢(S)) _ 2(1 _ 6_1n(4|S|)-¢(S)) < $(S) - In|S|.

Therefore, by Lemma 11.6, the truncated vector y € R} satisfies
R(y) S ¢(5)-In[S] and  [supp(y)| < |5].
Applying Cheeger rounding in Lemma 7.4 yields a subset S” C V such that
9(8) S Vo(9) In[S| = V&5(G) - In[S] and || SIS < 4|V,

The algorithm can find such a set by trying all starting vertices and all relevant walk lengths and
returning the set of smallest conductance among the resulting sets of size O(J|V]). O

152



Chapter 11

Local Graph Partitioning

The random walk algorithm has the significant advantage that it can be implemented locally, so
that the running time depends only on the output size but not on the original graph size.

The idea is simply to truncate the random walk vector at each step. Let ¢y = x; be the initial
distribution, and let € be a parameter. For each ¢t > 0, define

. 0 if (1) < ed . .
pe(i) =19 . Gl ). and  G1 = Wpr.
q:(i) otherwise,

Let p; = W'y, denote the untruncated random walk vector. The truncated vector p; satisfies
Pt < pr < pr + etd - 1 and can be computed in O(t/e€) time. By setting

o(5) 1

ex—— and ¢x—r,

td| S| ¢(5)
it can be proved that the analytic sparsity and the Rayleigh quotient remain within a constant factor
of those of p; (see [ST13, KL12, KLL17| for details). This leads to the following local algorithm for
computing a small sparse cut.

Theorem 11.13 (Local Algorithm for Small Sparse Cut [ST13]). Let G = (V, E) be a d-reqular
graph. For any unknown target set S C V', at least half the vertices i € S have the property that the
truncated random walk algorithm starting from i returns a set S’ satisfying

¢(8") S Ve(S) - |S| and [S]SIS].

The running time of the algorithm is O(d|S|/$(S)3).

This provides a sublinear time algorithm for graph partitioning when |S| is sufficiently small. Note
that the approximation guarantee is also local in the sense that it compares to the unknown target
set S rather than to a set of minimum conductance of a given size. In particular, it is useful
for finding a small sparse cut near a particular vertex without exploring the entire graph. This
local algorithm will also be useful for constructing expander decompositions efficiently in the next
chapter.

It is possible to remove the factor of In|S| in the approximation guarantee, but at the cost of a
worse output size bound, |5’ < |S|*+¢; see Problem 11.15. Additionally, improved approximation
guarantees can be obtained when \;(G) or ¢ (G) is large for a small k; see Problem 11.16.

Local graph partitioning has become an active research topic, with several alternative approaches
using PageRank vectors [ACLO06] and evolving sets [AOPT16]. We will discuss a limitation of these
approaches in the next section.

11.6 Hard Example for Local Graph Partitioning

It was conjectured in [AOPT16] that a local graph partitioning algorithm using evolving sets could
distinguish between the two cases of the small-set expansion Conjecture 11.2. However, a hard
example was presented in [CKL17] that fooled all the existing local graph partitioning algorithms
in their attempts to distinguish between the two cases.
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The example is a noisy hypercube H over a large alphabet size k = 1/6. Formally, H is a graph
on n := k! vertices, representing all strings of length [ over alphabet [k]. For two vertices z,y, the
edge weight w(x,y) is set according to the probability of transitioning from z to y in one step of
a random walk, where each symbol of x is independently re-randomized with probability e, i.e., for
each i € [l], with probability 1 — €, set y(i) = x(7); otherwise, y(i) is sampled uniformly at random
from [k]. Note that H is 1-regular.

A AV

A 7 il
i /4;% g/ .47 5; 47
VY 7 m

.\. S

Figure 11.2: A dictator cut and level sets in the hypercube over alphabet [3]. The left figure
shows the dictator cut, while the right figure illustrates the level sets of a random walk vector
started from the darkest vertex. Darker colors represent larger values, and thresholding at successive
shades produces nested ball-like cuts. This provides intuition for the scheme, but is not a precise
representation, as the actual graph is a noisy hypercube with nonuniform edge weights.

It is easy to see that H has a small sparse cut. Indeed, the coordinate cut S = {z € [k]' | z(1) = 1}
has size 0n and edge conductance at most €. On the other hand, all existing local graph partitioning
algorithms will only explore the Hamming balls of the noisy hypercube, but the edge conductance of

all Hamming balls of size O(dn) is close to one. The two types of cuts are illustrated in Figure 11.2.
See the details in [CKL17].

11.7 Problems

Problem 11.14 (Local Cheeger’s Inequality). In this question, we study the relation between “local
eigenvalues” and “local edge conductance”. Let G = (V, E) be an undirected d-regular graph, and let
L be its normalized Laplacian matriz. Let S CV be a subset of vertices with |S| < |V]/2.

First, we define local eigenvalues. Let Lg be the |S| x |S| submatriz of L with rows and columns
restricted to those indexed by vertices in S. Let \g be the smallest eigenvalue of Lg. We say Ag is
the smallest local eigenvalue of S.

Nezxt, we define local edge conductance. Let ¢(S) be the edge conductance of S in G, and let
¢*(S) = mingcg ¢(S’). We say ¢*(S) is the local edge conductance of S.

Prove that

¢*(S) = As > (¢*(25))2.
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Problem 11.15 (Improved Approximation Guarantee [KL12, AOPT16|). Let G = (V, E) be an
undirected d-reqular graph, and let S C V. Let p; = W'py, where W is the lazy random walk matriz.

(a) Prove that there exists a probability distribution ¢ on V such that if po = q, then

ST 5G) > (1- 6(S)).

€S

(b) Use part (a) to prove that the random walk algorithm in this chapter has the following per-
formance guarantee: For S CV and € > 0, there exists a starting vertex i € S such that the
random walk algorithm returns a set S" satisfying

o) <23 and 151 <15

Problem 11.16 (Improved Cheeger Guarantee [KLL17|). Let G = (V,E) be a d-regular graph.
Prove that, for any unknown target set S C V and any k > 2, the random walk algorithm in this
chapter returns a set S” with |S"| < |S| satisfying

) < B6(S) < Bo(S)
WSS Ghg i 9SS T

where ¢ (Q) is the k-way edge conductance in Definition 7.1 and A is the k-th smallest eigenvalue
of the normalized Laplacian matriz.
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Expander Decomposition

Graph decomposition is an important paradigm for designing fast algorithms and approximation
algorithms. The results in Chapter 11 are useful for constructing such decompositions.

In this chapter, we introduce expander decomposition, study efficient algorithms for constructing
it, and discuss various applications in designing fast algorithms. In the next chapter, we will
introduce low threshold rank decomposition and explore its applications in designing approximation
algorithms.

12.1 Expander Decomposition from Recursive Sparse Cuts

A general paradigm in algorithm design is the divide-and-conquer method. Given a graph, a natural
way to divide it is through a sparse cut, and doing so recursively leads to the following approach.

Algorithm 7 DECOMPOSE(G, ¢)

Require: An undirected graph G = (V, E) and a parameter ¢ € [0,1].
1: If ¢(G) > ¢, return V.
2: Let S C V be a set satisfying

 15a(8)
volg(.5)

oc(S) < ¢ and volg(S) <volg(V\S).

3: return DECOMPOSE(G[S], ¢) U DECOMPOSE(G[V \ 5], ¢).

This simple approach leads to an optimal existential theorem for expander decomposition.

Theorem 12.1 (Expander Decomposition). For any undirected graph G = (V, E) and any ¢ € [0,1],
there exists a partition of the vertex set (Vi,...,Vy) that satisfies the following two properties.

1. High edge conductance: Fach induced subgraph G[V;] has ¢(G[Vi]) > ¢.

2. Few crossing edges: |6(Vi,...,Vi)| < ¢|E|log|E|, where 6(Vi,...,Vi) := {uww € E | u €
Vi, v €V}, i # j} denotes the set of crossing edges.

Proof. The first property is satisfied by construction.
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For the second property, let Gg be the input graph. Then,

(Vi Vi)l =D 18a(S) <D ¢ -vola(S) <D ¢-volgy(S) = ¢ > > degg, (i),
S S S

S ies

where S runs over the sparse cuts found by the recursive algorithm in step (2), and G denotes the
current graph when S is found. Note that each vertex belongs to the smaller side of a sparse cut
at most log,(2|E|) times, since the volume decreases by a factor of two at each step, and the initial
volume is 2| F|. Therefore, by a change of summation,

6(Vi, . Vi <> > degg, (i) < ¢ Y logy(2|E|) - degg, (i) = ¢ - 2| E| log,(2|E]). O

i€V §5:531 2%

Corollary: This theorem implies that for any simple graph and any € > 0, there exists a partition
(Va,..., Vi) such that
€

#(G[V3]) = oz V] foreach 1 <i<k and [6(V4,...,Vi)| S €lEl. (12.1)

Optimality: There are graphs where Theorem 12.1 is tight up to a constant factor. For hypercubes,
removing a small constant fraction of edges leaves a component with edge conductance at most
O(1/1log|V|); see Problem 12.15.

Complexity: The only drawback of this theorem is that it does not lead to an efficient algorithm
for computing the expander decomposition, as finding a set of minimum edge conductance is NP-
hard. In most of the remainder of this chapter, we study how to design an efficient algorithm for
finding an expander decomposition, possibly with worse parameters.

Quadratic Algorithms

Naturally, we replace an exact algorithm for minimizing edge conductance with an approximation
algorithm, and the same recursive approach has the following guarantee.

Theorem 12.2 (Expander Decomposition Using Approximate Sparse Cuts [KVV04]). Suppose the
graph G = (V = [n], E) has a partition (V1,...,V}) where

o(GVi)) = ¢  and [6(V1,..., Vi) <e-|E].

Let A be an approximation algorithm that returns a set of edge conductance at most f(n) - z¢ for a
fized constant ¢ € (0, 1] if the minimum edge conductance is x. Then, running Algorithm 7 with step
(2) replaced by using A to find an approzimately minimum sparse cut returns a partition (Uy, ..., U))
of V such that

¢ 1

HGUD 2 (ogz)” @nd 1000 OIS Fn) - log 2|

This result holds for any approximation algorithm for the minimum edge conductance problem.
In particular, if we use Spectral Partitioning in Algorithm 1 (with f(n) = v/2 and ¢ = 1/2 from
Theorem 2.2), then it outputs an expander decomposition with the following guarantee.
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Corollary 12.3 (Expander Decomposition Using Spectral Partitioning [KVV04]). Suppose the
graph G = (V = [n], E) has a partition (V1,..., V) where

SGV]) = and |6(Vi,..., Vi) <e-|E).

Then, running Algorithm 7 with Spectral Partitioning in Algorithm 1 returns a partition (Uy, ..., U;)
of V' such that

sl 2 -2

n
2 and  |6(Uy,...,U))| S Ve -log—-|E|

log= % €
Since the spectral partitioning algorithm can be implemented in nearly linear time, the recursive
algorithm provides an O(|E|?)-time algorithm for computing an expander decomposition.

Alternatively, one could use a near linear time O(logn)-approximation algorithm for the minimum
edge conductance problem (with f(n) = logn and ¢ = 1), yielding another quadratic time algorithm
for expander decomposition with different parameters.

12.2 Expander Decomposition from Most-Balanced Sparse Cuts

The bottleneck of the approach in the previous section is that the recursion depth can be as large
as (n), while we spend near-linear time finding an unbalanced sparse cut at each step, leading to
a quadratic algorithm.

In this section, we explore the idea of finding a most-balanced sparse cut, so as to reduce the
recursion depth to O(logn). Define

VOlmax (@) := mgx{vol(S) | p(S) < ¢ and vol(S) < vol(V)/2} (12.2)

as the maximum volume of a set S with edge conductance at most ¢ and volume at most half of the
total volume. Assume that we have an exact algorithm for the most-balanced sparse cut problem
to find a set S with ¢(S) < ¢ and vol(S) = volpax(¢) in step (2) of Algorithm 7.

An important observation is that if vol(S) < vol(V')/4, then we do not need to recurse on V'\ S, as
G[V '\ S] already has sufficiently large edge conductance.

Lemma 12.4 (Union of Sparse Cuts is Sparse). Let G = (V, E) be a graph, and let S be a set
attaining the mazimum in volmax(¢). If volg(S) < volg(V)/4, then ¢(G[V \ S]) > ¢/3.

Proof. Let H := G[V \ S]. Suppose that ¢(H) < ¢/3. We will show that there exists a set S" with
06 (S") < ¢ and volg(S) < volg(S") < volg(V)/2, contradicting the maximality of S in volyax ().
Let R be a nonempty subset of V'\ S with

_ou(R)| ¢ = _ 9a(R)] ¢
on () = volg (R) < 3 and - ¢p(F) = voly (R) < 3

Since volg(R) + volg(R) = volg(V '\ S), we assume without loss of generality that
1 1
volg(R) < B volg(V'\ ) = 5(VOI@(V) — Volg(S)).
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We consider two cases. The first case is when volg(S U R) < volg(V')/2. Then,

BoSUR  BelE) +ou) _ ,, f1eS). BRI
)

ba(SUR) = volg(S U R) ~ volg(S) + volg(R) — volg(S)” vola(R

Thus, setting S’ := S U R contradicts the maximality of S in volyax ().
The second case is when volg(S U R) > volg(V)/2. Since volg(R) < $(volg(V) — volg(5)),

(volg(V) + volg(9)) < = volg(V).

DN |

volg(S U R) = volg(S) + volg(R) <

C co| Ut

This implies that volg(SUR) > 2 volg(V) > volg(S). Furthermore, [6¢(S U R)| is equal to
¢ 5¢
[6a(SUR)| < [0(5)|+10m(R)| < ¢ vola(S) + 5 vola(R) < = vola(S) +

Setting S’ = S U R, we obtain

T volg(SUR) — 3volg(V)/8 ~ 7
again contradicting the maximality of S in volmax(¢). O

Using this lemma, we only need to recurse on both sides when vol(S) > vol(V)/4 and vol(S) >
vol(V')/4. This implies that the recursion depth of Algorithm 7 is O(logn) when step (2) is imple-
mented using an exact most-balanced sparse cut algorithm.

Note that this provides an alternative proof of Theorem 12.1.

12.3 Fast Algorithms Using Approximate Balanced Sparse Cuts

Of course, we do not know of a fast exact algorithm for the most-balanced sparse cut problem.

Bicriteria Approximation Algorithm: Instead, we assume the existence of a fast (a,b)-
bicriteria approximation algorithm for the most-balanced sparse cut problem with the following
guarantee: If ¢(G) < ¢, it returns a set S with

d(S)<a-¢ and vol(S) > volmax(9)/b, (12.3)

for some factors a,b > 1 that could depend on the graph size (a for approximation, b for balance).

Using the cut-matching game [KRV09] that we will study in Chapter 17, one can design a near
linear time (O(log3 n), O(log? n))—bicriteria approximation algorithm for the most-balanced sparse
cut problem; see Section 17.3.

Issue: In the previous section, if the exact algorithm for the most-balanced sparse cut problem
returns a set S of small volume, then ¢(G[V'\ S]) > ¢/3, and there is no need to recurse on G[V'\ S].

However, with only an (a, b)-bicriteria approximation algorithm for the most-balanced sparse cut
problem, we can no longer conclude that ¢(G[V \ S]) is sufficiently large. Suppose the bicriteria
approximation algorithm returns a set S with ¢(S) < a - ¢ and vol(S) small. Suppose further that
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#(G[V '\ S]) < ¢. Then there exists a set R with ¢gp1n\5)(R) < ¢. By the argument that the union
of sparse cuts is sparse in Lemma 12.4, we can only conclude that ¢(SUR) < a-¢. If S were the
most-balanced sparse cut with conductance at most ¢, this would give a contradiction when a = 1.
In general, however, it only establishes that S is not the most-balanced sparse cut with conductance
at most a - ¢, but the (a, b)-bicriteria approximation algorithm does not provide such a guarantee.

Idea: Still, if the (a, b)-bicriteria approximation algorithm returns a set S with small volume, this
implies that G is a “large-set expander”, meaning that all sets with volume between b - vol(S) and
vol(V')/2 have conductance at least ¢, since volpax(¢) < b-vol(S). Thus, progress has been made,
and it remains to examine the small-set conductance of G.

The approach in [NS17] is to reduce the conductance parameter by a factor of a, setting ¢’ := ¢/a.
By doing so, the bicriteria approximation algorithm either certifies that G is a ¢’-expander (a weaker
expansion guarantee) or returns a set S’ with conductance at most a- ¢’ = ¢, for which we still have
the upper bound vol(S’) < volyax(¢) < b - vol(S).

Now, suppose the recursive algorithm keeps returning sets Sp, So,...,S: with roughly the same
volume as vol(S) (i.e., the volume remains at the same “level”). Then, this process can repeat for
only O(b) iterations, as otherwise, the union S; U Sy U ---U .Sy would form a set with conductance
at most ¢ and volume exceeding b - vol(.5), contradicting the bound volyax(¢) < b - vol(S). This
helps control the recursion depth on the larger side of the graph.

If the recursive algorithm returns a set S’ with volume much smaller than vol(S), then we cannot
bound the recursion depth in the same way. However, we gain the new information that all sets with
volume at least b - vol(S’) and at most vol(V)/2 must have conductance at least ¢’. This returns
us to the same situation as before, but at a smaller volume level, allowing us to apply the same
idea recursively, further reducing the conductance parameter by another factor of a to control the
recursion depth.

Algorithm: In the following simplified algorithm description, € is a small number, and we define
L = [1/e]. The sequence ¢1 > ¢ > -+ > ¢, = ¢ is geometric, with ¢j+1 = ¢;/a. For simplicity,
we suppress the additional bookkeeping that keeps the value of |E| in the volume threshold fixed
within each level.

Algorithm 8 DECOMPOSE(G, ) Using Approximate Most-Balanced Sparse Cuts

Require: An undirected graph G = (V, E) and a parameter 1 <[ < L.
1: Compute an approximate most-balanced sparse cut S with ¢(S) < a - ¢; and vol(S) >
VOlmax (®1)/b.
2: If the algorithm fails to find such a set S, then ¢(G) > ¢; and return V.
3: If vol(S) < |E|*~!¢ (implying volmax(¢1) < b |E|1 %),
return DECOMPOSE(G, [ + 1).
4: Otherwise, if vol(S) > |E|*~¢ (i.e., the volume remains at the same “level”),
return DECOMPOSE(GI[S], 1) U DECOMPOSE(G[V \ S],1).

Analysis: Using the idea of reducing the conductance parameter to control the recursion depth,
the algorithm achieves the following tradeoff between its runtime and the number of edges cut.
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Theorem 12.5 (Expander Decomposition from Approximate Balanced Cuts [NS17]). Given a
graph G = (V, E), a parameter ¢ € [0,1], and an (a,b)-bicriteria approzimation algorithm A for the
most-balanced sparse cut problem, Algorithm 8 computes a partition (Vi,..., V) satisfying:

1. Each induced subgraph G[V;] has ¢(G[V;]) > ¢.

2. 16(Vi,..., Vi)l < ¢-a®1/9) - |E|log |E.

Algorithm 8 calls the bicriteria approzimation algorithm A on graphs with a total of O(g .
|E|**€log|V|) edges (i.e., if Gi,...,Gy are the intermediate graphs in the recursive algorithm, the
total number of edges is defined as ), |E(G;)|).

Proof Sketch. The algorithm has at most L = [1/¢] levels, since the condition in step (3) cannot
be satisfied when [ = L.

Step (4) can execute at most b-|E|¢ consecutive times. Otherwise, the union S;U---US; from these
consecutive iterations would form a set with conductance at most a - ¢; = ¢;—1 (by the argument
that the union of sparse cuts is sparse in Lemma 12.4) and volume exceeding (b |E|°) - |E|1 e =
b-|E|*=(=De ] contradicting volyax (¢r—1) < b+ |E[1~(=De,

Thus, the recursion depth is at most log |V|-L-b-|E|¢, where the log |V| term accounts for recursion

on the smaller side of the graph. Since the graphs at each layer of the recursion tree are edge-disjoint
and thus have total volume at most 2|E|, the claim about the total number of edges follows.

As an approximate most-balanced cut S may have conductance as high as a-¢; = ¢-a”, the number
of edges cut in the algorithm can be at most ¢ - a’ - |E|log|E|, as in Theorem 12.1. O

Consequence: One advantage of Theorem 12.5 is that it works with any bicriteria approximation
algorithm for the most-balanced sparse cut problem. The following corollary is obtained by instan-
tiating Theorem 12.5 with the O(|E|**°()-time (O(log® [V[), O(log? |V']))-bicriteria approximation
algorithm based on the cut-matching game, using the choice € < 1/4/log|E]|.

Corollary 12.6 (Fast Expander Decomposition from Approximate Balanced Cuts [NS17]). Given
a graph G = (V,E) and a parameter ¢ € [0,1], there exists an O(|E|'T°M) time algorithm that
computes a partition (V1,..., V) satisfying:

1. Each induced subgraph G[V;] has ¢(G[V;]) > ¢.

2. 16(Vi,..., Vi)l < O(¢ - [E|1FoD).

Remark 12.7 (Extensions). This approach is quite general and extends to other notions of expan-
ston, such as verter expansion, as well as more general models, including hypergraphs and directed
graphs. The cut-matching game framework is also flexible in designing bicriteria approzimation
algorithms for the most-balanced sparse cut problem in these different settings.

12.4 Fast Algorithms Using Flows and Fair Cuts

The idea of using a flow algorithm to improve the solution returned by an approximate sparse
cut algorithm was first introduced in [ALO8| and later developed into local algorithms for graph
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partitioning [0Z14, HRW20]. This approach was adapted in [SW19] to obtain an improved ex-
pander decomposition algorithm. Using the recent breakthrough in almost linear-time maximum
flow algorithms [CKLPGS22] as a black box, this approach gives the following result.

Theorem 12.8 (Fast Expander Decomposition from Flows [SW19]). Given a graph G = (V, E)
and a parameter ¢ € [0,1], there exists an O(|E|'**°D) time algorithm that computes a partition
(Vi,..., Vi) of vertices satisfying:

1. Fach induced subgraph G[V;] has ¢(G[V;]) > ¢.
2.0V, Vi)l S ¢+ |B] - log’ |E.

The approach follows the framework of finding approximate balanced sparse cuts, as in the previous
section. In step (3) of Algorithm 8, when the returned set S (obtained via the cut-matching game
algorithm [KRV09]) has volume O(|E|/log? |E|), their key observation is that the larger side G[S]
is a “near-expander”.

Definition 12.9 (Near Expander [SW19]). Given a graph G = (V, E) and a set of vertices RCV,
we say R is a nearly ¢-expander in G if

|E(T,V\T)| > ¢vol(T) for all T C R with vol(T) < vol(R)/2.

Note that if |E(T, R\ T)| > ¢vol(T) for all T C R with vol(T) < vol(R)/2, then ¢(G[R]) > ¢.

Their idea then is to formulate a max-flow min-cut problem to “trim” S, obtaining a large subset
S’ C S such that ¢(G[S']) 2 ¢. The expander decomposition algorithm then just needs to recurse
on V — 5, returning S’ U DECOMPOSE(G[V — 5’|, ¢) as the solution. This eliminates the need for
the parameter adjustment used in the previous section.

Consider the graph where the subset S is contracted to a single vertex s. The max-flow problem is
set up as follows:

e The source s has a supply of 2|E(S,S)|/¢ units.
e Fach vertex i in S is a sink with a capacity of deg(i) units.

e Every edge in the contracted graph has a capacity 2/¢.

Now, suppose S is a nearly ¢-expander but ¢(G[S]) < ¢/6. Then, there exists a set T C S such
that |E(S,T)| > 5|E(T, S\ T)|. It follows from a straightforward calculation that the flow problem
is infeasible [SW19, Proposition 3.2]; see Problem 12.17.

Thus, if the flow problem is feasible, it certifies that ¢(G[S]) > ¢/6, and we are done. If the flow
problem is infeasible, let 7" be a minimal min-cut in the contracted graph that contains s. Using
that 7' is an eract minimum cut, it is proved in [SW19, Section 3.2] that S’ := S\ T satisfies
#(G[S']) > ¢/6, and again we are done. See Problem 12.17.

Recently, the notion of a “fair cut” was introduced [LNPS23| to enable the use of approximate max-
flow algorithms in place of exact max-flow algorithms for designing fast algorithms for various cut
problems. By employing fair cuts and a near linear time approximate max-flow algorithm [Pen16] for
the trimming step, this approach leads to a nearly linear time algorithm for computing an expander
decomposition that comes close to matching the optimal guarantee in Theorem 12.1.
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Theorem 12.10 (Fast Expander Decomposition from Fair Cuts [LNPS23]). Given a graph G =
(V,E) and a parameter ¢ € [0,1], there exists an O(|E|) time algorithm that computes a partition
(V1,..., Vi) of vertices satisfying:

1. Each induced subgraph G[V;] has ¢(G[V;]) > ¢.

2. 16(Vi,.... Vi)l S ¢ | B - log’ | E.

Recently, Bansal, Jambulapati, and Saranurak [BJS26| gave a polynomial time algorithm that
computes an expander decomposition with conductance at least ¢ in each induced subgraph and
at most O(¢|E|log' ™M |V|) crossing edges. This nearly matches the optimal existential bound in
Theorem 12.1.

Question 12.11 (Deterministic Algorithms). [t remains an open question whether a near linear
time deterministic algorithm can be designed for expander decomposition, as in Theorem 12.10. The
best known deterministic algorithm runs in almost linear time [CGLNPS20).

12.5 Balanced Sparse Cuts from Local Graph Partitioning

Local graph partitioning algorithms can also be used to find an approximate balanced sparse cut
in nearly linear time [ST13]. The intuition is that these algorithms output a sparse cut S in time
proportional to vol(S). Thus, if vol(S) is small, the runtime remains small, bypassing the issue
of spending nearly linear time to find an unbalanced sparse cut, as encountered in the previous
sections. In this section, we provide a rough sketch of the algorithm and its analysis.

Recall the local graph partitioning algorithm by truncated random walks in Section 11.5. The
algorithm has the property that for any sparse cut S, there is a set of good vertices in S with
volume at least vol(.S)/2, meaning that if we start a truncated random walk with parameter e from
a good vertex, the returned set C satisfies:

L ¢(C) S Vo(S) - InlS],
2. vol(C) < vol(S), and
3. vol(CNS) 2 1/e.

The first two properties follow from the analysis in Section 11.5, while the third property requires
a more involved argument [ST13, Theorem 2.1].

To find a balanced sparse cut, their approach repeatedly identifies a random sparse cut as follows:
1. Choose a random vertex ¢ with probability proportional to deg(7).
2. Choose a random ¢ such that Pr(e ~ 27%) oc 27 for 1 < k < log | E].

3. Run a truncated random walk starting from vertex ¢ with truncation parameter e.

The choice of the probability distribution on € is to ensure that the expected running time of
the algorithm is O(polylog |E|/ poly ¢). Using the third property above and the choice of the
random starting vertex and truncation parameter, the returned set C satisfies E [vol(C'NS)] 2
vol(S)/vol(V') [ST13, Lemma 3.1].
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They then proved that the union of these random sparse cuts, C' := C1 U --- U (4, either satisfies
vol(C”) > vol(V)/4, in which case a balanced sparse cut is found, or vol(C' N S) > vol(S)/2 for
every sparse cut S, certifying that no balanced sparse cut exists in the graph [ST13, Theorem 3.2].

Theorem 12.12 (Balanced Sparse Cut from Random Walks [ST13]). Given a graph G = (V, E) and
a parameter ¢, there exists a random walk based algorithm with expected running time O(|E|/¢*)
and the following approzimation guarantee. If there exists a set S with vol(S) < vol(V)/2 and
¢(S) < ¢?/log? | E|, then the algorithm returns a set C satisfying $(C) < ¢ and 3 vol(S) < vol(C) <
Zvol(V) with high probability.

Expander Decomposition from Local Graph Partitioning

Spielman and Teng used this balanced sparse cut algorithm from local graph partitioning to develop
a nearly linear time algorithm for expander decomposition, which was then applied to design a nearly
linear time algorithm for the spectral sparsification problem [ST11].

To achieve nearly linear runtime, they proved that if this balanced sparse cut algorithm returns a
set S of small volume, then the complement S is contained in a set R such that G[R] is an expander.

Consequently, they do not recurse on G[S].

Theorem 12.13 (Expander Decomposition from Random Walks [ST11]). Given a graph G = (V, E)
and a parameter ¢ € [0,1], there exists an O(|E|/¢*) time algorithm that computes a partition
(Vi, ..., Vi) of vertices satisfying:

1. For each Vj, there exists W; O V; such that ¢(G[W;]) > ¢.

2. |6(Vi,...,Vi)| S @'/ - |E| -1og® | E| for some constants ¢, cy > 1.

This expander decomposition suffices for their spectral sparsification purpose but is weaker than

the requirement in previous sections, where G[S] itself needed to be an expander.

Remark 12.14 (Trimming). The stronger “contained in an expander” property proved in the
Spielman-Teng analysis (see Ezercise 12.16) implies that S is a near expander, as defined in
Definition 12.9. Hence, the flow technique from Section 12.J can be applied to trim S, obtaining an
expander decomposition where each induced subgraph is an expander.

Expander Decomposition from Other Graph Partitioning Algorithms

Both the PageRank algorithm [ACLO06] and the evolving set algorithm [AOPT16] provide better
approximation guarantees and faster running times than the truncated random walks algorithm
for approximating sparse cuts, approximating balanced sparse cuts, and computing expander de-
compositions. But they are not as competitive as the algorithms using cut-matching games and
flows.

There is also an SDP-based algorithm [OV11] for finding balanced sparse cuts and computing an
expander decomposition. This algorithm achieves both faster running time (with no dependence on
¢) and improved approximation guarantees compared to the local graph partitioning algorithms.
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12.6 Expander Hierarchy and Applications

Fast expander decomposition has found many applications in designing graph algorithms, including
spectral sparsification and Laplacian solvers [ST11, CKPPRSV17|, as well as graph connectivity
problems [Chul2, Sar21].

By applying expander decomposition recursively to the contracted graph, where each component
V; is contracted to a single vertex v;, one can build an ezpander hierarchy on the graph. See,
e.g., [Ric08, GRST21]| for the formal definition.

This concept has led to even more powerful applications, such as fast algorithms for oblivious
routing [Rac08], exact maximum flow [vdBCKLMGS24, BBST24|, and numerous dynamic graph
algorithms [NS17, CGLNPS20, GRST21].

12.7 Problems

Problem 12.15 (Expander Decomposition for Hypercubes). Prove that, for hypercubes G = (V, E),
removing any sufficiently small constant fraction of edges leaves a component with edge conductance
at most O(1/log|V]).

Exercise 12.16 (Near Expander). Suppose V. C W and |[E(T,W \ T)| > ¢ - volg(T) for every
T C W with volg(T) < volg(W)/2. Show that V is a nearly ¢p-expander in G.

Problem 12.17 (Trimming). Suppose that S is a nearly ¢-expander. Show that the flow problem

in Section 12.4 is infeasible if $(G[S]) < ¢/6. Prove also that if the flow problem is infeasible, then
A(G[S\T)) > ¢/6, where T is a minimal min-cut in the contracted graph.
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Chapter 13

Threshold Rank Decomposition

In this chapter, we consider a spectral approach to graph decomposition that is analogous to the ex-
pander decomposition in the previous chapter and study its applications in designing approximation
algorithms.

First, when a graph has few small Laplacian eigenvalues, we show how to find a small sparse cut
using the subspace enumeration method introduced by Kolla [Koll1]. Combined with the Cheeger
inequality for small-set edge conductance in Theorem 11.3, this provides a subexponential time
algorithm for the Small-Set Expansion Conjecture in Conjecture 11.2.

Next, we show how to apply Theorem 11.3 to decompose the graph into components with few small
Laplacian eigenvalues, and use this decomposition to obtain a subexponential time algorithm for
the Unique Games Conjecture [ABS15]. We conclude with some interesting examples and discuss
the limitations of this spectral approach [BGHMRS15].

Threshold Rank and Graph Decomposition
The definition of threshold rank is to formalize the notion of graphs with few small eigenvalues.

Definition 13.1 (Threshold Rank). Let G be a graph and X € [0,1] be a parameter. The A-threshold
rank of G, denoted by ranky(G), is defined as the number of eigenvalues of the normalized Laplacian
matriz £(G) that are smaller than \."

An expander graph G has rank),(G) = 1, where \g is the second smallest eigenvalue of the nor-
malized Laplacian matrix. More generally, if a graph G = (V| F) has low threshold rank, meaning
ranky(G) < r for a large A and a small r, then the graph has large multi-way edge conductance
dr+1(G) 2 A, as shown by the higher-order Cheeger inequality in Theorem 7.2.

Thus, such a graph G is expected to admit an expander decomposition into at most r components,
where each component is a A-expander, and the number of crossing edges between components is at
most O(vV/A-|E|). This intuition underlies the idea that a low threshold rank graph is a graph with
low complexity. Morally, one may also think of a low threshold rank graph as a small-set expander.

"This definition differs from that in [ABS15], as it is based on the normalized Laplacian matrix rather than the
normalized adjacency matrix, and thus our definition loses the direct connection to the traditional rank.
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13.1 Small-Set Expansion via Subspace Enumeration

The main idea of the subspace enumeration method [Kolll, ABS15] is that if a graph G = (V, E)
has low threshold rank, then the characteristic vector xg of a sparse cut S C V must have a large
projection onto the eigenspace corresponding to small Laplacian eigenvalues. Since this eigenspace
has low dimension, it is feasible to discretize it using an epsilon-net and enumerate all vectors in
the epsilon-net to identify one with a high correlation with yg, thereby recovering a sparse cut S’
whose symmetric difference with S is small.

Sparse Cut from Close Vector in Low Eigenspace

First, we show that the characteristic vector of a sparse cut must be close to the eigenspace of small
eigenvalues. In the following, let x5 := xs/|/xs|l2 denote the normalized characteristic vector of S,
so that ||xgll2 = 1.

Lemma 13.2 (Distance Between Sparse Cut and Low Eigenspace). Let G = (V = [n], E) be a
d-regular graph. Let S C'V be a set with ¢(S) < ¢. Suppose ranky(G) < r. Then, there ezists a
vector y € span{vi, ..., v} with ||y|2 <1 such that

_ 2 _ ¢
s —ul2< 2.
where vy, ...,v, are the eigenvectors corresponding to the r smallest eigenvalues of L(G).
Proof. The idea is to simply project Y¥s onto the low eigenspace spanned by vi,...,v,. Write
XS = 2.y Civi, where {vi,...,v,} are the orthonormal eigenvectors of £(G) with eigenvalues

Aly.voy Ap. Since ¢(S) < ¢, it follows from Lemma 2.4 that R(xgs) < ¢. Since rank)(G) < r,

_ _ n T n n n
® > R(xs) = XgLXS = <Zcivi> E(chz) = ch)\i >\ Z c?.
i=1 i=1

B HXS”% B i=1 i=r+1

This implies that Y7, ¢f < ¢/A. Let y:= > 7, ¢jv;. Then,

1

n

v ¢
Ixs —yl3 = Z Civi|| = Z C?SX
i=r+1 2 =rq1
Clearly, y € span{vy,...,v,} and ||y|l2 < 1, so the lemma follows. O

Next, given a vector y that is close to some (unknown) sparse cut S, we show how to extract from
y a sparse cut S’ whose symmetric difference with S is small.

Lemma 13.3 (Sparse Cut from y). Let G = (V = [n|, E) be a d-regular graph. Given a vector
y € R™ that satisfies

oo =

[yl <1 and |ly—xsl3<e<

for some (unknown) set S C 'V, the set
1
S = {z y(i) > } satisfies |S'| < |S| and  #(S') < B(S) +e.
102 5
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Proof. Since ||y||3 < 1 and each vertex in S’ contributes at least 1/(4|S|) to |ly|3, it follows that
157 < 415,

Let SAS’ denote the symmetric difference between S and S’. Since ||y — ¥s||3 < € and each vertex
in SAS’ contributes at least 1/(4|S]) to ||y — xs||3, it follows that [SAS’| < 4¢|S| < |S|/2. Then,

_ 18D _ [0+ 16(SAS)] _ [6(S)] + d[SAS]

N = < <
o(5) d|is’| — d|S|—d|SAS| —

< 2¢(85) + 8e. O
s < 2088

To summarize, Lemma 13.2 shows that if there is a small sparse cut S in the graph, then there
exists a vector y in the low eigenspace such that y is close to xyg. From such a vector y, Lemma 13.3
shows that a sparse cut S’ can be extracted with size and conductance close to those of S. Note
that S’ can be found without prior knowledge of S by testing all threshold sets of the vector y.

Epsilon-Net and Subspace Enumeration

Following the discussion in the previous subsection, our task is to find y € span{vy,...,v,} with
llyll2 < 1 such that y is close to the normalized characteristic vector xg of a small sparse cut S.

The idea of subspace enumeration is to simply discretize the low eigenspace and search exhaustively
for such a vector y.

Definition 13.4 (e-Net). Let U be a set of points. A subset U' C U is called an e-net of U if for
every point u € U there exists a point u' € U’ such that |Ju — u'||2 < e.

We use the following upper bound on the size of an e-net of the unit ball, which follows from a
simple volume argument.

Lemma 13.5 (e-Net of Unit Ball). Let B" be the unit ball in R". For e < 1, there exists an e-net
of B" with at most (%)T points.

Proof. Starting from B’ := (), we add a point p € B" to B’ if there is no point in B’ with Euclidean
distance at most € to p, and repeat until B’ forms an e-net. Let pq,...,py be the points in B’.
Observe that their pairwise distances are greater than €, since otherwise a point would not be added
to B’. Thus, the balls of radius 5 centered at the points p; are disjoint.

Each ball of radius § has volume c; - (%)T, where ¢, is a constant depending only on 7, so the total
volume of these balls is M - ¢, - (%)T On the other hand, all these balls are contained within the ball
of radius (14 §) centered at the origin in R", which has volume c¢; - (1 + %)T <ec - (%)T Therefore,
we obtain the inequality M - ¢, - (%)7‘ <cp- (%)T, which implies that M < (%)T O

The formal description of the algorithm is as follows.

Algorithm 9 The subspace enumeration algorithm

Require: A d-regular graph G = (V' = [n], E') with rank)(G) < r, and a parameter ¢ > 0.
1: Compute the subspace U spanned by the first r eigenvectors vy, ..., v, of £(G).
2: Let U’ be a y/¢/A-net for the vectors u € U with [Julls < 1.
3: For each y € U’, for each 1 < s < n, output the set S = {i | ¢/(¢) > 1/(2y/s)}.

The following is an analysis of the subspace enumeration algorithm.
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Theorem 13.6 (Subspace Enumeration). Let G = (V, E) be a d-regular graph with rank,(G) < r.
For any set S CV with ¢(S) < ¢, the subspace enumeration algorithm outputs a set S’ with

< ? in time 0(poly(\V!) $exp (O(“Og ;\)))

Proof. Fix a set S CV with ¢(S5) < ¢. By Lemma 13.2, there exists a vector y € U with ||y|l2 < 1

and ||xs — yll2 < \/¢/A. By Definition 13.4, there exists a vector y' € U’ with ||y — ¢/[l2 < /@/A.
The definition of U’ and the triangle inequality imply that

1S'1 SIS and  $(5)

_ 4¢
ly'll2 <1 and |y = xslz < -
Since step (3) of the subspace enumeration algorithm tries every 1 < s < n, it follows from
Lemma 13.3 that the algorithm will output a set S’ satisfying

>
>

IS'IS1S] and  §(S) S (S) + 1 S

)

where we assume that ¢/A < 1/32 as otherwise we can simply output an arbitrary singleton. Finally,
by Lemma 13.5, the runtime of the algorithm is O(|U’| - poly(|V])) = O(poly(|V])- (3y/A/¢)"). O

13.2 Subexponential Algorithm for Small-Set Expansion
Conjecture

To obtain a subexponential time algorithm for distinguishing the two cases of the Small-Set Expan-
sion Conjecture in Conjecture 11.2, we apply the subspace enumeration algorithm in Algorithm 9
when the threshold rank is low, and use the Cheeger inequality for small-set edge conductance in
Theorem 11.3 when the threshold rank is high.

Theorem 13.7 (Subexponential Algorithm for Small-Set Expansion [ABS15]). Let G = (V =
[n], E) be a d-reqular graph. Suppose there exists a set S with |S| < on and ¢(S) < ¢ for constants
5 and ¢. There exists an algorithm that returns a set S’ with

1S <on and  $(S") < VY in time exp(n0(¢1/4)).

Proof. Let A be a parameter (to be chosen as ¢*/%), and define r := rank, (G).

If r > n?? for some constant 3 (to be chosen as Y/ 4), then Theorem 11.3 provides a polynomial
time algorithm that returns a set S’ with

o(8") < \/g and || < n'~MP) <« on.

Thus, the high threshold rank case is actually easy by the Cheeger-type inequality in Theorem 11.3.

For the low threshold rank case, when r < n??, Theorem 13.6 provides an algorithm that finds a
set S’ with

~ A
n<® "< in ti : 2810g 2
»(9) S X and |S'| S |S| <én in time O<n exp (O(n log ¢>)>
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Choosing A = 3% and B = ¢4 balances the two conductance bounds at ¢'/* while keeping the
running time subexponential. Therefore,

#(S) S o' and || S on in time O(eXp(n0<¢1/4>)>. B

In the first case of Conjecture 11.2 when ¢s5(G) < ¢, Theorem 13.7 provides a subexponential time
algorithm that outputs a set S with |S’| < 46n and ¢(S’) < ¢'/4. This shows that ¢45(G) < ¢4 <
1 — ¢, bringing us close to distinguishing the two cases. One way to complete the proof is to use a
simple probabilistic argument. The following problem carries out this argument.

Problem 13.8 (Reducing the Set Size). Let G = (V, E) be a d-regular graph. Given a set S with
d(S) < f(p) and |S| = ¢ - én for a universal constant ¢ > 1 independent of § and ¢, show that a
uniformly random subset S C S of size |S'| = dn satisfies

E [¢(S")] gc-f(qb)+1—1+i

c  on

Conclude that if f(¢) < ¢4, then there exists a subset S' C S with |S'| = én and ¢(S") < 1 — ¢
for a sufficiently small constant ¢ (depending only on c) and sufficiently large n (for fized §).

Another approach is to show that |S’| can be made arbitrarily close to dn by allowing ¢(S’) to be
larger (modifying Lemma 13.3). Then, removing extra vertices until its size reaches dn would do.

13.3 Low Threshold Rank Graph Decomposition

The Cheeger-type inequality for small-set edge conductance in Theorem 11.3 provides a spectral
approach to graph decomposition.

Theorem 13.9 (Low Threshold Rank Graph Decomposition). For any d-regular graph G = (V, E)
and any ¢ € (0,1], there exists a partition of vertices (V1,..., Vi) satisfying:

1. Low threshold rank: Each G[V;] has rank s (GVi]) < [V, where G[S] denotes the induced
subgraph on S with additional self-loops added so that it remains d-reqular.

2. Few crossing edges: |6(V1,...,Vi)| S ¢+ logé - E|.

To compare this result with the expander decomposition in Theorem 12.1, suppose the number of
crossing edges is a small constant fraction of the number of edges. This theorem then guarantees
that each component has threshold rank at most n9(®), whereas Theorem 12.1 guarantees that each
component has edge conductance €2(1/logn). These guarantees are incomparable, even though a
low threshold rank graph can be qualitatively understood as a small-set expander using Theorem 7.2.

The proof of Theorem 13.9 follows from a simple recursive algorithm, similar to the one for expander
decomposition in Algorithm 7. In the following, let N be the number of vertices in the input graph.

Proof. The proof is similar to that of Theorem 12.1. The first property is satisfied by construction.
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Algorithm 10 RANK-DECOMPOSE(G, ¢)

Require: A d-regular graph G = (V, E) and a parameter ¢ € (0, 1].
1: If rankys (G) < N?%, return V.
2: Apply Theorem 11.3 with r = rank,s (G), 8 = 2¢, and € = 1/2 to obtain S C V with

Ar 5
1S| < VP09 = V1% and  ¢a(S) < \/;S \/a: 8.

3: reburn RANK-DECOMPOSE(G[S], ¢) U RANK-DECOMPOSE(G[V \ 5], ¢).

For the second property, let Gy be the input graph and let G be an intermediate graph during the
execution of the recursive algorithm. Since volg(S) = volg,(S) due to the self-loops,

6(V1, -, Vi) =D 16a(S)] S D 0% - vola(S) =Y ¢ - volgy(S) = ¢° - > > degg, (i),

S S S S €S

where S runs over the sparse cuts found by the recursive algorithm in step (2).

We claim that each vertex belongs to the smaller side of a sparse cut at most O(é log é) times.
Assuming the claim, by a change of summation, the second property follows as

1
6(Vi, . Vil S 6% > ) degg, (i) < ¢° Z(b degGO() ¢-log 7 -2|l.

i€V S5:53i eV

It remains to prove the claim. Suppose a vertex v belongs to V(Gy) D S1 D S D -++ D Siy1, where
each S; is the smaller side of a sparse cut found in step (2) of the algorithm. Since the threshold
rank is at most the number of vertices, |S;| > N??, as otherwise the recursion would stop. Since
|Sis1] < ¢+ |S;|'~ for some constant ¢ by step (2) of the algorithm, it follows that

N2¢ < ’St| < cl+(17¢)+...+(1,¢)t—1 ) ( —¢) < Cl/d) Ne€ ¢f

For sufficiently large N, we have ¢1/¢ < N¢. Therefore, N2 < N¢+¢~*" which implies that ¢ < e~%!
and thus t < %log % This proves the claim and completes the proof. O

13.4 Subexponential Algorithm for Unique Games Conjecture

Using the low threshold rank decomposition in Theorem 13.9, the subspace enumeration method
can be extended to provide a subexponential time algorithm for the Unique Games Conjecture.

Definition 13.10 (MAX2LIN(k)). Given n variables x1,...,x, € Z, and m linear equations of the
form
xr; = x; +¢;; mod k,

where c¢;j € Zi is a constant specified by the equation, the MAX2LIN(k) problem is to find an
assignment to the variables that satisfies the mazimum number of constraints.

This is called a Unique Games problem because, for each equation, any value assigned to one variable
uniquely determines the value of the other variable that satisfies the equation.
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For any Unique Games problem, it is easy to determine whether there exists an assignment that
satisfies all the equations. However, Khot’s Unique Games Conjecture states that it is difficult to
distinguish between instances that are almost satisfiable and those that are far from satisfiable. The
conjecture restricted to the special case MAX2LIN(k) is equivalent to the general Unique Games
Conjecture.

Conjecture 13.11 (Unique Games Conjecture [Kho02]). For any constant € > 0, there exists a
constant k such that it is NP-hard to distinguish between the following two cases:

1. The MAX2LIN(k) problem has an assignment that satisfies at least a (1 — €)-fraction of equa-
tions.

2. The MAX2LIN(k) problem has no assignment that satisfies at least an e-fraction of equations.

Informally, the conjecture states that the MAX2LIN(k) problem becomes harder as the alphabet
size increases. If true, the conjecture would imply optimal inapproximability results for various
combinatorial optimization problems, including MINIMUM VERTEX COVER and MAXIMUM CUT.

Unique Games and Small-Set Expansion

The connection between the Unique Games problem and the Small-Set Expansion problem can be
seen by considering the label-extended graph of a Unique Games instance.

Definition 13.12 (Graph and Label-Extended Graph). Given an instance of MAX2LIN(k) with n
variables and m equations, its graph G = (V| E) is defined as follows.

1. Each variable x; corresponds to a vertex i in V.

2. For each equation involving two variables x; and x;, there is an edge between i and j in E.
The label-extended graph G = (V, E) is defined as follows:

1. Each variable ; has a cloud of k vertices (i,0),...,(i,k—1) in V.

2. For each equation involving two variables x; and x;, there is a perfect matching between
(2,0),...,(i,k — 1) and (5,0),...,(j,k — 1) in E, where an edge exists between (i,p) and
(4,9) if and only if assigning p to x; and q to x; satisfies the equation.

Thus, G has n vertices and m edges, and the label-extended graph G has nk vertices and mk edges.

Each good assignment to a Unique Games instance corresponds to a small sparse cut in its label-
extended graph, as illustrated in Figure 13.1.

Lemma 13.13 (Small Sparse Cut from Good Assignment). Given an instance of MAX2LIN(k) with
n variables and m equations, if there exists an assignment that satisfies at least a (1 — €) fraction
of equations for € < 1/2, then there exists a set S in the label-extended graph G = (V, E) such that

¢(S) < e and |S|=|VI|/k

and S intersects each cloud of G in exactly one vertez.

175



Algorithmic Spectral Graph Theory

C1

C2

Ca Cs

Figure 13.1: A MAX2LIN(3) instance and its label-extended graph. On the left, the displayed
assignment satisfies every constraint except the green dashed constraint x4 = 1 +1 mod 3. On
the right, each cloud Cj; contains the three possible values of x;, and each constraint is represented
by a perfect matching between the corresponding clouds. The shaded vertex in each cloud represents
the assigned value. These vertices form a set S of size \V! /3, and the green edges are the two edges
in §(S) contributed by the unique unsatisfied constraint.

Proof. Let 1 = a1,x2 = ag, ..., T, = ay be an assignment that satisfies at least a (1 — €) fraction
of equations. Consider the set S = {(1,a1),(2,a2),...,(n,an)} in the label-extended graph G =
(V,E). Clearly, |S| = |V|/k and S intersects each cloud of G in exactly one vertex.

Each satisfied equation involving z; and x; contributes one edge (i,a;)-(j,a;) to E[S] and zero
edges to §(S). Each unsatisfied equation involving ; and x; contributes two edges (4, a;)-(j, b;) and
(4, a;)-(i,b;) to 6(S) and zero edges to E[S], where b; is the unique value assigned to variable z; to
satisfy the equation if variable x; is assigned value a; and b; is defined similarly. Since at most em
equations are unsatisfied,

»(S) = <— =e O

The other direction is, in general, not true, as a small sparse cut in the label-extended graph may
contain zero or more than one vertex in the cloud {(4,0),...,(i,k — 1)} of a variable z;, and thus
does not necessarily correspond to an assignment to the variables.

Still, the Unique Games Conjecture and the Small-Set Expansion Conjecture are intimately con-
nected. Raghavendra and Steurer [RS10] proved that the Small-Set Expansion Conjecture implies
the Unique Games Conjecture. On the other hand, we will see that the subspace enumeration
method developed for the Small-Set Expansion Conjecture can be extended to the Unique Games
Conjecture.

Intuitively, the set size parameter ¢ in the Small-Set Expansion Conjecture corresponds to the
inverse of the alphabet size parameter k from Lemma 13.13, and the problems become harder as ¢
decreases and k increases.
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Subspace Enumeration for Unique Games Conjecture

Given a Unique Games instance MAX2LIN(k), if the instance has an almost satisfiable assignment,
then its label-extended graph G has a small sparse cut S that intersects each cloud in exactly one
vertex, as shown in Lemma 13.13.

Suppose the label-extended graph has low threshold rank. Then, we can apply the subspace enu-
meration method from Theorem 13.6 to find a small sparse cut S’ whose symmetric difference with
S is small (Lemma 13.3). Since S’ still intersects most clouds in exactly one vertex, we can extract
an assignment from S’ that is almost satisfiable. (If S’ intersects a cloud {(¢,0),...,(i,k — 1)} in
exactly one vertex (i, a), then we assign value a to z;).

For a general graph G = (V, E) from a Unique Games instance, we first apply the low threshold
rank decomposition in Theorem 13.9 to find a partition (Vi,...,V;) such that each G[V;] has low
threshold rank and only a small fraction of edges cross between the components. The idea is simply
to ignore or remove the equations corresponding to these crossing edges, and then apply the subspace
enumeration method to the label-extended graph G [Vi] of each component V;. This allows us to find
an almost satisfiable partial assignment in most of the components, which can then be combined to
form an almost satisfiable global assignment.

Theorem 13.14 (Subexponential Algorithm for Unique Games Conjecture [ABS15]). Given a
Unique Games instance MAX2LIN(k) on n variables that has an assignment satisfying a (1 — €")
fraction of equations, there exists an algorithm running in time exp(kno(e)) - poly(n) that outputs
an assignment satisfying a (1 — O(elog %)) fraction of the equations.

We describe the proof for regular constraint graphs; the general case follows by standard regular-
ization. The proof follows by applying the low threshold rank decomposition in Theorem 13.9 with
¢ := € to obtain a partition (Vi,...,V]) such that each G[V;] satisfies

rank s (G[V;]) < nO©

and at most an O(elog1/e) fraction of the edges cross between the components. We ignore or remove
the equations corresponding to these crossing edges. Then, we argue below that the label-extended
graph G[V;] still has low threshold rank, with

rank, (G[V;]) < k- n@l),

Hence, we apply the subspace enumeration method in Theorem 13.6 to each G [V;] with ¢ := €,
X := €5, and threshold rank 7 := k - n© to complete the proof.

Most details are straightforward and similar to those in Theorem 13.7. We highlight the connection
between the threshold rank of G[V;] and that of its label-extended graph G[V;], which follows from
a trace argument.

Lemma 13.15 (Threshold Rank of Label-Extended Graph). Let G and G be the graph and the
label-extended graph of a Unique Games instance MAX2LIN(k) with n variables. Then

rank(G) < k - ranks (G) - n°.
Proof. From the definition of threshold rank in Definition 13.1, for any ¢ > 1,

n -\ 2t
rankoy (@) - (1 - V)2 <Y (1 - %) = Te(W2) < n- (1 — N2 + ranksy (G),
=1
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where W is the lazy random walk matrix of G, and ); is the ¢-th smallest eigenvalue of the normalized
Laplacian matrix. We now show that

Te(W?) < k- Te(W?),

where W is the lazy random walk matrix of G. This follows because each walk of length 2¢ that
starts at and returns to the vertex (i,a) in G corresponds to a length 2t walk that starts at and
returns to the vertex 7 in G. Conversely, each such walk in G has at most k lifts in G that return
to their starting vertices, one for each possible starting label a. The corresponding walks have the
same probability. Therefore,

V2t . 2 - (1 — 52
rank2€6(é)< Te(W=) < k- Te(W )< k (n (1—¢) +rank2€5(G))

T (=02 T (1-€0)2 T (1 — €6)2t S o rankes (G) '

where the last inequality follows by setting ¢ = Inn/(2In(1/(1 — €°))) and using the fact that
In(1/(1 — z))/z is increasing on (0, 1). O

Theorem 13.14 inspired subsequent works [BRS11, GS11] that developed SDP-based approximation
algorithms for various combinatorial optimization problems using spectral information of the graph.
We will study some of these algorithms in Chapter 21.

It remains an important open question whether these techniques can be pushed further to design
subexponential algorithms with better approximation ratios for various combinatorial optimization
problems, most notably the maximum cut problem and the sparsest cut problem; see Chapter 22.

13.5 Small-Set Expanders

In this section, we discuss some constructions of small-set expanders and their implications.

Noisy Hypercubes

The noisy hypercube H is a graph on n := 2! vertices, representing all bit strings of length I. For
two vertices x,y, the edge weight w(z,y) is the probability of transitioning from z to y if each bit
of z is flipped independently with probability e.

It can be shown that, with an appropriate choice of €, the normalized Laplacian eigenvalue satisfies
A S 1/ log k, while all sets of size at most %-21 have edge conductance at least 1/2. This implies that
the bound ¢y, /2 S VA log k in the higher-order Cheeger inequality in Theorem 7.2 is tight [LOT14].

Small-Set Expanders from Locally Testable Codes

The key to the subexponential time algorithm for the Small-Set Expansion conjecture is the Cheeger-
type inequality in Theorem 11.3, which states that for k > n2(1)| there exists a set with conductance
O(v/A;) and size roughly n/k. If the requirement k& > n*() could be weakened to k > n°1), then
the Small-Set Expansion Conjecture would be essentially disproved.

An interesting construction from locally testable codes [BGHMRS15] exhibits a small-set expander
with exp(log(n)®(1/10e(1/))) normalized Laplacian eigenvalues smaller than e. This implies that the
subspace enumeration method in Algorithm 9 requires exp(exp(log(n)?(1/108(1/9))) time for some
graphs.
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Part 111

Spectral Sparsification and Applications

The study of spectral sparsification has led to major breakthroughs in algorithm design and mathe-
matics. It is a striking example of how linear algebraic techniques can be used to solve combinatorial
problems more effectively.
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Chapter 14

Spectral Sparsification, Matrix
Concentration, and Effective Resistance

In this chapter, we introduce the spectral sparsification problem, a generalization of the cut sparsi-
fication problem. We will see that this more general problem leads to a natural random sampling
algorithm and an elegant analysis using matrix concentration inequalities. We will also explore the
concept of effective resistance in electrical networks and its connection to the sampling probabilities.

14.1 Cut Sparsification

In this section, we briefly review results on the cut sparsification problem to provide context and
perspective for the spectral sparsification problem.

The cut sparsification problem, formulated by Karger [Kar99], seeks to find a sparse graph that
approximates all cut values of a given graph.

Definition 14.1 (Cut Approximator). Let G = (V, E) be an undirected graph with edge weights
wg(e) for each e € E, and let H = (V, F') be another undirected graph on the same vertex set with
edge weights wy(e) for each e € F. For 0 < e < 1, we say that H is a (1 & €)-cut approzimator of
G if

(1—¢€)- wG(ég(S)) < wH(éH(S)) <(1+e)- wG(ég(S)) forall S CV,

where 6G(S) and 0 (S) denote the corresponding cuts in G and H, and w(0(5)) 1= X cq5) w(e)
denotes the total weight of edges in 6(S).

Note that this definition does not require H to be a subgraph of G; that is, it does not require
F C E. However, all constructions that we will see satisfy this property, which is useful in certain
applications.

Uniform Sampling

A natural example to consider is the case when G is a complete graph. From Chapter 4, we
know that a random sparse graph H is typically an expander graph, which intuitively gives a good
approximation of the complete graph. This suggests a natural strategy for constructing a sparsifier
H by sampling a uniformly random subgraph of G.
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The following simple uniform random sampling algorithm, proposed in [Kar99], is based on the idea
that the expected weight of each edge e in H matches its weight in G.

Algorithm 11 Uniform Sampling Algorithm for Cut Sparsification

Require: An unweighted undirected graph G = (V, E).
: Set a sampling probability p € (0,1]. Set F « 0.
for each e € 2 do

With probability p, add e to F' with weight zlf
end for
return H = (V, F).

Ul»b@l\')i—l

Karger proved that the uniform sampling algorithm effectively sparsifies G when the minimum cut
value of G is Q(logn). The success probability of the algorithm was analyzed using the well-known
Chernoff bound.

Theorem 14.2 (Chernoff Bound for Heterogeneous Coin Flips). Let X1, Xo, ..., X, be independent
random variables, where each X; = 1 with probability p; and X; = 0 otherwise. Define X =37 | X;
and let p=E[X] =" E[X;] =" pi be the expected value of X. Then, for any 0 <6 < 1,

Pr(|X — p| > 6p) < 2¢~0H3,

The analysis goes roughly as follows. Under the assumption that the minimum cut value is Q(log n),
the Chernoff bound can be applied to show that the probability that wg(dg(S)) deviates from a
(1 & ¢)-approximation of wg(de(S)) is at most 1/ poly(n). While this probability is small, it is not
sufficiently small to apply a union bound over the exponential number of possible subsets. The key
observation is that the number of approximately minimum cuts is only polynomial, allowing for a
more refined union bound based on the cut value to establish the result.

Non-Uniform Sampling

It is easy to see that the uniform sampling algorithm may fail without the minimum cut assumption.
For example, consider a dumbbell graph, where two complete graphs are connected by a single edge.

Benczur and Karger [BK15] designed a clever non-uniform sampling algorithm, where the sampling
probability p. for each edge e = ij is proportional to the “connectivity” between ¢ and j. The idea
is that edges with low connectivity are sampled with higher probability p. and assigned a smaller
weight 1/pe, as they are crucial and should essentially be preserved. In contrast, edges with high
connectivity are sampled with lower probability and assigned a larger weight to effectively sparsify
the graph.

To formalize this approach, they introduced a notion called “strong connectivity” for non-uniform
sampling and proved that every graph has a cut approximator with only O(nlogn) edges.

Theorem 14.3 (Near-Linear Sized Cut Sparsification [BK15]). For any edge-weighted undirected
graph G = (V. E) and any 0 < € < 1, there exists a reweighted subgraph H = (V, F) on the same
vertez set, with at most O((|V|log|V|)/€?) edges, such that H is a (1 %+ €)-cut approzimator of G.
Furthermore, such an H can be computed in nearly linear time O(|E)|).
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This result was not only a surprising mathematical theorem, but also introduced a novel approach
to designing fast graph algorithms, which has since become highly influential. We will discuss some
algorithmic applications in Section 14.4.

Benczur and Karger conjectured that strong connectivity could be replaced by the more traditional
edge-connectivity between the endpoints of an edge, a conjecture that was later confirmed [FHHP19)].

14.2 Spectral Sparsification

In their work on designing a near-linear-time algorithm for solving Laplacian systems of linear equa-
tions, Spielman and Teng [ST11] introduced the following stronger notion of spectral sparsification
for Laplacian matrices.

Definition 14.4 (Spectral Approximator). Let G = (V, E) be an edge-weighted undirected graph,
and let H = (V, F') be another edge-weighted undirected graph on the same vertex set. For 0 < e < 1,
we say that H is a (1 £ €)-spectral approzimator of G if

(1—¢€)-az' Lgr<a'Lyzr<(1+e) -z Lgx forallze RV

where Lg and Ly are the weighted Laplacian matrices of G and H respectively. Equivalently, H is
a (1 + €)-spectral approzimator of G if

(1—€)Lg < Ly < (14+¢)Lg.

It is easy to check that if H is a (1 4 €)-spectral approximator of G, then all eigenvalues of H and
G are within a factor of 1 + € of each other; see Exercise 14.20.

Spectral Sparsification and Cut Sparsification

The spectral sparsification problem seeks to find a sparse graph H that is a good spectral approxi-
mator of the input graph G. The original motivation in [ST14] is to use Ly as a “preconditioner”
for solving the linear system L¢ -z = b. This definition is inspired by the result on cut sparsification
in Theorem 14.3, and is indeed a more demanding one.

Lemma 14.5 (Spectral Approximator Implies Cut Approximator). If H is a (1 £ €)-spectral ap-
prozimator of G, then H is also a (1 £ €)-cut approzimator of G.

Proof. Let S be a subset of vertices, and let g be its characteristic vector. By Lemma 1.14,

XsLaxs = Y w(i,j)(xs(i) — xs()* =we(6(S)) and x§Luxs =wu(5u(S)).
iHEB(G)

Since H is a (1 % €)-spectral approximator of G,
(1—€) - x§Laxs < x§Luxs < (1+€) - x5Laxs,
which implies that
(1 =€) - we(6c(S)) < wn(du(S)) < (1+¢€) - wa(da(9))-

Since this holds for every subset S C V', we conclude that H is a (1 4 €)-cut approximator of G. [
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Since spectral sparsification is a strictly stronger requirement than cut sparsification, one might
expect it to be a strictly harder problem to solve. Initially, Spielman and Teng [ST11] proved
that a (1 & €)-spectral sparsifier with O(nlog®(n)/€?) edges always exists for some large constant c.
They also provided a fast algorithm for constructing such sparsifiers, using ideas from local graph
partitioning and expander decomposition, as discussed in Section 12.5. This result was sufficient
for their goal of designing a nearly-linear-time algorithm for solving Laplacian equations, which has
since become the foundation for a new generation of fast algorithms for various graph problems.

Reduction to Isotropy Condition

Spielman and Srivastava [SS11] revisited the spectral sparsification problem and proved that there is
always a (1=4¢)-spectral approximator with O((nlogn)/€?) edges, thereby generalizing Theorem 14.3
for cut sparsification.

They reduced the spectral sparsification problem to the following simpler form where the vectors
satisfy the isotropy condition (see Lemma 7.6). In this form, the graph structure is removed, and
the objective is reduced to bounding only the maximum and minimum eigenvalues.

Theorem 14.6 (Sparse Spectral Approximation of Identity Matrix [SS11]). For any 0 < e <1 and
any m vectors vy, ...,vn € R satisfying

m

T
E viv; = Ip,
i=1

there exist nonnegative scalars s1, .. .,sm with at most O((nlogn)/e?) nonzeros such that

m
(1—¢) Z slvlv;r (1+€)1,.
i=1

The concept of the pseudoinverse of a matrix (Definition A.7) is required for the reduction.

Definition 14.7 (Pseudoinverse of the Laplacian Matrix). Let G be a connected graph. Let 0 =
A < A2 < ... < A\, be the eigenvalues of L(G), and let uy, ..., u, be the corresponding orthonormal
eigenvectors. Then the pseudoinverse of L(G) and its square root are given by

n

1
LE: )\—uzulT and ngz
i

i=2
The reduction follows from a simple linear transformation using the pseudoinverse.

Theorem 14.8 (Near-Linear Sized Spectral Sparsification [SS11]). For any edge-weighted undirected
graph G = (V. E) and any 0 < € < 1, there exists a reweighted subgraph H = (V| F') on the same
vertex set, with at most O((|V|log|V|)/€?) edges such that H is a (1 & €)-spectral approzimator of
G. Furthermore, such an H can be computed in nearly linear time O(|E)).

Proof. We assume without loss of generality that G is connected. Let Lg = ) g beb;r be the
Laplacian matrix of G, where for a weighted edge e, the vector b, includes the factor \/wg(e).
Define

2
ve = U LI, (14.1)
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where Lgﬂ is from Definition 14.7 and U is the n x (n— 1) matrix whose i-th column is the (i+1)-th
eigenvector u;11 of L(G) for 1 <i <n —1. Then

S vl =S UTL S LU = UL Le LU = UT < 3 uuT> U=1I, 1.
ecE ecE =2

By Theorem 14.6, there exist scalars s, with at most O((nlogn)/e?) nonzeros such that

(1—e)lp1 < Z 5V, < (14 €) Iy
eel

Multiplying these inequalities by LgﬂU on the left and by UTLg2 on the right, we obtain

(1-€eLa <> sebeb] < (1+€)La
ecE

Let H be the graph with weight s. - wg(e) on edge e. Since Ly =) g sebeb, | it follows that H

e

is a (1 4 €)-spectral approximator of G with O((nlogn)/e?) edges. O

Henceforth, we focus on proving Theorem 14.6.

14.3 Random Sampling Algorithm

The formulation in Theorem 14.6 leads to a natural random sampling algorithm and an elegant
analysis using matrix concentration inequalities.

Intuition and Idea

We discussed the isotropy condition ;" viv;— = I, when studying the higher-order Cheeger in-
equality. As stated in Lemma 7.6, for any unit vector y € R”, it holds that Y /" (y,v;)? = 1.
Informally, the vectors are “evenly spread out”, meaning that their total projection onto any direc-
tion y is the same. Given Y., v, = I,,, our goal is to find a small subset of vectors S C {1,...,m}
and appropriate scaling factors such that ), ¢ siviv; ~ I,,. Thus, the subset should remain “evenly
spread out”, preserving a balanced contribution across all directions; see Figure 14.1.

Figure 14.1: An illustration of the sampling idea in the isotropy condition. Long vectors are sampled
with higher probability and are likely to be preserved, while several short vectors pointing in similar
directions can be sparsified by keeping only a few reweighted representatives.
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As in the cut sparsification case, uniform sampling may fail. For instance, if a vector v; has
|vj]] = 1, then it must be included in the solution. Otherwise, the direction of v; is not covered,
and the resulting sum cannot be a spectral sparsifier. The analogy in cut sparsification is that a
cut edge must be included in any cut sparsifier. Thus, as in the cut sparsification case, non-uniform
sampling is necessary.

The non-uniform sampling idea is similar, but now the choice of sampling probability becomes clear.
For longer vectors, we should set the sampling probability p; higher, because they are crucial and
should essentially be preserved. For shorter vectors, we can afford to set the sampling probability p;

lower and the weight 1/p; higher in order to reduce the number of vectors. Concretely, we sample

each vector v; with probability ||v;]|3, and if it is chosen, we set s; = =, so that the expected

e llvill3
contribution is

T T
V;V; _ vV
"t . Pr[v; is chosen] =

iV
[Jv:][2 [ v: |2

T
i

E [sivivﬂ = i |3 = viv

Algorithm

The actual algorithm follows the idea discussed above, but we repeat the experiment ©(logn) times
and take the average to ensure concentration.

Algorithm 12 Random Sampling Algorithm for Spectral Sparsification

Require: Vectors vy,. .., v, € R" satisfying > " | UZ'UZ-T =1I,.
1: Initialization: §+« 0 and 7 = {616%”].
2: for 1 <i<mdo
3 Set pi = [luil3
4: forl<t<r7do
5: Update s; < s; + %pi with probability p;.
6: end for
7. end for
8 return Y., 500, .

The analysis consists of two steps. One is to show that there are O(nlogn/e?) nonzero scalars. The
other is to prove that the output is a (1 &£ €)-spectral approximator of the identity matrix.

Expected Number of Vectors

We bound the number of nonzero scalars by computing its expected value and applying Markov’s
inequality. The choice of sampling probability proportional to the squared norm is used to bound
this expected value.

Lemma 14.9 (Number of Nonzeros). Let § be the output of Algorithm 12, and let S = supp(3) be
the set of vectors with nonzero scalars. Then |S| < (nlogn)/e? with probability at least 0.9.

Proof. The expected number of nonzeros is

E(IS]=) Prlics]=> (1-1-p)7)<> 1-010—1p))=7>_pi
i=1 i=1 =1 =1
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where the inequality follows from Bernoulli’s inequality (1 —p;)” > 1 — 7p;. Note that

m m m -
D= llulls =3 v v =3 Tr(v]v) = ZT“’Z - (Z”’ > =
i—1 i=1 i=1 i=1

where we used Tr(AB) = Tr(BA) in Fact A.37. Since 7 = {616#1 as defined in Algorithm 12,

nlnn
EIIS|] < ;=1 < ,
I8} <73 pe = 5 2
and the result follows from Markov’s inequality that Pr [|S] > 10-E[|S]]] < 1/10. O

Matrix Chernoff Bound

There is an elegant generalization of the Chernoff-Hoeffding bound to the matrix setting.

Theorem 14.10 (Matrix Chernoff Bound [Trol2]). Let Xi,...,X,, be independent, n x n real
symmetric matrices with 0 <X X; K< rl, for 1 <i < m. Suppose

m
Hmin Z ]E < Mmax ° In
i=1

Then, for any 0 <e <1,

2 max Ui 2 ‘min
o [ max<ZX> (+¢) 'umax] = ne” " and Pr [)‘min(Z‘}Q) = (1_€)Nmin:| < ne~ —zm

=1

This bound is almost an exact analog of the Chernoff bound in Theorem 14.2; using the maximum
and minimum eigenvalues to measure the “size” of a matrix. Informally, it states that if the sum
of independent random matrices consists of matrices that are not too “large/influential”, then its
eigenvalues remain concentrated around those of its expectation. The proof will be presented in
Chapter 23.

Spectral Approximation

The algorithm is designed so that the proof of correctness follows directly from the matrix Chernoff
bound. The reweighting by the sampling probability and the choice of the scaling factor 7 ensure
that no random matrix is too influential.

Lemma 14.11 (Success Probability of Spectral Approximation). The output of Algorithm 12 sat-
isfies (1 —€)I, < > 0 siviv; < (1 + €)1, with probability at least 1 — =

Proof. The random matrices are

Y

viv] with probability p;
Xl,t = TPi v
0 otherwise,
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for vector i in iteration ¢, where p; = ||v;||3. The output of the algorithm is Y := Y-7" , ST | X, ;.
The expected output is

m T

m T T T
V;U; ViV
E[Y]:EE E[Xi,t]ZE E Di 71_14 = ZT’ = E viviT:In.
i=1 t=1 i=1 t=1 Pi i=1 t=1 i=1

So, the expected output is exactly the identity matrix, with pmax = fimin = 1.
To apply the matrix Chernoff bound in Theorem 14.10, it remains to find a bound r so that

Xit < rl,. Note that
viviT viviT 1 V; v; T
Xi,t = = 2 = — ’
i Tlluills 7 \vill2 ) \lvill2

which is 1/7 times a rank-one projection matrix. Thus 0 < X;; < I,/7, so we can set » = 1/7. By
Theorem 14.10, as 7 = {61;;”},

627'

Pridmax(Y) > 14 ¢ <ne™ 5 <ne 2Bn=_,
n

The lower tail follows similarly. So, with probability at least 1 — %, we have Apax(Y) < 1+ € and

Amin(Y) > 1—e. This implies (1—€)I,, K Y < (1+¢€)I,, proving that the output is a (1+¢)-spectral

approximator of the identity matrix. O

By combining Lemma 14.9 and Lemma 14.11, we conclude that a (1 % €)-spectral approximator of
the identity matrix with O(nlogn/e?) vectors exists. Moreover, the random sampling algorithm
succeeds with constant probability. This proves Theorem 14.6 and thus Theorem 14.8, showing that
every graph has a (1 = ¢)-spectral approximator with O(nlogn/e?) edges.

The algorithmic aspects will be explained in the next section.

Discussions

The analysis of the random sampling algorithm is tight. Sparsifying the complete graph on n
vertices using independent random sampling requires Q(nlogn) edges. See Problem 14.22.

By considering spectral sparsification, we obtain an elegant and arguably simpler proof of Theo-
rem 14.3 for cut sparsification. In the cut sparsification problem, the appropriate sampling probabil-
ity was not immediately clear. In the more general spectral sparsification problem, after removing
the graph structure, there appears to be only one natural choice for the sampling probability, and
the analysis follows directly from the matrix Chernoff bound. The sampling probability turns out
to be the effective resistance of an edge, which will be discussed in Section 14.5.

This is a great example where a more general problem can be easier to solve than its special case.
In the special case, multiple reasonable approaches seem possible, whereas in the generalization, the
correct approach naturally emerges.

14.4 Fast Algorithm and Applications

In this section, we first describe the near-linear-time algorithm for spectral sparsification, and then
discuss some algorithmic applications of cut sparsification and spectral sparsification.
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Near-Linear-Time Algorithm for Spectral Sparsification

To implement Algorithm 12, we need a fast algorithm to compute the sampling probabilities.

Fast Laplacian Solver: For this, we assume access to a near-linear-time algorithm for solving
Laplacian equations [ST14]. That is, given the weighted Laplacian matrix Lg of an edge-weighted
graph G = (V, E) and a vector b € R!VI| we assume there exists a O(|E|)-time algorithm to compute
an approximate solution z € RV such that

Lg-x=~b, orequivalently, x= LE - b.

For simplicity, we ignore numerical accuracy in the following discussion.

Sampling Probabilities: By (14.1), the sampling probability for an edge is
lveld = 10T L2013 = b LYPUUT L0 = 0] L,

where we used the facts that UUT =T — ululT and LI;/Qul = 0, which follow from the definitions of
U in the proof of Theorem 14.8 and LTG in Definition 14.7.

To leverage the fast Laplacian solver, we rewrite the sampling probabilities as
lvelld = bI LEbe = bl L LaLibe = b LEBBTLihe = | BTLghe|3 = wel BT LG (xi = x) I3,

where B € R™™ is the weighted edge incidence matrix from Definition 1.12, with n = |V| and
m = |E|. Thus, for an edge e = ij, the sampling probability is the squared distance between the
two vectors BTLI;XZ- and BTLEX]-, scaled by the edge weight.

Dimension Reduction: It is sufficient to compute the sampling probabilities approxi-
mately [SS11]. The idea is to use the Johnson-Lindenstrauss theorem from Theorem 9.14 to
reduce the dimension of the vectors in order to speed up the computations. Let Q € RF*™ be a
random Gaussian matrix, where each entry is defined as Q(i,j) := gij/Vk, with k < log(n)/e?,
and where the g; ; are independent random variables drawn from the normal distribution N (0, 1).
By Theorem 9.14, with high probability,

(1=a)lB"LE G —xp)IB < 1QBTLE (i — X)) < 1+ )| BTLE G — xy) |3 foralld,j € V.

Computations: To obtain a good approximation of the sampling probability ||v.||3, it suffices to
compute || QBTLE(XZ- —x;) |13 efficiently. To achieve this, we first compute the matrix Z = QBTLEv
efficiently and store this k& x n matrix. Then, whenever we need to compute HQBTLTGQ(Z- —xj) 3=
| Z(xi — x;) |3, we simply take the difference of two columns of Z, which can be done in O(k) time.
Thus, the total time to compute the approximate sampling probabilities after computing Z is O(m).

It remains to show how to compute Z in O(m) time using a fast Laplacian solver. First, we compute
QBT which can be done in O(km) = O(m) time since B! has only two nonzeros per row. Then,
the i-th row of Z is equal to the i-th row of QBT multiplied by LE. Thus, its transpose is of the
form LTG -y for some vector y, which can be computed by solving L¢ -z = y using a fast Laplacian
solver in O(m) time. Since there are k = O(logn/e?) rows, the total time to compute Z is O(m),
completing the description of the algorithm.
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Applications of Cut Sparsification

Cut sparsification has become an essential tool in designing fast graph algorithms.

As an example, consider the problem of solving the minimum s-t cut problem in a graph G. Standard
algorithms have a running time that depends on the number of edges in G, which makes them
inefficient when G is dense with Q(n?) edges. To design a fast approximation algorithm, we can
first use Theorem 14.3 to compute a (1 % €)-cut approximator H of G with only O((nlogn)/€?)
edges in near-linear time. We then run a standard minimum s-¢ cut algorithm on H, yielding a
solution that can be shown to be a (1 + 3¢)-approximate minimum s-¢ cut in G.

More generally, these sparsification algorithms have led to significant speedups in solving many
graph problems related to cuts, such as graph conductance. They allow us to trade a small loss in
solution quality for a substantial reduction in time complexity — usually improving the running
time by at least a factor of n. For fast approximation algorithms, this small loss in solution quality
is negligible.

Remarkably, cut sparsification can also be applied to design fast ezact algorithms. Karger [Kar00]
used the uniform sampling algorithm to develop a near-linear-time algorithm that solves the mini-
mum cut problem optimally. For this application, it is crucial that the sparsifier remains unweighted,
so the stronger Theorem 14.3, for example, cannot be used. It took more than twenty years for
researchers to finally discover a deterministic near-linear-time algorithm for the minimum cut prob-

lem [KT19].

Applications of Spectral Sparsification

A major application of spectral sparsification is in the design of near-linear-time Laplacian
solvers [ST14], which have numerous applications in graph algorithms and numerical linear algebra.

We illustrate the techniques of spectral sparsification using a fundamental problem in numerical
linear algebra, the least-squares problem. In the least-squares problem, we are given an n x d
matrix A and b € R", and the objective is to find an 2 € R? that minimizes || Az — b|]z. We are
typically interested in the case when n > d, when the problem is overdetermined. Exact algorithms
require 2(npoly(d)) time, which is too slow for large n.

The goal is to design an approximation algorithm that returns a solution 2’ satisfying

[ 42" = bll2 < (1 + €) min|| Az — b2

in O(nd+poly(d/e)) time, which is near linear when n > d. The key idea is to compress the matrix
A into a smaller k x d matrix B = SA, where k = poly(g), and then solve the least-squares problem
ming|| S(Az — b)||2 exactly as an approximate solution to the original problem.

Given A € R™ 4 and b € R", we first reduce the problem to the case where the columns of A
are orthonormal. This is similar to the reduction to the identity matrix in Theorem 14.8, so that
AT A = I, or equivalently, Yoy aiaiT = I;, where a; is the i-th row of A. We then construct a
smaller matrix B by sampling and rescaling each row with probability proportional to its squared
length, so that BTB = S°I' | s;a;a] ~ I with only O(dlogd/e?) nonzero scalars. Thus, B has
O(dlog d/€?) rows, where each row is /s;a;, and (1 —€)ATA B'B < (1+¢)ATA.

This property, known as a “subspace embedding”, ensures that || Az ||% ~ || Bx||3 for all z € R?, since
2T AT Az ~ 2" BT Bz. The technical details are closely related to those in spectral sparsification,
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such as the use of the matrix Chernoff bound. The sampling probability in this context is known as
the leverage score of a row, which is a generalization of effective resistance. See [Wool4] for more
details and applications in numerical linear algebra.

14.5 Effective Resistance

The sampling probability of an edge e = ij is proportional to
lvel3 = b LEbe = welxi = x5) " L& (6 = x)- (14.2)

In this section, we briefly review some background on electrical networks and effective resistance,
explaining why the sampling probability is proportional to the effective resistance of the edge ij,
scaled by its edge weight, and providing some intuition about this quantity. Since effective resistance
is a useful concept in spectral graph theory, we also discuss some additional properties at the end
of this section.

FElectrical Networks and Electrical Flows

Given an undirected graph G = (V, F) with edge weights w : E — Ry, we model G as an electrical
network, where each edge e € F represents a resistor with resistance r(e) = 1/w(e).

Definition 14.12 (Electrical Flows). Let G = (V, E) be a graph with edge weights w : E — R.
Let s,t € V be two distinct vertices, called the source and the sink, and let b:V — R be a demand

function such that
b(s)=1, b(t)=-1, and b(i)=0 for all i # s,t.

An electrical flow f: E — R satisfies:

1. Kirchhoff’s Law:
Z f(i,7) =b(i) forallieV.

JijeER
This ensures that the total outgoing flow at every vertex satisfies the demand function.

2. Ohm’s Law: For each edge ij € E, the flow satisfies

A (i (i) — (i — ) = 2()
f(i,5) = w(ij) - (x(i) — z(j)) )

where x 1V — R is a potential function assigning a voltage to each vertex.

The flow is directed so that f(i,7) is positive if the flow moves from i to j, and negative if the flow
moves from j to i.

Combining Kirchhoff’s Law and Ohm’s Law, these equations can be written compactly as
Lg-x =0, orequivalently, z= LE - b, (14.3)

where L¢ is the weighted Laplacian matrix, with Lg(i,7) = —w(i,j) for i # j, and LTG is its
pseudoinverse. When the graph G is connected, so that the kernel of Lg is Span{f}, the set of
solutions to the voltage function is given by

(L, b+l | ceR).
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Since shifting all voltages by a constant does not affect the potential differences between vertices,
the electrical flow f is uniquely defined.

Conversely, any Laplacian system of linear equations corresponds to computing the voltage vector
of an electrical flow problem with a general demand vector.

Effective Resistance and Energy
We now define effective resistance and show that it is equal to the sampling probability.
Definition 14.13 (Effective Resistance). Let G = (V, E) be a graph with edge weights w : E —

Ry. The effective resistance Reffg(s,t) between vertices s and t is defined as the voltage difference
x(s) — z(t) when one unit of electrical flow is sent from s to t, as in Definition 1/.12.

From this definition and (14.3), we see that

Reff(s,t) = a(s) — 2(t) = (xs — x¢) "2 = (xs — x) L& - b= (xs — x¢) " L - (s — xt),

which implies that the sampling probability of an edge st in (14.2) is equal to w(st) - Reff(s, t).
To gain intuition about effective resistance, it is helpful to consider an equivalent characterization

using energy.

Definition 14.14 (Energy of Flow). Let G = (V, E) be a graph with edge weights w : E — R,.
The energy of a flow function f: E — R is defined as

2 = 2 12 50 g2
‘ eck w(e) ’

eck

where r(e) = 1/w(e) is the resistance of edge e.

The electrical flow minimizes the energy among all flows of one unit from s to ¢, and the effective
resistance between s and t is equal to this minimum energy.

Theorem 14.15 (Electrical Flow Minimizes Energy). The electrical flow f from s to t, defined in
Definition 14.12, satisfies

E(f) <E&(f)  for all flows f' that satisfy Kirchhoff’s Law.

Moreover, the energy of the electrical flow f from s to t is equal to the effective resistance between
s and t; that s,

Reffg(s,t) = E(f).

The proof of the first statement follows from the optimality conditions of the convex minimization
problem, and the second statement follows from an algebraic manipulation. See Problem 14.25.
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Intuition about Sampling Probability: Using Theorem 14.15, we can interpret effective resis-
tance between s and ¢ as an interpolation between the shortest path distance and the reciprocal of
the edge connectivity between s and ¢. Consider an unweighted graph G = (V, E)) where each edge
has weight one. Let

£,(5,0) = min { (Y Ir(p)”

€

fis a unit s-t ﬂow}

be the minimum /,-norm of a unit s-t flow that the graph can support. Then,

e &1(s,1) is equal to the shortest path distance between s and ¢, and

e &(s,1) is equal to the reciprocal of the edge connectivity between s and t.

Since £ is between £; and /., the effective resistance Reffg(s,t) = €2(s,t) accounts for both the
s-t shortest path distance and the s-t edge connectivity. Informally, the effective resistance between
two vertices is small when there are many short paths connecting them.

Since the sampling probability for the spectral sparsification algorithm is proportional to w(ij) -
Reff (7, j), this provides an intuitive explanation of the sparsification process:

o If w(ij) - Reff¢(4,7) is small, then ¢ and j are well-connected, so we sample the edge with
lower probability in order to reduce the number of edges.

o If w(ij) - Reff(i, j) is large, then this edge is crucial for connectivity, so we sample it with
higher probability to preserve it.

Another characterization is that w(e) - Reffg(e) is equal to the probability that edge e appears in a
random spanning tree of the graph; see Problem 14.27. This property reinforces the intuition that
effective resistance measures how crucial an edge is for connectivity.

More Properties of Effective Resistance

Since effective resistance is a useful concept in spectral graph theory, we collect some additional
properties for reference.

Proposition 14.16 (Metric Property). Effective resistance satisfies the triangle inequality, meaning
that for any vertices a,b,c,

Reffg(a,b) + Reff¢(b, ¢) > Reffg(a, c).

Moreover, this metric satisfies the additional property that it can be embedded isometrically into an

0 space [LP106, Ezercise 4.34].

Effective resistances are also closely related to random walks (see [DS84]). The following connection
arises because hitting times can also be computed by solving Laplacian equations.

Theorem 14.17 (Effective Resistance and Commute Time). Let G = (V, E) be an unweighted
graph. For two vertices s,t € V, let H(s,t) be the hitting time, defined as the expected number of
steps of a random walk starting at s to reach t. Define the commute time as C(s,t) := H(s,t) +
H(t,s). Then,

C(s,t) =2|E| - Reffg(s,t).
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Using this theorem, one can show that the resistance diameter provides a logarithmic approximation
to the cover time of random walks.

Theorem 14.18 (Resistance Diameter and Cover Time). Let G = (V, E) be an unweighted graph.
The cover time from s, denoted by Cs(G), is the expected number of steps required for a random
walk starting from s to visit every vertex in G at least once. The cover time of the graph is defined

as C(G) := max, Cs(G). Let R(G) := max,pecv Reffg(a,b) be the resistance diameter of G. Then,
|E|- R(G) < C(G) S |E|- R(G) - log |[V].

A d-regular expander graph with constant edge conductance has the smallest possible resistance
diameter O(1/d). The following result shows that one can remove a small constant fraction of edges
so that each component achieves this property.

Theorem 14.19 (Low Effective Resistance Diameter Decomposition [AALO18]). For any d-reqular
unweighted graph G = (V, E) and any sufficiently large constant ¢ > 1, there is a polynomial-time
algorithm that finds a partition of the vertex set (Vi,..., V) satisfying:

1. Low effective resistance diameter: Each induced subgraph G[V;] satisfies R(G[V;]) < c¢3/d.

2. Few crossing edges: |6(Va,..., V)| S |El/c.

This result can be compared to Theorem 12.1. Although it is not always possible to decompose
a d-regular graph into expanders with constant edge conductance while removing only a constant
fraction of edges, it is always possible to find a decomposition achieving the electrical properties
that expanders of constant edge conductance enjoy.

14.6 Problems

Exercise 14.20 (Spectrum of Spectral Approximator). Let G and H be weighted undirected graphs
with Laplacian spectra A\ < Ao < ... < Ay and v1 < v < ... < 7, respectively. Prove that if H is
a (1 + €)-spectral approzimator of G, then (1 —e)X\; < v < (L+€)\; for every 1 < i <n.

Exercise 14.21 (Cut Sparsifier vs. Spectral Sparsifier). Provide graphs G and H such that H is a
(1 + €)-cut sparsifier of G but not a (1 % €)-spectral sparsifier of G.

Problem 14.22 (Tight Example of Random Sampling). The analysis of the random sampling
algorithm 1is tight. In a complete graph, the sampling probability of every edge is the same, so
Algorithm 12 reduces to the uniform sampling algorithm. Prove that random sampling cannot find
a cut sparsifier of the complete graph with o(nlogn) edges with high probability.

Problem 14.23 (Approximate Sampling Probabilities). In Algorithm 12, suppose that instead of
using the ezact probabilities p; = ||v;||3, we use approzimate probabilities p; satisfying

pi < pi <2p;  for alli.

Modify the sampling algorithm and prove that the oulput is still a (1 £ €)-spectral approzimator of
the identity matriz with O(nlogn/e®) nonzero scalars, with constant probability.

Exercise 14.24 (Effective Resistance and Minimum Cut). Show that Reff¢(s,t) > 1/mincut(s, t),
where mincut(s,t) denotes the minimum number of edges whose removal disconnects s and t.
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Problem 14.25 (Electrical Flow Minimizes Energy). Prove Theorem 14.15.

Exercise 14.26 (Resistance Diameter of Expanders). Let G be a d-reqular graph with normalized
Laplacian second eigenvalue Ag = Q(1). Prove that

Reffg(s,t) < for all s,t € V.

SHN

Conclude that a d-regular graph with constant edge conductance has resistance diameter O(1/d).

Problem 14.27 (Effective Resistances and Spanning Trees). Let G = (V,E) be an undirected
graph where each edge e has an integral weight w(e). The weight of a spanning tree T is defined as
wy = [leerw(e). Let pr = wr/ > wrr, where the sum is over all spanning trees T' of G. Let
T* be a random spanning tree sampled from the distribution p.

1. Prove that Pr(e € T*) = w(e) - Reffg(e) for any e € E.
(Hint: You may use Problem 1.2 and Fact A.32.)

2. Prove that
PrleeT* | feT*) <Pr(eecT"),

for any two distinct edges e, f € E. In words, conditioned on the event f € T, the probability
of the event e € T™ does not increase, meaning that the events e € T* and f € T™* are negatively
correlated.

Problem 14.28 (Spectral Sparsifiers from Random Spanning Trees). Let G = (V, E,w) be a con-
nected weighted graph with n vertices, and let p. := w(e)-Reffg(e). Recall from Problem 14.27 that if
T is a random spanning tree sampled with probability proportional to its weight, then Pr(e € T') = pe.
For a random spanning tree T', define

Ir=Y" wle)y b7
eeT ¢

Let Ty, ..., Ty be independent random spanning trees, and let L= % Z§:1 ET]..

1. Prove that IE[ET] = Lq.
2. Conclude that the union of O(log®n/e?) independent reweighted random spanning trees is a

(1 £ €)-spectral sparsifier of G with high probability.

Hint: You may use the following matriz Chernoff bound for random spanning trees by Kyng and
Song [KS18]: for k > log®n/e%, with high probability,

(I1—€eLle=<xL=x(1+¢lLg.
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Spectral Sparsification via Potential
Function

In Chapter 14, we have seen that spectral sparsification provides a stronger linear algebraic for-
mulation of the cut sparsification problem. This formulation connects the problem to matrix con-
centration inequalities, leading to an elegant solution that matches the best known result for cut
sparsification.

In this chapter, we will see that this formulation leads to a surprising solution that goes beyond what
was previously known for cut sparsification. The key ingredient is a potential function inspired by the
Stieltjes transform of the eigenvalue distribution. This potential function leads to a deterministic
algorithm to construct a linear-sized spectral sparsifier for any graph. We also discuss further
developments inspired by this result.

15.1 Linear-Sized Spectral Sparsification

The main theorem that we will study is due to Batson, Spielman, and Srivastava.

Theorem 15.1 (Linear-Sized Spectral Approximator of the Identity Matrix [BSS14]). For any

d > 1 and any m vectors vy, ..., vy € R"™ satisfying Y -, viv; = I, there always exist nonnegative
scalars s1,...,S8m with at most dn nonzeros such that
1\2 i T 1\2

The bound on the eigenvalue ratio is the same as the Ramanujan bound for a graph with roughly half
as many edges, hence the name twice Ramanujan sparsifiers. From the reduction in Theorem 14.8,
it follows that every graph has a linear-sized spectral sparsifier.

Theorem 15.2 (Linear-Sized Spectral Sparsifier [BSS14]). For any edge-weighted undirected graph
G = (V=1[nl,E) and any 0 < € < 1, there exists a reweighted subgraph H = (V, F') on the same
verter set with at most O(n/€?) edges such that H is a (1 & €)-spectral approzimator of G.

By Lemma 14.5; a direct corollary is that every graph has a (1 + €)-cut sparsifier with at most
O(n/€?) edges, improving upon Theorem 14.3 for cut sparsification. It is remarkable that solving a

harder problem leads to a stronger solution in this well-studied special case. To date, no alternative
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approach is known for obtaining linear-sized cut sparsifiers in polynomial time without relying on
the concept of spectral sparsification.! This remains an intriguing challenge, particularly for those
who prefer combinatorial algorithms for combinatorial problems.

15.2 Deterministic Algorithm and Polynomial Perspective

The approach taken to prove Theorem 15.1 is different from the random sampling approach in
Theorem 14.3 and Theorem 14.6. The proof follows a deterministic “greedy” strategy, in which a
potential function guides the algorithm in adding one vector at a time.

Intuition from Characteristic Polynomials

As discussed in [BSS14], the intuition behind their approach comes from a polynomial perspective.
Let A € R™ ™ be the current partial solution, initialized as A = 0. They considered the characteristic
polynomial p4(z) = det(z]—A) = [[;_; (v —A;), whose roots are the eigenvalues of A, and analyzed
how it evolves when a vector is added. The matrix determinant formula in Fact A.32 gives

n

v,u;)?
PAtvyT (x) = det(x] — A — ') = det(zl — A) (1- vl (x — A)_lv) = pa(x) <1 - Z ;’_g\l),
j=1

where {);}]_; are the eigenvalues of A and {u;}7_, are the corresponding orthonormal eigenvectors.

Suppose we add a uniformly random vector v from vy, ..., v, to A. By the isotropy assumption,
1 1 = il 1
2 2 T T J
B (0] = 5 Yot = o] (vl oo = L =
1= 1=

This implies that the expected characteristic polynomial is

E [pAJrva(x)] = pA(l’> (1 - % Z; T _1)\]> = pA(l’) - % pr(m)a
j=

n

as Ozpa(z)/pa(x) = 3°7_; 1/(z — A;). Starting from A = 0, the initial polynomial is pa(z) = 2".
After t iterations, the expected characteristic polynomial becomes

pe(x) = (1 — %&C)t:z:”.

This generates a standard family of orthogonal polynomials, known as the associated Laguerre
polynomials, whose roots are well studied. After t = dn iterations, the ratio of the largest root to
the smallest root of pg,(x) is known to be at most

d+1+2Vd
d+1—2Vd

which corresponds to the ratio of the maximum and minimum eigenvalues in Theorem 15.1.

LA very recent preprint by Reis and Rothvoss [RR26] gives a nonspectral proof of the existence of linear-sized cut
sparsifiers using ¢, sparsification, convex geometry, and discrepancy theory, but it does not give a polynomial time
construction.
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This is only a heuristic argument, as the roots of the expected characteristic polynomial may not
control the roots of p 4,7 () for any particular choice of v. The proof of Theorem 15.1 in [BSS14]
does not follow this approach directly, but the potential function used is inspired by the calculation
here. This perspective also foreshadows the polynomial method developed by Marcus, Spielman,
and Srivastava to resolve the Kadison-Singer problem [MSS14].

Algorithm Structure

As discussed in Chapter 14, one advantage of the algebraic formulation for spectral sparsification
in Theorem 14.6 is that we only need to keep track of the maximum and minimum eigenvalues of
the current partial solution, rather than the exponentially many cut values that must be preserved
in the cut sparsification problem.

The general approach is to maintain an upper bound on the maximum eigenvalue and a lower bound
on the minimum eigenvalue while controlling how the two bounds evolve over time. This will be
achieved using two potential functions ®“ and ®;, which we define and analyze in the next section.

Assuming the existence of these potential functions, we describe the structure of the deterministic
greedy algorithm. Initially, we start with the empty solution Ay = 0, an upper bound wug for
the maximum eigenvalue, and a lower bound [y for the minimum eigenvalue, such that the initial
potential values satisfy ®“0(Ap) < ¢, and P;,(Ag) < ¢; for some fixed values of ¢, and ¢;.

In each iteration ¢, we select a vector v; and a scalar s > 0, adding s - viviT to the current solution
so that Ay +— Ay + sviviT. We shift the upper and lower bounds as w41 < u; + d, and ly41
ly + 9y, where §,, and ¢; are fixed increments. We maintain the invariants ®“+1(A; 1) < ¢, and
®;,.,(At41) < ¢ and ensure that uzy 1 and l;41 remain valid bounds for the maximum and minimum
eigenvalues of Ayyq.

Algorithm 13 Deterministic Greedy Algorithm for Spectral Sparsification

Require: A parameter d > 1 and vectors vy, ..., v, € R" satisfying ZZ’;I viviT =1,.
1: Initialization: Ag = 0 and 7 = dn.
2: Choose ug, lg, ¢u, ¢; so that dvo (A()) < ¢, and 07 (A()) < ¢y.
3: Choose two positive parameters d,, and §; and set uy = ug + ¢ -9, and Iy = lp +t - §; for any
t>1.
4: for 1 <t <7 do
5. Find a vector v € {vy,...,v,,} and a scalar s > 0, and set 4; = A;_1 +s-vv' to maintain
the invariants ®"*(A;) < ¢u, Py, (A1) < d1, Amax(Ar) < ug, and Apin(Az) > 1.
6: end for
return A,.

o

There are many parameters ug, lg, du, @1, 0y, 6 to be chosen, which we will determine at the end.
For intuition, Iy ~ —Vdn, ug ~ Vdn, 6, ~ 1, §; = 1, ¢, =~ 1/V/d, and ¢; =~ 1/v/d. The logic of
choosing these parameters will be clear.

15.3 Potential Functions

The key element in this algorithm is the definition of the potential functions that will make ev-
erything work beautifully. Before defining the potential functions used in [BSS14|, we first explore
some natural attempts and examine the properties they need to satisfy.
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Norms of Eigenvalues

A natural first attempt is to use the maximum and minimum eigenvalues as potential functions,
ie, ®“(Ar) = Amax(A¢) and Dy(Ay) = Amin(Az), and then inductively prove that Apax(A:) <
Amax(Ai—1) + 6y and Apin(A¢) > Amin(A¢—1) + 6;. However, this approach does not work well for
this problem. Since A; is an n X n matrix, tracking only the maximum eigenvalue fails to distinguish
between the case where all directions grow uniformly and the case where a single direction dominates
while others remain small. Ideally, after n iterations, every direction should increase by one unit.
To prove this inductively, we need a potential function that allows us to argue that, on average, the
largest direction is increased by only 1/n unit per step. However, the maximum eigenvalue is not
smooth or robust enough for such an argument.

From the above discussion, we need a more global measure that accounts for all directions. One
possible candidate is Tr(A)/n, the average eigenvalue of the current solution. While this quantity
increases smoothly, it does not help us control the maximum eigenvalue when the average eigenvalue
is small.

Thus, we seek a potential function that is both smooth enough to track incremental progress and
ensures that the maximum eigenvalue remains small when the function’s value is small. Let X =
(AM1(A4), X2(A), ..., A\y(A)) be the spectrum of the current solution. Note that Amax(A4) := [ X]|oo is
the infinity norm of the spectrum, while Tr(A) := || X|; is the 1-norm of the spectrum. Interpolating
between these extremes, we may consider the quantity (2 >°7 | A) Vp — p=1/p. ||X\|p Setting
p ~ logn provides a good approximation of ]]X||oo, but p-norms are not convenient for calculations.

A well-known function in convex optimization is the softmax function, defined as log > ;" ; e, which
is convex, differentiable, and a good approximation of the maximum eigenvalue. In matrix form,
the softmax function is naturally expressed as log Tr(e?), where e 1= 322 ) A¥/k! is the matrix
exponential. This is a good potential function for spectral sparsification and is also used in the
proof of the matrix concentration inequalities; see Chapter 23. Indeed, this function can be used to
yield a deterministic algorithm with guarantees matching those of the random sampling algorithm
in Theorem 14.6. However, it is not known how to use this function to achieve linear-sized spectral
sparsification.

Barrier Functions

The Stieltjes transform of the eigenvalue distribution is defined as

n

S(z):lz 1A for z € C*,

2 — )\
i=1 v

The spectrum of a matrix is the set of poles of the rational extension of this function. In random
matrix theory, eigenvalue perturbations are studied using this function [EY17].

Batson, Spielman, and Srivastava used evaluations of this function at specific points as potential
functions. They also noted in [BSS14] that their potential functions were inspired by the expected
characteristic polynomial calculation presented in Section 15.2.

Definition 15.3 (Barrier Functions). Given a real symmetric matriz A € R™*"™ with eigenvalues
Aly.eoy An, an upper barrier u > Amax(A), and a lower barrier | < Amin(A), the upper and lower
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barrier functions are defined as

and ® (1) 1= ®(A) :=Tr(A—1I,)"" = znz
=1

1
u—)\i

A (u) 1= B*(A) = Tr(ul, —A) ' = 7
=1 7

We use the notations ®“(A) and ®;(A) when treating the barrier functions as functions of the matriz
A for fized u and 1. Conversely, we use ®4(u) and ®A(1) when viewing them as functions of u or |

for a fized A.

The strategy in Algorithm 13 is to ensure that u; increases slowly while maintaining the invariant
that the potential value ®“¢(A;) remains small. When u > Apax(A) and | < Apin(A), these
functions measure how far the eigenvalues of A are from the barriers u and [, and they blow up as
any eigenvalue approaches a barrier. Suppose we could maintain the invariant ®"¢(A;) < 1 for all ¢.
This ensures that u; is a “comfortable” upper bound on the maximum eigenvalue, as there could be
at most one eigenvalue at least u; — 1, at most two eigenvalues at least u; — 2, and so on. This is a
global quantity that accounts for all eigenvalues while changing smoothly to measure the progress
in each iteration.

The following properties of the barrier functions are simple but useful.

Exercise 15.4 (Monotonicity and Convexity). Let A € R™*™ be a real symmetric matriz. For any
U > Amax(A) and any § > 0, the upper barrier function satisfies

oA (u) > ®Mu+0) and D(u)+6- (DM (u+9)) > &M (u+9).
For any 1 4+ 0 < Amin(A) and any § > 0, the lower barrier function satisfies
D4(1) <Pa(l+06) and BA() + - (Pa(l+0)) > Da(l+0).
We call them barrier functions as they resemble the log-barrier functions used in the interior point
method for convex optimization.

Remark 15.5 (Log-Barrier Functions). Let pa(x) = det(zI — A) be the characteristic polynomial
of A. For x > Apax(A) and x < Apin(A), respectively, note that

O (A) = m — Oplog (pa(x) and ®,(A) = —0, log |pa(z)|.

These functions blow up as x approaches a root.

15.4 Changes of Potential Values

There are elegant formulas to analyze how the barrier functions change when we add a vector and
perform a rank-one update.

Upper Barrier Function

For the upper barrier function ®*(A), adding a vector s - vv' with s > 0 increases the potential
value, while increasing the upper bound u compensates for this change, allowing us to maintain
the invariants that ®*+% (A + s-vv') < ®*(A) and that u + &, remains an upper bound on the
maximum eigenvalue.
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Lemma 15.6 (Upper Barrier Change). Suppose u > Amax(A) and 6, > 0. For any vector v and

any s > 0, if

T ((u+ 8,1 — A) "
Pu(A) — dutdu(A)

1 —
5 > + UT((U+5U)I — A) b = Ua(v),

then
(I)“Jréu (A ts- UUT) < q)u(A) and Ama,x(fl +s- U'UT) <u-+ (Su

Proof. Let v’ := u + §,. By the Sherman-Morrison rank-one update formula in Fact A.25,

PUti(A4s.owT) = Tr ((u’] —A—s- va)_l)
s(u'lT — A)~tov T (u'T — A)~!
1—s-oT(ul—A)~l >
s-vl (Ul — A"
1—s-oT(WI—A)~l
vl (W'I — A~
I oT(wI—-A)1

= Tr <(u’1 —A) '+

= uUPu(A) +

= BY(A) — (PU(A) — DU (A)) +

gain

loss

Rearranging shows that ®¥+ou (A+s- va) < ®¥(A) when % > Ux(v).

This also implies that Apax(A+s-vv") < u+d,. Otherwise, by continuity, there exists some s’ < s
such that Amax(A + 8 - vv") = u+ §,. In that case, we would have ®* (A + ' - vo') = oo,
contradicting the bound ®*™ (A + ' -vv') < ®*(A), which follows from 4 > 1 > Uy (v). O

Lower Barrier Function

For the lower barrier function ®;(A), adding a vector s -vv' with s > 0 decreases the potential
value, while increasing the lower bound [ increases the potential value. Note that an additional
condition on the potential value is required to ensure that we still maintain a lower bound on the
minimum eigenvalue.

Lemma 15.7 (Lower Barrier Change). Suppose Amin(A) > 1 and ®;(A) < 1/6;. For any vector v,
if
1 v (A= (+8)) %

0<-<
s T Dg(A4) — 2i(A)

— 0T (A= (I +8)]) v =: La(v),

then
Dy, (A + s ’UUT) < P(A) and Amin (A + s U’UT) > [+ d;.

)= > 1/(\ — 1) imply that 1/(Amin — 1) < 1/§
> Amin(A) > [+ 6;. Using a similar calculation with

Proof. Note that Apin(A) > 1 and 1/§; > ®;(A
and thus Apin > [+ ;. Thus, Apin(A+s-vv")
the Sherman-Morrison formula as in Lemma 15.6,

v (A~ (1+6)) 20
ClioTA- (et

Dy (A+s-vv') =DA) + (Drys,(A) — Bi(A))

loss

gain

Rearranging shows that @5 (A + s - ’UUT) < @;(A) when % < La(v). O
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15.5 Averaging Argument

We need to prove that there exist a vector v and a scalar s such that the assumptions in both
Lemma 15.6 and Lemma 15.7 hold. This will ensure that the invariants @+ (A+s-vv") < ®¥(A),
)\max(A—i—s-va) < U0y, Py, (A—&—smvT) < ®y(A), and Apin (A—i—s-va) > [+, in Algorithm 13
hold simultaneously.

The idea in [BSS14] is to prove that Y ;| La(v;) > >, Ua(v;), which guarantees the existence of a
vector v; such that L4(v;) > Ua(v;). By choosing s such that L4 (v;) > % > Ux(v;), the assumptions
in both Lemma 15.6 and Lemma 15.7 hold, ensuring that all invariants hold simultaneously for
A+s- Uw;r.

Upper Barrier Function

Lemma 15.8 (Total Upper Barrier Shift). Given v, ..., vy, € R"™ such that Y ;- viv = I,

1
> Ua(w) < =+ ®"(4).
i=1 “
Proof. Using the isotropy assumption Y ;*, v;v; = I, it follows that
Z T ((u+0,)I — ZTr ( u+ 6y,) 1 — A)_zviviT> =Tr (((u + 8u) 1 — A)_2>,
i=1

and similarly

1

Y v (u+6,)I — A) oy = Tr (((u + 6] — A)_l) — putdu(A),
=1

By the convexity of the barrier function ®*(A) = ®4(u) in terms of u in Exercise 15.4, the “gain” is
B A A A ! -2
BU(A) — PUHO(A) = BA(u) — BA(u+ 0,) > —0y - <<1> (u+ 5u)) — 5, Tr (((u+ 5u,)1 — A) )

where the last equality uses Fact A.45. Therefore,

" "ol ((u (5uI—A_27)i _
ZUA(W) = Z ( quq(t(;) _)(I)u+5u()A) T ”iT((“ +0u)I — A) 1”2‘)
i=1 i=1

Tr (((u+ 6u)] — A) 7
- (I<)u (A) — utou(A) ) + @10 (A)

< % + o“(A),

where the last inequality uses the preceding lower bound on the gain and the monotonicity in
Exercise 15.4. O
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Lower Barrier Function

The calculations for the total lower barrier shift are similar but slightly more intricate. Note that
the following lemma also requires the assumption that ®;(A) < 1/§; as in Lemma 15.7.

Lemma 15.9 (Total Lower Barrier Shift). Given vi,...,v, € R" such that )" 1'1)Z = I, if
@l(A) < 1/51, then

“ 1

D Lawi) > 5 B;(A).

i=1

Proof. As in the proof of Lemma 15.8, using the isotropy assumption )", v,-viT = 1I,,

Z’U —‘r 6l) )72111' =Tr ((A (l + 51) 2) and ZU l+ 51) )flvi _ ‘I)lJrgl(A).
Therefore,
;LA(%) - Zz; ( (I)l+5z ) Q)l()A) — v (A=(+a)I)" 1%’)
Tr ((A I+6)1 2)
- s, (A) — By(A) D15, (A

Using convexity in Exercise 15.4 as in the proof of Lemma 15.8,
Bpy5,(A) — By (A) = Da(l+6) — Da(l) <& - (Pall+6)) =6 - Tr(A—(1+6)I)"
This gives Y ;" La(v;) > 5% — ®;15,(A), which is slightly weaker than the desired bound and

insufficient for maintaining invariants throughout the algorithm. To prove the stated bound, we
need to work harder and show that

-2
Te (A= (+0)1)~7) orsh) s L i)
Pry5(A) — P1(A) o &
which, upon rearrangement, is equivalent to the following claim.

Claim 15.10 (Lemma 4.3 of [MSS22|). If ®;(A) < 1/6;, then

(q)lJréz(A) - q)l(A))2 < Tr ((A -+ 5l)[)_2> _

;l(@zm (A) — B,(A)).

Proof. By the definition of the lower barrier function in Definition 15.3,

n 2 n 5 2
(B30, (4) = 2(4))" = (; ()\i - (1l+5z) - )\il—l)> B <; (N — (l+5zl)) - (Ai —l)> '

Applying the Cauchy-Schwarz inequality and the assumption §; - ®;(A) < 1, the right hand side

satisfies
n 51 n 6[ n 51
(T )<Y —
i=1 o (A= +a)" (= 1) o A= +a)" (=)
Check that this is equal to the right hand side of the claim. O
The claim completes the proof of this lemma. O
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Both Barrier Functions

Combining Lemma 15.8 and Lemma 15.9 with the averaging argument in this section, we arrive at
the following conditions for the invariants in Algorithm 13 to hold throughout.

Lemma 15.11 (Invariants). Let Ag = 0. If we choose ug > 0,1y < 0, ¢y, @1, 6y, d; so that

1 1

(blzi""(ﬁu;

DU (Ag) < Py and D;,(Ag) < ¢y and ¢ < 51 and 5 5
l 1 u

then Algorithm 13 can always find a vector v and a scalar s > 0 in each iteration t to maintain the
invariants PVt (Ay) < ¢y and Pp, (Ar) < ¢y and Amax(Ar) < ug and Apin (Ar) > Iy, where up = ug+1tdy,
and l; = lg + t0; as defined in Algorithm 13.

Proof. The proof is by a simple induction. The induction hypothesis is that ®“(A4;) < ¢, and
D), (Ar) < ¢ and Amax(Ar) < ue and Apin(A¢) > l¢. This holds at ¢ = 0 by our assumptions. For
the induction step, by Lemma 15.8 and Lemma 15.9 and our assumption,

- 1 1 1 1 -

ZUAt(vi) s5t P (Ar) < st bu < 5 ¢ < 5 d;, (Ay) < ZLAt('Ui)-

i=1 “ b ! ! i=1
So, there exists some v € {v1,...,vn} such that Ua,(v) < Lga,(v). Let s be a scalar such that
Ua,(v) < % < L4, (v). Then, by Lemma 15.6 and Lemma 15.7, the invariants hold for ¢ + 1 with
At+1 = At + - UUT and Ut+1 = Ug + 5u and lt+1 = lt -+ (Sl. ]

Wrapping Up

With Lemma 15.11, it remains to choose wug,lo, ¢y, @1, 04,0; to prove Theorem 15.1. Choose
Ou, 1, O, 0 such that the last inequality in Lemma 15.11 holds as an equality. The choice of ¢y, ¢;
determines the initial eigenvalue lower bound [y and upper bound ug. The objective is to minimize
the ratio of ug + dn - §,, and lg + dn - §;, which forms a multi-parameter optimization problem.

Batson, Spielman, and Srivastava set

d++d n 1 u n
lo ::—\/En, ug ‘= (\/g_1>n, gbl ::(I)lo(AO):_%:ﬁ7 ¢U:Z©O(AO):U70:CZ+\/&’

so that the first two conditions in Lemma 15.11 are satisfied. Then, set

Vd+1 1 1
0p:=1 and 6, := =  — —¢;=—+ ¢u,
! Vi1 5 ol ¢

ensuring that the last two conditions in Lemma 15.11 are also satisfied. Therefore, after dn iterations
of Algorithm 13,

IN

d+vd Vd+1
Amax (Adn) %_“0+dn'5u_ﬁ_1+d'ﬁf1—<\/5+1>2
)\min(Adn) ldn l0+dn'(5l —\/g+d \/&—1 ’

Rescaling the coefficients gives the bounds in Theorem 15.1, completing the proof.
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15.6 Further Developments

There has been extensive subsequent work on spectral sparsification, and we discuss some of these
developments here. A major breakthrough is the resolution of the Kadison-Singer problem [MSS14].

Fast Algorithms

The deterministic greedy algorithm in [BSS14] provides a polynomial time algorithm to construct a
linear-sized spectral sparsifier. It is thus natural to ask whether a near-linear time algorithm exists.

Regret Minimization: Allen-Zhu, Liao, and Orecchia [ALO15] constructed linear-sized spectral
sparsifiers using the regret minimization framework in convex optimization. This provides a more
systematic way to derive the result in [BSS14] and offers a different interpretation of the result
through a new regularizer within the regret minimization framework. This framework yields an
almost-quadratic time algorithm for linear-sized spectral sparsification. The tools developed are
more convenient for certain applications. We discuss the regret minimization approach in the next
chapter for spectral sparsification and in Chapter 18 for the cut-matching game.

Near-Linear Time Algorithms: Lee and Sun gave an almost-linear time algorithm [[.S18] and
later a nearly-linear time algorithm [L.S17] to construct linear-sized spectral sparsifiers.

Their first algorithm [LS18] is an adaptive sampling algorithm that is interesting and easy to de-
scribe. In the first iteration, the algorithm samples say n% vectors using effective resistance, as
in Theorem 14.6. Then, it updates the sampling probabilities using barrier functions and repeats
this process for n%? iterations. Their intuition comes from the balls-and-bins model, where the
maximum load remains constant with high probability after throwing n%9 balls into n bins.

Their second algorithm [LS17] uses the new potential functions Tr (exp ((ul — A)~')) and
Tr (exp ((A - ZI)*l)), and reduces the problem to a “packing” semidefinite program.

Alternative Approaches

Besides independent random sampling in the previous chapter and the potential function based
approach in this chapter, there are other interesting methods for constructing spectral sparsifiers.

Random Spanning Trees: An interesting approach analyzed by Kyng and Song [KS18] and later
by Kaufman, Kyng, and Solda [KKS22] shows that the properly reweighted union of O(log(n)/€?)
random spanning trees forms a (1+e)-spectral approximator, and this bound is tight. The underlying
reason that this random sampling algorithm works is that the probability that an edge e belongs to
a random spanning tree is equal to its weight times its effective resistance; see Problem 14.27. To
establish this result, they developed new matrix concentration inequalities for negatively associated
random variables arising from random spanning trees.

Cycle Decomposition: Another approach by Chu et al. [CGPSSW23] is based on decomposing
the edge set of the graph into even cycles (plus a linear number of edges) and applying a dependent
rounding method that samples alternating edges in the even cycles to sparsify the graph. The main
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advantage of this approach is that the sparsifier is degree-preserving, which is crucial in constructing
more refined notions of spectral sparsifiers. We will discuss degree-preserving spectral sparsification
in the next chapter.

Related Notions

Spectral sparsification has inspired new notions with applications in approximation algorithms.

Thin Tree: A spanning tree 7' is an a-thin tree of a graph G = (V, E) if |67(5)| < a - [6g(S5)]| for
every S C V. It is conjectured that every k-edge-connected graph has an O(1/k)-thin tree.

Anari and Oveis Gharan [AO15] defined a stronger notion called a spectrally thin tree, which requires
that L7 < aLg. Using this stronger notion, along with various techniques from spectral graph
theory (including the solution to the Kadison-Singer problem, which we will discuss soon), they made
significant progress on the thin tree conjecture and used it to design an improved approximation
algorithm for the asymmetric traveling salesman problem.

Spectral Rounding: In the spectral rounding problem, we are given a graph G = (V, F) and
a fractional solution x : E — R, and the goal is to find an integral solution z : £ — Z, such
that ) cp®ele ® ) .cp 2eLe along with some linear constraints ) pce - Te & ) cpCe - Ze. The
techniques for linear-sized spectral sparsification can be extended to solve the one-sided spectral
rounding problem, where

E zeLekg zeLe and E ce-ze%§ Ce * Te,
eclk ecl ecl eck

leading to optimal approximation algorithms for experimental design problems [ALSW21, LZ22a]
and a spectral approach for network design problems [L.Z22b].

Kadison-Singer Problem

Last but not least, Marcus, Spielman, and Srivastava [MSS14] have extended the techniques from
linear-sized spectral sparsification to construct bipartite Ramanujan graphs and resolve the Kadison-
Singer problem, stated in the following form.

Theorem 15.12 (Solution to Weaver’s Conjecture [MSS14]). Let vy, ..., v, € R™ be a set of vectors
such that

m

Zviv; =1, and |v|3<e for 1<i<m.
i=1
Then there exists a partition of {1,...,m} into two sets S1 and Sz so that
1 2 ,
Amax(Z'UiUiT>§2(l+ \/26) for 1 <5 <2.

iESj

A consequence for spectral sparsification is that if every edge has small effective resistance, then
there exists an unweighted spectral sparsifier. This can be seen as an analog of Karger’s result,
which states that if the minimum cut is large, then there exists an unweighted cut sparsifier.

The proof introduces a novel probabilistic method, incorporating many interesting new ideas, in-
cluding the concept of interlacing polynomials and a multivariate version of the barrier function.
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Question 15.13 (Efficient Algorithm for the Kadison-Singer Problem). A major open question is
whether an efficient algorithm can be designed to compute the partition in Theorem 15.12.

15.7 Problems

Problem 15.14 (Spectral Sparsification Using the Softmax Potential [Zoul2]). Let 0 < € < 1,
and let v,..., v, € R™ satisfy > /%, viviT = I,. Consider the deterministic greedy approach in
Algorithm 13, which starts with Ay = 0. In each iteration, choose a nonzero vector v; and add the
normalized rank-one matriv Ay = Ay_1 +vv;' /||vil|3. For a parameter 0 < n < 1, use the centered
two-sided softmaz potential

U, (As) :=log (Tr (e”(At_%I”)) + Tr (e"(%l"_At)>>.

Prove that one can choose a vector in each iteration so that Uy(Ay) < Wy 1(Ar_1) +n%/n. Use this
bound to prove that (1 —€)I,, < 2 Ar < (1+€)I,, for a suitable choice of n and T = O(nlog(n)/€?).
Conclude that there exist nonnegative scalars s1,. .., s$m with at most O(nlog(n)/€%) nonzeros such
that (1 — ), < Y0, sivivy < (1 + €)I,.

Hint: Use the Golden—Thompson inequality in Theorem A.43.

Problem 15.15 (Lower Bound for Spectral Sparsification |BSS14]|). Let K, be the unweighted
complete graph, and let H be an edge-weighted graph on the same vertex set with m edges. Show
that if

(1 — E)LKn <Ly < (1 + G)LKn
for some 0 < € < 1/2 satisfying n > 1/€2, then m 2 n/e>. In particular, every (1 & €)-spectral
sparsifier of K, has Q(n/e?) edges.

Hint: Compare the spectral and combinatorial bounds on Tr(L%{), using the Cauchy—Schwarz in-
equality for the latter.

Problem 15.16 (One-Sided Spectral Rounding with Repetition [ALSW21, BSS14|). Let
Vi, ey U € R and 1, ..., 2 > 0 satisfy S0, zvv] =1, and Y." | x; = k, where k > n is an
integer. Prove that there exist 21,...,2m € Zy such that

;zi:k and ;zwiviT¢ (1— E) I,.

Hint: Try to repeat the barrier argument using only the lower barrier. The new constraint is that
every selected vector must be added with coefficient one, so first ask what condition on La(v;) allows
us to take s = 1.
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Chapter 16

Spectral Sparsification and Algorithmic
Discrepancy Theory

In this chapter, we study a recent approach to constructing spectral sparsifiers using techniques
from algorithmic discrepancy theory. This approach provides additional flexibility in incorporating
constraints, such as preserving degrees exactly, that are crucial in certain recent applications. More-
over, it provides principled proofs and fast algorithms using the regularized optimization framework
and convex geometric techniques.

16.1 Discrepancy Theory and Matrix Sparsification

In this section, we briefly review the settings in discrepancy theory, and then state the main technical
theorems about matrix partial coloring and matrix sparsification in this chapter.

Vector Discrepancy

In the vector discrepancy problem, we are given vectors vy,...,v, € R™, and the goal is to find a
coloring s € {#1}" to minimize ||}, s(i) - UiHoo' This captures several well-studied combinatorial
discrepancy problems. For example, a fundamental result in combinatorial discrepancy theory,
proved by Spencer [Spe85|, states that for binary vectors v; € {0,1}™ with m > n, there exists a
coloring with discrepancy O( nlog(2m/ n)) This improves upon the bound obtained by a random
coloring.

Many classical results in combinatorial discrepancy theory were established using non-constructive
probabilistic methods [Spe85] and convex geometric techniques [Ban98]. Over the past fifteen years,
there has been significant progress in developing efficient algorithms to match these non-constructive
bounds using various ideas from random walks and optimization [Banl0, LM15, Rot17, BDGLI18].

Matrix Discrepancy

A natural generalization of the vector setting is the matrix setting. In the matrix discrepancy
problem, we are given symmetric matrices Aq,..., A, € R™*™ and the goal is to find a coloring
s € {£1}" to minimize H > s(i)- Ay Hop. The matrix Spencer conjecture [Zoul2] states that if m > n

and || A;|lop < 1 for 1 < i < n, then there is a coloring with discrepancy O(y/nlog(2m/n)). There
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has been significant recent progress towards this conjecture [BJM23], relying on a new matrix
concentration inequality using free probability [BBvH23|. A very recent preprint by Akbas and
Sra [AS26] claimed a resolution of the matrix Spencer conjecture.

Matrix Partial Coloring

A common technique in discrepancy theory is to find a partial (fractional) coloring, where a constant
fraction of the entries are set to +1, and then apply this procedure recursively to the remaining
entries to obtain a full coloring.

Motivated by the matrix Spencer problem, Reis and Rothvoss [RR20] proved a matrix partial color-

ing theorem. The following deterministic version also incorporates linear constraints, as in [JRT24].

Theorem 16.1 (Matrix Partial Coloring with Linear Constraints [RR20, JRT24|). Let Ay, ..., Ap €
R"™ ™ be real symmetric matrices such that > ;- |A;| X I,. Here, for a real symmetric matriz A
with eigendecomposition A =}, ozjujujT, define [A] 1=}, |ozj|ujujT. Let € CR™ be the set of good

partial fractional colorings, defined as
- n
> (i) - A §32,/}.
i—1 op m

In addition, let H C R™ be a linear subspace of dimension at least %m. There is a deterministic
polynomial time algorithm that returns a partial fractional coloring x € [—1,1]™ such that

G::{xeRm:

reCNH and |{icm]|x(i)==x1}>m/4

Matrix Sparsification

Reis and Rothvoss [RR20] showed that their partial coloring theorem can be applied to matrix
sparsification. The following deterministic version also incorporates linear constraints, as in [JRT24].

Theorem 16.2 (Matrix Sparsification with Linear Constraints [RR20, JRT24]). Given positive
semidefinite matrices A1, Ag, ..., Ay € R™™ such that Y ;" | A; < I, a linear subspace H C R™ of
dimension m—O0(n), and a target accuracy parameter 0 < € < 1, there is a deterministic polynomial
time algorithm to construct a reweighting s € R’ such that

JA(s) = A(D)|lop S &, and s—1, €3, and |supp(s)| < e%’
where, for x € R™, A(x) is shorthand for y ;" x(i) - A;.

This is a more general sparsification result than Theorem 15.1, as it holds for arbitrary positive

semidefinite matrices (see also [ICSHS16]), not just for matrices of the form vv; .

Linear-Sized Degree-Preserving Spectral Sparsification
The linear constraints allow one to construct spectral sparsifiers satisfying additional constraints,
such as preserving the weighted degrees of vertices exactly. The existence of linear-sized degree-

preserving spectral sparsifiers was not known before.
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Theorem 16.3 (Linear-Sized Degree-Preserving Spectral Sparsification [JRT24]). For any edge-
weighted undirected graph G = (V = [n], E) and any 0 < € < 1, there exists a reweighted subgraph
H = (V,F) on the same vertex set with O(n/e?) edges that is a (1 & €)-spectral approzimator of G
and satisfies

wa(0g(1)) = w0 (i)  forallie V.
Proof. Given an edge-weighted undirected graph G = (V, E) with m := |E|, for each edge e € E,

define the positive semidefinite matrix A, := wg(e) - LTG/2beb;rLTG/2, so that ) pAc < I, as in
Theorem 14.8. For the degree constraints, define the subspace

H::{xERm

> a(ij) - walij) =0 Vie V}.

jujerE

Note that dim(H) > m — n. Applying Theorem 16.2 with {A¢}ccp and H, we obtain a reweighted
subgraph H = (V, E) with edge weights wg(ij) = s(ij) - wa(ij), where only O(n/€?) edges have
nonzero weight. This ensures that

(1-€)Le < Ly < (14+€)Lg and Y wy(ij) = Y s(ij)wa(ij) = Y wa(ij) foralli€V,
jijeE jijeE jjEE

where the first condition follows by applying the linear transformation X +— Lé/zX Léﬂ to the
matrix discrepancy bound as in Theorem 14.8, and the second condition follows from the linear
subspace constraint, which gives > ... p(s(ij) — 1) - we(ij) =0 for all i € V. O

Degree preserving spectral sparsifiers are crucial in constructing spectral sparsifiers for directed
graphs, with applications in solving Laplacian equations and estimating random walk probabilities
in directed graphs (see [JSSTZ25, LWZ25] and the references therein). Previously, degree preserving
spectral sparsifiers were constructed using the cycle decomposition method discussed in Section 15.6.

16.2 From Matrix Partial Coloring to Matrix Sparsification

In this section, we use the matrix partial coloring result in Theorem 16.1 to derive the matrix
sparsification result in Theorem 16.2. The reduction is due to Reis and Rothvoss [RR20]. The idea
is to find a partial coloring x with small discrepancy, ensuring that a constant fraction of entries of
x are —1, and use it to zero out a constant fraction of the entries in s in each iteration. In the ideal
case when x € {1} is a full coloring with small discrepancy, we either double an entry of s or set
it to zero in an iteration.

Proof of Theorem 16.2 assuming Theorem 16.1. We first assume that Theorem 16.1 can be
successfully applied to obtain the desired partial coloring in Step (3) of the algorithm in all iterations,
and verify that the output § of the algorithm satisfies the three properties stated in the theorem.

First, we check that the algorithm terminates. Note that Steps (3) and (4) imply that Z; has at
least %mt entries with value —1 in the support of §;, which ensures that the support size satisfies
myr1 < %mt by Step (5) of the algorithm. Therefore, the support size decreases by a constant
factor in each iteration, so the while loop terminates within O(log(e?m/n)) iterations. When the
algorithm terminates, the support size of the output is O(n/e?).
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Algorithm 14 Matrix Sparsification with Linear Subspace Constraints

Require: Positive semidefinite matrices Aj, As, ..., A, € R™™ such that > " A; < I, a linear
subspace H C R™ of dimension m — 8n for a constant B, and a target accuracy parameter €.
1: Initialization: Set 57 = 1 and ¢ = 1.
2: while m; := | supp(5;)| > 56n/€* do
3:  Apply Theorem 16.1 to obtain a partial coloring #; € [—1,1]™ in the subspace

H, o= {# € R™ | diag(5)) - 7 € H} N {& € R™ | &(i) = 0 Vi ¢ supp(s;)}

such that
. 7 (i n S o 1
> E(i) - 5i(i) - As SMJdeH”%@:iWZ4W-
i=1 op t

4:  If there are more entries with Z;(¢) = 1 than with #;(i) = —1, then update Z; < —Z;.
5. Update §;41(7) < 5:(4) - (1 + Z¢(4)) for 1 <i < m, and set t ¢t + 1.

6: end while

7: return 5= 5, where 7 is the termination time.

Next, we verify that the linear subspace constraint is satisfied. From Step (5) of the algorithm,
— g — — . — — — g T—1 . — —
§1=1 and &y =38 +diag(s) -7 ¥Vt — §=1+ Zt_l diag(5;) - @

Since #; € H; for all ¢, we have diag(s;) - Z; € H for all t. This implies that §— Ted.

Finally, we check the matrix approximation guarantee. By telescoping and the triangle inequality,

T—1
E:,/ -Se (16.1)
where the last inequality follows because m; decreases geometrically, so the sum is dominated by

V/n/m;_1, and m,_1 > 56n/€>.

It remains to show that we can indeed find the desired partial coloring Z; in each iteration. We
maintain that ", §(¢) - A; < 21, at each iteration ¢, which clearly holds in the first iteration as
§ = 1. This implies that ZZ 1 2slt( i) - A; < I, satisfies the assumption of Theorem 16.1. Since
my > 58n/e? > 5Bn while the loop is running, the input subspace 3(; has dimension at least

—Bn > %mt. We can therefore apply Theorem 16.1 with the nonzero matrices in {%é}(z)Al}zl
as the input matrices and H; as the input subspace to find a partial coloring #; that satisfies the
guarantees in Step (3) of the algorithm in polynomial time. The property Y ", §(i) - A; < 21,
is maintained by the same argument in (16.1) as long as € is a sufficiently small constant. This
completes the proof of Theorem 16.2. O

T—1 m

1A(3) —A(Tm)

—st(z)

=1

16.3 Potential Function from Regularized Optimization

To find a good partial coloring, a common approach in algorithmic discrepancy theory is to perform
a variant of a continuous random walk [Ban10, LM15, RR20], starting from the origin = = 0.
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The approach that we will take in the next section is to perform a deterministic discrepancy walk
guided by a potential function. In this section, we first introduce the potential function and derive
a bound on how it changes under a small perturbation.

Reducing Operator Norm to Maximum Eigenvalue

The objective in Theorem 16.1 is to bound the operator norm [ A(x)||op for the partial coloring
x € [-1,1]™. A standard trick in discrepancy theory for handling the operator norm is the reduction

. = Amax (ﬁ; (i) - <%Z _?4)) ;

which only increases the dimension of the matrices by a factor of two. For the remainder of this
chapter, we will abuse notation by using A; to denote the blow-up matrix so that we only need to
bound the maximum eigenvalue Amax(A(z)).

m

D a(i)- A

=1

1A(@) lop =

This is an advantage of the more general formulation in Theorem 16.1, which allows the input
matrices Ay, ..., Ay, to be arbitrary symmetric matrices (not just rank one symmetric matrices),
so that the above reduction applies and simplifies the analysis. In contrast, in Chapter 15, two
potential functions were used to track the maximum and minimum eigenvalues separately, making
the analysis more involved.

Regularized Optimization

Allen-Zhu, Liao, and Orecchia [ALO15] developed a regularized optimization framework to derive
the spectral sparsification result in Theorem 14.6 in a more principled way.

Note that the maximum eigenvalue Apax(A) of a matrix A can be formulated as

Amax(4) = [nax (A, M) where A, :={M >0|Tr(M)=1}
€An

is the set of density matrices. In the regularized optimization framework, the potential function is
a regularized version of the maximum eigenvalue

B() i= mmax (A(r), M) - ¢<77M>

where the regularizer ¢(M) is a non-positive strongly convex function, and 7 is a parameter con-
trolling the contribution of the regularization term.

They showed that the negative entropy regularizer ¢p(M) := (M,log M) can be used to obtain a
deterministic algorithm to recover the O(nlog(n)/e?) spectral sparsification result in Theorem 14.8,

and the /; jo-regularizer ¢(M) = —2 Tr(M%) can be used to recover the O(n/e?) spectral sparsifi-
cation result in Theorem 15.2.

Potential Function

It is then natural to set the potential function as

N|=

O(x) := NIPEaA)i<A(x), M) + 2Tr(n]\/[) (16.2)
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A simple application of Cauchy-Schwarz gives Tr (M %) <+/nfor M € A, implying

24/1
L2V
n

The following gives closed-form expressions for the optimizer and the potential function, which is
quite similar to that in Definition 15.3.

Amax (A(2)) < P(2) < Amax(A(z)) (16.3)

Lemma 16.4 (Closed-Form Solution of Potential Function). Given symmetric matrices Ay, -+, Apy €
R™ ™ and € R™, the unique optimizer in (16.2) is

M = (uzI, — nA(z)) ™2

where ug > NAmax(A(x)) is the unique value such that M € A,,. Moreover, the potential function is

O(x) = 717Tr ((uxln — nA(:z:))fl) + %

The proof uses the KKT optimality conditions for (16.2) to compute the optimizer M, and then
the eigendecomposition of M to compute the closed-form expression for the potential function; see
Exercise 16.8.

Informally, the value wu, in the potential function ®(x) corresponds to the upper bound u in the
barrier function ®“(A) in Definition 15.3. In the sparsification algorithm (Algorithm 13) in the
previous chapter, the value of w is manually adjusted in each iteration. One can view the potential
function in Lemma 16.4 as an automatic version of the barrier function in Definition 15.3, where
the value wu is adjusted automatically so that Tr(M) = 1.

Change of Potential Function

Once the potential function is chosen, the next task is to bound its increase under perturbations.

Lemma 16.5 (Potential Increase [LWZ25]). For any x,y € R™, the change in the potential function
15 bounded by
1 1 1
(z+y) — O(x) < Tr(MA(y)) +enTr (M2 A(y) M2 A(y) M=),

where M = (uzI, — nA(x))~2 and c is a scalar satisfying |c| < 2, as long as HM% “nAWY) lop < 3-

Proof Sketch. Using Lemma 16.4, the potential increase is

Urp+y — Uz

Oz +y) — O(x) = 1(Tl" (g ln — nA(@ +1))™") = Tr ((upln — 7714(%))71)) t

n

Consider the univariate function g(u) = Tr ((ul, — nA(z + y))~'). Check that the assumption

HM% “NAY) llop < % ensures that u,I, — nA(x 4+ y) = 0, so g(u) is convex in the interval between
Uy and ugqy. It follows that g(ugty) < g(uz) + (Upty — Uz) - ¢ (Ugpty). By Lemma 16.4, (ugyylpn —
nA(x +y)) 2 is a density matrix, so the derivative of g(u) at uyy is

9 (trsy) = = Tt (ugry Lo =A@ +y)) %) = —1.

Thus, g(tz4y) < g(tz) — (Ugty — Ug), Which implies

O(x+y) — P(x) < 717 (Tr ((uxfn —nA(x + y))_l) —Tr ((uxfn — nA(x))_l)) .
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Using a Taylor approximation for the trace of the inverse of a matrix from [RR20, Lemma 11|,
Tr(X—nY) ) =T (X ) +nTr(X'YX 1) + ch Tr (X 'YX 'YX,

for some ¢ with |¢] < 2 when X = 0 and || X~1- Y|y < 3, setting X := u,l, — nA(z) and
Y = A(y) gives

Tr ((ueln = nA(@+9)) ™) = Tt ((ueo —nA(@)) ") = nTe(MA(y)) +en® Te(M? A(y)M > A(y)M?).
Substituting this back completes the proof sketch of Lemma 16.5. O

16.4 Matrix Partial Coloring by Discrepancy Walk

The goal in this section is to prove the matrix partial coloring result in Theorem 16.1.

A typical analysis in algorithmic discrepancy theory establishes that as long as the degree of freedom
is large, a random perturbation of the current partial solution has small discrepancy. We present
a deterministic version, showing that as long as the dimension of the restricted subspace is large,
there exists a good direction in which the potential function does not increase much.

The Deterministic Discrepancy Walk Framework

We use the deterministic discrepancy walk framework in [PV23, LWZ25] to compute a partial
coloring with small discrepancy, with the potential function ® from Lemma 16.4.

Algorithm 15 Deterministic Discrepancy Walk for Matrix Partial Coloring

Require: Real symmetric matrices Ay, As, ..., Ay, € R™™ such that > " [A;| < 1
1: Initialization: Set g = 0, as the initial point. Set o = 1/ poly(m) as the maximal step size.
Set t =1 and H; = [m] as the initial set of active coordinates.
2: while my; := [H;| > 2m do
Pick y; as a unit vector from an appropriate subspace Uy C R™ such that y; L 241, supp(y:) C
Hy, and ®(x4—1 + y) — ®(x4—1) is bounded.
Let d; be the largest step size such that §; < o and xy—1 + dpyy € [—1,1]™
Update xy < x:—1 + 6:y:. Update t < ¢ + 1.
Update Hy := {i € [m] | |x¢—1(i)| < 1} as the set of fractional coordinates.
end while
return x := x,, where 7 is the last iteration.

w

We set the maximal step size of d; for all ¢ to be a := % to ensure that

Z(St ye(i) - Ai Z|Ai|

i=1
where we used that M; is a density matrix, y is a unit vector, and the assumption Y ;= |4;| < I,
By Lemma 16.4, ®(xp) = 2\/5/77. Therefore, applying (16.3) and Lemma 16.5 gives

3 1
| M2 - nAQGwe) || <n-6 <5, (164)

<00 |yt lloo -

op op

Amax(A(z7)) < ®(2,) = Z ®(24-1))

n 2y Z (Tr (M A(bty:)) + con Tr (M A(bpys) My A(étyt)M%)> , (16.5)
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where |¢;| < 2 and My = (ug,_, I, — nA(z4—1))~? for all t.

Restricted Subspaces

The key task is to find an appropriate unit vector y; so that the potential increase in (16.5) is
bounded. The nontrivial part is bounding the second-order term.

The idea is to express the second-order term as the quadratic form of a matrix N, and restrict y;
to lie in the low eigenspace of N;. Formally, let H; be the active coordinates in the t-th iteration
and m; = |Hy|. The second-order term in (16.5) can be written as

1 1 1 . . 1 1 1 T
Tr (M7 Aly) M7 A M) = 32 wil) - () - Tr (M2 AME M7 ) = (i) NoConl ).
i,jEHt

where y|g, € R™ is obtained by restricting y; to the coordinates in Hy, and N is the m; x my

matrix defined as ) ) .
N, = {Tr (MEAiMEAjMf) } o

i,JEH

Observe that IV is a positive semidefinite matrix. Let Ny = Z;zl )\iuiu; be the eigenvalue decom-

position of N; with 0 < A; < g <--- < \p,,. To bound the second-order term, we restrict y|g, to

lie in the low eigenspace spanned by {u1,. .., uy, /3}. With these notations, we formally define the

good subspace for the unit update vector y; as U' := U’ N U N U% N U3 where

U'={y e R™|y; =0 forall i ¢ H,},
Ulz{yERm\yJ_xt_l}

U {yGRm ’ Tr Mt Zy -Tr Mt ) }7

= {y eER™ | y|lp, € span{ul,u2,~~- ,umt/3}}.

The subspaces are chosen as follows:

e UY ensures that only active coordinates are updated.
e U! ensures that ||z¢||3 is monotone increasing, which bounds the number of iterations.
e U? ensures that the linear term in (16.5) is zero.

e U3 ensures that the second order term in (16.5) is small.

Since m; > %m while the algorithm is running, it follows that

2
dim(ut)th—2—%:%—2z%—2. (16.6)

Proof of Theorem 16.1

The following lemma provides an upper bound on the second-order term for any unit vector in the
low eigenspace.
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Lemma 16.6 (Potential Increase in Low Eigenspace). Given real symmetric matrices Ay, --- , Apm €
R™™ such that > i~ |Ail < In, any unit vector y € U° N U? satisfies

1 1 1 9v/n
Tr (MtQA(y)MtQA(y)MtQ) = {

my

We will prove Lemma 16.6 using a spectral argument in the next subsection. In this subsection, we
first assume Lemma 16.6 to complete the proof of Theorem 16.1.

Proof of Theorem 16.1. Given the input matrices Ay, -+, Ay, such that Y ", |A;| < I, and the
linear subspace H, we apply the deterministic discrepancy walk in Algorithm 15 for matrix partial
coloring with the subspace U; = U N H. By (16.6),

9 _

>0

dim(Uy) > dim(Ut) — dim(FHL) > % %

as long as m 2 1. Thus, in each iteration, there is always a unit vector y; € Us;.

As shown in (16.4), taking the maximal step size to be a = o ensures that |¢;| < 2 in (16.5).

27
Therefore,
Amax (A(Z'T)) < 2\55 + Z <(5t TI“(MtA )) + 277(5 Tr (M A(yt)M A(yt) é)) )
t=1

Since y; € U?, the linear term is Tr(MtA( ) = 0. As y, € U N U3, by Lemma 16.6, the second
1 1
order term satisfies Tr (MtQA(yt)M Ay )M?) < 9y/n/mi. Therefore,

2 622 2
Amax (A(z7)) < \f +18pv/n Y HZ f 3 n\f 25
t=1 "'t

where the last inequality holds as m; > 3m/4 before the while loop terminates.

Since y; € U (such that y; L x4 for all t € [7]) and z, € [~1,1]™, it follows that

Z5tyt Z||5tyt||2 —253-

T

Z(l“t - T 1

t=1

m> a3 =

Therefore, by setting n = %\/ﬁ, we conclude that

2v/n 32/
n m

Amax (A(z)) < <16

m

Finally, to show the polynomial runtime, we bound the number of iterations of Algorithm 15. Note
that in step 5, the update either (i) freezes a new coordinate, or (ii) increases the squared length
of the solution ||z¢]|> = ||zt_1]|?> + o by a? since y; L x;_1. Clearly, the number of the ﬁrst
type of iterations is at most m. The number of the second type of iterations is at most m/a? as

z,||? < m. Therefore, by our choice of @ = i the total number of iterations is at most
; DY

\/77
m/a? +m = O(m?). O
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Spectral Argument

Proof of Lemma 16.6. For a unit vector y € U, the restricted vector y|p, is a unit vector in Rt
Since y € U3, the second-order term is bounded by the eigenvalue of N; in the low eigenspace, so
that

T (M A()ME AWM ) = (ul1)T Nulwlin) < Ay ja(N0).

To bound /\mt/g(Nt), the idea is to upper bound the trace of a large principal submatrix N; of Ny,
and to use the Cauchy interlacing theorem (Theorem A.16) to bound A, /3. Let

S = {ith ’ T&"(Mt%|Ai|) W}

my

be the set of “large” active coordinates. Note that

-

ZTr (Mt%\AZ\) < Tr (M?)
i€ Hy

<Tr M%),

where the first mequahty follows from Fact A.39 and the second inequality from our assumption.

Since each Tr (]\42 |A;|) > 0 by Exercise A.11, it follows from Markov’s inequality that |S] < $my.

Let Nt be the principal submatrix of N; restricted to the indices in Hy \ S. Then Nt has at least
my — |S| > 3mt rows and columns.

By Cauchy interlacing in Theorem A.16, Ay, /3(Ng) < )\mt/g(Nt). To bound )\mt/g(Nt>, we simply
compute the trace of N; and use an averaging argument. Applying Lemma A.42 (from [RR20,
Lemma 10]) to each diagonal entry of IV,

(V) = Y T (MAMZA) < S Te(My|Ad) - Tr (M7 |Ad).
i€H—S i€Hy—S

Now, by the definition of S, the assumption that Y ", |Ai| < I, and (16.3), we obtain

m\»—t

(i < S S maga <

1
3T ]\4§ 3
LTr(Mt)S \/ﬁ.
mi i€H,—S

my me

Since dim(Ny) > 2my, the average value of the eigenvalues of N; is Tr(N;)/dim(N;) < gf/mt
As N i 1s positive semidefinite, by Markov’s inequality, at most half of the eigenvalues of N; exceed
9y/n/m?. Combining the inequalities, we conclude that for any unit vector y € U° N U3,

1 1 1 . 9 /7
Tr (MtQA(y)MtQA(y)Mt2) < )\mt/?’(Nt) < Ami/?’( ) < )\dzm(Nt)/Q(N) S 77\1/; =
t

16.5 Fast Algorithms

Algorithmic discrepancy theory also leads to fast algorithms for spectral sparsification [JRT24]. The
approach is based on an elegant theorem by Rothvoss.
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Theorem 16.7 (Partial Coloring by Gaussian Projection [Rot17]|). For any symmetric convezr set
K C R" with Gaussian measure at least e="/°%0 there exists a point x € K N [—1,1]" with Q(n)
many coordinates in {—1,1}. Moreover, let g ~ N™(0,1) be a random Gaussian vector. Then

2" = argmin{|lg - x| | « € K 1 [-1,1]"}

is such a point with probability 1 — 272",

Reis and Rothvoss [RR20] and Jambulapati, Reis, and Tian [JRT24] developed convex geometric
techniques to prove that the convex bodies associated with spectral sparsification have Gaussian
measure at least e (") Fast algorithms were developed in [JRT24] to solve the Gaussian projection
problem approximately and find a partial coloring. This leads to an interesting new approach for
designing a near-linear time algorithm to compute a linear-sized spectral sparsifier, and an almost-
linear time algorithm to compute a linear-sized degree-preserving spectral sparsifier.

The techniques used to prove Gaussian measure lower bounds in [RR20, JRT24| and those used
in analyzing the deterministic discrepancy walk in this chapter [PV23, LWZ25] are similar. An
interesting direction for future work is to unify these techniques into a broader framework to obtain
faster algorithms and tighter bounds for more general spectral sparsification problems.

16.6 Problems

Exercise 16.8 (Closed-Form Solution of Potential Function). Prove Lemma 16.4. Hint: A simple
perturbation argument shows that the optimizer M is non-singular, which implies that the optimal
dual variable associated with the constraint M = 0 must be zero. Then use the Lagrangian optimality
condition to compute the optimizer M, and use the eigendecomposition of M to derive the closed-
form solution of the potential function.

Exercise 16.9 (Unit-Circle Approximation for Undirected Graphs [LWZ25]). Let G = (V, E) be an
edge-weighted graph with diagonal degree matriz Dg and adjacency malriv Ag. An edge-weighted
graph H = (V, F) is called a (1 £ €)-unit-circle spectral approzimator of G if

1. Dy = De,
2. Dy — Apg is a (1 £ €)-spectral approximation of Do — Ag, and
3. Dy + Ap is a (1 £ €)-spectral approximation of Dg + Ag.

Use Theorem 16.1 to prove that any graph G has a (1 £ €)-unit-circle spectral approzimator H with
O(|V']/€?) edges.

References

[ALO15]  Zeyuan Allen-Zhu, Zhenyu Liao, and Lorenzo Orecchia. Spectral sparsification and regret mini-
mization beyond matrix multiplicative updates. In Proceedings of 47th Annual ACM Symposium
on Theory of Computing (STOC), pages 237-245, 2015. 2, 208, 217, 244

[AS26] Emrullah Akbas and Suvrit Sra. A proof of the Matrix Spencer conjecture. arXiv preprint
arXiv:2608.28816, 2026. 214

[Ban9g] Wojciech Banaszczyk. Balancing vectors and Gaussian measures of n-dimensional convex bodies.
Random Structures & Algorithms, 12(4):351-360, 1998. 213

223



Algorithmic Spectral Graph Theory

[Ban10]

[BBvH23)

[BDGLI1S]

[BIM23]

[dCSHS16]

[JRT24]

[1SSTZ25]

[LM15]

[LWZ25]

[PV23]

[Rot17]

[RR20]

[Spe85]

[Zoul2]

Nikhil Bansal. Constructive algorithms for discrepancy minimization. In Proceedings of 51st
Annual IEEE Symposium on Foundations of Computer Science (FOCS), pages 3-10, 2010. 213,
216

Afonso S. Bandeira, March T. Boedihardjo, and Ramon van Handel. Matrix concentration
inequalities and free probability. Inventiones Mathematicae, 234(1):419-487, 2023. 214

Nikhil Bansal, Daniel Dadush, Shashwat Garg, and Shachar Lovett. The Gram-Schmidt walk:
a cure for the Banaszczyk blues. In Proceedings of 50th Annual ACM Symposium on Theory of
Computing (STOC), pages 587-597, 2018. 213

Nikhil Bansal, Haotian Jiang, and Raghu Meka. Resolving matrix Spencer conjecture up to
poly-logarithmic rank. In Proceedings of 55th Annual ACM Symposium on Theory of Computing
(STOC), pages 1814-1819, 2023. 214

Marcel Kenji de Carli Silva, Nicholas J. A. Harvey, and Cristiane M. Sato. Sparse sums of
positive semidefinite matrices. ACM Transactions on Algorithms, 12(1):9:1-9:17, 2016. 214

Arun Jambulapati, Victor Reis, and Kevin Tian. Linear-sized sparsifiers via near-linear time dis-
crepancy theory. In Proceedings of 35th Annual ACM-SIAM Symposium on Discrete Algorithms
(SODA), pages 5169-5208, 2024. 214, 215, 222, 223

Arun Jambulapati, Sushant Sachdeva, Aaron Sidford, Kevin Tian, and Yibin Zhao. Eulerian
graph sparsification by effective resistance decomposition. In Proceedings of 36th Annual ACM-
SIAM Symposium on Discrete Algorithms (SODA), pages 1607-1650, 2025. 215

Shachar Lovett and Raghu Meka. Constructive discrepancy minimization by walking on the
edges. SIAM Journal on Computing, 44(5):1573-1582, 2015. 213, 216

Lap Chi Lau, Robert Wang, and Hong Zhou. Spectral sparsification by deterministic discrepancy
walk. In Proceedings of 8th Symposium on Simplicity in Algorithms (SOSA ), pages 315-340, 2025.
215, 218, 219, 223

Lucas Pesenti and Adrian Vladu. Discrepancy minimization via regularization. In Proceedings of
34th Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pages 1734-1758, 2023.
219, 223

Thomas Rothvoss. Constructive discrepancy minimization for convex sets. SIAM Journal on
Computing, 46(1):224-234, 2017. 213, 223

Victor Reis and Thomas Rothvoss. Linear size sparsifier and the geometry of the operator norm
ball. In Proceedings of 31st Annual ACM-SIAM Symposium on Discrete Algorithms (SODA),
pages 2337-2348, 2020. 214, 215, 216, 219, 222, 223

Joel Spencer. Six standard deviations suffice. Transactions of the American Mathematical Soci-
ety, 289(2):679-706, 1985. 213

Anastasios Zouzias. A matrix hyperbolic cosine algorithm and applications. In Proceedings
of 39th International Colloguium on Automata, Languages, and Programming (ICALP), pages
846-858, 2012. 210, 213

224



Part IV

Cut Matching Games and Matrix
Multiplicative Weight Update

The concept of expander flows has been influential in both the design of approximation algorithms
and fast graph algorithms. We study an interesting cut-matching game in constructing expander
graphs, which has found various applications in algorithm design. We then introduce the general
matrix multiplicative weight method and use it to derive cut-matching games and to design an
almost linear-time O(y/logn)-approximation algorithm for the sparsest cut problem.
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Chapter 17

Cut-Matching Game

The cut-matching game was introduced to design a fast approximation algorithm for the sparsest
cut problem through the expander flow framework, using only single-commodity flow computations.
In this chapter, we begin by reviewing previous work on approximating sparsest cuts, and then
study the cut-matching game by Khandekar, Rao, and Vazirani [KRV09]. This game has since
found surprisingly many applications beyond sparsest cut, and we discuss some of them at the end.

17.1 Sparsest Cut and Expander Flows

The sparsest cut problem is one of the most studied problems in approximation algorithms, and has
led to important techniques that are useful beyond graph partitioning.

We consider a special case called the uniform sparsest cut problem, which minimizes the ratio
between the number of edges cut and the number of pairs disconnected.

Definition 17.1 (Uniform Sparsest Cut and Edge Expansion). Given a graph G = (V, E), the
uniform sparsest cut problem is to find a subset S CV that minimizes the ratio

5(5)
S| [VA S|
The edge expansion of a set S CV and the graph G are defined as
0(5)] :
S)=-—— and G)= min S).
() 5] v(G) s:|5|g|vw/2(p( )

Note that the objective value of the sparsest cut problem is between ¢(G)/|V| and 2p(G)/|V|, so the
two problems are essentially equivalent. Henceforth, we focus on the edge expansion problem.

One approach to approximating edge expansion is the spectral partitioning algorithm discussed in
Chapter 2. It runs in near-linear time and yields a good approximation when the edge expansion is
large, but its approximation ratio is poor when the edge expansion is small.

Linear Programming Relaxation and Multicommodity Flows

An important result in approximating sparsest cuts is the linear programming based approximation
algorithm by Leighton and Rao [LR99|, which establishes an approximate min-max relation between
uniform sparsest cut and maximum multicommodity flow.
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In the maximum multicommodity flow problem, the objective is to maximize v so that every pair
of vertices 7,7 € V can simultaneously route v units of fractional flow in the graph, while ensuring
that every edge has congestion at most one. This problem can be formulated as a linear program.

Let v* be the optimal value of the maximum multicommodity flow problem, and let ¢* be the
optimal value of the uniform sparsest cut problem. Leighton and Rao proved that

v <t <Svtlog|V. (17.1)

The first inequality follows directly from a simple combinatorial argument. The second inequality
is established using the region growing technique introduced in [LR99|, which has numerous appli-
cations in approximation algorithms. This result gives a polynomial time O(log |V|)-approximation
algorithm for the uniform sparsest cut problem.

The approximate min-max relation was generalized to the non-uniform sparsest cut problem
in [LLR95], introducing the influential technique of metric embeddings into the study of approxi-
mation algorithms. We refer the reader to [Irel7] for an exposition of these results.

Semidefinite Programming Relaxation and Expander Flows

A major breakthrough in approximating the uniform sparsest cut problem is the O(y/log|V|)-
approximation algorithm by Arora, Rao, and Vazirani [ARV09]. They developed powerful geometric
techniques to analyze the following semidefinite programming relaxation of the problem.

i 12
Ul,..rfilfew ZHUZ ;|12

ijeER

subject to Y [lv; —v;[3 =1 (17.2)
1<j
lvi = wrll3 + llok — w53 > [lvi —vsll3 Vi, j,keV.

If the triangle inequalities are removed, this semidefinite program is equivalent to computing the sec-
ond eigenvalue of the normalized Laplacian matrix when the graph is regular, up to a scaling factor;
see Lemma 9.5 and Lemma 26.22. The triangle inequalities are satisfied by the integral solutions
but violated by the fractional solutions in the integrality gap examples for spectral partitioning; see
Section 2.4. Therefore, they provide a tighter relaxation.

The dual of this semidefinite program involves embedding an expander graph into the input graph
to certify its edge expansion (see Section 19.2 for a formal proof of this statement). The following
claim generalizes the first inequality in (17.1).

Claim 17.2 (Graph Embedding). An edge-weighted graph H = (V, F) can be embedded into an
edge-weighted graph G = (V, E) with congestion c if, for every edge f =ij € F, wy(f) units of flow
can be simultaneously routed between i and j in G, while ensuring that the total flow routed through
each edge e € E is at most ¢ - wg(e).

If H can be embedded into G with congestion c, then o(G) > @(H)/c, where the edge expansion of
a set S in an edge-weighted graph is defined as o(S) = w(d(5))/|S|, and the edge expansion of the
graph is defined as ming. s|<|v|/2 ¢(95)-

The result of Leighton and Rao can be interpreted as embedding a complete graph into the input
graph G to certify its edge expansion. The approach of Arora, Rao, and Vazirani improves upon
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this by embedding a sparse expander graph H instead of a complete graph. At a high level,
their technique combines spectral methods, used to certify the edge expansion of H, with linear
programming methods, used to embed H into GG, leading to an improved approximation ratio. We
again refer the reader to [Trel7] for an exposition of these results.

We will study an almost-linear time O(/log |V|)-approximation algorithm for the edge expansion
problem in Chapter 19, where the geometric techniques and the expander flow framework will be
discussed in more detail.

17.2 Cut-Matching Game

The linear programming and semidefinite programming approaches both involve multicommodity
flow computations, which are not known to be implementable in near-linear time. To design a near-
linear time algorithm for approximating edge expansion, Khandekar, Rao, and Vazirani [KRV09]
introduced the cut-matching game, a novel method for constructing expander graphs. As we will
see in the next section, this approach allows single commodity flows to be used to embed an ex-
pander graph into the input graph, providing a fast combinatorial algorithm for approximating edge
expansion through spectral analysis.

Definition 17.3 (Cut-Matching Game). The cut-matching game involves two players, a cut player
and a matching player, who attempt to build an expander graph starting from an empty graph
Hy = (V,0). The game proceeds in iterations indezed by t > 1, and each iteration consists of the
following steps:

e The cut player chooses a bisection (Sy, S;) of V.

e The matching player chooses a perfect matching M; between S; and Sj.

After round t, let Hy = (V,Ul_,M;). The goal of the cut player is to minimize the number of rounds
needed so that Hy is an expander graph, while the goal of the maitching player is to mazimize the
number of rounds required to achieve this.

The key question is whether there exists a cut player strategy that ensures the game finishes in
a small number of rounds. The matching player is treated as an adversary to model the scenario
where there is no control over the perfect matching returned in each round. In the flow application,
for instance, the sources and sinks of the flow problem can be specified, but there is no control over
which feagible flow is returned.

The main result in this chapter is the following efficient cut player strategy.
Theorem 17.4 (Cut Player Strategy [KRV09]). There exists a randomized cut player strategy such

that, against any matching player strategy, with high probability the cut-matching game builds a
graph H on n vertices with edge expansion o(H) = Q(1) after O(log®n) iterations. Furthermore,

the cut player strategy can be implemented in O(n) time.

Cut Player Strategy

A straightforward cut player strategy is to choose a minimum bisection of the current graph, i.e., a
set S with |S| = n/2 that minimizes |6(S)|. This approach would indeed work, ensuring that the
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cut-matching game builds a graph with constant edge expansion in O(logn) iterations [KKOV07].
However, the drawback of this strategy is that computing a minimum bisection is NP-hard.

To address this issue, a natural idea is to use a fast approximation algorithm for the minimum
balanced cut problem. Since linear programming based and semidefinite programming based ap-
proximation algorithms rely on multicommodity flows, which are not efficient enough, we are left
with spectral methods. As discussed in Section 12.5, local graph partitioning algorithms can be
used to design a near-linear time approximation algorithm for the balanced cut problem. Although
this approach was mentioned in [KRV09]|, they proposed an alternative spectral approach that is
simpler, faster, and provides a better approximation algorithm for the balanced cut problem than
the one in Theorem 12.12.

Their cut player strategy is remarkably simple to describe and implement. Let M; be the lazy
random walk matrix of the perfect matching M; in the ¢-th iteration, i.e., My(i,7) = 1/2 for all
i€V and M(i,7) = My(j, i) = 1/2 for each ij € M.

Algorithm 16 Cut Player Strategy in the (¢ + 1)-th Iteration in [KRV09]

1: Choose a standard Gaussian vector 7,41 in 1+, and compute
Uty = MeMi—q - Myrgyr.

2: return (S;y1,S:11), where Sy, 1 is the set of n/2 vertices ¢ with the smallest values of u;1(4).

An alternative strategy is to compute a second eigenvector v € R™ of the normalized Laplacian
matrix of the current graph, and return S;y; as the set of n/2 vertices i with the smallest values of
v(i). However, whether this approach works or not remains open.

In the remainder of this section, we explain and analyze Algorithm 16 and prove Theorem 17.4.

Random Walk Embedding and Potential Function

A key question in the analysis is how to measure the progress of the cut-matching game. A natural
candidate is the second smallest eigenvalue of the normalized Laplacian matrix of the current graph
H;. However, as discussed in Section 15.3 for spectral sparsification, using an eigenvalue as a
potential function is not smooth enough and does not adequately capture the global structure of
the current solution. In the next chapter, we will see that a regularized version of the second smallest
eigenvalue provides a more suitable potential function, reminiscent of the analysis in Section 16.3
for spectral sparsification using the discrepancy theoretic approach.

The approach in [KRV09] is quite different and interesting. They use the mixing property of the
current graph H; := UleMl as a progress measure. However, instead of considering the lazy random
walk matrix Wy := % Zle M; of the current graph, they consider the following product matrix.

Definition 17.5 (Round-Robin Walk Matrix). In the l-th step of the round-robin walk, the walk
stays at the current vertex with probability 1/2 and traverses the incident matching edge in M; with
probability 1/2. Let t be the current iteration. The round-robin walk matriz at time t is defined as

P =MM_y - My.

Let py; == (Pt(i, 1),..., P(i, n)) be the i-th row of P;, where Py(i, j) is the probability that the t-step
round-robin walk started at vertex j ends at vertex i, under the convention that distributions are
represented by column vectors.
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Note that Py is doubly stochastic, meaning that each row sum and each column sum is equal to one.

Note that when P, = J/n, where J is the all-ones matrix, the round-robin walk is completely mixed.
To measure the progress of the current graph H, := U!_; M; toward becoming an expander graph,
we use the following potential function, which measures how close the round-robin walk matrix P;
is to the matrix J/n.

Definition 17.6 (Potential Function). The potential function is defined as

R R VR A
i, =220 (A0 - 5)

n
i=

L >

=1

They showed that if the potential function ¢ is sufficiently small, then the current graph H; has
constant edge expansion. The proof is to view P, as a weighted graph, prove that it has constant
edge expansion, and then embed it into Hy with congestion one.

Lemma 17.7 (Terminating Condition). If ¢, < 1/(4n?), then p(H;) > 1/2.

Proof. Note that the assumption 1y < 1/(4n?) implies that P;(i,7) > 1/(2n) for every pair of
vertices ¢ and j. It follows that the weighted graph defined by P, where each edge 75 has weight
P.(i,j) + Pi(j,7) > 1/n, has edge expansion at least 1/2. Indeed, for every set S with |S| < n/2,
its cut has weight at least |S|(n — |S|)/n > |S|/2.

We argue by induction on t that the weighted graph defined by P; can be embedded into H; with
congestion at most one. More explicitly, for each ordered pair a,b € V, there are P,(a,b) units of
flow from b to a in Hy, and the total congestion on every edge of H; is at most one. The base case
t =0 is trivial.

Suppose this holds at time ¢. When a new matching My, is added, for each edge ij € My and
from any vertex k,

Pusalisk) = Pria G k) = 5 (PG ) + B R).

Split the P.(i, k) units of flow from k to i into two equal parts: keep one half unchanged, and extend
the other half using the edge ij € M;11 to obtain flow from k to j in Hyyq. Similarly, split the
Py(j, k) units of flow from k to j into two equal parts: keep one half unchanged, and extend the
other half using the edge ij € M1 to obtain flow from k to ¢ in Hy4;. This constructs the required
embedding of Py into Hyyq.

Now, we check the congestion of the edges. The congestion of the edges in H; remains unchanged,
as every old flow path is still used with the same total amount. The congestion of the matching
edge 7 in M4 is
1 . :
Z i(Pt(Za k) + Pt(ja k)) = 17
k

since each row sum of P, is equal to one by Definition 17.5. Thus, by induction, the weighted graph
defined by P, can be embedded into H; with congestion at most one.

Since the weighted graph defined by P; has edge expansion at least 1/2 and can be embedded into
H,; with congestion at most one, we conclude that p(H;) > 1/2 by Claim 17.2. O

One advantage of the potential function is that it is easy to track how it changes when a new
matching is added.
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Lemma 17.8 (Potential Decrease). After a new matching M1 is added, the potential function
decreases by exactly
1 5 -2
LY -l
€M1

Proof. After the matching M4, is added, we have piy1,; = pir1,; = (Pri + Prj)/2 for each edge
1j € Myqq. Therefore, the potential decrease contributed by an edge ij is

where the identity follows from ||ul3 + [[v]|3 — 2[|3(u + v)|13 = 3|lu — v[|} with u = pi; — % and

*H Hptﬁpw _*H Hﬁ;&,i_ﬁth;’

v =D — % Summing over all edges in M;1; proves the lemma. 0

Random Projection

Given the random walk embedding p; 1, ..., P, and the potential function 1), a natural approach
for the cut player is to find a bisection (S,.S) of the vertices, based on these vectors, so that any
perfect matching between S and S induces a large potential decrease, as described in Lemma 17.8.

The issue with this approach is that computing the vectors pi 1, ..., prn takes Q(n?) time, making
the algorithm inefficient. Even if this computational issue is ignored, it is not clear how to work
directly with these high dimensional vectors.

A common technique for handling high dimensional vectors is to use random projections, for exam-
ple the random hyperplane method for rounding semidefinite programming solutions. This is the
approach taken in [KRV09]|. The idea is to choose a projected Gaussian vector r € I+, map each
vector py; to the scalar u(i) = (p;;,7), and use these values to find the bisection. Since u = Pyr,
the vector u can be computed directly as My - - - Myr in O(tn) time, without forming P; explicitly.
This is precisely the algorithm described in Algorithm 16.

For the analysis, write p; := p; ;. If the projected distances |u(i) —u(j)|* approximately preserve the
squared distances ||p; — pj||3 for all 4, j, then the cut player can focus on returning a bisection such
that any perfect matching M between the two parts has large 3,/ [u(i) — u(4)|?. This would
imply that 3./ |55 — Pj |3 is large, ensuring a large potential decrease. We will use the following
lemma to analyze the random projection.

Lemma 17.9 (Gaussian Behavior of Projections). Let v € R™ be a vector with v L 1. Let g € R™
have independent N(0,1) entries, and let r := (I — %J)g be its projection to 1. Then

E [(v,r)?] = [[v][3-

Furthermore, for any x > 0,
Pr [<v7r>2 > - ||UH%] <2 2.

Proof. Let 11 =1 — fJ For any v L 1, since ITv = v,

(v,7) = (v,1lg) = (Ilv, g) = (v, g).

Since the entries of g are independent standard Gaussians, (v,g) is a mean-zero Gaussian with
variance ||v||3. Thus E[(v,r)?] = ||v||3. Also the high probability statement follows from the
standard Gaussian tail bound. O
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Applying Lemma 17.9 to p; — pj L I and p; — % 1 1, and using (i, ) = (p; — %, r), yields that

E[u(i) — u()P] = |7 — 5|, and E[u()?] =

Taking x = C'logn for a sufficiently large constant C' and applying a union bound over all pairs,
with probability at least 1 — 1/ poly(n), for all 4, 7,

Ju(i) — u(5)]* < logn - ||5; — 5I5. (17.4)

We now analyze the potential decrease in Lemma 17.8 for the projected random variables. The
following lemma is where we use the zero-sum property of w.

D; )2 17.3
pz_ﬁHi (17.3)

Lemma 17.10 (Projected Potential Decrease). For any perfect matching M between S;.1 and Syy1,
where (Sgy1,Si11) is the bisection returned by Algorithm 16,

LS i) — wE > = 3 i
2 2

ijeM i

Proof. Recall that Sy consists of the n/2 vertices with the smallest values of u(i). Let n be a real
number such that u(i) < n < u(j) for every i € Sipq and j € Siyq1. Then,

. , ‘ . . 2 .
D (@) = a2 Y (Jul@) =0l + ul) —n?) =D (u(@) —n)" =Y uli)?,
ijeEM ijeEM i€V i€V
where the equality uses that M is a perfect matching, and the last inequality uses that ), u(i) =

YD) = (I,7) = 0, because P, is doubly stochastic by Definition 17.5 and r L T by construction.
O

We are ready to analyze the expected decrease of the potential function.

Lemma 17.11 (Expected Potential Decrease). Assume that the event in (17.4) holds. Then

Els — 1] 2 logn’

Proof. By Lemma 17.10 and (17.3), for the perfect matching M;;1 between (Sii1, Si41),

IE[ Z ’Ut+1(i)_ut+1(j)‘2:| ZE[Zqu(i)ﬂ :Z Z THQ
i€V eV

Dti — —|| = Yt
.. n 2
ZjEMt+1

Assuming (17.4) holds, it follows from Lemma 17.8 that

28— bl =B X i Al 2 o B 5 Jen) - un ()| 2

g ~ logn 3 ~ logn’
Z]E]Vft+1 Z]EMt+1

where the last inequality holds since the failure event of (17.4) contributes negligibly to the expec-
tation. O

Therefore, assuming (17.4) holds, the potential function decreases in expectation by a 1/logn
fraction when a new matching is added. Since the initial potential value is g = ||[I — L.J||% = n—1,
the expected potential drops below 1/(4n?) after O(log?n) iterations, which is the threshold in the
terminating condition in Lemma 17.7.

A more rigorous probabilistic analysis shows that the cut-matching game terminates in O(log?n)
iterations with high probability, establishing Theorem 17.4; see [KRV09]| for details.
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17.3 Algorithmic Applications

In this section, we show how to apply the cut-matching game result in Theorem 17.4 to design a
fast approximation algorithm for the uniform sparsest cut problem. We also demonstrate how the
same result can be used to obtain a bicriteria approximation algorithm for the most-balanced sparse
cut problem, which plays a key role in the fast expander decomposition described in Section 12.3.
Finally, we discuss how the cut-matching game can be used to design approximation algorithms for
the edge-disjoint paths problem.

Approximating Uniform Sparsest Cut

The cut-matching game can be used to find a primal-dual pair consisting of a sparse cut S and an
expander flow, which certifies that ¢(S) < log?n - p(G).

Theorem 17.12 (Almost-Linear-Time Approximate Sparse Cut [KRV09]). Given an undirected
graph G = (V, E) with n vertices and m edges, there is a randomized algorithm that, with probability
at least 1 — 1/ poly(n), outputs:

e acut SCV, and

e an expander H on V that can be embedded into G with congestion at most O(log®n/p(S)).

The algorithm can be implemented in almost-linear time O(m**°M) using O(log®n) calls to the

maz-flow algorithm in [CKLPGS22].

Given G = (V, F), we run the cut-matching game using Algorithm 16 to build an expander graph
H on n vertices. For each bisection (S, St) returned by the cut player, we set up the following flow
problem with a congestion parameter c, as illustrated in Figure 17.1.

e Add an auxiliary source vertex s* to G with an edge of capacity one to each vertex in S;.
e Add an auxiliary sink vertex t* to G with an edge of capacity one to each vertex in S;.

e Send a flow of value n/2 from s* to t*, where the capacity of each edge e € F is set to c.

We perform a binary search on ¢ to find a value such that the flow problem with parameter c is
feasible, but the flow problem with parameter ¢/2 is infeasible.

The main observation is that if the flow problem is infeasible, then a corresponding minimum cut
in the constructed graph provides a cut with small edge expansion in G.

Lemma 17.13 (Sparse Cut from Minimum Cut). Suppose the flow problem is infeasible with con-
gestion parameter c. Then a corresponding minimum cut gives a set S C 'V with |S| < n/2 and
©(S) < 1/c. Moreover, if the minimum cut value is at most n/2 — k, then this set satisfies |S| > k.

Proof. By the max-flow min-cut theorem, there exists a cut S* in the constructed graph such that
s* € S*, t* € S*, and the cut capacity is less than n/2. Let X := S*NV. Let n, be the number of
edges in 0(S*) incident to s*, and let n_ be the number of edges in §(S*) incident to ¢*. Since each
edge in G has capacity ¢, the number of edges of G in §(X) is at most (n/2 —ny —n_)/c. Observe

234



Chapter 17

Figure 17.1: Light edges have capacity one, and heavy edges have capacity c. The dashed curve
denotes the auxiliary cut S*. In this example, ny =1 and n_ = 2.

that X contains at least n/2 — ny vertices in S, namely those v € Sy with s*v ¢ §(S*). Similarly,
X contains at least n/2 — n_ vertices in Sy. Therefore,

B (Gemeonje 1
min{|X|,[X|} ~ min{% —ny, 2-n_} ~ ¢

Let S be the smaller side of the cut (X, X). Then |S| < n/2 and ¢(S) < 1/c. For the second
statement, if the minimum cut value is at most n/2 — k, then ny,n_ < n/2 — k. Hence |X| >
n/2 —ny >k and | X| > n/2 —n_ > k. Therefore, the smaller side S also satisfies |S| > k. O

We allow fractional matchings in this application, with total incident weight one at each vertex;
the cut-player analysis extends to this setting. If the flow problem is feasible, the solution can be
decomposed into weighted flow paths, each starting from a vertex in Sy and ending at a vertex in
S;. The path weights give us a fractional perfect matching M; between S; and Sy, by assigning each
path’s weight to its two endpoints. We then provide M; to the cut-matching game as the response
of the matching player, and proceed to the next iteration.

We run the cut-matching game for T' = O(log? n) iterations until the graph H = U;M; has constant
edge expansion by Theorem 17.4. Let ¢; be the parameter in the [-th iteration such that the flow
problem is feasible with parameter ¢; but infeasible with parameter ¢;/2. Define cpax = max;<j<r ¢.
By Lemma 17.13, applied to the infeasible flow problem with parameter cpax/2 in the iteration
attaining cpax, there exists a set S with

@(9) < 2

Cmax

On the other hand, the graph H = U;M;, which has edge expansion at least 1/2, can be embedded
into G with congestion at most

T
clgT-cmxgloan-cmx,E ,
ZZ; i T p(9)

using the flow paths computed in each iteration for each matching M;. It follows from Claim 17.2
that

S
o0z £

This proves the approximation guarantee in Theorem 17.12.
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For the running time, we use the almost-linear time algorithm in [CKLPGS22| to solve each flow
problem in m!T°() time on the original graph. After computing each flow, we apply the dynamic-
tree method in the proof of [LRS13, Lemma 2| to obtain weighted pairs of path endpoints in
O(mpolylogn) time, providing a fractional perfect matching for the cut-matching game to proceed.
Thus the total runtime is O(m!To®).

Approximating Most Balanced Sparse Cut

It was shown in [KRV09] how to extend Theorem 17.12 to obtain an O(log?n)-approximation
for the balanced separator problem. In this subsection, we describe the modifications in [NS17],
which allow the use of an approximate max-flow min-cut algorithm (which has a near-linear time
algorithm [Penl6]) to further speed up the computation, and also to solve the approximate most
balanced sparse cut problem in Section 12.3.

Approximate Max-Flow Min-Cut: Suppose we have a near-linear time ~-approximation algo-
rithm for the max-flow min-cut problem, for some constant . In each iteration of the cut-matching
game, instead of computing one exact max-flow as in the previous subsection, we solve O(logn)
approximate max-flow min-cut problems until we obtain a perfect matching to continue the cut-
matching game.

The flow problem is similar to the one described above, except that the auxiliary source vertex s*
is only connected to a subset of vertices Ay C S, and the auxiliary sink vertex ¢* is only connected
to a subset of vertices By C Sy with |A;| = |By|. Initially, A; = S; and B; = S;. Here A; and B; are
weighted sets of remaining demands, and |A;| and |B;| denote their total weights.

We use the approximate max-flow min-cut algorithm to find an s*-t* flow in this constructed graph
with congestion parameter c. If the flow value is less than |A:|/7, then, by the approximation
guarantee and the max-flow min-cut theorem, there exists an s*-t* cut with value less than |A|.
The argument in Lemma 17.13 can be adapted to show that this cut gives a set S with ¢(S) < 1/c.
We can stop the current attempt and continue the binary search by increasing the congestion
parameter.

If the flow value is at least |A¢|/y, we decompose the flow into weighted paths. This provides
a fractional matching of total weight at least |A:|/y between A; and By, where a matching edge
corresponds to the two endpoints of each path. We then subtract the matched demands from A,
and By, and repeat the procedure. The remaining demand decreases by a constant factor each time.
After O(logn) repetitions, the remaining demand is at most ¢ and can be routed with additional
congestion at most c¢. The resulting fractional perfect matching can therefore be embedded into G
with congestion O(clogn). We then proceed with the cut-matching game as before.

To summarize, this approach provides a near-linear time algorithm for approximating edge expan-
sion, but with a slightly worse approximation guarantee of O(log®n).

Approximate Most-Balanced Sparse Cuts: To find a sparse cut of size at least k, we extend
the observation in Lemma 17.13 that if the constructed graph with congestion parameter ¢ has an
s*-t* cut of value at most |A;| — k, then this cut gives a set S with p(S) < 1/cand k < |S]| < n/2.

We proceed as before. If the flow value in this constructed graph is less than (|4 — &)/, then
there is an s*-t* cut of value less than |A¢| — k. The adapted argument in Lemma 17.13 gives a set
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S with ¢(S5) < 1/c and k < |S| < n/2. We can stop the current attempt and continue the binary
search by increasing the congestion parameter.

If the flow value is at least (|A¢| — &)/, then we construct a partial matching of weight (|A¢ — k) /v
as before. If the algorithm has not stopped after O(logn) iterations, then |A|, |B¢| < 2k. In this
case, we complete the current partial matching with dummy edges to a perfect matching arbitrarily,
and proceed with the cut-matching game.

When the cut-matching game is completed, we obtain a graph H with edge expansion at least 1/2,
where r = O(log® n) is the number of iterations in the cut-matching game. The observation is that
after removing the dummy edges from H, the remaining graph embeds into G with congestion at
most O(c - r -logn), and every set S with 8rk < |S| < n/2 still has edge expansion at least 1/4.
This is simply because the total weight of dummy edges is at most 2rk: originally |6y (S)| > |S]/2,
and after removing dummy edges the cut size is still at least |S|/2 —2rk > |S|/4. We conclude with
the following theorem.

Theorem 17.14 (Near-Linear Time Approximate Sparse Cut with Size Constraints [NS17]). Given
an undirected graph G = (V, E) with n vertices and m edges, and a size parameter k < n/ log?n,
there is a randomized algorithm that, with probability at least 1 — 1/ poly(n), outputs:

e acutSCV withk <|S| <n/2, and

e a graph H on'V that can be embedded into G with congestion at most O(log®n/oc(S)), where
every set U C V with k -log>n < |U| < n/2 satisfies o (U) > 1/4.

The algorithm can be implemented in near-linear time O(m) using O(log* n) calls to the approzimate
maz-flow algorithm in [Penl6].

In particular, by Claim 17.2, every set U C V with k -log?n < |U| < n/2 satisfies

U) 2z .

Thus, S is an O(log® n)-approximate sparse cut compared to all cuts U with klog?n < |U| < n/2.

To design a bicriteria approximation algorithm for the most balanced sparse cut problem in Sec-
tion 12.3, we first run the near-linear time approximation algorithm with no size constraint to obtain
a set Sp. Let ¢ := ¢a(So), so that ¢ < log®n - ¢(G). Then we perform a binary search on the
size parameter s using Theorem 17.14 to find the largest value s* for which the returned cut S* has
edge expansion at most ¢. Then S* is an (a,b)-bicriteria approximate most-balanced sparse cut
with a = O(log®n) and b = O(log®n) as stated in Section 12.3.

Approximating Edge-Disjoint Paths
The cut-matching game has found surprising applications in problems that are not directly related
to graph expansion.

In the edge-disjoint paths problem, we are given an undirected graph G' = (V, E) and vertex pairs
(s1,t1),...,(Sk, tx), and the objective is to connect the maximum number of source—sink pairs using
edge-disjoint paths.
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On expander graphs, there are various algorithms to find many edge-disjoint paths, using random
walks and probabilistic methods [BFU92, Fri01] or greedy algorithms [KR96, ACO7].

On general graphs, the cut-matching game was used to embed an expander graph into the input
graph, so that the existing algorithms for expanders can be applied. This approach led to break-
throughs in designing approximation algorithms for the edge-disjoint paths problem [RZ10, And10,
CL16].

Deterministic Cut-Matching Game

An open question in this area is whether there is a deterministic almost-linear time cut player
strategy with an expansion guarantee similar to that in Theorem 17.4. This would imply faster
deterministic algorithms for various problems; see |[CGLNPS20| for the applications as well as the
current best-known deterministic algorithm.
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Chapter 18

Matrix Multiplicative Weight Update

In this chapter, we introduce the matrix multiplicative weight update method and use it to design
an improved strategy for the cut-matching game.

18.1 Online Decision and Multiplicative Weight Update Method

Consider a scenario in which there are n experts providing advice (e.g., in the stock market), and
we need to make a series of online decisions based on their advice. Initially, we have no idea which
experts are good, but as time goes on, we observe the outcomes of their advice and learn how they
have performed so far. The question is whether there exists a strategy to make these online decisions
such that, in the end, we perform nearly as well as the best expert in hindsight. We formalize the
model and the objective as follows.

Definition 18.1 (Online Decision Vector Model and Regret Minimization [AHK12]). In each iter-
ation t > 1, we first choose a probability distribution p; € R}, and then observe the outcome vector
my € R™. For a time horizon T, the regret is defined as

The objective is to minimize this regret.

In the online expert scenario, the first term Z?:1<pt,mt> is the cost of our decisions, while the
second term min; Zthl my(i) is the cost of the best expert in hindsight. The goal is to devise an
adaptive strategy {p:}+>1 so that our cost is nearly as low as that of the best expert.

Multiplicative Weight Update Algorithm

The following is a simple and intuitive way to update the probability distribution. Continuing with
the online expert scenario, we maintain a weight wy(7) for each expert 4, representing our trust in
expert ¢ at time t. The probability distribution p; is proportional to these weights. Initially, we
have no information about which experts are good, so we set the same weight wj(i) = 1 for all
experts. After observing the outcome vector m; € R™, we update the weights multiplicatively: the
more positive my(7) is, the more the weight w41 (7) decreases; the more negative my(7) is, the more
the weight wy1(7) increases. The formal algorithm is as follows.
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Algorithm 17 Multiplicative Weight Update Algorithm

Require: A width bound p and a parameter ¢ < 1/2.
1: Set wi(i) =1for 1 <i<n.
2: fort=1,2,...,7T do
Set pe(i) = we(i)/ D7y we(j) for 1 < i < m.
4:  Observe the outcome vector m; € R™ satisfying [my(i)] < p for 1 <i < n.
5 For 1 < i < n, update the weights by

@

Wit (i) == wy(i) - (1 —e mtp(’))

6: end for

The width bound p is crucial for the analysis. Informally, if an outcome entry my(i) can be very
large, then a single wrong decision can incur a large cost, and it may take many later iterations to
recover from it.

Regret Minimization Bounds

The analysis is also natural. If our cost is high in a round, then the total weight decreases signifi-
cantly. Thus, if there is a good expert, that expert’s weight will stand out, and the algorithm will
follow that expert before long. The total weight serves as a potential function in the analysis.

Interestingly, one can perform nearly as well as the best expert in hindsight.

Theorem 18.2 (Regret Minimization Bound for the Vector Setting [AHK12]). Suppose |m:(i)| < p
foralll1<i<nandall<t<T. Fore<1/2, after T rounds,

T

Z(pt, mg) <

t=1 t=1

)+ e€- Z]mt pnn forall1 <i<n.

Mﬂ

In particular, if m(i) € [0,p] for all 1 <i<n and all 1 <t <T, then

T T

|
E (pt,me) < (1+¢€) E pnn foralll <i<n.
t=1 =1

Remarkably, this theorem has numerous applications in diverse areas, including approximation algo-
rithms, game theory, solving linear programs, learning theory, and complexity theory; see [AHK12].

We will not prove this theorem, as we will prove a matrix generalization in the next section.’

18.2 Matrix Generalization

Arora and Kale generalized the online decision model in Definition 18.1 to the matrix setting, where
each unit vector in R™ is viewed as an expert. The outcome in each iteration ¢ is a symmetric matrix
M; € R™"_ and the cost of a unit vector v is (vv ', My) = v Myv.

'More precisely, we will prove a matrix generalization of the closely related version with the exponential update
rule wyy1 () = we (i) - e D/P. Thus, when specialized to the vector setting, the bound is slightly different.
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The corresponding notion of a probability distribution in the matrix setting is given by the set of
density matrices
A, ={X eR"™| X »=0and Tr(X) =1},

as discussed in Section 16.3. A probability distribution over unit vectors v;, with probability p;,

gives the density matrix ), piviv; . Conversely, any density matrix can be written as ), )\ZuzulT
using an eigen-decomposition, where each u; is a unit vector and (A1, ..., \,) forms a probability

distribution.

Definition 18.3 (Online Decision Matrix Model and Regret Minimization [AK16, Kal07]). In each
iteration t > 1, we first choose a density matriz P, € A, and then observe a real symmetric outcome
matriz My € R ™. For a time horizon T, the regret is defined as

T

T T .
; Py, My) veR,{fllliz?l|2—1Z , M) = ; Py, M) — min(tZ:;Mt>,

T =1

where Amin(M) denotes the minimum eigenvalue of M. The objective is to minimize this regret.

Note that the matrix model is a generalization of the vector model when all outcome matrices are
diagonal matrices.

Matrix Multiplicative Weight Update Algorithm

The intuition behind the algorithm for the matrix setting [AK16, Kal07] is the same as in the vector
setting. In the vector setting, the update puts smaller weight on coordinates with larger cumulative
cost and larger weight on coordinates with smaller cumulative cost. In the matrix setting, the
coordinates are replaced by eigenspaces of the cumulative outcome matrix: eigenspaces with larger
eigenvalues receive smaller weight, while eigenspaces with smaller eigenvalues receive larger weight.

The update rule in Algorithm 17 can be modified to the closely related exponential update w1 (i) :=
wy (i) - e~ @/P_ This is the form that generalizes naturally using the matrix exponential defined
in Section 23.2; we refer the reader there for its basic properties.

Algorithm 18 Matrix Multiplicative Weight Update Algorithm
Require: A width bound p and a parameter ¢ < 1/2.

1: Set Wh = I,,.
2: fort=1,2,...,T do
_ W
3: Set Pt = T‘;{/t)
4:  Observe a real symmetric outcome matrix M; € R™" satisfying || M¢||op < p.
5.  Update the weight matrix:
t
€
Wig1 = exp < - - ZMI)

P

6: end for

Note that, in general, e85 # e4 . eB. Thus the update rule above is not the same as another
natural update Wy = Wy - e~Mi/p: indeed, this product need not even be symmetric, and so
its normalization need not be a density matrix. The update rule above should be understood as
updating the logarithm of the weight matrix: log Wi = log W, — %Mt.
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It may be harder to visualize, but the intuition is similar to the vector setting. Let A := Zle M,
be the cumulative outcome matrix, and write its eigendecomposition as Ay = >, )\ZuzuzT Then
Wit1 = exp(—eA;/p) = 3, e”/Puu) . Thus an eigenspace of A; with a larger eigenvalue has
lower weight in Wy, while an eigenspace with a smaller eigenvalue has higher weight in W;,1. The
density matrix P41 should be interpreted as a smart probability distribution on the eigenspaces
that captures the global structure of the cumulative outcome matrix before the next round.

Regret Minimization Bound

The analysis of the regret bound is syntactically the same as that of Theorem 18.2; see [AHK12].
The potential function is Tr(W;), the sum of the eigenvalues of Wy, which is the analogue of the
total weight in the vector setting. If the cost (P, M;) is high in a round, then the proof uses the
Golden—-Thompson inequality to show that the potential Tr(W;) decreases significantly. On the
other hand, the potential function is lower bounded by the minimum eigenvalue, corresponding to
the best expert: Tr(Wpyq) > exp( mm( Zt 1 Mt)) Combining the upper and lower bounds
gives the following result.

Theorem 18.4 (Regret Minimization Bound for the Matrix Setting [AK16, Kal07]). Suppose that,
for each 1 <t < T, the outcome matriz satisfies either 0 < M, < pI or —pl < My < 0. Fore <1/2,
after T rounds,

1
(1—¢) Z (Py, My) + (1 +¢) Z (Py, My) SZ + 220 for allv e R [jv|2 = 1.
t: My =0 t:M; <0 t=1 €
In particular, if 0 < < pl foralll <t <T, then
T plnn
Z<Pt7Mt> S — mln(ZMt> )
t=1

This generalization has diverse and significant applications, including spectral sparsifica-
tion [ALO15], solving semidefinite programs |[AK16]|, and proving QIP=PSPACE.

Proof

We prove the following extension of Theorem 18.4, which can be applied directly to lower bound
the second smallest eigenvalue in the cut-matching game in the next section. We also relax the
assumption that each M; is either positive semidefinite or negative semidefinite.

Theorem 18.5 (Regret Bound for Smallest Nonzero Eigenvalue). Suppose that —pl < M; < pl
for all 1 <t <T. Moreover, suppose oll outcome matrices My, ..., Mt share a common nullspace
of dimension k, and line (3) in Algorithm 18 is modified to

Wi

£ . —
T (W) — k

Then, for 0 < e <1, after T rounds of the modified algorithm,

T
AM(ZMt) _ZPt,Mt — - S (P IM) ’”f”,
t=1 t=1
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where g1 denotes the smallest eigenvalue on the orthogonal complement of the common nullspace,
and |M| is the “absolute value” of a matriz as defined in Theorem 16.1.

In particular, if 0 < <pl forall1 <t <T, then

T

Inn

)\k+1<ZMt) (16 (p ) — P20
t=1 t=1

€

Proof. Define the potential function as
(I>t = TI‘(Wt) — k.

Let U be the common nullspace, and let Agy1,..., A, be the eigenvalues of ZZ;I M; on U*, ordered
so that gy is the smallest. Then Wy, = exp(—% Zle M) has eigenvalues 1 with multiplicity &
on U, and eigenvalues {exp(—e\;/p)}il;,, on U+. Therefore,

Oy =Tr(Wrgq) — k= Z exp ( — ; . )\i) > exp ( — % . )\k+1>~ (18.1)
i=k+1

For the upper bound, using the Golden—Thompson inequality in Theorem A.43,

Te(Wiy) = Tr <exp ( = ;tiMl = ;Mt>>

IN
o

IA
o

IN
=
A/%\f\ Y

= Te(W,) — % : (Tr(Wt M) — € Te(W, - \Mtp),

where the fourth line uses e x I — A+ A? for -1 < A < I, with A = (¢/p) M, (which follows from
e <1—x+a?forall —1<ux<1;see Claim 23 3) It also uses Tr(WX) < Tr(WY) for W = 0
and Y = X. The fifth line follows snmlarly from M? < p-|M;| by our assumption —pI < M; < pl.

Using &, = Tr(W;) — k and P, = W;/(Tr(W;) — k), the potential decrease satisfies
E ] (TI'(Wt . Mt) . TI'(Wt . ‘Md)))

p Dy Py

€

o (Tr(Pt M) — ¢ Tx(P, - yMt\)».

Since the initial potential is ®; = Tr(/) — k = n — k, it follows by induction that

D < Dy (1 -

- o (1-

Srpp < (n—k)- (1_%.(<Pt7Mt>—e.<Pt,|Mt|>)>

< n-exp < = % : ET: (P M) = e (P, |Mty>)>.
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Combining with the lower bound in (18.1), taking logarithms, and rearranging completes the proof.
O

18.3 Cut Player Strategy from Matrix Multiplicative Update

Using the regret minimization framework, we can devise an improved cut player strategy for the
cut-matching game in Section 17.2 in a rather straightforward manner.

Plan

Recall that in the cut-matching game, the goal of the cut player is to produce a bisection (S, S¢) in
each iteration ¢, such that for any perfect matching My between S; and S, the graph Hy = Uthl M,
has large edge expansion.

Our plan is to lower bound the edge expansion by the second smallest eigenvalue of the Laplacian
matrix, and then use the regret minimization result in Theorem 18.5 to lower bound the second
eigenvalue as follows:

T T
20(Hr) > M(L(Hr)) = A2<ZL<Mt>) > (1) S L) - P (18.2)
t=1

€
t=1

where the first inequality is from Exercise 18.8.

The regret minimization approach reduces the task of the cut player to finding a bisection (S, S;)
such that any perfect matching M; connecting S; to S; has large (P;, L(My)). Since P; = 0, being
a positive multiple of a matrix exponential, we can write P, = V'V so that P(i,j) = (v;,v;) for
all i, j; see Fact A.9. Now, observe that

(P, L(My)) = <VTv, > Lij> = Y (VIVLy) = > [lvi— v, (18.3)

ijEM; ijEM; 1€ My

where L;; denotes the Laplacian matrix of a single edge ij.

Therefore, the task of the cut player is to find a bisection such that any perfect matching My across
the bisection has large > ey, [lvi — vj 2. This is exactly what was done in Section 17.2; see the
potential decrease in Lemma 17.8. Thus, we can follow the same approach as in Section 17.2 to find
a good bisection.

Cut Player Strategy

The algorithm is quite similar to that in Algorithm 16, but we replace the round-robin walk matrix
1

by the symmetric square root P of the normalized weight matrix from Algorithm 18. This specific

171
choice of decomposing P, = P - P/ is crucial for the analysis because the factorization is symmetric,
and it is also useful for efficient computation.
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Algorithm 19 Cut Player Strategy from Regret Minimization

1: Let My,..., M;_1 be the perfect matchings returned by the matching player so far, and let
L(M;) be the Laplacian matrix of the matching M;. Define

t—1
€ Wi

Wt = exp ( - ; E L(Ml)> and Pt = T['(Wit;—l

=1

2: Choose a standard Gaussian vector 4 in 1+, and compute

N

ug = P2 -1y

3: return (S, S;), where S; is the set of n/2 vertices i with the smallest values of u(i).

This strategy improves the expansion guarantee of Theorem 17.4, since the potential function from
the regret minimization approach gives a stronger lower bound.

Theorem 18.6 (Improved Cut Player Strategy [OSVV08, LTW24|). With high probability, the cut
player strategy in Algorithm 19 constructs a graph H on n vertices with edge expansion <p(H~)

Q(logn) in O(log?n) iterations. Furthermore, the cut player strategy can be implemented in O(n)
time.

Applying Theorem 18.6 as in Section 17.3 gives an almost-linear-time O(logn)-approximation al-
gorithm and a near-linear-time O(log2 n)-approximation algorithm for the uniform sparsest cut
problem, providing improved algorithms for balanced separators and expander decomposition.

Analysis

The analysis is very similar to that in Section 17.2, but there are differences between the round-robin

1
walk matrix used there and the symmetric square root P> from Algorithm 19.

1

1
Since P} is symumetric, let p; be the i-th row, equivalently the i-th column, of P>. As stated in
(18.3), our goal is to lower bound

S 212
(P, L(My)) = > |5 — 75 115
ijeM;
Asin Section 17.2, we relate ||7;—pj |3 to the distance in the one-dimensional projection |u(i)—u(5)|?,
where u(i) = (pi, r+) for the random vector r; in Algorithm 19. Since all Laplacian matrices have 1
in their nullspace, the vector 1 is an eigenvector with eigenvalue e = 1 of the matrix exponentials.
Thus,

- - 1, 4
Wil=1 and W2I=1 (18.4)

1 1
Since P, is a scaled version of W;?, it follows that each row p; has the same sum, and thus p; — pj is
perpendicular to 1 for all 4, 5. Since r; is a standard Gaussian vector in 1, we can use Lemma 17.9
as in (17.3) to obtain

Elu(i) — u(j)[’] = E[{5i — 5j,re)*] = |15 — 513 (18.5)
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Similarly, applying Lemma 17.9 as in (17.4), with probability at least 1 — 1/ poly(n), for all 4, 7,

S 1 , ,
17 = i3 27— - Ju(i) — u()|*. (18.6)
logn

1 -
Using that p; is also the i-th column of Pt , and using (18.4) to see that P,*1 is a multiple of 1,
T,
ZU(Z) :Z plurt <Zplvrt> < p? '1,7“t> :07
% %

where the last equality uses r; L I Thus, the same proof as in Lemma 17.10 gives

D fui) —u()P =) (18.7)

ijeMy i
Putting these together, and ignoring the negligible failure probability in (18.6),

1

[Z |9 — p]”2] 1— [ > Juli) } > IO;n~§/E[u(i)Q] = fogn’ (18.8)

ije My ijeMy

where the last equality follows from the following calculation. Let Q = I — %J be the projection
onto I*. Since 7 is a standard Gaussian vector in 1+, we have E[rtrtT } = (@, and so

> Efut] = pén [ =Bl o) - (700 = iy -1

where the last equality uses W;1 = I, as (W}, Q) = Tr(W;) — LWy, J)y = Te(Wy) — %TTWJ =
Tr(W;) — 1. So, by (18.2), (18.3), and (18.8),

Ep(r)] > E|) (iLM)]
T
> 1-0-3 8] 3 Il - 22

ijeMy
(1—-€¢)T plon
logn €

Noting that p = Apax(L(M)) < 2 as M; is a matching, and choosing e = 1/2, it follows that the
expected edge expansion of Hy is Q(logn) when T' = Clog?n for a sufficiently large constant C.

>

A standard concentration argument can then be used to establish the expansion guarantee in The-
orem 18.6; see [LTW24].

Fast Implementation

For the cut player strategy, in each iteration, we need to compute the vector

t—1
1 1 €
PQ-rt:-eXp<— L(Mz)>'7“t-
! Tr(W;) — 1 2plz;

Since the scalar factor does not affect the ordering of the coordinates, it suffices to compute the
matrix exponential applied to ;. To achieve a fast implementation, we approximate this matrix
exponential using the first few terms of its Taylor expansion. The error can be bounded using the
following lemma.
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Lemma 18.7 (Approximating Matrix Exponential by Taylor Expansion [Kal07, Lemma 23|). Given
a symmetric matriz A, a vector r, and 0 < § < 1, if ¢ > max{e? - || Al|op, | Allop +In 3}, then

.
Al
A — g — .7
2

|
=0 J:

< HeAHOp -0 HTHQ

For our application, set

Since each M is a matching, we have || L(M;)|lop < 2, so we can take the width bound p = 2. As
T = O(log?n), we have || A¢|lop = O(log®n). Since A; < 0, we have HeAt Hop < 1. Also, with high

probability, ||r¢[ls < n for all t < T. Taking § = 1/ poly(n) and ¢ = O(log?n), the lemma shows
that the Taylor approximation gives a vector u; satisfying

< 1
2 = poly(n)’

HeAt ST — Ut

This approximation can be computed in O(gm) = O(m) time, where m is the number of edges
in the current graph H; ;. Over O(log?n) iterations, this gives total running time O(n). This
completes the proof of Theorem 18.6.

18.4 Problems
Exercise 18.8 (Edge Expansion and Second Eigenvalue). Show that every graph G satisfies
1
P(G) > S Ma(L(G))

Hint: Use the same argument as in the easy direction of Cheeger’s inequality in Section 2.2.

Problem 18.9 (Cut-Matching Game for Directed Graphs [LT'W24|). Formulate a directed version
of the cut-matching game, where in each round the cut player produces a bisection (Si, Si) and the
matching player returns a directed perfect matching across the cut, defined as an Eulerian directed
graph in which every vertexr has indegree and outdegree one. Extend the matriz multiplicative-weight
cut player strategy to prove that, after O(log2 n) rounds, the union of the directed matchings is an
Eulerian graph with directed edge expansion Q(logn).

Problem 18.10 (Reweighted Eigenvalues by Matrix Multiplicative Weight Update [LTW24]). Use
Theorem 18.5 to design a (1 — €)-approximation algorithm for computing the reweighted eigenvalue
A5 in Definition 10.7 in O(logn/(€2X})) iterations.

Combine this with an almost-linear-time O(logn)-approzimation for directed edge conductance to
compute a set S with

. N 1
S) < G) - log =
<Z>()N\/<Z>() g¢(G)

as stated in Theorem 10.8 in almost-linear time.
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Chapter 19

Fast /log n-Approximation Algorithm
for Edge Expansion

In previous chapters, we have studied two fast algorithms achieving an O(log2 n)-approximation
and an O(logn)-approximation for edge expansion, where n is the number of vertices in the input
graph. In this chapter, we outline Sherman’s [She09] almost linear time O(+/logn)-approximation
algorithm for edge expansion, building on the max-flow min-cut iterations in Chapter 17, the matrix
multiplicative weight update method in Chapter 18, and the deep geometric results developed by
Arora-Rao—Vazirani [ARV09].

In Section 19.1, we first review the semidefinite program and the geometric results behind the proofs
in [ARV09, She09]. We then derive the dual semidefinite program and explain its connection to
expander flows in Section 19.2. Next, in Section 19.3, we present the primal-dual approach based on
the matrix multiplicative weight update algorithm of Arora and Kale [AK16]. Finally, we describe
the detailed implementation of the Oracle for the matrix multiplicative weight update method in
Section 19.4, based on Sherman’s chaining argument.

19.1 Primal Program and Geometric Analysis

To understand Sherman’s result, we first review the O(y/logn)-approximation algorithm for edge
expansion in [ARV09], based on semidefinite programming. We do not provide proofs of this result,
as they are quite technically demanding and not directly related to the main theme of this book,
and because there are already multiple excellent expositions [Trel7, Rot16, BS16] of this important
work in the literature.

Primal Semidefinite Program with Triangle Inequalities

Given an undirected graph G' = (V, E), consider the following semidefinite programming relaxation
for the edge expansion problem.
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i 12
v1,~%lnneRn 'ZHM v; [|3

2

4 2
eV
> Jluills =1

ieV
lvi = ojll3 + vy = vell3 > [loi —well3 Vi, gk eV

subject to =0

(19.1)

Using the same argument as in the easy direction of Cheeger’s inequality, one can verify that the
value of this program is at most 2p(G) (see Exercise 18.8), and hence this program is indeed a
relaxation.

Note that when G is regular, this program is a strengthening of the semidefinite program for the
second eigenvalue in Lemma 9.5, obtained by adding the triangle inequalities.

Geometric Structural Theorem

A major contribution in [ARV09] is a structural theorem on vectors satisfying the ¢3 triangle inequal-
ities in (19.1). It asserts that, given a well-spread set of vectors satisfying these triangle inequalities,
there exist two large subsets of vectors L and R such that every vector in L is far away from every
vector in R.

Definition 19.1 (Well-Spread Case and Large-Core Case). Let uq,...,u, be a set of vectors sat-
isfying 3, jemllui — uj |3 = n?. We say these vectors have a large core if there exists i € [n] such
that

1 n
lus = wl < 5} > 5

Hj €l 40

Otherwise, we say these vectors are well-spread.

Theorem 19.2 (/3 Structural Theorem [ARV09]). ' Let u,...,u, be a set of vectors satisfying
Zz‘,je[n]Hui — uj||3 = n?. If these vectors are well-spread and satisfy the (3 triangle inequalities in
(19.1), then there is a randomized polynomial time algorithm that, with constant probability, finds
two sets L, R C [n] such that

1
LI, IRl Zn and  min flu; —u;l3 2

icLjeR Viogn'

In the well-spread case, using this structural theorem, one can apply a threshold rounding algorithm
(similar to that for the hard direction of Cheeger’s inequality in Lemma 2.5) to obtain a set S with
|S| < n/2 and p(S) at most O(y/Iogn) times the objective value of the semidefinite program; see
Problem 19.17.

In the large-core case, one can directly apply a threshold rounding algorithm to obtain a set .S with
»(S) at most O(1) times the objective value of the semidefinite program; see Problem 19.18.

Henceforth, we focus on finding the two large and well-separated sets L and R in Theorem 19.2.
Note that this is a purely geometric problem, with no graph structure involved anymore.

'We remark that the definition of well-spread vectors and the formulation of the structural theorem are slightly
different across the literature, but they are all essentially equivalent; our formulation follows from [Kal07, Lemma 5]
and [Trel7, Lemma 13.1].

252



Chapter 19

Randomized Algorithm for Finding Well-Separated Sets

The random projection algorithm used in the cut-player strategies in Algorithm 16 and Algorithm 19
was originally introduced in [ARV09] to find well-separated sets. For simplicity, we assume that
each ||u;||3 is bounded above and below by positive constants, which can be achieved by selecting
a constant fraction of vectors (e.g., using the arguments in [Kal07, Lemma 5| and [Rot16]).

Algorithm 20 Random Projection Algorithm for Well-Separated Sets

Require: Vectors uy, ..., up satisfying (i) >2; jepllui — ui |3 = n?, (i) ||w|3 < 1 for each i € [n],

(iii) the well-spread property in Definition 19.1, and (iv) the triangle inequalities in (19.1).

Choose a random Gaussian vector g ~ N (0, I,).

Set L:={i € [n]|(u;,g) <—1}and R:={j € [n] | (uj,9) > 1}.

while there exist i € L and j € R such that ||u; — u;||3 < \/1067 for some small constant ¢ do
gn

Remove ¢ from L and j from R.
end while
return L and R.

D O s W N

The algorithm is simple, and it is successful if it returns |L|, |R| 2 n. The difficulty lies in lower
bounding the success probability of the algorithm.

Geometric Analysis via Chaining

There are two steps in which the algorithm can fail. One is in Step (2), when |L| or |R| may already
be too small. The well-spread property, along with some standard Gaussian analysis, is used to
ensure that |L|,|R| 2 n with constant probability (see, e.g., [Rot16, Lemma 5]). We note that this
is the only place in the proof where the well-spread property is used.

The tricky step is in the while loop, when we may remove too many vectors from L and R. Standard
Gaussian analysis (see Lemma 17.9) implies that it is very unlikely that there exist i € L and j € R
with |Ju; — u;||3 < 1/logn. Hence, if we only aim for an O(logn)-approximation, then with high
probability no pairs need to be removed. However, it is likely that there exist many ¢ € L and
j € R with |Ju; — uj||3 < 1/y/logn, so this simple analysis does not suffice. To rule out that too
many pairs ¢ € L and j € R are removed in the while loop, with high probability over the random
direction g, we will need to carefully exploit the property that the vectors uq,...,u, satisfy the
triangle inequalities.

First, we formulate the structure that arises when the while loop fails with high probability, which
will also be used later in this chapter. For a fixed failed direction g, this implies that there is a large
directed matching M(g) on the vectors, where each ordered pair (i,5) € M(g) has small distance
|u; —u;|l3 < 1/y/logn but large projection on g with (u; — uj,g) > 2. If a constant fraction of

random directions are failed directions, then we obtain an ((1),€(1))-matching cover, which is
defined as follows.

Definition 19.3 (Matching Cover). A (o,0)-matching cover for vectors u, ..., u, is a function M
that assigns a directed matching M(g) to each direction g and satisfies the following conditions:

e Stretch: for all (i,j) € M(g), (wi —uj,9) > o;

e Skew-symmetry: (i,7) € M(g) if and only if (j,i) € M(—g);
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e Largeness: Ey[|M(g)|] > on when g ~ N(0, I,,).

Furthermore, each edge (i,j) in these matchings satisfies |[u; — u;||3 < ¢/v/logn, as described
in Step (3) of the random projection algorithm. This property will be used later in deriving a
contradiction with the triangle inequalities, but it is not needed for the following key “chaining”
step introduced in [ARV09]. This is why it does not appear in the definition of a matching cover
above.

Definition 19.4 (Chained Matching). Let M be a matching cover for vectors ui,...,un. For
directions gi,...,qk, let M(g1,...,gr) be the directed graph that contains a directed edge (i,7) if
and only if there exist i, ..., i, with io =1, i, = j, and (ij—1,7;) € M(g;) for all 1 <1 < k. Note
that M(g1,...,gx) is not necessarily a matching, but rather a graph with mazimum indegree and
outdegree at most one.

The following main theorem for the geometric analysis is proved by an intricate inductive argument
using the measure concentration phenomenon in high dimensional geometry.

Theorem 19.5 (Chaining Far-Away Pairs [ARV09, Lee05]). For any (2(1),Q(1))-matching cover
M for vectors uy, ..., uy, there exist i,j € [n] and gi,...,gx with k < v/logn such that (i,j) €
M(gy,...,gx) and |lu; —u;3 2 1.

The main idea behind the chaining argument is to organize the matching edges so that their projec-
tion gains are measured in compatible directions, and hence add up to a gain of order k£ along the
chain. Figure 19.1 illustrates how these projection gains add up. By setting k =< /log n, such a pair
(4,7) should be far apart, because otherwise the endpoint vector u; — u; would have a projection
larger than its Euclidean length by a factor of (y/logn), which is highly unlikely by the standard
Gaussian bound Pr((v, g) > t) < e~ #*/IvII3,

Figure 19.1: A path in the hypercube and its one-dimensional projection. The projection gains add
along the path on the left, while the right figure shows that the distance between the endpoints is
only the diagonal distance in the cube. This illustrates the basic tension in the chaining argument:
the projection gains grow linearly along the chain, whereas the ¢35 distance between the endpoints
grows only at the square-root rate.

This leads to the desired contradiction if we choose ¢ to be a sufficiently small constant, as the £3
triangle inequalities imply that the pair (i, j) connected by the chained matching in Theorem 19.5

should have length
k

k-c
s — w13 < iy — w13 S =S¢

P Vl1og
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where g, ..., is the path witnessing (i,5) € M(g1,...,gx). Hence, we conclude that the random
projection algorithm must succeed with constant probability.

Sherman’s Algorithmic Chaining Proof

The proof of Theorem 19.5 does not provide an algorithm for finding the directions gy, ..., gx, nor
does it provide a lower bound on the number of edges (i,j) € M(g1,...,gx) with ||u; —u;||3 2 1.
Sherman proved the following stronger, algorithmic version of Theorem 19.5.

Theorem 19.6 (Chaining Far Away Pairs, Algorithmic Version [She09]). For any (£2(1),Q(1))-
matching cover M for vectors ui,...,u, and any integer 1 < k < +/logn, there is an efficiently
samplable distribution® D over sequences (g1, ...,q,) of length ¢ < k such that the expected number
of edges (i,5) € M(g1,...,9q) with ||u; —u;j||3 > cok?/logn is at least e=OF) ., where cg > 0 is
a constant.

We will use Theorem 19.6 as a black box and derive an almost-linear-time O(y/log n)-approximation
algorithm for the edge expansion problem.

19.2 Dual Semidefinite Program and Expander Flows

In this section, we derive the dual semidefinite program of (19.1) and explain its connection to the
expander flow formulation that we discussed in Section 17.1.

Primal Semidefinite Program with Path Constraints

To see this connection, we consider the following primal semidefinite program, which is equivalent
to (19.1) and has one constraint for each path.

i 12
Ulv-%lle]R" Z [[vi = vl
ijeEE

Zvi =0

icv 112

D luill =1
2%

k—1

ZHUij — Vijq H% > [lvi, — Vi, H% Vp = (i1, ..., i) € P(Kn),
j=1

2
subject to

(19.2)

where P(K,) denotes the set of paths in the complete graph K, on the vertex set [n|. Note that
the set of paths is not restricted to the set of paths in the input graph G.

2The explicit distribution is over a shuffling of independent Gaussian vectors and correlated Gaussian vectors:
Let N:f be a distribution over vectors g1, ..., g, such that each g; has distribution N(0, I,,), and g;+1 is p-correlated
with g; such that g;4+1(j) and g;(j) have covariance p for each entry j. The distribution D in [She09] is obtained by
randomly interleaving independent lists drawn from N and N§, with p = 1 — ©(1/k), preserving the order within
each list, and returning a prefix of random length at most k; see [She09, Sections 4.1 and 4.3].
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We now rewrite this program into standard form to construct the dual program. Let V be the n xn
matrix whose i-th column is v; for i € [n], and let X = V' 'V. Let L; ; be the Laplacian of the edge
ij, where ij need not be an edge in G. For a path p = (i1,...,i) € P(K,), let

N

-1
Tp = L
1

Tj,t41 Lilyik‘

<.
I

Note that (Lj;, X) = Xi + Xj5 — Xij — Xji = [lvill3 + [[v; 113 — (vi, v5) — {vj,0) = [lvi — vj[3.
Therefore, the primal semidefinite program in (19.2) can be written as

min - (L(G), X)
subject to  (J,X) =0
(I,X)=1

(T,,X)>0 VpeP(K,)

Dual Semidefinite Program

To construct the dual program, associate a dual variable f,, for each path constraint, a dual variable
A for (I, X) =1, and a dual variable z for (J, X) = 0. One can check that strong duality holds,
and the dual program is

max A
Az, [p>0:peP(Ky)

subject to A +a.J < L(G) = > fT,.
p

Note that the all-one vector 1, is in the null space of the right-hand side. Therefore, for the dual
constraint to hold, an optimal dual solution must have © < —\/n, so that the left-hand side is
non-positive in the direction of 1,. Then the maximum feasible A is exactly the second eigenvalue
of L(G) — >_, fpTp, and the dual program of (19.2) can be written succinctly as

fp=>0 :pEP(Kn

max )AQ (L(G) -3 pr,,>. (19.3)

Expander Flows as Dual Solutions

To understand the dual program, we now explain how expander flows provide feasible dual solutions
to (19.3). The following is a more formal definition of the graph embedding concept in Claim 17.2.

Definition 19.7 (Flow Embedding). Let G and H be two edge-weighted graphs with the same vertex
set V.. We say that H has a flow embedding into G if there exists a collection of flow paths P in G
and nonnegative scalars fy, for each path p € P such that for each pair of vertices (i,7):

1. Zpeﬂ”ij fp =wn(ij), where P;; consists of paths in P with endpoints i, j, and
2. Y pijep Jo < walig).
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Given a flow embedding of H into G, we use (fp)pep as a dual solution to (19.3). Let F' be the flow
graph with the same vertex set as G and H, with edge weight wp(ij) = Zp:ijep fp for each pair
(4,7) of vertices. For a path p € P;;, note that T, = L, — L; j, where L, denotes the Laplacian of
the path p. Using property (1) in Definition 19.7, one can verify that

Ao (L(G) _prTp> = X <L(G) > > f,,Lp+ZwH(z‘j).Li,j>

pe?P t,j pEPij ,J
— (@)~ L(F) + L(H)),

where L(F') and L(H) denote the Laplacians of the edge-weighted graphs F' and H respectively.
Since wr(ij) < wg(ij) by property (2) in Definition 19.7, it follows that L(G) = L(F'). Therefore,
the following formulation provides a lower bound on the value of (19.2):

max A2 (L(H)) (19.4)
subject to H has a flow embedding into G.

This is the expander flow formulation used in [ARV09, AK16, She09], where it is proved that the
objective values of (19.4) and (19.2) are within a factor of O(v/logn) of each other.

General Dual Program

The above dual formulation is a restricted one, where only the dual variables corresponding to paths
arising from a flow embedding are used. The more general formulation is as follows:

max A2 (L(H)—Zypr> (19.5)

H,yp>0:peP (K,
subject to H has a flow embedding into G.

This formulation can be derived using the same argument as above. The idea is to divide the dual
variables into two types: the first type is represented by the flow path weights f, used to route H in
G, and the remaining path variables are denoted by y,. We will use this more general dual program
to derive a fast approximation algorithm for edge expansion, as it leads to a simpler algorithm
in [LTW24].

Intuition: We provide intuition about the term — Zp ypI}, in the objective function, and how it
will be used to simplify Sherman’s algorithm. We may interpret each —7}, as a “shortcut cycle” Cp,
where the edges in p have weight —1 and the edge connecting the two endpoints has weight 1. Since
a shortcut cycle has only one positive edge, any cut across the cycle has non-positive weight. Thus,
adding a shortcut cycle to a graph does not increase edge expansion.

A more combinatorial way to understand why the dual program is a lower bound on edge expansion
is as follows:

0(G) > p(H) > gp(H +3 ypcp) >N (L(H) -y ypr>, (19.6)

where the first inequality is by Claim 17.2 because H has an embedding into GG, the second inequality
is by the discussion above, which shows that adding shortcut cycles does not increase edge expansion,
and the third inequality is by Exercise 18.8, which is an analog of the easy direction of Cheeger’s
inequality for edge expansion.
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Why would adding shortcut cycles help in obtaining a stronger lower bound? There are graphs for
which the easy direction of Cheeger’s inequality is not tight, so that ¢ ~ \/Ag rather than ¢ ~ X\y. A
prototypical example is a long path, where every edge in the path is short in its spectral embedding,
which leads to a severe violation of the ¢2 triangle inequality.

Intuitively, given an embedding of the vertices, we would like to add shortcut cycles along the paths
that heavily violate £3 triangle inequalities, in order to increase the objective value of this embedding
and thereby improve the lower bound provided by the second eigenvalue, while not decreasing the
edge expansion of H by much. Thus, the dual program (19.5) can be understood as finding the best
way to add these shortcut cycles to obtain the strongest possible spectral lower bound.

This interpretation is also consistent with the primal program (19.1), in which triangle inequalities
are added to the spectral program. In the primal-dual algorithm that we present next, we will indeed
add shortcut cycles for paths that strongly violate the £3 triangle inequalities in the embedding.

19.3 Primal Dual Approach to Semidefinite Programs

Arora and Kale [AK16, Kal07] developed the matrix multiplicative weight update method to de-
sign a primal dual O(y/logn)-approximation algorithm for edge expansion in quadratic time, and
Sherman |She09] extended this approach to obtain an O(+/log n)-approximation algorithm running
in almost linear time. In this section, we follow the presentation of Sherman’s result in [LTW24],
which simplifies the algorithm by using the more general dual program in (19.5).

Dual Solution from Regret Minimization Framework

To construct a solution to the dual program in (19.5), the idea is to use the regret minimization
framework from Theorem 18.5 to build the solution incrementally.

In the regret minimization framework, the matrix multiplicative weight update method in Algo-
rithm 18 produces a density matrix X; at each iteration. Suppose that in each iteration the algo-
rithm can respond with a matrix M; such that | M¢|| < p is small and (X;, M;) > 1 is large. Then
Theorem 18.5, with € = 1/(4p), implies that the average response %Zthl M; has a large second
eigenvalue, namely,

(7

where the second inequality follows by setting the number of iterations to 7' > 16p% Inn.

1
>7’
-2

ﬂ\
’ﬂ
N)\»ﬂ

d 1 & plnn 1 <
Z ) Z XtaMt *Z Xt,Mt
t=1 t:l t=1

For our dual program in (19.5), this framework applies if, given any density matrix X;, we can
either

e return a graph H; that has a flow embedding into G with (X, L(H;)) > 1 and || L(Hy)| < p;

e or return a collection of paths P; in K, with weights y, > 0 for each p € P; such that
<Xt,Zp ypIp) < —1 and ||Zpypr|| < p.
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In this case, we can apply Theorem 18.5 to construct a dual solution to (19.5) by taking the average
graph H = % Zthl H; (where H; = () if we return paths P;), such that

T
S 1 1 _
Ao (L(H) -7 g g ypr) > 3 and H has a flow embedding into G.
t=1 pePy

This certifies that the primal program in (19.2) has objective value at least 1/2, and hence the edge
expansion of G is at least 1/4 by Exercise 18.8.

Primal Dual Approach

The primal dual approach in combinatorial optimization proceeds by iteratively constructing either
a primal solution or a dual solution, where failure to find a good primal solution leads to an update
of the dual solution, and vice versa.

Geometric Embedding and Combinatorial Cut: In the setting of approximating edge expan-
sion using the matrix multiplicative weight update method, we can interpret the density matrix
X € R™" as a geometric embedding of the vertices into R", serving as a potential primal solution
to (19.2). Since X; = 0, we can take a Gram decomposition X; = VTV and let v; € R™ be the
i-th column of V', so that X;(4, j) = (v, v;) for i,j € [n]. Note that the vectors {vi,...,v,} do not
necessarily satisfy the triangle inequalities; nevertheless, we can still attempt to use this geometric
embedding to find a set with small edge expansion.

To do so, the algorithms in [AK16, She09] apply a random projection step to find two disjoint
sets L and R, as in the cut-player strategy in Section 17.2 and Algorithm 19. They then set up
a flow problem between L and R to identify a set of small edge expansion, as in the flow-player
implementation in Section 17.3. The precise setting will be described in Section 19.4.

Primal Dual Algorithm: We now outline the primal dual algorithm.

1. In each iteration 1 < t < p?logn, we are given a density matrix Xy, and we compute a
geometric embedding vy, ...,v, € R" via a Gram decomposition of X;.

2. Perform a random projection on {v1,...,v,} to produce two disjoint sets L and R, and set
up a flow problem between L and R. This “random projection and flow” step is repeated a
number of times.

a) If any of the flow problems is infeasible, then by the max-flow min-cut theorem (as in
Lemma 17.13), we find a set S with |S| < n/2 and ¢(S) < /¢ for some congestion
parameter ¢ and approximation ratio 5. In this case, we obtain an integral primal
solution to the edge expansion problem, and the primal dual algorithm terminates.

b) Suppose that all flow problems are feasible. Then each feasible flow yields an edge-
weighted graph H; that has a flow embedding into G with congestion c¢. There are two
cases to consider, depending on the value (see (18.3)) of

(L(H), Xo) = Y wa,(if) - lvi — v;3.
ijEE(Hy)
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i. If (L(H;),X:) > 1 with constant probability, we return the matrix L(H;) as the
response to the matrix multiplicative weight update algorithm. Combinatorially,
this corresponds to routing flow between vertices that are far apart in the geometric
embedding vy,...,v,.

ii. If (L(H;),X;) < 1 with constant probability, this implies that many pairs have
large projection but small distance, and hence that there exists a matching cover

for vy,...,v, (see Definition 19.3). We then use Sherman’s chaining result in The-
orem 19.6 to construct a collection of paths P; and weights y, > 0 for p € P; such
that

k—1
1= <Z yprvXt> = Z Yp - <ZHU1] — Vi H% - th - UIkH%)?
j=1

pePy P=(i1,..,0 ) EP:

and return the matrix — ZPE% ypl, as the response to the matrix multiplicative
weight update algorithm. Combinatorially, this corresponds to identifying paths
that significantly violate the triangle inequalities.

In either case, the matrix multiplicative weight update algorithm uses the returned ma-
trix to update X;y1 matrix multiplicatively, producing a new embedding for the next
iteration. For the algorithm to be efficient, the response matrix needs to have small
norm, so that the width of the multiplicative update method is small. To achieve this,
we will ensure that the graph H; or the union of the paths in P, has small maximum
degree.

To summarize, the algorithm either finds a set S with |S| < n/2 and ¢(S) < B/c if some flow
problem is infeasible in an iteration, or else, in every iteration, returns either a graph H; that has
a flow embedding into G or a collection of paths P; that heavily violate the triangle inequalities as
a response to the matrix multiplicative weight update algorithm, thereby updating the geometric
embedding. In the latter case, the regret minimization framework allows us to conclude that the
average of the responses forms a feasible dual solution certifying that ¢(G) = 1/c. Hence, performing
a binary search over ¢ yields an O(3)-approximation algorithm for the edge expansion problem.

Main Algorithm via Matrix Multiplicative Weight Update

Given the above ideas and intuition, we are now ready to formally state the main algorithm in
Algorithm 21. We reduce the edge expansion problem to designing an efficient “oracle” for the
matrix multiplicative weight update algorithm; the implementation of this oracle will be described
in detail in Section 19.4.
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Algorithm 21 Approximating Edge Expansion via Matrix Multiplicative Weight Update

Input: An undirected graph G on n vertices, a step size n € (0,1), a width bound p > 0, a
congestion parameter ¢ > 0, and an approximation factor § > 1.

Output: Either a set S with |S| <n/2 and ¢(5) < /¢, or a dual solution to (19.5) with objective
value 2 1/c.

Initialization: X; = (I, — 2J]).
For t =1 to T < p?Inn:

1. Given X; 3= 0 such that Tr(X;) = 1 and X;1,, = 0, compute a Gram decomposition X; = V'V
and let v; € R™ be the i-th column of V for each i € [n].

2. (Oracle) Given the geometric embedding vy, ..., v,, return one of the following:

a) Aset S CV with |S| <n/2 and ¢(S5) < 5/c. If this succeeds, terminate the algorithm.
b) A graph H; that has a flow embedding into G with congestion ¢ such that

(L(Hy), Xt) =1 and [[L(Hp)|| < p.

If this succeeds, then set M; := L(Hy).
c) A collection of paths P; in K,, and weights y, > 0 for p € P; such that

<Z ypr,Xt> < -1 and Z ypTp

pEP: pEP:

< p.

If this succeeds, then set My := — > p, ypTp.

3. If Oracle succeeds, update
Xi1 = wn

t
;L n ‘ —
Xiiq = exp < — ; ;MZ) and Xy = T t/+1) 7

Let M := % Zthl M, be the average feedback matrix. Return M /c as the dual solution to (19.5).

We analyze Algorithm 21 under the assumption that there is a black-box implementation of the
Oracle. The following lemma is essentially the same as the discussion earlier in this section; the
only difference is the presence of the congestion parameter c.

Lemma 19.8 (Correctness of Main Algorithm). Suppose there is a black-bozx algorithm for the
Oracle that always returns one of Cases (a), (b), or (¢) in Step (2) of Algorithm 21. Then, by
setting n < 1/p, Algorithm 21 either finds a cut S C 'V with |S| < |V|/2 and ©(S) S B/c, or
certifies that o(G) 2 1/c.

Proof. 1f the Oracle ever finds a cut S with [S]| < n/2 and ¢(S) < 8/c, then we are done. Otherwise,
by the regret bound in Theorem 18.5,
1 &

plogn plogn 1
Xo(M) > — My, X¢) — 2np — >1—2np— >1—-
a )_T;< X)) —mp— S 2 1-tmp— S 21—
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where the first inequality follows because P; — X; is a multiple of the all-ones matrix and M;1 =
|M;|1 = 0. Hence (P, M) = (X;, My) and (P, |M;|) = (Xy, |Me|) < pTr(Xy) = p, since X; = 0 and
|M;| < pI. The second inequality follows from the Oracle guarantee (M, X;) > 1, and the third
inequality follows by setting n < 1/(8p) and T > 32p? log n.

Note that the average feedback matrix M is of the form L(H) — >p YpTp, where H is the average
of the graphs H;, each of which has a flow embedding into G with congestion at most ¢. Therefore,
by scaling H and the variables y,, down by a factor of ¢, we obtain a solution to the dual program
in (19.5) with objective value at least 1/(2c¢), which certifies that ¢(G) = 1/c. O

19.4 Efficient Implementation of Oracle

In this section, we describe the detailed implementation of the Oracle?.

Given the geometric embedding v1,...,v, in Step (1) of Algorithm 21, note that these vectors

satisfy S0 [|v;||3 = 1 and >, v; = 0, which together imply that > ijemllvi — vj |2 = 2n. Let

U 1= \/Z-vi for i € [n], so that Z |w; — w3 = n?.

i,7€[n]

As in the geometric analysis of the structural theorem in Theorem 19.2, we distinguish between the
well-spread case and the large-core case, as described in Definition 19.1. Once again, the large-core
case is the easier case for implementing the Oracle; see Problem 19.19. Henceforth, we assume that
the vectors uy,...,u, are well-spread.

Random Projection and Max-Flow-Min-Cut

Given well-spread vectors uq, . .., Uy, we use the following “project and flow-cut” algorithm to either
identify a set with small edge expansion or obtain a graph H; that has a flow embedding into G.
As mentioned earlier, this algorithm is closely related to the cut-player strategy and the flow-player
implementation in Chapter 17.

3We remark that Sherman’s Oracle only includes cases (a) and (b). To find a graph H; that has a flow embedding
into G satistfying the requirements in case (b), Sherman used a multi-commodity flow computation, which is in turn
implemented via multiple single-commodity flow computations using another (classical) multiplicative weight update
method. By using the general dual program in (19.5) and introducing case (c), the multi-commodity flow computation
is bypassed, resulting in a simpler algorithm.
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Algorithm 22 Project and Flow-Cut
Input: An undirected graph G = (V, E), well-spread vectors u, ..., u, € R", a direction g € R",
a size parameter 0 < a < 1/2, a congestion parameter ¢ > 0, and an approximation ratio £.

1. Order the vertices i € V by the values of (g, u;). Let L be the set of the an largest vertices in
this ordering, and let R be the set of the an smallest vertices.

2. Construct a flow network G’ from G as follows.

e Add a source vertex s to G with an edge of capacity 5 to each vertex in L.
e Add a sink vertex t to G with an edge of capacity 5 to each vertex in R.
e Set the capacity of each edge in E(G) to be c.

3. Compute an s-t flow of value afn in G’.

a) If the flow problem is infeasible, output a set S with |S| < n/2 and ¢(S) < /¢ obtained
from a minimum s-¢ cut in G’.

b) If the flow problem is feasible, output a graph H with maximum weighted degree § that
has a flow embedding into G with congestion c.

Step 3(a) of Algorithm 22 can be implemented in the same way as in the proof of Lemma 17.13, and
we leave it as an exercise to the reader; see [LT'W24, Lemma 3.3]. The following is an immediate
consequence.

Claim 19.9 (Oracle (a)). If the flow problem in Algorithm 22 is infeasible, then the Oracle succeeds
in Case (a) of Algorithm 21.

Step 3(b) can be implemented by computing a flow-path decomposition {f,} of the flow solution,
which can be done in nearly linear time using the dynamic tree method in the proof of [LRS13,
Lemma 2|. Each flow path p corresponds to a path in G with one endpoint 7 € L and the other
endpoint j € R, and we add weight f,, to the edge ¢j in H. The weighted degree of each ¢ € L
is B, since the edge si has capacity £, and the same holds for each j € R. Moreover, the flow
has congestion at most ¢ in G, as each edge in G has capacity c. Note that || L(H:)|| < 28, since
the largest eigenvalue of a Laplacian matrix is at most twice its maximum weighted degree. The
following is an immediate consequence.

Claim 19.10 (Oracle (b)). If the flow problem in Algorithm 22 is feasible and the graph H con-
structed in Step 3(b) of Algorithm 22 satisfies (L(H), X3) > 1, then the Oracle succeeds in Case (b)
of Algorithm 21 with || L(Hy)|| < 2.

Henceforth, we focus on the remaining case where the flow problem in Algorithm 22 is feasible but
(L(Hyt), Xt) < 1 with high probability over the random direction g.

In the next subsection, we show that this implies the existence of an (€(1),€(1))-matching cover
for the vectors uy,...,u,. Then, in the subsequent subsection, we explain how to apply Sherman’s
chaining result in Theorem 19.6 to this matching cover in order to construct many paths that
significantly violate the triangle inequalities, thereby ensuring that the Oracle succeeds in Case (c)
of Algorithm 21. We note that the flow paths f, will not be used from this point on.
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Existence of Matching Cover

A standard Gaussian analysis shows that, with constant probability over the random direction g,
the sets L and R in Algorithm 22 are well-separated along the direction g. In the following lemma,
we assume that each ||u;]|3 is bounded above by a constant, which can be achieved by selecting a
constant fraction of the vectors (see [Kal07, Lemma 5]). We remark that this lemma is the only
place in the Oracle where the well-spread property of the vectors is used.

Lemma 19.11 (Good Direction [Kal07, Lemma 14|). Let uy, ..., u, be well-spread vectors satisfying
> jemllui — uil3 = n? and ||u;|l2 < 1 for each i € [n]. There exist positive constants o, 0,7 such
that if we sample g ~ N (0, I,,), then with probability at least ~y, the sets L, R of size an in Step (1)
of Algorithm 22 satisfy

(9,u; —uj) >0 forallie L and j € R.

We refer to such vectors g as good directions.

Suppose that g is a good direction but the graph H constructed in Algorithm 22 does not satisfy
(L(H), X:) > 1. We show that, in this case, there exists a matching M (g) containing many pairs
of vectors u;, u; that are close in £3 distance but have a large projection along g.

Lemma 19.12 (Matching M(g)). Given a good direction g as input to Algorithm 22, suppose the
flow problem is feasible but the graph H constructed in Step 3(b) does not satisfy (L(H), X;) > 1 in
Case (b) of Algorithm 21. Then there exists a matching M(g) with at least an/2 edges such that
each edge ij € M(g) satisfies

1
(g,u; —uj) >0 and |ju; —uj|3 < aB
Proof. We construct H as described in the paragraph preceding Claim 19.10. Since the flow problem
is feasible, the total weight of edges in H is

Z wg(i,7) = abn.

ijeE(H)

Because g is a good direction, every edge ij € E(H) satisfies (g,u; — uj) > o. To construct the
matching, we discard any edge ij € E(H) with ||u; — u;||3 > 1/(a8). By assumption,

. 2 .
1> (L(H), X)) = Y wr(ig) - |lvi —v]l3 = - > wi(iyg) -l —ug3,
icLjER icLjeR

and hence at most half of the total edge weight of H is discarded. Let H’ denote the resulting
graph, which has total edge weight at least a8n/2. Since each vertex in H' has weighted degree at
most 3, the scaled graph H'/f is a fractional matching with total edge weight at least an/2. Since
H' is bipartite, we can round H’/S into an integral matching M (g) with at least an/2 edges in
nearly linear time using the random walk algorithm of [LRS13, Theorem 5]. O

Now, suppose the graph H constructed in Algorithm 22 does not satisfy (L(H), X;) > 1 with high
probability over a random choice of g ~ N(0,I,). Then we obtain a matching cover as defined in
Definition 19.3.
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Lemma 19.13 (Matching Cover). Suppose that, conditioned on g being a good direction, the prob-
ability that the assumption in Lemma 19.12 holds is at least 1/2. Then there exists an (€(1),2(1))-
matching cover for the vectors uy, ..., u,, where every nonempty matching M (g) satisfies the prop-
erties stated in Lemma 19.12.

Proof. For each good direction g that satisfies the assumption in Lemma 19.12, we define M(g)
as in the conclusion of Lemma 19.12, choosing M (—g) to be the reverse of M(g). For all other
directions g, we set M (g) to be the empty matching. The stretch and skew-symmetry conditions in
Definition 19.3 are then clearly satisfied, with o = (1) as specified in Lemma 19.11. Furthermore,

E,(IM(g)]] > 1 -2 = Q(n),

-2 2
since g is a good direction satisfying the assumption in Lemma 19.12 with probability at least
v/2 = Q(1) by Lemma 19.11, and |M(g)| > an/2 = Q(n) by Lemma 19.12. O

Violating Paths via Chaining

We are now ready to apply Sherman’s chaining result in Theorem 19.6 to the matching cover, in
order to construct many paths that significantly violate the triangle inequalities. This will show
that the Oracle succeeds in Case (c) of Algorithm 21.

Lemma 19.14 (Violating Paths via Chaining). Given the (Q(1),Q(1))-matching cover for vectors
ULy ..., Uy from Lemma 19.13, by setting 5 < /(logn)/e, there exists a randomized algorithm that
finds a collection of paths P and weights y, > 0 for p € P such that the feedback matriz

M; = —Zypr satisfies (Mg, Xy) > 1 and || My|| < n*,
peP

with success probability Q(n~°).

Proof. We apply Sherman’s Theorem 19.6 to the (Q(1),Q(1))-matching cover from Lemma 19.13
with k < /elogn, where the constant is chosen sufficiently small, and set £ := cok?/logn =< e. This
yields an efficiently samplable distribution D over sequences (g1, ..., gq) with ¢ < k such that the
expected number of edges (i,7) in M(g1,...,gq) with |Ju; — u;[|3 > € is at least

6—O(k2) -n 2 nl—e.
Since the total number of edges in M(gi,...,g4) is at most 2n (see Definition 19.4), a reverse
application of Markov’s inequality implies that, with probability at least Q(n™°) over (g1,...,94) ~
D, the number of edges in M(g1,...,g,) satisfying |lu; — u;[|3 > € is at least $nl=¢.

Fix such a choice of (g1,...,94). Each edge ij in M(g1,...,g94) corresponds to a path p;; =
(0,01, ..,1q) with 49 = ¢ and i, = j, where (iy_1,4,) € M(g,) for all 1 < r < ¢. Since each
edge (ir_1,i,) € M(g,) satisfies ||u;,_, — u;. |3 < 1/(aB) by Lemma 19.12, setting 8 = 2k/(al) <

\/(logn)/e gives
q—1
. . 9 q ko ¢
ZH%« — Uy 2 < of < o2
r=0
Thus, each such path p;; with ||u; — uj||3 > ¢ violates the corresponding path constraint. Let

P = {pij | ij € M(g1,...,9,) and |Ju; —u;||3 > ¢}
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denote the collection of such paths, so that |P| > $n!~¢. Since u; = /n/2 - v;, it follows that

q—1
¢ 0
(T, X;) = EHUH — v, |13 = v — w3 < - <Z Tp,Xt> <—5n ¢
r=0 peDP
Setting y, = %nE for each p € P, the feedback matrix M; := — Zpe? yp T, satisfies (My, Xy) > 1.

It remains to bound || M¢||. The edges appearing in the paths in P form a subgraph of M (g;)U---U
M (gq), counting multiplicity: each matching edge at a fixed step occurs in at most one chain, since
each preceding matching is injective. Moreover, the shortcut edge of each path p;; is precisely ij, and
these edges form a subgraph of M(gi,...,gq). Since each M (g,) is a matching and M(g1, ..., gq) has
maximum degree at most two, the maximum absolute weighted degree of M;/y, is O(k). Therefore,

1
1M S gy k=t [ =25 < ™, 0

Oracle Structure

We summarize the main result on the implementation of the Oracle.

Proposition 19.15 (Oracle in Well-Spread Case). Let € > 0 be a sufficiently small constant.
Given well-spread vectors uq,...,un, € R", there is a randomized implementation of the Oracle in
Algorithm 21 that, with high probability and using at most n*¢ magz-flow computations, either returns
a feedback matriz My satisfying

(M, X¢) > 1 and || M| < n*,
or outputs a set S C V with

1 /1
and g0(5)<g 08T

~
€

18] <

|3

Proof. We run the project-and-flow-cut Algorithm 22 for O(logn) iterations, each with an inde-
pendent Gaussian vector g ~ N(0, I,,), with « as specified in Lemma 19.11 and 8 =< /(logn)/e as
specified in Lemma 19.14.

1. If any flow problem is infeasible, then the Oracle succeeds in Case (a) of Algorithm 21,
returning a set S C V with

_ 1 [logn

C €

S|< 3 and o(S) S

o™

2. Suppose all flow problems are feasible. By Claim 19.10, if the graph H constructed in Step 3(b)
of Algorithm 22 satisfies (L(H ), X¢) > 1, then the Oracle succeeds in Case (b) of Algorithm 21
with [|L(H)|| < 28.

a) Suppose (L(H),X;) > 1 with probability at least 1/2, conditioned on g being a good
direction. By Lemma 19.11, this event occurs in one of the O(logn) iterations with high
probability. Therefore, the Oracle succeeds in Case (b) with high probability, returning
a feedback matrix M; satisfying

I
(My, X;) >1 and || M| <28 </ —22 < n2,
€
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b) The remaining case is when (L(H), X;) > 1 holds with probability less than 1/2, con-
ditioned on g being a good direction. By Lemma 19.13, there exists an (£2(1),Q(1))-

matching cover for the vectors uy, ..., u,. Applying Lemma 19.14 to construct violating
paths, the Oracle succeeds in Case (c¢) of Algorithm 21, returning a feedback matrix M,
with

<Mt,Xt> Z 1 and HMtH S 7'L2€,

with probability at least Q(n~¢). Repeating this procedure O(n€logn) times reduces the
failure probability to n~?M).

The runtime is dominated by Case (c), which requires O(n€logn) repetitions of the procedure.
Each repetition performs O(y/elogn) max-flow computations to construct the matchings and chain
them together, as described in Lemma 19.12 and Lemma 19.14. The width of the Oracle is also
dominated by Case (c), with || M| < n?c. O

Sherman’s Theorem

Finally, we arrive at Sherman’s almost linear time O(y/log n)-approximation algorithm for the edge
expansion problem.

Theorem 19.16 (Almost Linear Time O(y/logn)-Approximation for Edge Expansion). For any
sufficiently small constant € > 0, there exists a randomized algorithm that, given any undirected
graph G = (V, E), uses at most n°©) maz-flow computations to compute a cut S C V such that
©(S) is at most O(\/logn/e) times the optimal value of (19.1), with constant probability.

This follows by using the Oracle in Proposition 19.15 within the matrix multiplicative weight update
Algorithm 21, which runs for at most p?logn < n®( iterations. In each iteration, an approximate
Gram decomposition of X; can be computed in almost linear time using Taylor expansion and
dimension reduction; see [LTW24, Appendix B|. Correctness follows from Lemma 19.8, together
with a binary search over the congestion parameter c.

It remains open to further improve Theorem 19.16 and obtain an O(y/logn)-approximation algo-
rithm for edge expansion running in nearly linear time. Such a result would match the runtime
guarantees of cut-matching games while achieving the best known approximation ratio for the
problem.

19.5 Problems

Problem 19.17 (Rounding in Well-Spread Case). Let vy,...,v, € R™ be an optimal solution to
the semidefinite programming relazation for edge expansion in (19.1).

2

1. Let u; := /%3 -v; fori € [n]. Show that uy, ... ,u, € R" satisfy > i —uj||3 = n%

i,J€[n
2. Assume uy,...,uy are well-spread (see Definition 19.1). Use Theorem 19.2 to return a set S
with ©(S) at most O(y/logn) times the objective value of (19.1).

Hint: Let L and R be the sets returned by Theorem 19.2. Define d(i, L) := minjer |l u; — u;]|3.
For each 0 < r < Q(1/y/logn), consider the threshold set S, := {i € [n] | d(i,L) < r}. You
may use the analysis in Lemma 2.5 to choose a uniformly random r and bound the expected
numerator and denominator separately.
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Problem 19.18 (Rounding in Large-Core Case). In the same setting as in Problem 19.17, assume
there is a large core around u; (see Definition 19.1), and let L == {j € [n] | ||u; — u; |3 < %}.

1. Show that 3,4 d(i, L) 2 n, where d(i, L) is as defined in Problem 19.17.
Hint: You may use d(i, j) < d(i, L) +diam(L)+d(j, L) where diam(L) := max; jer | ui —u;||3-

2. Prove that there exists v > 0 such that min{¢(S,), ©(S;)} is at most O(1) times the objective
value of (19.1), where S, is defined as in Problem 19.17.

Hint: You may use part (1) to analyze the expected denominator.

Problem 19.19 (Oracle in Large-Core Case). In the large core case, design an algorithm that
implements the Oracle and either outputs a set S with |S| < n/2 and p(S) < 1/c¢, or returns a graph
H that has a flow embedding into G with congestion ¢ such that (L(H),X;) > 1 and ||L(H)| < 1.
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Part V

Semidefinite Programming and
Approximation Algorithms

We study how the local-to-global characterization of eigenvalues can be used to design approximation
algorithms for various problems on low threshold rank graphs. The goal of this line of work is
to design better approximation algorithms for general graphs, and we end with some conjectures
towards this goal.
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Chapter 20

Local-to-Global Correlation Rounding on
Expander Graphs

In this chapter, we study the global correlation rounding technique introduced in [AKKSTV08]| for
designing improved approximation algorithms for Unique Games on expander graphs. The analysis
is based on the local-to-global characterization of the second eigenvalue.

20.1 Unique Games and Semidefinite Programming Relaxation

Unique Games is a constraint satisfaction problem in which one is given a constraint graph G =
(V,E), a label set [k], and for each edge uwv € E(G) a bijection my, : [k] = [k]. The goal is to assign
a label from [k] to each vertex of G so as to maximize the number of satisfied constraints. An edge
uv is said to be satisfied by an assignment if v is assigned a label ¢ and v is assigned a label j such
that mu, (1) = j.

An important special case of Unique Games is the MAX2LIN problem (see Definition 13.10), where
the constraint associated with an edge uv is of the form

Ty = Ty + Cup  (mod k),

for some constant ¢, ,. Note that this captures the Maximum Cut problem, which can be written as
a constraint satisfaction problem using the constraints x, = z, + 1 (mod 2) for every uv € E(G).

Main Theorem

We present the main result of [AKKSTV08| in the special case of MAX2LIN, which admits a better
approximation ratio and a simpler proof.

Theorem 20.1 (MAX2LIN on Expander Graphs). Let G = (V, E) be a connected reqular graph,
and constder a MAX2LIN instance on G. If there exists an assignment satisfying at least a 1 — ¢
fraction of the constraints, then there is a polynomial time algorithm that returns an assignment
satisfying at least a

1= O()\Q(LE(G)))

fraction of the constraints, where A\o(L(G)) denotes the second smallest eigenvalue of the normalized
Laplacian matriz of G.
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For the Maximum Cut problem on general graphs, the celebrated SDP based algorithm due to
Goemans and Williamson [GW95] returns a cut containing at least a 1 — O(y/e) fraction of edges
when sdp(G) > 1 — e. The theorem above improves this guarantee when G is an expander graph.
For simplicity, we present the result for regular expander graphs, and leave the extension to all
expander graphs as Problem 20.6.

Semidefinite Programming Relaxation

The following is the standard semidefinite programming relaxation for Unique Games. For each
vertex u € V and label i € [k], there is a vector u; indicating whether u is assigned label i. An
example is shown in Figure 20.1.

sdp(G) := max |Zl?| Z Z<“i’kuu(i)> (20.1)

wweE ielk]
subject to ZHUzH% =1 YueV
i€ k]
(uj,uj) =0 Yu eV, Vi#j.

+2

. Ao e,

+0 +1

Figure 20.1: The SDP relaxation for a Max-2Lin(3) instance. Each vertex w is replaced by a cloud
of three mutually orthogonal vectors uy,us,us, corresponding to the three possible labels. For a
constraint x, = x, + ¢y (mod 3), the light blue lines connect u; to viy,, for every i € [3]; the
inner products between these pairs contribute to the SDP objective.

Given an assignment, the corresponding integral solution sets u; = e if vertex u is assigned label
i, and u; = 0 otherwise. The objective value of this solution is exactly the fraction of satisfied
constraints. Thus, the SDP is a relaxation of the problem.
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Distance Measure

For the analysis, it will be more convenient to rewrite the objective function using the following
distance measure. For a permutation 7 : [k] — [k], define

ZHUz —veills =1 Y (Ui vee),

z€ (k] i€[k]

where the last equality uses the SDP constraints ;¢ |l u;l|3 = Zie[k:}”"i”% = 1 and the fact that
T is a bijection. For brevity, whenever a permutation p,, is associated with a pair u, v, write

dp(u, ) = dp,, (u, ).

Then the objective value can be rewritten as

sdp(G) = Z ZHUZ— Vo) 15 = ’E‘ S de(u,v) (20.2)

quE i€lk uwvek

20.2 Global Correlation Rounding

Suppose sdp(G) > 1 — € for some small constant € > 0. Then, by (20.2), the vectors are highly
correlated on average over edges, in the sense that

Euver [dr(u,v)] == ]E1] Z dr(u,v) <e.

A natural idea is to fix the label of a vertex w to some value i, and propagate this assignment
by assigning each neighbor v a label j that maximizes (u;,v;). We then continue propagating the
assignment to their neighbors, and so on. In an ideal scenario, this would define a locally consistent
assignment that satisfies most constraints in a neighborhood of v within a small constant number
of hops. However, it need not define a globally consistent assignment that satisfies most constraints
over the entire graph.

Propagation Rounding Algorithm

To define a globally consistent assignment, for every pair of vertices u, v, let oy, : [k] — [k] be a
bijection that minimizes d.(u,v) over all bijections 7 : [k] — [k]. That is,

. 2
do(u, = d-(u, = 1 Vr(i . 20.3
(u 1}) T:[k]ﬁﬁl]llr)lijective (u U) 7:[k]— ml{)lljectlve 2 Z HU Y ()H2 ( )

The bijection g,, can be computed using a minimum weight bipartite perfect matching algorithm.
For an edge uv € E, note that g, is not necessarily equal to 7y, the bijection defining the constraint
on wv. Unlike 7, the bijection gy, is defined for every pair u,v € V', not just for edges.

The following simple and natural randomized algorithm uses only the vector solution to the SDP:
it selects a label for a vertex u and propagates it to all vertices in the graph through the bijections
{ow}vev. The vertex u acts as a root: once its label is chosen, the labels of all vertices are
determined, giving a globally consistent assignment.
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Algorithm 23 Propagation Rounding Algorithm

Require: An SDP solution {u; },ev ek to (20.1).

: Compute the bijections {0y, }uvey as defined in (20.3).
Choose a uniformly random vertex u € V.

Sample a label i € [k] with probability ||u;||3, and set x,, = i.
For every vertex v # u, set o, = oyy(i).

return The assignment x : V — [k].

Ul»k@l\')l—l

This randomized algorithm can be easily derandomized by trying all possible choices of the vertex u
and the label ¢. We state it as a randomized algorithm because this formulation is more convenient
for the analysis.

Analysis via Global Correlation

The propagation algorithm uses the root as a common reference for assigning labels to all vertices.
It is therefore natural to measure how well a typical root is aligned with the other vertices, which
leads to the global average

Eu,v[dg(u,v = Z dy(u,v)
’ u,veV

The following lemma shows that if this global average distance is small, then the propagation
rounding algorithm performs well.

Lemma 20.2 (Global Correlation Implies High Value). Let G be a regular graph with sdp(G) > 1—e.
For an assignment x : V. — [k|, let val(x) denote the fraction of constraints satisfied by x. Then the
assignment x produced by the propagation rounding algorithm satisfies

E;[val(z)] > 1 — 3¢ — 6 E,, »[dy(u,v)].

To prove this lemma, we need to rule out the possibility that there are many edges vw € FE for
which dy(u,v) and d,(u,w) are small, but the assignment produced by the algorithm violates the
constraint on vw with high probability. For intuition, consider the extreme case of an edge vw
where d,(u,v) = dy(u,w) = 0 and u; = v; = w; for every i € [k], but my, (i) # i for every i € [k].
In this case, the constraint on vw is violated with probability one when we perform propagation
rounding from wu. Since the vectors {v;}ic[y) and {w;}cy) satisfy the orthogonality constraints in
(20.1), it follows that (vi, Wy, ;)) = 0 for every i € [k], and thus this edge contributes zero to the
objective value of (20.1) and is also completely “violated” by the SDP solution. Since the objective
value of (20.1) is close to one, such edges cannot occur too often. Therefore, if the average distance
is close to zero, most constraints are satisfied by the propagation rounding algorithm. The following
lemma formalizes this intuition.

Lemma 20.3 (Bounding Violation Probability by Distances). For every vertex u € V and every
edge vw € B,

Pr [z # Tow(xy) | w is chosen] < 3 (do(u,v) + do(u, w) + dr (v, w)).
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Proof. By relabeling the coordinates at v and w, we may assume that both o, and oy, are the
identity permutations. Hence x, = x, = x, whenever u is chosen. Conditioned on u being the
chosen vertex,

1
Priew #mou(an)] = D0 uld=5 > (Il +un.ell).
1€[k] : Tow (i) #L i€[k] : Tyw (8)F1

where the last equality holds because 7, permutes the set {i € [k] : myw(i) # i}. By the orthogo-
nality constraints in (20.1), it follows that

1 1
Pr[xw 7& va(l‘v)] = 5 Z H Ui — uﬂ'vw(i) H; = 5 Z HU’ - uﬂ'vw(i) H;
1€[k] s mow (1) Fi i€[k]
By the triangle inequality,
Hui_uﬂ'vw(i)H2 < Hui_ViH2+ Hvi_wﬂ'vw H2+ H Wity (i) _uﬂ'vw(i)HZ

Using the inequality (a + b+ ¢)? < 3(a? + b? + ¢?) and summing over i € [k], it follows that

Z [l ui = vz, i) H; < 6(do(u,v) + do(u, w) + dr(v,w)).

i€[k]

Substituting this bound into the probability bound proves the lemma. O

Averaging the inequality in Lemma 20.3 over u € V and vw € FE gives Lemma 20.2.

Proof of Lemma 20.2. By the definition of the propagation rounding algorithm,

E.[val(z)] = ]V| Z | | Z Pr 2y, = Ty (@) | w is chosen]

ueV vwel

]V! Z |E] Z ( (u,v) + dy(u, w) +d7r(v,w)))

= —2+3sdp(G) — |V||E]ZZ o (1, v) + dy (u, w))

ueV vweFE

= —2+3sdp(G V2 Z do(u,v)
‘ u,veV

> 1—3e— 6Eu,v [da(u7v)]7

Y

where the second line uses Lemma 20.3, the third line uses the definition of the objective value in
(20.2), the fourth line uses that G is regular, and the last line uses the assumption that sdp(G) > 1—e.
O

20.3 Local-to-Global Correlations on Expander Graphs

Global Correlation: By Lemma 20.2, if the average distance over pairs satisfies E,, yev [dy (0, v)] <
€, then the propagation rounding algorithm outputs an assignment satisfying a 1 — O(e) fraction of
the constraints in expectation.

275



Algorithmic Spectral Graph Theory

Local Correlation: On the other hand, the average distance over edges is

Euvesldy (4, v)] = 1| S d(u,0) < ;' S de(wv) =1-sdp(G) < e, (204)

|E
uwweFE uwveE

where the first inequality follows from the definition of oy, in (20.3), the equality follows from (20.2),
and the last inequality follows from the assumption that sdp(G) > 1 —e.

Local-to-Global Characterization of Second Eigenvalue

Following the observation above, to prove that the propagation rounding algorithm works well for
a graph G = (V, E), it suffices to show that

EU’UEE[dJ(ua U)] <e — Eu,vGV[da(uv U)] S €.

For a regular graph G = (V| E), Lemma 26.22 characterizes the second eigenvalue of the normalized
Laplacian as follows.!

=iy Bwen[lf(w) - f(0) ]3]
M (L(G)) = FV=Rr By ey [[| f(u) — f(0)[I5]

Therefore, for any f:V — R”,

< Bwenll| f(u) — F)I3]

Euvev [ f(u) — f(v) 3] M (L(@))

(20.5)

This provides a way to upper bound the global average distance in terms of the local average
distance, and is most effective when G is a spectral expander with A2(£L(G)) 2 1.

Low Distortion Embedding

To apply the spectral formulation to upper bound the global average distance in terms of the local
average distance, a natural strategy is to find a geometric embedding f : V — R” such that

1f(w) = f(0)I3 = do(u,v) Vu,veV.
A main technical lemma in [AKKSTVO08| provides such an embedding.

Lemma 20.4 (Low Distortion Embedding of Distances [AKKSTV08, Lemma 2.2|). For every
positive even integer t and every SDP solution {u;}ev,ick) satisfying (ui,vj) > 0 for every u,v € V
and i,j € [k|, there exist vectors {f(u)}uev such that, for every u,v €V,

%Hf(u)—f(v)\l% < dy(u,0) < ||f(u) = f0)|3+0(272).

For general Unique Games, we apply Lemma 20.4 to the SDP in (20.1) with the additional non-
negativity constraints in its statement. For MAX2LIN, there is a simpler embedding that implies a
stronger approximation result. The following embedding does not preserve the distances term by
term, but preserves only their average, which suffices for the local-to-global argument.

'For a regular graph, 7 = I/|V| and £ = £. The formulation in Lemma 26.22 is stated for f : V — R, but it
extends to f : V — R" for any n € N using Spielman’s favorite inequality (Lemma 2.6), as in the proof of Lemma 9.5.
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Lemma 20.5 (Low Distortion Embedding of Distances for MAX2LIN [AKKSTV08, Lemma 3.1]).
Let {ui}yev,cp be an optimal solution to (20.1). Suppose there is a labeling y : V. — [k] that
satisfies at least a 1 — € fraction of the constraints. There exist vectors {f(u)}yey such that

1. dy(u,v) < 3| f(w) = f(v)|13 for every u,v € V.

2. 5 Euverll f(u) — f(0)[3] < 3¢

We remark that the embedding result is used only in the analysis and not in the algorithm, so there
is no need to compute the labeling y assumed in Lemma 20.5.

Proof of Main Theorem
We first prove Theorem 20.1 assuming Lemma 20.5, which we prove in the next subsection.

Proof of Theorem 20.1.  Let {u;}uecv,icjx) be an optimal SDP solution. Applying Lemma 20.5
to this SDP solution and the labeling in the assumption of the theorem, and using the spectral
characterization in (20.5),

< Bwee[lf) -~ F0)B] 6

2By vev[de(u,v)] < Eywev [[| f(w) — f(v) H%] X2 (L(@)) ~ 2 (L(@)

By Lemma 20.2, the randomized propagation rounding algorithm satisfies

18e

Bofval(a)) 2 1= B¢ = 6Bulda (. 0)] > 1= 3¢ = -7 > 1 0( s

Therefore, the derandomized algorithm outputs an assignment with at least this value. O

Proof of Low Distortion Embedding

It remains to prove Lemma 20.5. The definition of d,(u,v) in (20.3) has the form of an ¢3 distance,
but the difficulty is that it uses a different permutation oy, for every pair of vertices u,v. Thus,
it is unclear how to define a geometric embedding f : V' — R” of the vertices that preserves these
distances.

Shift Invariance: The special property of MAX2LIN is that the constraint permutations 7,
satisfy
Tuw(t + 8) = T (i) + s for all i, s € [K],

where all additions are modulo k. This property implies that we may assume the SDP solution
{Ui}ueviiepy is shift invariant, namely,

<Gi+sa\7j+s> = <ai7\7j> for all i,j,S € [k‘],

where all additions are modulo k. Indeed, given an arbitrary SDP solution {u;},cv,ic[s], One can

verify that
1

{Uz‘ = ﬁ(”“ Uitls oo ”H’H)}uev,ie[k]
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is also a shift invariant SDP solution with the same objective value, where (u;, Ujt1,...,Ujt+k—1)
denotes the concatenation of the k vectors, and the additions are again modulo &.

A shift invariant solution {U;}yev, ey leads to the following simplifications for both dy(u,v) and
dr(u,v), reducing the corresponding sum to a single term.

1. First, note that ||;||3 = £ for every u € V and i € [k].

2. Counsider d,(u,v). For a pair of vertices u,v, let a,b € [k] be a pair that maximizes (Ug, Vp)
and thus minimizes ||t — V|3, as |Ua |3 = ||V /|3 = . Since (Ugts, Vors) = (Ua, V) for every
s € [k] by shift invariance, we may choose o, so that o,,(a + s) = b+ s for every s € [k].
This is a minimizing bijection in (20.3), and hence
k

1 o TR
do (u,v) = 3 > ot |l = 55161[%““2' -5
ic[k] ’

3. Consider d(u,v) for an edge wv. For every j € [k|, reindexing by ¢ = j + s and using the
identity 7y (7 + 8) = muw(j) + s for the MAX2LIN constraints,

1 _ _ 1 B _ 1 _ _
dﬂ'(u’ U) = 5 ZHUZ ~ Vg (4) H; = 5 Z Huj+s B V7ruv(j+5) H; = 5 Z HujJrS - Vﬂ'uv(j)‘f‘SH;'
1€[k] s€lk] s€(k]

It follows from shift invariance and the first item that

ki _
dﬂ—(u, U) = §Hu] - Vﬂ'uv(j)H;'

Embedding: These simplifications suggest a natural geometric embedding based on a good as-
signment.

Proof of Lemma 20.5. Given a shift invariant SDP solution {U;},cv ;c[r] and an integral solution
y: V — [k], define f: V — R™ by
fu) =V - ty).
Then the first statement in Lemma 20.5 follows, since
o, 0) = 5 i G = 51 < 5 gy oo = 5 170) = £
For the second statement,

k
3 Bce 1500 = F0)18) = 3o 2 1) = F0)IE = g7 3 Iy — 9y

uwwek uel
If (y(u),y(v)) satisfies the constraint on uv, then by the third item above,

k. _ 1 _
5 1y = Vy () 15 = 3 D i = Ve iy lI3-
1€[k]

Otherwise, we use the simple bound that %HGy(u) — Vw3 <2, as 0|3 = 1 for all u € V and

i € [k]. Since the integral solution y satisfies at least a 1 — € fraction of the constraints,

1 1 o
5 Bwenlll f(u) = f(v)ll3] < 2¢ + S > D i =V, @l < 3

weE i€ (k]

where the last inequality follows from (20.2) and the fact that the objective value of the SDP solution
{Ui}ueviiepw is at least 1 —e. O
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The low distortion embedding for general Unique Games in Lemma 20.4 is based on the tensoring

operation
i€[k] !

and its proof is more involved. Using Lemma 20.4, [AKKSTV08| showed that the propagation
rounding algorithm returns an assignment satisfying at least a

)\Q(L(G))))

1—0( log(lwL

A2 (L(G))

fraction of the constraints. This guarantee has an additional log factor compared to Theorem 20.1.

We refer the reader to Makarychev—Makarychev [MM10] for an optimal analysis that removes the
logarithmic factor for general Unique Games.

Problems

Problem 20.6 (Propagation Rounding on Non-Regular Graphs). Fztend Theorem 20.1 to con-
nected, not necessarily reqular, constraint graphs. Let p(u) := deg(u)/(2|E|) be the stationary dis-
tribution of the random walk on G. Modify the propagation rounding algorithm by choosing the initial
vertez u according to p, rather than uniformly. Throughout the problem, let esqp := 1 — sdp(G), let
Euv~p denote the expectation over two independent vertices sampled according to p, and let Eypep
denote the expectation over a uniformly random edge. Prove the following steps.

1. For each fized root u, use the identity Eywep [do(u,v) + dy(u, w)] = 2By [do(u, v)] to show
that the analysis of the propagation rounding algorithm gives

Eylval(xz)] > 1 — 3esap — 6 Eypopldo(u, v)].

2. Show that the local-to-global characterization of the normalized Laplacian becomes

A (£(G)) . Euwenlll f(u) = f(v)]3]

T VSR Byl f() — f0) 3]

3. Suppose there exists an assignment satisfying af least a 1 — e fraction of the constraints. Apply

Lemma 20.5 to show that 5
€

= M(E(G)

Conclude that the derandomized propagation rounding algorithm returns an assignment satis-
fying at least a 1 — O (e/X2(L(G))) fraction of the constraints.

Euv~plds(u, v)]
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Local-to-Global Correlation Rounding on
Low Threshold Rank Graphs

In this chapter, we study how to generalize the propagation rounding algorithm from Chapter 20
to low threshold rank graphs, which have few small Laplacian eigenvalues (see Definition 13.1).

There are two independent works that generalize the propagation rounding algorithm for expander
graphs [AKKSTV08|. Both use the same algorithm based on the Lasserre SDP hierarchy and
propagation rounding, but their analyses differ. The analysis of Guruswami and Sinop [GS11]
reveals an interesting connection to the column selection problem for low-rank approximation of
matrices. The analysis of Barak, Raghavendra, and Steurer [BRS11] emphasizes the local-to-global
correlation phenomenon in low threshold rank graphs, which is the perspective that we adopt.

21.1 Conditioning on Lasserre SDP Hierarchy

The graph family, the algorithm, and the SDP relaxation in this chapter are all generalizations of
their counterparts in Chapter 20.

Low Threshold Rank Graphs: From the discussions in Chapter 7 and Chapter 8, a graph with
Ar(L(G)) = Q(1) can be loosely interpreted as admitting a partition of vertices into Vi, ...,V with
g < r, such that each G[V;] is an expander graph and there are few edges crossing the partition.
Given such a partition, the technique in the previous chapter allows us to choose a vertex u; € V; so
that the propagation rounding algorithm on G[V;] starting from wu; satisfies most of the constraints.
This approach, however, incurs a quantitative loss due to the expander decomposition step (see
Chapter 12).

Conditioning: The algorithms in [GS11, BRS11| avoid this decomposition step by directly condi-
tioning on the values of a set of O(r) vertices and propagating this partial assignment to the rest of
the graph. To perform this conditioning while retaining consistent distributions on the remaining
variables, they require “higher-order SDP solutions” provided by the Lasserre SDP hierarchy. This
hierarchy is closely related to the Sum-of-Squares hierarchy, which has a large and well developed
literature.
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Lasserre Hierarchy: For our purposes, we only give a brief description of the Lasserre SDP
hierarchy for constraint satisfaction problems and state without proof the properties needed for
the analysis. We refer the reader to [Rot13, BS16| for further background on the Lasserre and
Sum-of-Squares hierarchies, with an emphasis on designing approximation algorithms.

Local Distributions and Abstract Relaxations

The relaxation comes from an abstract formulation of the Unique Games problem from the point
of view of probabilistic distributions.

Abstract Exact Relaxation: Let u be a distribution on the set [k]V of all global assignments.
Then the Unique Games problem can be written as

1
maxm Z . Pr (X = m5(X5)].

This is a relaxation because every assignment defines a point mass distribution. It is exact because
every probability distribution is a convex combination of point mass distributions, and hence its
objective value is no greater than that of the best assignment.

However, a global distribution over all assignments cannot be represented or optimized over effi-
ciently. The idea is therefore to keep only consistent distributions on small sets of variables. En-
forcing consistency on progressively larger sets of variables gives increasingly stronger relaxations.

Local Distributions: For constraint satisfaction problems, let V' = [n] be the set of vertices and
let [k] be the set of labels. For each subset 7' C V with |T'| < £+ 2, an f-local distribution urp
is a distribution over assignments in [k]T. A collection of (-local distributions {ur}rcv, mi<ete 18
consistent if, for all T,7" C V with |T|,|T’| < £ + 2, the distributions pur and pp agree on their
intersection T'NT’; that is, all marginal probabilities on T'NT" coincide.

Local Random Variables: We view these consistent distributions as defining a collection
X1,..., Xy of £-local random variables. For any subset T' C [n] with |T| < £+ 2, the distribution pp
deﬁnes a joint distribution over integral assignments to the variables {X;}ier. By consistency, all
marginal probabilities involving at most £ + 2 variables, such as Pr[X; = a] and Pr[X; = a, X; = ],
are well defined. We use the notation Pr and E to emphasize that these statistics arise from the
local distributions and to distinguish them from Pr and E, which refer to statistics under a global
distribution.

A Simple Example: Consider four binary variables X1, X, X3, X4. For every subset 7" C [4]
with |T| = 3, let up be the uniform distribution over the four assignments satisfying ®;crX; = 0.
For example, fig; 23y is uniform over (0,0,0), (0,1,1), (1,0,1), (1,1,0). Under each of these triple
distributions, every pair of variables is uniform over {0,1}2. Therefore, the distributions ur agree
on their intersections and, together with their pairwise and one variable marginals, form a consistent
collection of 1-local distributions.

However, this collection cannot be extended to a probability distribution on global assignments.
Such an extension would require a distribution p(; 3 4y under which all four triple parity constraints
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hold with probability one. These constraints imply X7 = Xy = X3 = X4 = 0, 80 py1 234} would
have to be concentrated on the all-zero assignment. This contradicts the fact that each of its triple
marginals must be uniform over the four even-parity assignments.

Abstract Relaxations: Given a Unique Games instance with constraint graph G = (V| E), label
set [k], and bijections {m;;}ijcr, the common abstract form of an ¢-level hierarchy relaxation is

1 -
max f Z PI‘[Xj = sz(Xz)] (21.1)
1Bl et
subject to X7,...,X, form a collection of ¢-local random variables.

Fach term in the objective is well defined using the pairwise distribution puy; ;3. Every integral
assignment gives a feasible solution by taking u7r to be concentrated on its restriction to 7', so the
optimum of (21.1) is an upper bound on the optimum of the Unique Games instance.

Increasing ¢ requires consistency on progressively larger sets and gives increasingly strong relax-
ations. When ¢ = n — 2, the distribution py is a global distribution, and the relaxation is exact.
The offset of two in the definition allows us to condition on up to ¢ variables while retaining the
joint distribution of the two variables in each constraint.

An important algorithmic result that we use without proof is that an optimal ¢-level hierarchy
solution can be computed in (nk)°¢*2) time [Rot13, BS16].

Propagation Sampling Algorithm

Given a collection Xi,..., X, of f-local random variables, the following is a natural algorithm for
defining a global assignment. It first conditions on an assignment zg to a random subset S and
then samples the remaining variables independently from their conditional marginals.

Algorithm 24 Propagation Sampling Algorithm

Require: A collection of ¢-local random variables X7, ..., X,, feasible for (21.1).
1: Choose r € {0, ..., ¢} uniformly at random.
2: Sample S C V uniformly at random with |S| = r.
3: Sample an assignment xg € [k]° for S according to the local distribution .
4: For every vertex i € V \ S, independently sample a label x; € [k] according to the local
distribution gy conditioned on the assignment zg.
5: return The assignment z : V — [k].

The analyses in [GS11, BRS11] show that this propagation sampling algorithm works on low thresh-
old rank graphs when the collection of /-local random variables arises from a solution to the Lasserre
SDP hierarchy, which we will explain shortly.

For simplicity, we analyze the version that derandomizes the first three steps by trying every r €
{0,...,4}, every set S C V with |S| = r, and every assignment zg € [k]® with Pr[Xg = zg] > 0.
For each choice, the expected value of the independent randomized rounding can be computed from
the conditional marginals, so we use the choice with the largest expected value.
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Main Theorem

We illustrate the local-to-global correlation rounding approach of [BRS11] in the special case of the
Maximum Cut problem.

Theorem 21.1 (Approximating Maximum Cut on Low Threshold Rank Graphs). Let G = (V, E)
be a regular graph and let 0 < e < 1. There is a (1—O(€))-approzimation algorithm for the Mazimum
Cut problem with running time

‘V|O(6_4 rank; _ o (G))
where ranks(G) denotes the number of eigenvalues of the normalized Laplacian matriz of G smaller
than & (see Definition 13.1). In particular, this guarantee is achieved by applying the derandomized
propagation sampling algorithm to an optimal level-¢ Lasserre hierarchy solution to (21.1), where
(< e trank_2(G).

The structure of the proof is as follows. First, we introduce the properties of the Lasserre hierarchy
used in the analysis. Then, in Section 21.2, we show that if the local correlation over edges of the
SDP solution is small, then independent randomized rounding yields a solution whose value is close
to the SDP objective. In Section 21.3, we show that if the global correlation over pairs of the SDP
solution is large, then conditioning on a random variable significantly reduces the uncertainty in
the SDP solution. Finally, in Section 21.4, we show that large local correlation implies large global
correlation in a low threshold rank graph. Combining these statements, we conclude that after
conditioning on a small number of variables, the local correlation becomes small while the objective
value remains large, and hence independent randomized rounding succeeds.

Lasserre Hierarchy

The Lasserre hierarchy for constraint satisfaction problems is a family of progressively stronger SDP
relaxations of increasing size. In addition to local consistency, the level-¢ program imposes positive
semidefinite constraints on the ¢-local random variables while optimizing (21.1).

Geometric Representation: Because of its positive semidefinite constraints, every solu-
tion to the level-¢ program admits a stronger geometric representation: there exist vectors
{vs.atscv,|s|<e+2, acikys such that, for every S, T CV with [SUT| </{+2,a € [k]%, and B € [k]7,

<US,a7UT,ﬁ> = P;r[XS = «, XT = 5]

Thus, the joint probabilities of local events are realized as inner products of vectors. This geometric
structure is the additional property provided by the Lasserre hierarchy beyond local consistency. In
particular, the level-0 Lasserre relaxation of (21.1) is a strengthening of the semidefinite program
for Unique Games in (20.1).

Conditioning: Given a collection of ¢-local random variables, one can use the laws of conditional
probability to define the (¢ — r)-local random variables after conditioning on an assignment to a set
S of r variables. The level drops by r because the conditional distribution on a set 7" is computed
from the local distribution on SUT. The stronger geometric representation is also preserved under
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conditioning. For example, suppose that X; is binary and Pr[X; = 0] > 0. After conditioning on
X; = 0, we update

Pr[ijl] $— r[ J ] r[ J ? ? ] and ’Uj,1<_ -7’1 {7]}1{111} )

1= PrX; = 1] 1 — Pr[X, = 1]

One can use the inclusion-exclusion formula to derive the updates after conditioning on a set of
variables. The order in which the variables are conditioned is irrelevant. We refer the reader to
[Rot13] for more details.

For the analysis, we also add the constraint that the objective value is at least a target value c before
applying the Lasserre hierarchy. Since conditioning preserves the resulting Lasserre constraints, this
lower bound on the objective value is preserved throughout.

Covariance Matrix: An important consequence for our analysis is that, for every set S C V with
|S| < ¢ and every local assignment zg € [k]® with Pr[Xg = zs] > 0, the covariance matrix after
conditioning is positive semidefinite. For every ¢ € V and a € [k], let X, denote the indicator
random variable for the event X; = a. Then

{Cov(Xia, Xjp | Xs = z5)} 0 (21.2)

1,j€V,a,be k] 7

where Cov(X,Y) = E[(X — E[X])(Y — E[Y])] denotes the covariance of two random variables. By
(21.2), after conditioning on Xg = xg, the covariance matrix admits a Gram representation: there
exist vectors {Uia }iev, qefr] Such that, for every 7, j € V and a,b € [k],

Cov(Xia, Xjp) = (Uia, ujp)- (21.3)

These vectors will be crucial in extending the local-to-global correlation analysis for expander graphs
in Section 20.3 to low threshold rank graphs.

21.2 Local Correlation and Independent Randomized Rounding

For the Maximum Cut problem, the objective function in (21.1) becomes

sdp(G) = ’;‘ > PrX; # X,
ijeE

where each Xj is a {0, 1}-valued variable indicating whether vertex i is included in the output set
S CV. Fori,j €V, denote

yi = PriX; = 1] =E[X;] and y; = Pr[X; =1,X; = 1] = E[X;X].

A simple calculation shows that
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Independent Randomized Rounding: Given this distributional view of the SDP solution to
(21.1), a simple strategy to define a global distribution over assignments to V is to set X; =
1 independently for each vertex ¢ € V with probability y;. Under this global distribution, the
probability that an edge ij € F is cut is

Pr(X; # X;] = vi(1 —y;) +y;(1 — i) = i +y;5 — 2035

Therefore, the expected value of the resulting cut is close to the SDP objective whenever Pr[X; # X;]
and Pr[X; # X;] are close on average over the edges.

Local Correlation: It is therefore natural to consider the covariance of X; and X; under the local
distribution,

- - - . 1 -
Cov(X;, X;) = E[(X; — E[Xi]) (X; — E[X;])] = vij — wiy; = §(Pr[X¢ # X;] - Pr[X; # X)),
which measures the discrepancy between the independent rounding distribution and the local SDP

distribution. We denote the local correlation over edges by

~ 1
Eijes|[|Cov(Xi, X;)|] == B Z 1Yij — viy;l- (21.4)
ijek

The following lemma formalizes the idea that if the local correlation over edges is small, then
independent randomized rounding yields a good approximate solution.

Lemma 21.2 (Local Correlation and Independent Randomized Rounding). Given a level-¢ Lasserre
solution to (21.1) for the Maximum Cut problem, independent randomized rounding outputs a set

S CV with )
E(0(9)]] = (sdp(G) — 2Eyjen[|Cov(Xi, X;)]] ) - I

Proof. For every edge ij € E,
Pr[X; # X;] = Pr[X; # X;] + 2 Cov(X;, X;) > Pr[X; # X;] — 2|Cov(X;, X;)|-
Therefore, by linearity of expectation,

E(6S)] = 3 PrlXi £ %] > 3 (PrlX; £ X, - 2 Cov(X;, X))

ijeE ijel

= (sdp(G) — 2Eyjen[|Cov(Xi, X))I] ) - 1EJ. O

21.3 Global Correlation and Conditioning

The failure of independent randomized rounding implies that there is nontrivial local correlation over
edges. The key observation is that the presence of high correlations can also make the sampling of
Xi,..., X, easier. When two random variables are highly correlated (for example, y; = y; = % and
Yij = % in the highly positively correlated case, or y; = y; = % and y;; = 0 in the highly negatively
correlated case), conditioning on the value of one variable essentially determines the value of the
other variable. Thus, a natural strategy is to show that if there is large global correlation over
pairs in the SDP solution to (21.1), then conditioning on a uniformly random variable significantly
reduces the average uncertainty in expectation.
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Potential Function: To quantify the uncertainty of a random variable, a natural choice' is to use
the variance

Var(X;) = Pr[X; = 1] - (1 — Pr[X; = 1)) = vi(1 — i),

which is small precisely when the marginal distribution of X; is close to being deterministic, or
equivalently, when y; is close to 0 or 1. To measure progress, consider the potential function

Eiev[Var(X;)] = I‘lf\ > Var(X;).
eV

Conditioning on Lasserre Hierarchy: To condition on a variable X;, we sample its value
according to its local marginal distribution: we set X; = 1 with probability y; and X; = 0 with
probability 1 —y;. After observing the outcome of X;, we use the laws of conditional probability to
update the consistent local distributions of the /-local random variables X, ..., X,, to consistent
local distributions of (¢ — 1)-local random variables X{,...,X). The geometric representation

{vg,a}sgf,|5|§£+1,ae[1@}5 is updated accordingly so that, for every S, T C V with |[SUT| < £+ 1,

a € [k]°, and B € [k]T,

<Uf9,a=U,T,ﬁ> = Pr[ng =a,Xp= ﬁ]

A direct calculation shows that the expected decrease of the potential can be quantified in terms of
the covariance.

Claim 21.3 (Potential Decrease). After conditioning on a variable X,

Ex, [Var(X; | X;)] < Var(X;) — 4 Cov(X;, X;)2.

Proof. The law of total variance states that
Ex, [Var(X; | X;)] = Var(X;) — Vary, (E[X; | X;]).
The deterministic cases y; € {0,1} are immediate, so assume 0 < y; < 1. Since

B | X = 1= B X =0 ==, By [BXG | X)) = BIXi) =y,
J 9

it follows from Var(Y) = E [Y?] — E[Y]? that

~ - i\ 2 i — Ui\ 2 i — i'2 C~ XZ‘,X'2
Vaer(E[XilXj])Zyj(yJ) +(1—yj)-<7y yj) gz = i Z vy CoviXa Xp)7

Yi L—y; Loy —y) Var(X;)
Therefore, using Var(X;) < 1/4, we obtain
- - - Cov(X;, X;)2 .- -
Ex, [Var(X; | X;)] = Var(X;) — Cov(Xi, X;)° < Var(X;) — 4 Cov(X;, X;)*. O

VEH‘(X])

'Entropy and mutual information are used in [RT12] to quantify uncertainty and correlation.
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Global Correlation: Motivated by the potential decrease in Claim 21.3, we define the global
correlation over pairs by

- 1
Eijev [|Cov(Xi, X;)[°] := Ve > lwig — vl (21.5)
i,jeEV

The following lemma shows that by conditioning on a small number of variables, one can obtain a
Lasserre SDP solution with small global correlation.

Lemma 21.4 (Global Correlation and Conditioning). Given a level-¢ Lasserre solution to (21.1) for
the Maximum Cut problem, one can condition on at most £ variables so that the global correlation
over pairs satisfies

Ei,jEV “CE)V(XZ, X]) |2} S

| =

Proof. Choose a uniformly random vertex j to condition on. By Claim 21.3, the expected value of
the potential function after conditioning is

1 1 ~ ~ 1 ~ ~
4 Z v ZEX]- [Var(X; | X;)] < [ Z (Var(Xi) - 4C0V(Xi,Xj)2)
jev eV ijev

= Eiev[Var(X;)] — 4E; jev [|Cov(X;, X;)[?].

Therefore, there exists a vertex j and a value of X such that conditioning on this value decreases
the potential function by at least 4E; jev [|Cov(X;, X;)[?].

Repeat this procedure for £ iterations. Since the initial potential function value is at most 1/4, there
must exist at least one iteration at which E; jev [|Cov(X;, X;)|?] < 1/¢, for otherwise the potential
function would become negative, a contradiction. The intermediate SDP solution at that iteration
is a level-r Lasserre solution to (21.1), for some r > 0, and has global correlation over pairs at most
1/¢. O

21.4 Local-to-Global Correlation of Low Threshold Rank Graphs

On one hand, Lemma 21.4 shows that after conditioning on a small number of variables, the Lasserre
SDP solution has small global correlation over pairs. On the other hand, Lemma 21.2 implies that
if the Lasserre SDP solution has small local correlation over edges, then independent randomized
rounding succeeds. In Section 20.3, we proved that small global correlation implies small local
correlation on an expander graph. In this section, we extend this implication to low threshold rank
graphs, thereby completing the proof of the main theorem.

Geometric Representation and Spectral Analysis: To bound the local correlation over edges
Eije E[|CBV(X¢,Xj)\], which involves an absolute value, we apply the Cauchy—Schwarz inequality
and instead bound E;jcg[|Cov(X;, X;)|?]. Recall from (21.3) that an important property of the
Lasserre hierarchy is the existence of a geometric representation {uis }icv,qef0,1}- Taking u; 1= u;1,
we obtain

(ui,uj) = Cov(X;, X;) fori,jeV.

To bound E;jep[|Cov(X;, X;)|?], we consider the vectors v; := u; ® u; for i € V, so that
(vi,v5) = }CE)V(Xi,Xj)IQ fori,jeV.
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Let C' € R™ ™ be the positive semidefinite matrix with Cj; = (v;,v;). For a regular graph G with
normalized adjacency matrix A, the local correlation can be bounded as

(Eijer[|Cov(Xs, X;)])? < Ejerp[|Cov(Xy, X)) 2] = EyerlCij) = — (C,A),

1
V]
so that it is amenable to spectral analysis. The following lemma thus relates the local and global
correlation in a low threshold rank graph. The presentation follows [Hsi26, Lemma 2.4].

Lemma 21.5 (Local-to-Global Correlation of Low Threshold Rank Graphs). Let C' € R™™™ be a
positive semidefinite matriz with Tr(C') < n. Let G = (V, E) be a regular graph on n vertices. For

any 6 € (0,1),
EijGE [C”] S 5 \ rankg(G) . \/Ei,jEV [CZQJ} + (1 — 5)

Proof. Let A be the normalized adjacency matrix of G with eigenvalues 1 = a3 > as > -+ > ap,
and let A = >0, ajwjw, be an eigen-decomposition. Let r := ranks(G). By definition, the
normalized Laplacian matrix of G has r eigenvalues smaller than §, and hence o; < 1 — 9 for every
i>r. Using > wyw; = I, we bound

A= z:azu)Z Zw,w + Z (1 =9)ww —5szw + (1 —0)I,.

i=r+1

Since C' is positive semidefinite, it follows that

1 8 . 1—6 5 5
E”eE[C”]:ﬁ@’A)§ﬁ<c’zwiw;>+TTr( )< N Clle - f+—Tr(C)
=1

where the last inequality uses the Cauchy-Schwarz inequality and ||S°/_; wiw, | = /7. The

statement follows since 1| Cllp = (/% dijev Cizj = Ei,jEV[OZ‘Qj] and Tr(C) < n by assumption.
O

One consequence of Lemma 21.5 is the following: If each vertex i of a regular graph G = (V, E) is
associated with a vector v; in the unit ball, then

Eijep[(vi,v))] =p = Eijev[(vi,vj)] = Eijev[(vi,v;)*] 2 p*/rank;_q(,(G).

This is quantitatively weaker than the result in [BRS11], which proves E;jev [[(vi,v;)]] 2

p/ rank;_q(,)(G). However, Lemma 21.5 has a simpler proof and is sufficient for establishing the
main theorem.

Proof of Main Theorem

We now combine the pieces to establish Theorem 21.1. For the analysis, let ¢ denote the optimal
fraction of edges cut in the Maximum Cut problem, and add the constraint that the objective value
is at least ¢ to the Lasserre program. By Lemma 21.4, given a level-¢ Lasserre solution to (21.1) for
the Maximum Cut problem, one can condition on at most £ variables so that the global correlation
over pairs satisfies

]Ei,jGV HCZ)V(X“ X])‘Q] S

|
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The conditioned solution still has objective value at least ¢ because conditioning preserves the
constraints. Let C' € R™"™ be the positive semidefinite matrix with

Cyj = |Cov(Xi, X;))” and  Tr(C) = 3 Var(X,)® < .
=1

Applying the local-to-global analysis in Lemma 21.5 to C yields

Eijer[|Cov(X;, X;)?] < 5\/rank5(G)-\/IEMGVUCE)V(X,‘,XJ’)H—1-(1—5) < \2 ranks(G)+(1-6),

where we use |Cov(X;, X;)|* < |Cov(X;, X;)|?. Setting

§=1—¢> and (=e* ranks(G),

it follows that

EijGE [|C~OV(XZ,XJ)|] S \/EijEE [|CE)V(X1,X])|2] E 2e.

Hence, applying the independent randomized rounding algorithm in Lemma 21.2 gives a cut whose
expected fraction of edges cut is at least ¢ — O(e). Since ¢ > 1/2, this is a (1 — O(€))-approximation
for the Maximum Cut problem. The running time follows from ¢ = O(e’4 rankl_ez(G)).
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Chapter 22

Local-to-Global Correlation Rounding on
General Graphs?

The rounding techniques developed in [BRS11, GS11| can be used to obtain subexponential time
algorithms for distinguishing the two cases in the Unique Games Conjecture and to design approxi-
mation algorithms for constraint satisfaction and graph partitioning problems on low threshold rank
graphs. Subsequent works sharpened and extended this approach on small-set expanders and low
threshold rank graphs for a variety of problems, including Unique Games [BBKSS21|, constraint sat-
isfaction problems [RT'12, AJT19|, graph partitioning problems |[GS13, AGS13|, and graph coloring
problems [AG11, BHK25, BHSVK25, Hsi26].

An important open direction is to understand whether this approach can be extended to general
graphs to obtain subexponential time algorithms that outperform the best known polynomial time
approximation algorithms. One outstanding question is whether there is a subexponential time
algorithm for Maximum Cut that achieves a better approximation guarantee than the Goemans—
Williamson algorithm [GW95].

In this chapter, we discuss a potential approach based on conjectures about reweighting a vertex
expander so that it has fast mixing time or low threshold rank, similar to the settings in Chapter 9
and Chapter 10. If true, these conjectures would extend the reach of the global correlation rounding
framework to general graphs and lead to improved subexponential time algorithms for Sparsest Cut
and Graph Coloring.

Very recently, the reweighting conjectures for Sparsest Cut were disproved using an interesting
construction from high-dimensional expanders [EO26]. We will present the construction and the
counterexample in Chapter 26 and Chapter 27, after introducing high-dimensional expanders and
the corresponding down-up walks. At the end of this chapter, we will present a simple and elemen-
tary graph that is a strong vertex expander but cannot be reweighted to have low threshold rank,
thereby disproving the corresponding conjecture for Graph Coloring as well.

22.1 Toward Subexponential Algorithms for Sparsest Cut

The approach for Sparsest Cut is based on the following geometric conjecture, proposed in Steurer’s
thesis [Stel0, Conjecture 9.2|. It states that if the global correlation of a collection of unit vectors
is polynomially small, then there exist two sets of linear size that are {2(1)-separated.
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Conjecture 22.1 (Steurer’s Conjecture). For every € > 0, there exist positive constants n = n(e)
and § = 0(€) such that the following holds for all sufficiently large n. For every collection of unit
vectors vi, ..., v, € R™ with E; je|(vi, vj)| < n™¢, there are two sets L, R C [n] with |L|,|R| > én
such that ||[v; — v;||3 > 2n for alli € L and j € R.

One can interpret Conjecture 22.1 as strengthening the conclusion of Theorem 19.2 by Arora—Rao—
Vazirani [ARV09]: Conjecture 22.1 guarantees two linear-sized subsets with distance (1) under the
strong assumption that almost every pair of vectors is nearly orthogonal; Theorem 19.2 guarantees
two linear-sized subsets with distance (1/4/logn) under the assumption that the vectors satisfy
the /2 triangle inequalities. The significance of the conjecture is the following consequence.

Claim 22.2 (Subexponential Algorithm for Sparsest Cut). An algorithmic proof of Steurer’s con-
jecture implies a subexponential time constant factor approximation algorithm for Sparsest Cut.

Proof Sketch. The vectors satisfying the assumption of Conjecture 22.1 can be obtained by solving
a level-n©(© Lasserre relaxation and then conditioning on n°(© variables to decrease the global
correlation to E; jein|(vi,v5)| < n7¢ as in Lemma 21.4. If the two large and well-separated sets
L and R promised by Conjecture 22.1 can be found algorithmically, then the threshold rounding
algorithm in Problem 19.17 would return a constant factor approximation to Sparsest Cut. O

In the remainder of this section, we reduce Steurer’s conjecture to conjectures about reweighting
graphs with good vertex expansion to have low threshold rank or small mixing time. This reduction
is based on unpublished work of Steurer.

Geometric Proximity Graph and Vertex Expander

Given the unit vectors vy,...,v, in Conjecture 22.1, we construct a geometric proximity graph G
with vertex set [n], where there is an edge ij if and only if

lvi—vil3<2n <= (vi,v;) 21—
By construction, if there are two disjoint subsets of vertices L, R C V(G) such that |L|, |R| > dn

and there are no edges between L and R, then the vectors corresponding to L and R satisfy the
conclusion of Conjecture 22.1.

The following combinatorial argument shows that if no such sets L and R exist, then G contains a
large induced vertex expander. Recall the definition of vertex expansion 1 from Definition 2.12.

Lemma 22.3 (Large Induced Vertex Expander or Large Separated Sets). Let G = (V,E) be an
undirected graph. At least one of the following holds:

1. There exists a subset U C 'V such that |U| > 2|V| and ¢(G[U]) > 1.

2. There are disjoint sets L, R C'V with |L|,|R| > £|V| such that E(L, R) = 0.

Proof. Consider the following procedure.

292



Chapter 22

Algorithm 25 Removing Small Non-Expanding Sets

:Seti:=0and Vy:=V.

while |V;| > %|V\ and there exists a set S; C V; such that |S;| < %H/;\ and Ygy;)(Si) < % do
Set Viy1:=V;\'S; and i < i + 1.

end while

oW

There are two cases in which this procedure stops. The first case is when |V;| > 2|V| but there is
no subset S; C V; with |S;| < $|Vi| and Ve (Si) < 1. In this case, we let U := V; and G[U] clearly
satisfies the guarantees in case (1) of the lemma.

The second case is when |V;| < 2|V|. In this case, we let L := SoU---US;_1 and R := V—L—Ng(L).
By construction, there are no edges between L and R. Since |V;| < 3|V| and |V;_1| > 2|V,

1 1 5
1L =[VI=1Vil > ;IV] and L} = V] = [Viea| + [Si-a] < V] = S Viea] < (V.

Observe that [Ng(L)| < £|L| by the vertex expansion of S; for each 0 < j < i — 1. Therefore,

5 5 5 7
= —|L| = |Ng(L)| > ——|L| > — = =|V|==|V].
Bl = V] = L] = [Na(D)| 2 V] = JILI 2 V] = ;- <VI= 55V
This shows that L and R satisfy the guarantees in case (2) of the lemma. O

Note that this lemma holds for all graphs, not just for geometric proximity graphs. We also remark
that the lemma can be slightly strengthened to show that the induced vertex expander has better
expansion for small sets. As we will see, even this strengthened version is not enough to imply the
reweighting conjecture, so we state the simpler version and focus on illustrating the connection to
the reweighting conjecture in the next subsection.

Reweighting Conjectures

Given the geometric proximity graph G = (V| E), if there are two large well-separated sets L and R
as in Case (2) of Lemma 22.3, then Conjecture 22.1 holds. Henceforth, we assume that G contains
a large induced vertex expander G[U] as in Case (1) of Lemma 22.3.

By the construction of the geometric proximity graph G, large local correlation (v;,v;) > 1 —n
holds for every edge ij € E. So, if G[U] were an edge expander, then the local-to-global analysis in
Section 20.3 would imply that the global correlation is also large, contradicting the assumption of
small global correlation in Conjecture 22.1. This would rule out Case (1), so Case (2) would hold
and we would be done.

Now the question is whether there is an analogous local-to-global analysis for a vertex expander. One
approach is to ask whether a vertex expander admits an edge reweighting that is an edge expander,
as defined in Chapter 9 and Chapter 10. The key observation is that large local correlation remains
true under every edge reweighting of G. Thus, if G[U] admits an edge reweighting G'[U] with large
edge expansion, then the local-to-global analysis for edge expanders carries over to vertex expanders.

While Theorem 9.3 implies that any graph with constant vertex expansion can be reweighted to have
edge expansion Q(1/logd), this guarantee is not strong enough for the local-to-global analysis to
go through, and there are graphs with constant vertex expansion that cannot be reweighted to have
constant edge expansion. Steurer observed that the local-to-global analysis would still go through
if the reweighted graphs satisfied other related properties. The following reweighting conjectures
were proposed with this motivation.
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Fast Mixing Time: This formulation is very similar to the fastest mixing time problem in Chap-
ter 9, but the key point is the logarithmic mixing time bound.

Conjecture 22.4 (Reweighting of Vertex Expander to Graph with Logarithmic Mixing Time). Let

H = (V,E) be a graph with self-loops and vertex expansion (H) > %. There exists a reweighted

matriz P € RV*V of H with the following properties:

1. (Reweighting:) P(i,7) =0 for all ij ¢ E;

2. (Nonnegative:) P(i,j) >0 for alli,j € V;

3. (Symmetric:) P(i,j) = P(j,1) for all ij € E;

4. (Row Stochastic:) 3,y P(i,j) =1 for alli € V;
5. (Positive Semidefinite:) P = 0;

6. (Logarithmic Mizing Time:) Tr(P%) —1 < |V[°D for t > log |V]|.

The first four properties are the same as those in Definition 9.1 for the maximum reweighted second
eigenvalue problem. We assume that the graph H has a self-loop at each vertex so that these four
properties are always satisfiable. If P satisfies the first four properties, then the positive semidefinite
property can also be satisfied by replacing P with the lazy random walk matrix %(I + P).

To see that the last property is related to fast mixing time, note that

> (P - %)2 = > (PG5 - %Pt(i,j) + %) — | P -2+ 1 = Tr(P%) — 1. (22.1)

i,jeV ijeV

The quantity on the left-hand side measures how close the distributions P!(i,-) are to the uniform

distribution % For example, as shown in Theorem 3.15, for a graph with spectral gap g = 1, its

lazy random walk matrix satisfies ZjGV(Pt(i,j) — 12 <(1-g)!<LiforallieV whent 2 logn,
and therefore Tr(P?) — 1 < 1 when t > logn.

We remark that the Cheeger inequality for vertex expansion in Theorem 9.3 implies that a graph
H with vertex expansion ¢(H) > I can be reweighted to have mixing time O(log®n), but this is
not enough to imply Steurer’s conjecture. The stronger O(logn) mixing time bound is crucial here,
as we will see at the end of this section.

Low Threshold Rank: Another formulation is to require the reweighting to have low threshold
rank (see Definition 13.1).

Conjecture 22.5 (Reweighting of Vertex Expander to Graph with Low Threshold Rank). Let
H = (V,E) be a graph with self-loops and vertex expansion »(H) > %. There exists a reweighted
matriz P € RV*V of H satisfying the first five properties in Conjecture 22.4 and

6. (Low Threshold Rank:) P has at most k eigenvalues larger than %, where k < [V]e®,

Note that the conclusion of Conjecture 22.5 implies that Tr(P?) — 1 < |[V[°™) when t > log|V]|.
Therefore, Conjecture 22.5 implies Conjecture 22.4.
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A Local-to-Global Analysis Using Reweighted Mixing Time

An interesting lemma that enables this approach is the following local-to-global analysis using
reweighted mixing time. In the following lemma, think of vy,...,v, as the unit vectors in Conjec-
ture 22.1, and P as a reweighted matrix of their geometric proximity graph. The local correlation
with respect to P is defined as

Eij~pl{vi, vj)] 22% > Pg) - (vi,vy),

i,j€[n]

which corresponds to choosing a random edge ¢j by first choosing a vertex ¢ uniformly at random and
then choosing a random neighbor j of ¢ according to the distribution P(i,-). The global correlation
is defined as

1
Eijem[(vi,0)] = — > (i, v5),
i,j€[n]

which corresponds to choosing a pair of vertices ¢, j uniformly at random.

Lemma 22.6 (Local-to-Global Correlation Using Reweighted Mixing Time). Let v, ..., v, be unit
vectors and P € R™™ be a doubly stochastic positive semidefinite matriz. For any integer t > 1,

(Eijp(vi,v;)])" < Eijepml(vi, v5)] + \/Ei,je[n][<vi= v;)?] -/ Tr(P?) — 1.

Proof. The idea is to compare P! with the uniform distribution. Consider

LS (P - 1)

et l(vis v — Eggpe (i, v =

i,j€[n]
< o S | S0 (P - )
1,j€[n] 1,j€[n]

- \/Ei’je[n][<vi7vj>2]' Tr(P2) —

where the inequality is by Cauchy-Schwarz and the last equality follows from (22.1). The lemma
then follows from Claim 22.7, since

(Eijmr (03, 0)]) = Ei jepm[(vi,05)] < Eijopt[(vi, )] = By jepn [(vi, v5)]
< y/Eiseql(vv5)?] - /Te(PP) -

Rearranging proves the lemma. It remains to prove the following claim.

Claim 22.7 (Power Inequality). Under the assumptions of the lemma, for any integer t > 1,

Eijopt [(vi,v)] = (Eijmp[(vi, v)])".

Proof. Let V. € R™ ™ be the matrix whose columns are vi,...,v,. Denote the rows of V by
w]—,...,w;{. Then
1 1
Eijmp[(vi,v;)] = —(P,V'V) = -Tr (PV'V) = —Tr (VPVT) = § w; Pw.
n n
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Let P=3"1", )\ZuzulT be an eigen-decomposition. Then

n

%Zw?Pwi = %ZZM"«%W? = ZAJ’(%
i=1 !

n

j=1

i=1 j=1 =1 i=1
where ¢; := L 3" (w;,u;)% As ui,..., u, form an orthonormal basis, it follows that
doa=- D> (wiug)? = - il =~ fluilli =1,
j=1 i=1 j=1 i=1 i=1

and thus ¢q1, ..., g, form a probability distribution. Since P >= 0, all \; > 0. Therefore, as q1,...,qn
form a probability distribution and z + 2! is convex on [0, c0), Jensen’s inequality gives

(Eijerlivn o)) = (3 Aiar) < D0 May = Byyoprl{o )],
j=1 Jj=1

where the last equality follows from the argument used to derive E;jp[(vi,v;)] = 37 ) Ajg;. O

This completes the proof of Lemma 22.6. 0l

Reduction from Steurer’s Conjecture to Reweighting Conjectures

We now put the pieces together to show that the reweighting conjectures imply Steurer’s conjecture.

Conjecture 22.4 implies Conjecture 22.1: The plan is to suppose that Conjecture 22.1 is false
and derive a contradiction to Conjecture 22.4. Then there exists € > 0 such that, for any constants
d,m > 0, there exist arbitrarily large n and unit vectors v1, ..., v, € R" satisfying E; je(n)[(vi, vj)| <
n~¢, but there are no subsets L, R C [n] with |L|,|R| > dn such that ||v; —v;||3 > 2n for every i € L
and j € R.

Let G be the geometric proximity graph of vy, ..., v,, where there is an edge ij in G if and only if
HU@-UjH% < 27 g <'UZ‘,1)J‘> >1—mn,

for some sufficiently small constant i to be specified later. By our assumption, there are no disjoint
subsets L, R C V(G) with |L|, |R| > £n such that there are no edges between L and R. Therefore,
by Lemma 22.3, there is an induced subgraph H = (V, E) of G with [V| > 3n and ¢/(H) > 1.

Hence, by Conjecture 22.4, there is a reweighted matrix P of H such that Tr(P?) — 1 < n°(") for
t > clogn, where c is a constant. Since (v;,vj) > 1 — 1 for every edge ij € H, the local correlation
with respect to P satisfies

Eij~p[(visv5)] > 1 —n.

The local-to-global analysis in Lemma 22.6 therefore implies that

(1 =)' < (Eijepvi, o))" < Eqjevim[(vi,v;)] + \/Ei,jeV(H)[<Ui>Uj>2] -/ Tr(P?) — 1.

Since E; jepl (vi, vj)? < E; jep)l (vi, v5)| < n7¢ and [V(H)| > 3n, restricting the sums to pairs in
V(H) gives

Ei,jeV(H)|<Uian>|2 < E; jevmyl(vi,v5)| Sn™°
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Therefore, by setting ¢t = clogn, the local-to-global analysis implies that
n—2nc _ 6—277t < (1 - n)t 5 n_¢ + n—% . no(l).

Choosing 1 = ¢ gives a contradiction for sufficiently large n. To summarize, if Conjecture 22.4 is
true, then there exist two subsets L, R with |L|,|R| > tn and |[v; — v;[|3 > £ for every i € L and
j € R, where c is a constant, establishing Conjecture 22.1.

22.2 Toward Subexponential Algorithms for Other Problems

Graph Coloring: Following a similar approach as in Section 22.1, Arora and Ge [AG11] formulated
a reweighting conjecture about graphs with near-perfect vertex expansion.

Conjecture 22.8 (Reweighting Conjecture for Graph Coloring). Let H = (V, E) be a graph such
that
V1N 01811 o (IVINe
Sy> (1) -1 Lnd =L
¥ )—(|S|) = 9 —(m)

for every nonempty subset S C V, for some constant ¢ > 1, where 9[S] = 9(S) U S is the closed
neighborhood of S. There exists a reweighted matriz P € RV*V of H with the following properties:

~

. (Reweighting:) P(i,7) =0 for all ij ¢ E;
. (Nonnegative:) P(i,j) >0 for alli,j € V;
. (Symmetric:) P(i,j) = P(j,i) for allij € E;

2

3

4. (Row Stochastic:) > .., P(i,j) =1 for alli € V;
5

JjEV
. (Low Threshold Rank:) P has at most k eigenvalues smaller than —-, where k < V],

Combining their low threshold rank algorithm with Blum’s combinatorial techniques, they showed
that if the reweiglqting in the conjecture can be found algorithmically, then there is an algorithm
that finds an O(n< logn)-coloring of a 3-colorable graph in n®®) < n"*" time. For a sufficiently

large constant ¢, this would improve on the best known polynomial time guarantee of O(n?-1953%)
colors [KTY24, BHL26|.

We remark that the 3-coloring problem can be reduced to a setting in which every edge has large
negative local correlation. Thus, the reweighting idea can be applied to establish global correlation,
just as for the geometric proximity graph in Steurer’s conjecture.

Semi-Random Problems: It has been an important open direction to understand whether the
global correlation rounding approach can be extended to general graphs to obtain subexponential
time algorithms that outperform the best known polynomial time approximation algorithms, but
to date no such algorithms are known with worst case approximation guarantees.

Interestingly, the Lasserre hierarchy and Sum-of-Squares algorithms have been proven to be power-
ful for “semi-random” instances, yielding subexponential time algorithms that outperform the best
known polynomial time approximation algorithms and provide a nice time/approximation trade-

off [BKS14, BS16].

In the next topic, we study the spectral theory of random matrices and some novel spectral algo-
rithms that match the performance guarantees of these SDP-based algorithms.
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22.3 Counterexamples to Reweighting Conjectures

Very recently, Ebrahimnejad and Oveis Gharan [EO26] disproved Steurer’s conjecture using an
elegant construction from high-dimensional expanders. We will present the construction and the
counterexample in Chapter 26 and Chapter 27, after introducing high-dimensional expanders and
the corresponding down-up walks.

In this section, we present a simple and elementary family of strong vertex expanders that cannot
be reweighted to have low threshold rank, disproving both Conjecture 22.5 and Conjecture 22.8.
The construction and the proofs were found by GPT 5.6 in July 2026. Note that this construction
does not disprove Conjecture 22.4 or Conjecture 22.1.

Constructions

The counterexamples are the following “rook graphs”, where the vertices are on a two-dimensional
board and there is an edge if and only if a rook can move from one square to another square.

Definition 22.9 (Rook Graphs). For an integer £, let the vertex set be V = [(], where each vertes
v € V is represented by v = (v1,vy) with vi,ve € [¢]. Define the rook graph Gy on V by joining
two vertices v = (v1,v2) and w = (w1, ws) if and only if v = wy or v = wy. Note that there is a
self-loop on each vertex in Gy.

Define Hy to be the double cover of Gy: the vertex set is {0,1} x V', and (0,v) is adjacent to (1,w)
if and only if v and w are neighbors in Gy. Note that Hy is a (20 — 1)-regular bipartite graph.
Figure 22.1 shows G4 and Hy.

Figure 22.1: The rook graph G4 and its bipartite double cover Hy. On the left, the green vertex
is adjacent to every vertex in the same row or column, including itself. On the right, its copy in
the first layer is adjacent to the corresponding seven vertices in the second layer. Only the edges
incident to the green vertex are shown.

We show that the rook graphs provide counterexamples to Conjecture 22.5 and Conjecture 22.8.

Theorem 22.10 (Counterexamples to Reweighting Conjectures). For every integer £ > 2, the rook
graphs satisfy the following properties.
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1. (Vertex Ezxpansion:) For each of Gy and Hy, writing V' for its vertez set, every nonempty
subset S C 'V satisfies

W(S) > (HQ)Q 1 = !5’[;’]! > (HQ)Q

In particular, both Gy and Hy have vertex expansion at least /2 —1 > %.

2. (Reweighting of Gy:) Every edge reweighting P of Gy satisfying the first five properties of
Conjecture 22.5 has at least Q(+/[V]) eigenvalues greater than .

(Reweighting of Hy:) Ewvery edge reweighting P of Hy satisfying the first four properties of
Conjecture 22.8 has at least Q(+/|V]) eigenvalues smaller than —-.

Note that this disproves Conjecture 22.5 even when we assume the graph has considerably stronger
vertex expansion for small sets. Also, this disproves Conjecture 22.8 for every ¢ > 2, even when the
graph is bipartite, which is a valid instance for their application of 3-colorability.

The proofs are quite simple. The vertex expansion is proved by straightforward combinatorial
arguments. The reweighting property is established using the local-to-global analysis in Lemma 21.5,
after we construct a natural vector embedding of the vertices with constant local correlation in
absolute value but vanishing global correlation.

Vertex Expansion
Here we check the vertex expansion property of Gy and Hy as stated in Theorem 22.10.
Vertex Expansion of Gy: For S C V(Gy), let X := {i € [¢] | v1 = i for some v = (v1,v2) € S}
and Y := {j € [{] | vo = j for some v = (v1,v2) € S} be the two coordinate projections of S. Note

that | S| < |X||Y| <%, as SC X x Y C [{] x [¢]. Since 9[S] = (X x [¢]) U ([{] x Y), it follows that

|018]] = (| X| + [Y]) = [X|[Y| > 20/ [X[|Y] = [X]]Y] > 26/]S] = 8] > £+/]S],

where the first inequality is by the AM-GM inequality, the second inequality follows because 20/ —x
is an increasing function of  on [0, ¢?], and the last inequality holds because |S| < ¢2. Dividing by
|S| and using |V'| = £? gives the vertex expansion of S in G stated in Theorem 22.10.

Vertex Expansion of H;: Let (Vp, V1) be the bipartition of V(Hy). For S C V(Hy) and i € {0,1},
let S; := S NV;. Assume that |Sp| > |S1| by symmetry. Identifying each V; with V(Gy), the set
J[S] contains Sy in Vj and a copy of 9[Sp] in V4. Thus, by the calculation above,

0S| = 10| + [91So]| > 10l +26v/[S0] — IS0 = 2¢v/[50] = V2 /5],

Dividing by |S| and using |V | = 2¢2 gives the vertex expansion of S in Hy stated in Theorem 22.10.

Local-to-Global Analysis
The following bounds follow from exactly the same argument as in Lemma 21.5.
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Corollary 22.11 (Local-to-Global Correlation of Low Threshold Rank Graphs). Let uy,...,u, be
unit vectors and C' be their Gram matriz, with C(i,j) = (u;,uj) fori,j € [n]. Let G = (V, E) be a
graph on'V = [n], and let P be an edge reweighting of G satisfying the first four common properties
in Conjecture 22.5 and Conjecture 22.8. Let 0 < 7 <mn < 1.

1. (Positive Threshold Rank:) If C(i,5) > n for every ij € E, then the number of eigenvalues of
P greater than T is at least

(Eijev [(ui,u;)?]) (77 = T)Q'

1—171

2. (Negative Threshold Rank:) If C(i,7) < —n for every ij € E, then the number of eigenvalues
of P less than —7 is at least

oy~ (1= T)?
(Esjev [ up)?)) ™ (1) -
The positive threshold rank bound follows directly from Lemma 21.5 by setting 6 = 1 — 7. The
negative threshold rank bound is not stated there, but follows from exactly the same argument.

Vector Embeddings and Reweighting Properties

The key observation is that the rook graphs G, and H, admit natural vector embeddings with
constant local correlation but vanishing global correlation. Thus, the reweighting properties in
Theorem 22.10 follow from the local-to-global analysis in Corollary 22.11.

Vector Embeddings and Reweighting Property of G;: For v = (v1,v2) € V, define the unit

vector
1
Uy := —=(€y, D €yy)-

V2

It follows that (uy,u,) > 1/2 for every edge vw € E (Gg). A direct calculation shows that
1 l+ 1
EU,wEV[<Uv>Uw = Z Z uv,uw €4 Z (1+2 (—1) ) YR
vel]? well)? vell)?

Applying the positive threshold rank bound in Corollary 22.11 with n = 1/2 and 7 = 1/4, we
conclude that the number of eigenvalues of P greater than 1/4 is at least

(Buwevicn (o)) (21) = £2+£21<1>2 < V(G

1—71 3

Vector Embeddings and Reweighting Property of H;: Let (Vp, Vi) be the bipartition of
V(Hy). For v € Vj and w € V1, define the unit vectors
1 1
Uy := —=(€y, B €y,) and Uy = ——=(Cw, D ey,).

V2 V2

It follows that (uy,uy,) < —1/2 for every edge vw € E(Hy). The same calculation as above shows
that B, yev(m,)[(Uo, uw)?] = (£ + 1)/(2¢%). Applying the negative threshold rank bound in Corol-
lary 22.11 with n = 1/2 and 7 = 1/4 as above, we conclude that the number of eigenvalues of P
less than —1/4 is at least Q(+/|V (Hy)]).

This completes the proof of Theorem 22.10 and thus disproves Conjecture 22.5 and Conjecture 22.8.
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Part VI

Matrix Concentration and Semi-Random
Problems

The study of the spectrum of random matrices is a classical and beautiful area in mathematics. In
this part, we introduce fundamental matrix concentration inequalities, study their applications to
CSP refutation, and present recent developments based on Kikuchi matrices for designing spectral
algorithms for semi-random problems and beyond.
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Chapter 23

Matrix Concentration Inequalities

In this chapter, we begin with a proof outline of the Chernoff-Hoeffding bound in the scalar setting
using the moment generating function, and introduce the matrix exponential and logarithm to
generalize this method to the matrix setting. We then study the approaches of Ahlswede and
Winter [AW02], using the Golden—Thompson inequality, and of Tropp [Trol5], using Lieb’s concavity
theorem, to prove matrix concentration inequalities. We present the proofs of the matrix Chernoff
bounds and the matrix Bernstein inequality as instantiations of this framework. Finally, we present
the matrix Khintchine inequality and discuss an alternative, more elementary, approach to deriving
matrix concentration inequalities. We conclude with recent progress on obtaining sharper matrix
concentration inequalities.

This chapter can be treated as a reference chapter and is more technical than the introductory
chapters in the other topics. The reader may wish to first explore the applications of matrix
concentration inequalities in the subsequent chapters and return later to the proofs.

23.1 Chernoff Bounds

The classical Chernoff-Hoeffding bound states that if X = 3" | X, is a sum of independent “small”
random variables, then X is sharply concentrated around its mean, with exponentially decaying tail
probability.

Theorem 23.1 (Chernoff-Hoeffding Bound). Let X1, Xs,..., X, be independent random variables
such that X; € [0,1] for each i. Let X =3 " X; and fimin < E[X] < fimax. For any 0 <6 <1,

4

e Mmax 6—5 HMmin
)1+6> and  Pr[X < (1 —6)pmin] < ((1_5)15> .

Pr[X > (14 6)ptmax] < <(1+5

We do not provide a full proof of this result, as it can be found in many textbooks. Instead, we
highlight the three main steps of the proof, as these will be extended to the matrix setting.

The key idea is to consider the exponential of the random variable. For the upper tail and any
0>0,

Pr(X >t) =Pr (e > ) < (23.1)

where the last inequality follows from Markov’s inequality. This transformation allows us to establish
exponentially small tail probabilities, provided we obtain a good upper bound on E [eex ]
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The function Mx (6) = E [e”X] is called the moment generating function of the random variable X,
since the moments E [X*] can be read off from the coefficients of the Taylor expansion of My (6).
An important advantage of this function is that it can be computed easily when X is a sum of
independent random variables:

E[GQX] _ E[ee(X1+--~+Xm)] — E[eeXl . e‘)Xm] = HE[@GXi], (23.2)

To upper bound E [eexi}, we use the convexity of e and upper bound it by the chord connecting
the two endpoints 0 and 1, which yields

E[e"] <E[1+ (e —1)- X;] =1+ (¢ —1)-E[X]]. (23.3)

With some standard calculations, we can choose the optimal value of 6 to establish the upper tail
bound in Theorem 23.1. We will explain these details in the proof of the matrix Chernoff bound.

Note that this approach applies more generally to other types of random variables, not only when
X; € [0,1], as long as we can obtain a suitable upper bound on E [eeXi]. For example, this applies
when the X; are Gaussian random variables; we will see a matrix concentration inequality involving
Gaussian random variables later in this chapter.

23.2 Matrix Exponential and Logarithm

To extend the above approach to the matrix setting, we need to define the exponential of a matrix
and, more generally, the notion of a function of a matrix.

Function of a Real Symmetric Matrix: This definition is natural when the matrix is diagonal.
Let f be a real-valued function and let D € R"*" be a diagonal matrix. Then f(D) € R™" is
simply the diagonal matrix

f(D1,1)
f(D) =
f(Dn7n)
This definition can be extended to real symmetric matrices as follows. Given a real symmetric
matrix A, write A = VDV T using an eigenvalue decomposition as described in (A.1). Define

FA) =V (D) V.

Note that the definition of f(A) does not depend on the particular eigenvalue decomposition A =
VDV chosen. The following property is immediate from the definition.

Claim 23.2 (Spectral Mapping). If (A1,...,\,) are the eigenvalues of a real symmetric matriz
A e R™™ then (f(A1),..., f(An)) are the eigenvalues of f(A) € R™™".

A useful property of this definition of matrix functions is that a pointwise inequality in the scalar
setting can be transferred to an inequality in the matrix setting. The following claim can be shown
easily for diagonal matrices, and then extended to real symmetric matrices by conjugation.

Claim 23.3 (Transfer Rule). Let f and g be real-valued functions defined on an interval I C R.
Let A be a real symmetric matriz whose eigenvalues are contained in I. Then

f(@)<gla) forallacl —  f(A)<g(A).
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A simple example of such a function is f(z) = z* for an integer k > 0, for which f(A) = A*.

Matrix Exponential: The matrix exponential e4 of a real symmetric matrix A is defined using
the definition above, with the exponential function f(x) = e®. Using the Taylor expansion of e”,
we can equivalently write

A S Ak
e :I+ZH. (23.4)
k=1

Since e* > 0 for all x € R, it follows from Claim 23.2 that
e = 0 for any real symmetric matrix A. (23.5)

A A ANT A
3 . e32 :(ez) ce2,

Alternatively, this can be shown by observing that e = e

Given an inequality such as 1 +x < e” for z € R, we can apply the transfer rule in Claim 23.3 to
establish that I + A < e for any real symmetric matrix A. This approach will allow us to extend
the inequality in (23.3) for the Chernoff-Hoeffding bound to prove the matrix Chernoff bound.

Matrix Logarithm: The matrix logarithm log A of a positive definite matrix A is defined using
the same definition as above, with the logarithm function f(z) = logx, which is only defined for
positive real numbers. Note that the matrix logarithm is the inverse of the matrix exponential:

log(e?) = A for any real symmetric matrix A.

The matrix logarithm also plays an important role in Tropp’s proof of the matrix Chernoff bound.

23.3 Matrix Concentration Inequalities via Matrix Exponentials

Ahlswede and Winter [AW02] were the first to lift the ideas used in proving Chernoff bounds to
the matrix setting. The following proposition generalizes the first step in the proof of the Chernoff
bound in (23.1) using matrix exponentials.

Proposition 23.4 (Tail Bound for Eigenvalues). Let X € R™*™ be a random real symmetric matriz.
For any t € R,

Pr{Amax(X) > #] < inf e E[Tr (")] and PrAmn(X) <] < inf e " E[Tr ("Y)].
> <

Proof. Fix 6 > 0. Exponentiating and applying Markov’s inequality as in (23.1),
Pr[Amax(X) > t] = Pr [ee Amax(X) > eet] <e 0 'E[ee A"‘a"(X)] =0 -E[Amax (eeX)],

where the last equality follows from the spectral mapping property in Claim 23.2. Since the matrix
exponential is positive definite by (23.5), it follows from Fact A.38 that

Amax (eex) < Z i (eaX) =Tr (eaX).
i=1

Taking the infimum over # > 0 proves the upper tail bound. The lower tail bound follows by an
analogous argument with 6 < 0. O

One point to notice is that the maximum eigenvalue Apax (€9X ) is replaced by the larger quantity

Tr (eeX ) The reason is that there are no nice formulas to bound Apax (69X ) in terms of quantities
involving the summands, whereas there are tools to do so for the trace, as we will see next.
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Bounding Trace Exponential Using Golden—Thompson Inequality

b b

The main difficulty in the matrix setting is non-commutativity. In the scalar setting, e®*t? = e%e®,
but in the matrix setting, eAt? £ eeB unless A and B commute. As a result, it is unclear how to
generalize the second step in the proof of the Chernoff bound in (23.2) to the matrix setting.

The key tool used by Ahlswede and Winter to get around this difficulty is the Golden—Thompson
inequality, which states that

Tr (eAJrB) <Tr (eAeB) for real symmetric matrices A, B. (23.6)

This inequality has an interesting history with various connections and proofs; we refer the reader
to [F'T14] for a nice exposition. We will not provide a proof here, as the proof of this inequality is
not needed for deriving the matrix Chernoff bound.

By considering the trace and using the Golden—Thompson inequality, Ahlswede and Winter proved
the following generalization of the second step in the proof of the Chernoff bound in (23.2).

Proposition 23.5 (Bounding Trace Exponential Using Golden-Thompson). For independent ran-
dom real symmetric matrices X1, ..., X,;, € R"*"

BT (0 5] < n [T

‘op'

Proof. By the Golden—Thompson inequality and the independence of the random matrices,

E[Tr (/Cat +Xm))] < B[ Ty (Pt +Xm-1) . 0Xm)]
= Ex,. . x,.. [EXm [Tr (69(X1+---+Xm_1) ) eexm)]]
= Exi,..xXm [Tr (69(X1+'"+X"L*1) ‘Ex,, [69Xm} )]
< B[], BT (050

where the last inequality is by Fact A.39. Repeating this argument recursively proves the proposi-
tion, where the final step uses Tr(e??) = Tr(I,) = n. O

Using Proposition 23.4 and Proposition 23.5, together with a simple bound on HIE[@QZ] Hop, Ahlswede
and Winter proved the following matrix concentration inequality for independent and identically
distributed random matrices.

Theorem 23.6 (Ahlswede-Winter [AW02]). Let Z be a random n x n positive semidefinite matriz,
with Z < r-E[Z] for some r > 1. Let Z1,Zs, ..., Zy be independent copies of Z. For any e € (0,1),

Pr|(1—E[Z] < liz,- < (1+eE [Z]] > 1 2nexp (_€2m>.

m 4 4r
=1

In Problem 23.22, we outline a proof of Theorem 23.6. In Problem 23.23, we show that Theorem 23.6
can also be used to obtain the spectral sparsification result in Theorem 14.8.

The reason that this approach does not lead to a proof of the matrix Chernoff bound is that
Proposition 23.5 can be quite loose when the random matrices are not identically distributed.
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Bounding Trace Exponential Using Lieb’s Concavity Theorem

Tropp discovered that a deep result of Lieb can be applied effectively to prove sharp matrix con-
centration inequalities in much broader settings. The proof of the following theorem is far beyond
the scope of this book. We refer the reader to |Trol5, Chapter 8] for a self-contained exposition.

Theorem 23.7 (Lieb’s Concavity Theorem). For any real symmetric matriz H, the function
A Tr (eH—HogA)

s concave on the convex cone of positive definite matrices.

Using Lieb’s concavity theorem, Tropp derived a sharper generalization of the second step in the
proof of the Chernoff bound in (23.2), using both matrix exponentials and matrix logarithms.

Proposition 23.8 (Bounding Trace Exponential Using Lieb’s Concavity). Let Xi,...,X,, be in-
dependent random real symmetric matrices. Then, for any 0 € R,

E[Tr (fC++Xm)] < Ty (egf;l IOgE[eexﬂ) ‘

Proof. Using Jensen’s inequality that E[f(X)] < f(E[X]) for a concave function f, together with
Lieb’s concavity theorem after conditioning on Xy, ..., X,,—1, with H = Zf:ll 6X; and A = ?Xm,

E[Tr (eH(X1+-..+Xm))] = Ex,. X [Exm [Tr (ez?lil (,Xﬁlogeexm)”
= EXl,...,X,,L,1 [TI‘ (eZZn:El 0Xi+10gE[69X77L])]

The proposition follows by repeatedly applying the same argument, for £ = m — 1,... 1, with
H="r1lox, + S i1 log E[e?Xi] and A = X%, O

As we will see, this bound allows us to retain the additive structure of the random matrices, and
therefore applies naturally to heterogeneous settings.

23.4 Matrix Chernoff Bounds and Matrix Bernstein Inequality

In this section, we derive matrix Chernoff bounds in two settings and a matrix Bernstein inequality,
following closely the presentation in [Trol5]. All proofs use the same framework, while the details
differ in how the moment generating functions are bounded.

Matrix Chernoff Bound for Positive Semidefinite Matrices

The following lemma uses the transfer rule in Claim 23.3 to generalize the third step in the proof
of the Chernoff bound in (23.3).

Lemma 23.9 (Bounding Moment Generating Function for Positive Semidefinite Matrices). Let X
be a random real symmetric matriz that satisfies X = 0 and | X || < r for some r > 0. For 6 € R,

97‘_1 697"—1

¢~ Elx].

r

e

E[e?X] < exp( E[X}) and logE[e?X] x

r

309



Algorithmic Spectral Graph Theory

Proof. The function f(z) = €% is convex, so its graph lies below the chord connecting the two
points 0 and r. This yields

or or
-1 -1
¢ -z forzel0,r] = eeXg<I+e

T <14 - X,

where the implication is by the transfer rule in Claim 23.3 and the assumption that the eigenvalues
of X lie in the interval [0, r]. Taking expectations preserves the semidefinite ordering, so

Or

efm —1 or _1

e

E{e”x}<l+ -E[XHeXp( 'E[X]>v

r r

where the last inequality is by the scalar inequality 1 + z < e® for all x € R and the transfer rule.
This proves the first inequality.

The second inequality follows from the nontrivial fact that the matrix logarithm also preserves the
semidefinite ordering; see Problem 23.25 and Problem 23.26. O

The matrix Chernoff bound in Theorem 14.10 follows readily.

Proof of Theorem 1/.10. Applying Proposition 23.4, Proposition 23.8, and Lemma 23.9,
PrAmax(X) >t] < inf e 0. E[Tr eeX]

6>0
< infe . Ty (ez;il IOgE[eexi])
— 6>0
< infe . Tr (eZﬁlg(e)-E[xi])
~6>0 )

where in the last inequality we use the fact that A < B implies Tr(e?) < Tr(e?), together with the
shorthand g(#) := (" — 1)/r. Tt follows from the assumption E [X] < pimax - I, that

PrAmax(X) > t] < inf e 0t Ty (69(9)'E[X]) <infe 0. pn. 9(0)Hmax
0>0 0>0

Setting ¢ = (1 + €)pimax and 6 = r~1log(1 + €), we obtain

€ Hmax

2
e __ € Mmax
) " < ne 3

(14 ¢)tte

where the last inequality holds for 0 < € < 1 by the standard calculations for classical Chernoff
bounds. This proves the upper tail bound, and the lower tail bound follows by an analogous
argument. O

Pr [)\max(X) > (1 + E)Hmax] < TL(

Matrix Chernoff Bound for Gaussian and Rademacher Series

We will use the following version of the matrix Chernoff bound for Gaussian series for the tensor
principal component analysis problem in Section 25.4. A new feature is the use of the matrix
variance parameter o2 to control the moment generating function.

Theorem 23.10 (Matrix Gaussian and Rademacher Series). Let Ay, ..., Ay, be nxn real symmetric
matrices, and let g1, ..., gm be independent N(0,1) random variables. Let

3 a2
=1

7= g4 and o*(2)=|E[Z]], =
=1

op
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Then, for any t > 0,
t2
Pr(HZHop > t) < 2n-exp ( _ 7)

202(7)
The same bound holds when g1, ..., 9m are replaced by independent Rademacher random variables
S1y---,8m, t-e., random variables taking values £1 with equal probability.

The following lemma is based on standard facts about Gaussian random variables.

Lemma 23.11 (Bounding Moment Generating Function for Gaussian Series). Let A be a real
symmetric matriz and let g be a standard normal random variable. For 6 € R,

1
Eled 4] = A2 and log E[e94] = 592A2.

Proof. We may assume 6 = 1 by absorbing 6 into the matrix A. For ¢ € N, it is well known that
the moments of a standard normal random variable satisfy

E [g2q+1] =0 and E [92(1] = ﬁ(2i 1= (22‘1qq)!!’

=1

which can be derived from the Gaussian integration-by-parts formula in Fact 23.14. It follows from
the Taylor expansion that

e =T+
q=1

E [¢%7] _ N1 (A%Ne a2
(29)! AM=T+d () =

Taking the logarithm gives logE [egA] = A2%)2. O

The proof of Theorem 23.10 follows the same steps as in the previous matrix Chernoff bound.

Proof of Theorem 23.10. Applying Proposition 23.4, Proposition 23.8, and Lemma 23.11,

IN

Pr[Amax(Z) > t] inf e~ % E[Tr 692]

6>0
inf e =0 . Ty (i1 logEle’i])
0>0

. _ 02 <~m 42
inf e % . Tr (62 Zi:lAi).
6>0

IN

Since the trace is at most n times the maximum eigenvalue for positive semidefinite matrices, it
follows from the spectral mapping property in Claim 23.2 that

2 m
Pr[Amax(Z) > t] < inf e % n s Ao (697 2t Af’) — n - inf e~ 0t+30°0%(2)
0>0 6>0

Choosing § = t/0?(Z) yields the upper tail. The lower tail is analogous, and the theorem follows
by a union bound. O

The proof for the matrix Rademacher series is left to Problem 23.27.
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Matrix Bernstein Inequality

We will also use the following matrix Bernstein inequality for analyzing refutation algorithms for
random constraint satisfaction problems in Chapter 24. Unlike the matrix Chernoff bounds above,
which apply to positive semidefinite random matrices, the matrix Bernstein inequality applies to
mean-zero random matrices with bounded operator norm and uses the variance parameter to control
the tail probability.

Theorem 23.12 (Matrix Bernstein Inequality, Weaker Form). Let Xi,..., X, be independent
random n x n real symmetric matrices such that E[X;] =0 and || X;|lop < L for 1 <i < m. Let

> 5 [x)

Z = ZXz' and o*(Z) = ||E 2] Hop -

=1

op

Then, for any t > 0,

Pr([| Z|lop > t) < 2n-exp ( — Q(min{(j;iz), %}))

The statement above is weaker than the standard matrix Bernstein inequality only in the absolute
constants in the exponent, but the bound for the moment generating function below is considerably
simpler. We state the sharper bound in Problem 23.28 and outline a proof.

Lemma 23.13 (Bounding Moment Generating Function for Matrix Bernstein). Let X be a random
real symmetric matriz that satisfies E [ X| =0 and || X ||op < L for some L > 0. Then, for 0 <6 <
1/L,

E[egx] < exp <92 -E [X2] ) and logE[eGX} <6* E [X2] )

Proof. Using the inequality e® < 1+ z + 22 for € [~1,1] and the transfer rule in Claim 23.3, it
follows that, for || X ||op < L,
X K T+0X +6°X% for 0<O<1/L.
Taking expectations and using E [X] = 0, we obtain
E "] <1462 E[X?] 5 exp (62 E [X7]),

where the last inequality is by the scalar inequality 1 + x < €% for all x € R and the transfer
rule. The second inequality in the lemma follows from Problem 23.26, which states that the matrix
logarithm preserves the semidefinite ordering. O

The proof of the matrix Bernstein inequality follows the same steps as in matrix Chernoff bounds.
Proof of Theorem 23.12. Applying Proposition 23.4, Proposition 23.8, and Lemma 23.13,

Pridmax(2) > t] < inf e 9. E[Tr eez]

0<0<1/L
. — m 6X;
< inf e 9. Tr (ezi:llog]E[e ])
0<6<1/L
. _ 2 m 2
< inf e . Tr (69 Zi:lE[XJ).
0<6<1/L
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As in the proof of Theorem 23.10,

PrAmax(Z) > t] < inf e % n s Max (602 ZglE[Xﬂ) <n- inf e 0tH0%0*(2)

T 0<6<1/L 0<0<1/L
The upper tail follows by choosing
6 = min {#, l}
202(Z)" L
The lower tail is analogous, and the theorem follows by a union bound. O

Note that the choice of § shows the two regimes of the bound: when t < 0?(Z)/L, the tail is
subgaussian, while when t > 02(Z)/L, the tail is exponential.

We highly recommend [Trol5] for more details, historical background, and further developments on
matrix concentration inequalities.

23.5 An Elementary Approach to Matrix Concentration

In this section, we discuss an alternative, more elementary, approach to deriving matrix concentra-
tion bounds. The previous approach is based on bounding the moment generating function, which
requires advanced results such as the Golden—Thompson inequality and Lieb’s concavity theorem.
The current approach is based on bounding the expectation of the p-th moment of the eigenvalues
using the noncommutative Khintchine inequality, and then applying classical scalar concentration
inequalities to obtain tail bounds around the expectation. This gives useful high-probability bounds
for structured random matrix models such as Gaussian and Rademacher matrix series, which are
the main forms used in the next chapters.

Moment Method
For a vector x € R™ and any integer p > 1, we have the simple bound
1
[zlloo < [lzllp <nv -zl = [l2lleo < [lz]l, for p=logn.

Let A = (A1,...,An) be the eigenvalues of a real symmetric matrix X. Then ||\ = || X ||op and
1
| Allp = Tr [X?P] 2. This implies that

1
| X lop =< Tr [sz] 2r for p < logn. (23.7)

This provides a way to obtain a constant-factor approximation to the operator norm by computing
the trace of the ©(logn)-th power of the matrix.

Gaussian Model

Let Aq,..., A, be n X n real symmetric matrices. Consider the random matrix
m
Z=> giAi, (23.8)
i=1
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where g1,...,gm are independent standard Gaussian random variables. The matrix variance pa-
rameter is defined as
Z 4|

where the equality follows from independence and E [g;g;] = 0 for i # j.

o*(Z) = ||E [27]] , (23.9)

One advantage of this Gaussian model is that it allows for easier calculations, and the resulting
bound can be adapted to other models such as the Rademacher model Z = 2211 s;A;, where
S1,-..,Sm are independent random variables taking values +1 with equal probability. Using the
fact that g; has the same distribution as |g;|s;, Jensen’s inequality, and E[|g;|] = \/2/7, we see that

m

2
Z |gilsiA = \/>IE9
=1 T

Thus, an upper bound on the Gaussian model provides an upper bound on the Rademacher model.

= Eg,s Eg‘gz’Az (2310)

> E,
P

op op

A useful formula for calculations in the Gaussian model is the following.

Fact 23.14 (Gaussian Integration by Parts). Let g ~ N(0,1). For a smooth function f with
compact support,

Elg- f(9)] =E[f(9)]-

Using this formula, one can derive, for instance, that the expected maximum of n i.i.d. Gaussian
random variables is of order ©(y/logn).

Matrix Khintchine Inequality

Lust-Piquard and Pisier proved the following noncommutative Khintchine inequality. Our presen-
tation is based on the survey by van Handel [vH17].

Theorem 23.15 (Noncommutative Khintchine Inequality). In the Gaussian model Z =3 ;" | g;A
n (23.8), for any integer p > 1,

1
p|2p

E [Ty[2%)]% < \/2p—1-Tr |(E[27] )”}21” —/2p—1-Tr

(2#)

The same bound holds for the Rademacher model Z =" | s;A;, where s1,. .., sy, are independent
random variables taking values £1 with equal probability.

Proof. The idea is to use Gaussian integration by parts with f(g;) = Tr[4;Z%~], and the product
rule to compute f'(g;). Since Z =", g; A;,

2p—2
E|Tr[4:2' 42277
=0

E [Tr[ZQPH — iE [gi Tr[AiZQP 1 _

=1 %

'MS

Il
i

The generalized Lieb—Thirring inequality in Lemma 23.17 states that, for 1 <i <mand 0 <[ <
2p - 27
Tr [A, 2" A4; 2277271 < Tx [AZZ%72].
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Using the matrix Holder’s inequality in Lemma A.41, which states that for p, ¢ with % + % =1,

1 _p 11
Tr(AB) < [|Allp - || Bllg = Tr (JA[)» - Tx (| B|7=1) " 7,
it follows that by substituting A = >_1", A? and B = Z?P72,

1

E [Tr[2%]] < (2p — 1)%1@ [Tr [A22%72]] < (2p - 1) [(Z/P) ]p ‘E [Tr[ZQ”]l_%]-

i=1

1
Using (23.9) and Jensen’s inequality that E [Tr[ZQp]kE} < (E[Tx[2?)) )I_P, rearranging and
taking the square root gives the conclusion.

The statement about the Rademacher model follows from the same reasoning as in (23.10). O

Together with the moment method, the following is an elegant corollary that is widely applicable.
Theorem 23.16 (Matrix Khintchine Inequality). In the Gaussian model Z = 3" | g;A; in (23.8),

where Z € R™*",
E [ Z]lop] S Viogn - |[E [22]]]2,:
The same holds for the Rademacher model Z =" | s;A;, where s; = £1 with equal probability.

Proof. Choose an integer p < logn. Combining Jensen’s inequality, the noncommutative Khintchine
inequality in Theorem 23.15, and the moment method in (23.7) gives

E(1Zlr) < (B 1Z18))% < (E[T2%])) S v5-T: [(E[27] )] = viogn - [E[27]

The conclusion for the Rademacher model follows from (23.10). O

1
2

It remains to prove the generalized Lieb—Thirring inequality.

Lemma 23.17 (Generalized Lieb-Thirring Inequality). Let A and X be real symmetric matrices.
For integers p > 0 and 0 <1 < 2p,

Tr [AX'AX?7] < Tr [A2X%].

Proof. Let X =" | Ajvjv; . Then the left-hand side is
. - 2
Tr [AX'AX %] [ (ZA%Z > (ZAj” bojv] )] ZZ)\ NP (v, Av)|”.
j=1 =1 j=1
Similarly, the right-hand side is
Tr [A°X%] = Tr [A(va;—>A<Z)\2pv] ]>} ZZ)\ZP v“Avj>|2.
i=1 j=1 i=1 j=1

Since A is real symmetric, ‘ vl,Avﬂ‘Q = ’ vJ,Avi)f. Thus, to prove the inequality, it suffices to
pair the (i,7) and (j,4) terms and show that

MNP NPT < N2 NP
Indeed, as [ and 2p — [ have the same parity,
AP AT NPT NPT = (= AP = AP > 0,
Summing over all paired terms proves the lemma. O
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Deriving Matrix Concentration Inequalities

Gaussian and Rademacher Models: To prove that a random matrix series is close to its expec-
tation with high probability, one can apply classical scalar concentration inequalities for Lipschitz
functions. The following theorem applies to functions of Gaussian random variables.

Theorem 23.18 (Gaussian Concentration). Let g = (g1,..-,9m) be a vector of m independent
standard normal random variables. Let f : R™ — R be an £-Lipschitz function, i.e., | f(z) — f(y)| <
C|x —y|l2. Foranyt>0,

+2

Pr(f(g) —E[f(g)] > t] <e 2.

For the Gaussian model Z = >, ¢;4;, the function f(g9) = ||D %, 9idillop is 0(Z)-Lipschitz
with respect to the Euclidean norm on R™, where 02(Z) = |32 A?||op; see Problem 23.30. The
following concentration inequality for bounded random variables applies to the Rademacher model.

Theorem 23.19 (Concentration of Convex Lipschitz Functions). Let Xi,..., X, be independent
random variables such that | X;| < k for each 1 < i <m. If f : R™ — R is an ¢-Lipschitz function
and is separately conver, i.e., f is convexr in the i-th variable when the other wvariables are fized,
then, for any t > 0,

2

Pr[f(X1,.., Xm) —E[f(X1, ..., Xm)] > 1] < e 572,

For fixed real symmetric matrices Ay, ..., Ay, define f(x) = || D27 2 A;llop for £ = (21,...,2m) €
R™. This function is convex and o(Z)-Lipschitz with respect to the Euclidean norm on R™, where
02(Z) = |3 A2||op; see Problem 23.31.

Combined with Theorem 23.16, these theorems imply that there is an absolute constant C' > 0 such
that, for the Gaussian model and the Rademacher model,
1 1
Pr (||Z||Op < Cy/logn - ||E[72] ng) >1- - (23.11)
n
This is the main statement derived from the elementary approach that is needed in the next chapters.

We refer the reader to the excellent book [BLM13] for proofs of these concentration theorems.

Matrix Chernoff and Matrix Bernstein: Using the matrix Khintchine inequality in Theo-
rem 23.16 with some additional but elementary calculations, such as the symmetrization trick, one
can derive upper bounds on the expectation of the operator norm in different settings [Rud99, Tro16].
For example, in the setting of the matrix Chernoff bound for positive semidefinite matrices in The-
orem 14.10, one can show that

ZXi ZE [Xi]

In the setting of the matrix Bernstein inequality in Theorem 23.12, one can show that

m
>ox
=1

We refer the reader to Kothari’s course notes for streamlined proofs of these expected-norm bounds.

E <(l+¢e)

op

1
+O<1 + 7>rlogn.
op €

m

>_E[X]

i=1

1
2

+ Llogn.
op

E < V/logn

op

However, this approach does not recover the tail bounds in Theorem 14.10 and Theorem 23.12. For
general random matrix summands, a direct scalar-concentration argument gives a much cruder tail
bound than those in the matrix Chernoff and matrix Bernstein inequalities.
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23.6 Sharper Matrix Concentration Inequalities

The matrix Khintchine inequality shows that

IE[22]]|2, SEN1Zllop) S viogn - |E[2%]]]2,,

op "~
where the proof of the lower bound can be found in [vHI17].

The dimension-dependent logarithmic factor between the lower and upper bounds is suboptimal and
undesirable in some applications. This motivates the question of whether there is a more refined
quantity, depending on the structure of the A;, that provides a tighter approximation to E [|| Z ||op)-

Tropp’s Second-Order Khintchine Inequality

Progress on this question was initiated by Tropp [Trol8]. The intuition is that the generalized
Lieb—Thirring inequality is tight only when the matrices commute. To prove a tighter bound for
non-commutative matrices, his idea is to apply Gaussian integration by parts once again to each
term E [Tr[AZ-Z tA,Z 2p—2_l]] in the proof of the non-commutative Khintchine inequality, in the hope
that these terms are much smaller than the upper bound E [Tr[A?Z?P~?]]|. Using techniques from
complex analysis, Tropp introduced a convexity argument by relaxing the problem to a larger space
and proved the following theorem.

Theorem 23.20 (Tropp’s Second-Order Khintchine Inequality |Irol8|). In the Gaussian model
Z =31 giA; in (23.8), where Z € R™™™, define

a2
7 op

where the supremum is taken over all triples Uy, Us, Us of unitary matrices. Then

N

9

and 5’(2) = Sup ZAiUlAjUQAiUgAj
U1, U2,Usll op

E[|Z]lop]) S 0(2) - logi n +&(Z) - log? n.

Informally, the matrix alignment parameter (Z) measures the non-commutativeness among the
matrices Aq,...,Ay. This parameter provides improved bounds on the operator norm in some
situations, but its scope is limited because it is often difficult to estimate.

Sharp Matrix Concentration Inequality from Free Probability

Recently, this approach was significantly advanced by Bandeira, Boedihardjo, and van Han-
del [BBvH23|. They defined the n? x n? covariance matrix Cov(Z ) by

Cov(Z)ijm =K [Zi;Zy| and v(Z)* = ||Cov(Z) |lop = -vec(A;) T

)

op

where vec(A;) denotes the n?-dimensional vector representation of the n x n matrix A;. They proved
a friendly bound on the matrix alignment parameter:

5(2)? <v(Z)-0(2).

More significantly, they developed a novel interpolation approach to compare the spectrum of the
Gaussian model Z with the spectrum of its “limiting object” Zge in the theory of free probability,
< 0(Z). Their main theorem, in a simple form, is as follows.
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Theorem 23.21 (Sharp Matrix Concentration Inequality from Free Probability [BBvH23|). In the
Gaussian model Z = 31", g;A; in (23.8), where Z € R™*",

N

E[|Zlop] < 20(Z) + Co(2)7 - v(Z)? - (logn) 1,

where C is a universal constant.

They showed that the parameter v(Z) is much smaller than o(Z) in many interesting settings,
for which the new inequality provides an asymptotically sharp upper bound E[||Z|op] S o(2).
Notably, this new inequality was at the heart of recent major progress toward proving the matrix
Spencer conjecture, which we discussed in Chapter 16.

Universality Principle

In a subsequent work, Brailovskaya and van Handel [BvH24] extended these matrix concentration
inequalities to a much larger class of random matrices. The random matrix model is

n
Z=A+> Z
i=1
where Z1,...,Z, are independent Hermitian random matrices with E[Z;] = 0 and each ||Z;]]

bounded. This captures many commonly studied random graph models, with arbitrary dependen-
cies among their entries. They proved a general non-commutative universality principle, showing
that the spectral statistics of Z are closely approximated by those of a Gaussian model with the
same first- and second-order moments. They also showed that these results for the general model
can be applied to give new probabilistic constructions of near-Ramanujan graphs.

Derandomization
Some of the results in [BBvH23, BvH24| were derandomized in [WLZ26|, providing polynomial-
time deterministic algorithms for the matrix Spencer problem and for constructing near-Ramanujan

graphs. Their proofs show that the concepts and techniques from free probability are useful not
only for mathematical analyses but also for efficient computations.

23.7 Problems

Problem 23.22 (Proof of Ahlswede-Winter Inequality). We outline a proof of Theorem 23.6.

1. Reduce to the case that E[Z] =1 and 0 X Z < rl. (Hint: see Theorem 14.8.)

2. Consider the random matriz X := (Z —E[Z])/r. Prove that, for 0 <6 <1,
E[e’X] < SMPEXP ||IE[69X] HOp <
(Hint: Use the inequalities 1 +x < e® < 1+ x + 22 for x € [—1,1] and the transfer rule.)
3. Conclude the proof of Theorem 23.6.
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Problem 23.23 (Application of Ahlswede-Winter Inequality to Spectral Sparsification). The goal
of this problem is to use Theorem 25.6 to prove Theorem 1}.8.

Let G = (V, E) be a connected undirected graph. Let p be the probability distribution over the edges

defined by Reff(e)
eff (e

Pe = =
© YjenRefi(f)
Consider the following random sampling algorithm with k < |V |log |V |/€? iterations: in each itera-

tion, sample an edge e independently according to the distribution p, and add (kp.)™' to the weight
of edge e, where initially all edge weights are zero.

Use Theorem 23.6 to analyze this random sampling algorithm and prove Theorem 14.8.
Hint: You may need to prove that L. < Reff(e) - Lg and ) . Reff(e) = |V| — 1.
Problem 23.24 (Connectivity of Random Graphs [Trol5, Section 5.3.3]). Prove that an Erdds—

Rényi graph G(n,p), where there are n vertices and each pair has an edge independently with prob-
ability p, is connected with high probability as n — oo when

- (2+€)log(n —1)

for some fixed € > 0.
n

Hint: Use the matriz Chernoff bound to lower bound the second smallest eigenvalue of the Laplacian
matriz.

Problem 23.25 (Scalar Monotonicity is Not Enough). Show that the function f(z) = z? is in-
creasing on Ry but is not operator monotone. That is, find positive semidefinite matrices A < B
such that

A% 4 B2,

Problem 23.26 (Operator Monotonicity of Matrix Logarithm). Let A and B be positive definite
real symmetric matrices. Prove that if A X B, then

log A < log B.

Hint: Use the integral representation

& 1 1
log:c:/ ( )dt.
0 141 x4+t

Then use the fact that taking inverses reverses the semidefinite ordering.

Problem 23.27 (Matrix Rademacher Series). Prove Theorem 25.10 for Z = Y ", s;A;, where
S1,---,Sm are independent random variables taking values £1 with equal probability.

Hint: For a Rademacher random variable s, prove that E[e®94] < ef*4%/2 by establishing the scalar
inequality %ea + %e‘a < /2 for all a € R, and then applying the transfer rule.

Problem 23.28 (Standard Matrix Bernstein Inequality). Prove the following sharper version of
Theorem 23.12:

(H ” > t) < %t2
Pr(||Z n-exp| ————| .
= - 02(Z)+?1,)Lt
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Hint: Prove that, for 0 < 6 < 3/L,

log E [eexl} < 0/2

e 2
T 1-06L/3 EX]

Then repeat the proof of Theorem 25.12 and optimize over 0.

Problem 23.29 (Matrix Bernstein Inequality for Non-Symmetric Matrices). Prove a version of
Theorem 23.12 for random n X n, not necessarily symmetric, matrices X1, ..., X, with E[X;] =0
and || Xillop < L for 1 <i<m. Let Z =", X; and define

m m
2(2) ::max{ ZE[XiXﬂ , ZE[X;XJ }

i=1 op Ili=1 op

Prove that, for any t > 0,
—%tQ
e[| Zlp 2 ] < 2m-oxp (520 )
P20 = 1) = 20 (o
‘ . . Y, 0 X;
Hint: Consider the self-adjoint dilation Y; := X7 ol
i

Problem 23.30 (Lipschitz Constant in the Gaussian Model). Let Ai,..., Ay, be n x n real sym-
metric matrices, and define f(g) = szl giAiHop for g=1(g1,...,9m) € R™.

Prove that f is o-Lipschitz with respect to the Buclidean norm on R™, where 0% = HZZ’LI A?HOP,

Conclude from Gaussian concentration in Theorem 23.18 that, for Z =3 1" g;Ai, where g1,. .., gm
are independent standard normal random variables,

t2
Pr [ Zllop ~ E 1 Zlop) = 1] < exp (= 55):

Problem 23.31 (Convex Lipschitz Concentration for Matrix Series). Let Aq,..., Ay, be n X n real
symmetric matrices, and define f(x) = HZ?; T A; Hop for x = (x1,...,2y) € R™.

1. Prove that f is convex, and hence separately conver.

2. Prove that f is o-Lipschitz with respect to the Euclidean norm on R™, where 0> =

HZZTZl A12 Hop'

3. Let Xy,...,X,, be independent random variables satisfying | X;| < k for each 1 < i < m. Use

the concentration theorem for convex Lipschitz functions in Theorem 23.19 to prove that, for
Z = Z?il XiAi;

t2
Pr{1Zllop = Ell Zllop) 2 €] < exp (= 55 )-

Problem 23.32 (Expected Matrix Bernstein Bound). Let Xi,..., X,, be independent mean-zero
real symmetric random matrices such that | X;||op < L for all i. Let Z =7 ", X;. Prove that

m

>_E[x7]

=1

1
2
ElllZ]lop] S v1ogn

+ Llogn.
op
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Hint: Let X|,...,X], be independent copies of Xi,..., X, and let s1,..., Sy be independent
Rademacher random variables. Show the symmetrization trick:

> X

Then condition on X1,..., Xm and apply the matriz Khintchine inequality in Theorem 23.16. Fi-
nally, apply the expected matriz Chernoff bound to the positive semidefinite matrices Xl-2.

Z SiXi

(2

|

gE‘ D s X — X))

op i

<2x|

op op
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Chapter 24

Refutation Algorithms for Semi-Random
Constraint Satisfaction Problems

Constraint satisfaction problems (CSPs), such as k-SAT, are central problems in theoretical com-
puter science. They are canonical NP-complete problems used both to prove the hardness of other
problems and to design efficient algorithms through modern SAT solvers. It is thus of fundamental
interest to generate hard instances of CSPs as benchmarks for algorithms and complexity, across a
range of difficulty levels.

A simple and effective way to generate hard instances is to construct a random CSP instance
with m constraints and n variables. By probabilistic methods, there is a sharp threshold ¢* for the
constraint-to-variable ratio, such that when 7 < ¢* the random instance is almost always satisfiable,
while when * > ¢* it is almost always unsatisfiable. It is generally believed that a random instance
becomes harder to solve as the constraint-to-variable ratio approaches this threshold. This provides
a natural testbed for studying the power and limitations of CSP algorithms.

In this chapter, we study algorithms for certifying that a random instance is unsatisfiable when
the constraint-to-variable ratio is above the threshold. In this regime, spectral techniques are
surprisingly powerful, providing some of the simplest and fastest algorithms for CSP refutation.
Furthermore, these techniques extend to semi-random CSP instances, with strong applications that
we will see in the next chapter.

24.1 Random 2-XOR: Quadratic Form

In this section, we start with the simplest setting of refuting random 2-XOR formulas and see how
spectral techniques apply naturally. Before doing so, we first explain the problem formulations.

k-XOR, Random k-XOR, and Strong Refutation

k-XOR: In a Boolean CSP instance, there are n Boolean variables xi,...,z, € {0,1} and m
constraints on the variables. In a k-XOR formula, each constraint involves k variables and is of the
form

Ty, + Ty, + -+ 2, =b mod 2, where be{0,1}.
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XOR Principle: The “XOR principle” [Fei02, FO07, AOW15, AGK21] states that, in order to
strongly refute random Boolean CSP instances of a given density, it suffices to strongly refute random
k-XOR instances of comparable density, obtained from the Fourier expansion of the constraints.

For the rest of this chapter, we focus on strongly refuting random and semi-random k-XOR formulas.

Strong Refutation: Given an arbitrary k-XOR formula with m constraints, refuting the formula
means proving that there does not exist an assignment = € {0, 1}" satisfying all m constraints. Note
that a uniformly random assignment xz € {0,1}" satisfies %m constraints in expectation. Strongly
refuting the formula means proving that there does not exist an assignment satisfying more than
(% + €)m constraints, for some small constant e > 0.

Random k-XOR: To generate a random k-XOR formula, we fix a set of n Boolean variables
Z1,...,Tn, and generate m random constraints C1, ..., Cy, as follows. For each constraint Cj,

1. choose a set of k variables (z;,, ..., ;) uniformly at random from all ([Z]) subsets of size k,

2. choose b; € {0,1} with equal probability.

Underlying Hypergraph: Given a k-XOR instance of n variables and m constraints, we consider
the corresponding hypergraph H = ([n], E) of n vertices and m hyperedges of size k, where each
constraint x;, + zj, + - -+ + x;, = b; (mod 2) corresponds to the hyperedge {i1,..., it} in E.

For a random k-XOR instance, the corresponding hypergraph is a random k-uniform hypergraph
with n vertices and m random hyperedges, sampled independently from all subsets of size k.

Spectral Approach

Product Form: For the spectral approach, we consider the equivalent product form of a constraint
Tiy * Tjy v x;, =b; where each z;, € {£1} and b; € {£1},

corresponding to the additive constraint z;, + x4, + -+ + x4, = b; (mod 2).

Bias Polynomial: Using this product form, we can express the number of constraints satisfied by
an assignment x € {+1}" using the following bias polynomial:

U(z) =Y be[] i (24.1)

eeH i€e

where e € H denotes a hyperedge e in H, and 7 € e denotes a vertex in the hyperedge. For an
assignment x € {£1}", note that ¥(z) is equal to the number of constraints satisfied by « minus the
number of constraints unsatisfied by z. Thus, U(z) = m if and only if x is a satisfying assignment,
and strong refutation is equivalent to proving that

max VY(z) <2em for some small constant € > 0.
ze{£1}"
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2-XOR and Quadratic Form: For 2-XOR, the bias polynomial takes the simple form

U(z) =Y by,

ij€H
which can be expressed as a quadratic form using the symmetric signed adjacency matrix B, where

bi]‘ ifij € H,

] (24.2)
0 otherwise.

Then ' Bx = 2U(z). Therefore, strong refutation reduces to proving a strong upper bound on the
maximum eigenvalue:

2 max ¥(zr)= max 2 Bz < max Amax(B)-[z]|2 =n- Amax(B), (24.3)
ze{£1}" ze{x1}" ze{£1}"

where the inequality follows from the characterization of the maximum eigenvalue in Lemma A.13.
This naturally leads to a spectral approach for CSP refutation.

Matrix Concentration: To strongly refute a random 2-XOR formula, we can apply the matrix
concentration inequalities in Chapter 23. For an edge ¢j € H, let A;; = Xix?—l—;gx,?, where x; € R”
denotes the characteristic vector of the vertex 7. Then

B =) b;Ai,

ijeH

which is a random signed sum of the matrices { A;; }ijerr. To bound Amax(B), we can either apply the
matrix Bernstein inequality in Theorem 23.12 or the matrix Khintchine inequality in Theorem 23.16.
In either case, conditioning on the hypergraph H, we need to compute

E[B* =Y A} => (xixi +x5%j) = Du, (24.4)
ijeH ijeH

where Dy denotes the diagonal degree matrix of the hypergraph H, with Dp(i,47) equal to the
number of hyperedges in H that contain vertex ¢. Since Dy is a diagonal matrix, it follows that

|E (2], = max{ D (i, 1)} = degu (D),

where deg,, .. (H) denotes the maximum degree of a vertex in H. The matrix Khintchine inequality
then implies that

1
E(IBlop]  viogn - |E [B2][|2, = v/iogn - /degpen (I)-

By (23.11) or the matrix Bernstein inequality in Theorem 23.12, || Bllop < vi1ogn - v/degyax(H)
holds with high probability.
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Strong Refutation of Random 2-XOR: It follows from the above bound and (24.3) that

max U(z) S - /g - y/Aegm(H)
ze{£1}"

2m

-, and

holds with high probability. Suppose first that H is a regular graph. Then deg, . (H) =
thus

nlogn

max W(z) < y/nlogn-vm<e-m, whenm 2 —;
€

ze{£1}"

Since H is a random graph, it follows from standard concentration arguments (i.e., a Chernoff bound
and a union bound) that deg,,,.(H) < ™ when m 2 nlogn with high probability. We omit these
details as they are standard and also because they can be bypassed; see Section 24.3. We conclude
with the following theorem.

Theorem 24.1 (Strong Refutation of Random 2-XOR). There is a spectral algorithm that strongly
refutes a random 2-XOR formula with n variables and m 2 nlogn constraints with high probability.

Note that this yields a near-linear time algorithm for strongly refuting a random 2-XOR formula
with m 2 nlogn constraints with high probability, by constructing the matrix B and computing
its maximum eigenvalue using the power method.

We also note that there is a polynomial-time semidefinite programming algorithm that strongly
refutes a random 2-XOR formula with m > n/€? constraints with high probability; see [AGK21].

24.2 Random k-XOR: Tensor Flattening

In this section, we extend the spectral approach to strongly refute random k-XOR formulas for even
k > 4. For ease of notation, we focus on the k = 4 case, and the generalization to larger even k is
straightforward. For 4-XOR, the bias polynomial is a degree-4 polynomial

V(r) = E bijpq - TijLpTq,
(i,4,p,q)€H

where H = ([n], E) is a 4-uniform hypergraph with n vertices and m hyperedges, and b;j,q € {£1}
for each hyperedge (i,j,p,q) € H.

Tensor Norm

Strong refutation of 4-XOR can be reduced to a tensor injective norm problem (see e.g., [BGJLR25]).
Let T € R™*"X"X7 he the symmetric 4-dimensional tensor associated with the 4-XOR formula,
where
bij if .7 .7 ) € H)
T(i7j7p7 q) = P ' {1/ J p q}
0 otherwise,

where b;jpq is the sign of the hyperedge {i,j,p,q}. Let 2®1 € R"™"X"X" he the rank-one 4-tensor
with l‘®4i7j7p7q = x;xjTpry. Then

24 max U(z)= max (T,z%) < max ||T |- ||2[3 =n*-[|T]|i;,
ve{£1}n re{£1}n ve{£1}n
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where the tensor injective norm is defined as

[T |linj = sup ’<T,951®$2®563®:L‘4>‘.
lz1ll2<1, .. |z 251

Unfortunately, estimating the tensor injective norm is not nearly as well understood, and there are
no known tensor concentration inequalities for random tensors as sharp as matrix concentration
inequalities for random matrices.

Tensor Flattening

A natural approach to bypass the tensor injective norm problem is to reduce it to a matrix norm

problem by “flattening” the tensor into a matrix. Let B be an (5) x (}) matrix associated with the

4-XOR formula, defined as

B((i,1), (0.0) = {b””q it .9, poa) € H (245)

0 otherwise,

where each row and column of B is indexed by a pair of distinct vertices in H. Let 2°? € R() be
the vector with 2°2(i, j) = z;z; for each pair of distinct vertices (i,5). Then

_ o2\ T 02 . 02 2: n .
6 max U(z)= max (%) B(a*)< max IIBlop ||z <2> IBllop-  (24.6)

This reduces the problem to bounding the matrix norm of B.

Matrix Concentration and Strong Refutation

As in the random 2-XOR case in Section 24.1, we can write B = ZiqueH
signed sum of matrices, and compute E [B?] = Zz’queH<Aiqu)2 = Dy as in (24.4), where Dy is
a diagonal degree matrix with Dp(ij,ij) equal to the number of hyperedges in H that contain the
pair of vertices (4, 7). The matrix Khintchine inequality in Theorem 23.16 then implies that

bijpq - Aijpg as a rTandom

E [HB HOP] S.z \/IOgTL ' \/degmax(H) where degmax(H> = I%’l&ﬁ({DH(Z‘], Z.])}
7/7‘7

It follows from the above bound and (24.6) that

E [ max \If(x)} <n?. \/logn- \/degmaX(H)'
ze{£1}"

Assuming that deg,,.(H) < m/(5) and m 2 (n?logn)/€*, we obtain

E{ max ‘l’(a:)} <ny/logn-vm < e-m.

ze{£1}m

Since H is a random hypergraph, it follows from standard concentration arguments that indeed
deg o (H) Sm/ (g) when m > n?logn with high probability. One can then apply (23.11) or the
matrix Bernstein inequality in Theorem 23.12 to prove the following result.
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Theorem 24.2 (Strong Refutation of Random k-XOR for Even k). The tensor flattening algorithm

strongly refutes a random k-XOR formula for even k with n variables and m 2 ns logn constraints
with high probability.

Using the XOR principle stated in Section 24.1, this yields a spectral algorithm to strongly refute
a random k-SAT formula for even k& when m 2 ns logn with high probability. This represents
a significant improvement over the Q(n*) constraints required for refuting an unsatisfiable k-SAT
formula in the worst case, highlighting the power of the spectral approach in the average-case setting.

24.3 Semi-Random CSPs: Reweighting Trick

In this section, we extend the results from the previous sections to the more general semi-random
setting, using the reweighting trick introduced by Hsieh, Kothari, and Mohanty [HKM23].

Random and Semi-Random £-XOR

In a random k-XOR instance with n variables and m constraints, we are given a random k-uniform
hypergraph H = ([n], EF) with m hyperedges, where each hyperedge is sampled uniformly and
independently from all subsets of size k, and an independent random sign b, € {£1} for each
hyperedge e € E(H).

In a semi-random k-XOR instance with n variables and m constraints, we are given an arbitrary
k-uniform hypergraph H = ([n], E') with m hyperedges, and an independent random sign b, € {£1}
for each hyperedge e € E(H). This problem is harder, as the refutation algorithm needs to succeed
with high probability over the choices of the signs {b.}.cp for every k-uniform hypergraph with m
hyperedges.

In the analyses for random k-XOR in the previous sections, we use the randomness of E(H)
and {be}cep(m) separately in two steps. In the first step, we consider a random matrix B =
Y ec E(H) be M, over the random choices of the signs b, and apply the matrix Khintchine inequality
to bound

E [ Bllop) < Vlogn - /degyx (H).

Note that this step holds for an arbitrary k-uniform hypergraph. In the second step, we use the
randomness of F(H) to show that, with high probability,

degmax(H) S degavg (H)a

when the average degree is sufficiently large. This average degree depends on the setting: it is
of order m/n for the adjacency matrix in 2-XOR (see Section 24.1), and of order m/(3}) for the
flattened matrix in 4-XOR (see Section 24.2). In all cases, the maximum degree bound is crucial in
proving the theorems in the previous sections.

In a semi-random instance, however, the maximum degree can be much larger than the average
degree, and this approach appears to break down. The question of strongly refuting semi-random
CSPs was posed as a direction for future work in [AOW15]. Subsequently, more sophisticated tech-
niques (such as partitioning into pseudorandom instances) were developed by Abascal, Guruswami,
and Kothari [AGK21]| to extend these results from the random setting to the semi-random setting.
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Reweighting Trick

It is therefore remarkable that Hsieh, Kothari, and Mohanty [HKM?23]| introduced a clever reweight-
ing trick that overcomes this issue and extends the guarantees from the random setting to the
semi-random setting almost effortlessly. The reweighting trick was originally introduced to analyze
the combinatorial trace method for proving the hypergraph Moore bound. The adaptation to the
setting of matrix concentration inequalities is from Kothari’s course notes on matrix concentration.

Motivation: To motivate this trick, consider the simplest setting of the adjacency matrix for
2-XOR in Section 24.1. In this setting, recall that A;; = XiX;'r + ij;-r for an edge ij € H, and

B= Y bjAy; and E[B’| =) A} =Du,
igeH igeH

where Dy is the diagonal degree matrix with Dy (,7) equal to the degree of i in H. It follows from
the matrix Khintchine inequality in Theorem 23.16 that

E[[|Bllop] S v/logn - HE[BQ}HZ = V/logn - \/deg,,.. (H).

The dependence on the maximum degree in the operator norm is unavoidable, and this step is
essentially tight. However, observe that when the maximum degree is much larger than the average
degree, any approximate maximizer z of the Rayleigh quotient of B must place significant mass on
the high-degree vertices (e.g., consider a maximum eigenvector of a star graph). Hence, vectors in
{£1}™ are far from being approximate maximizers. This means that the previous relaxation in

2 U "Bx < Bllo 2=n-|Bls 24.7
e () = [nax v Be en{lgf}nH llop - lzll2 = 7 - | Bllop (24.7)

cannot be tight.

Reweighting: The idea is to consider a reweighted matrix by applying a rescaling
["3BI =Y by I 2A;T
ijeH

to the rows and columns of B, where I' is a positive diagonal matrix. We then proceed as follows:

2 max Y(zx) = max xTF%(F_%BF_%)F%x
ze{£1}" ze{£1}"
11 192
< max ||[I'"2BTI 2H -HI‘233H2
ze{£1}" op
= [|r=2BrYz| - Te(D). (24.8)

The relaxation is tight, if for some x € {£1}", the vector T2z is an approximate maximizer of the

Rayleigh quotient of I~2BI . Thus, the goal is to choose I' so that the lz}rge eigenvectors caused
by degree irregularities have roughly the same coordinate magnitudes as "2z for Boolean z.

A natural choice is I' := Dpg. For examp%e, when B = A is the adjacency matrix, D 3AD"3
is the normalized adjacency matrix and D21 is the largest eigenvector. This addresses the high-
degree obstruction, and is the right intuition for the star example. However, as we will explain, this
reweighting is too sensitive to low-degree vertices for the concentration argument.
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The key choice in [HKM23] is

_ _ 2
I'=Dy+d-I where d=—". (24.9)

n

This can be interpreted as a regularized version of degree normalization: it keeps the degree scaling
for high-degree vertices, but treats all below-average vertices as having degree about d.

To apply the matrix Khintchine inequality to bound the expected operator norm, we compute

1 1.2 -1 —1)? i 1
B(ior by = 3 (i) :dlag<{ 2 (deg<i>+d><deg<j>+d>}iew)

igeH jujeH

as each (F_%Aijf_%)Q contributes 1/(I'(¢,7) - I'(j, 4)) to the i-th and j-th diagonal entries. Thus,

1

HE [(F*%BFT)Q] 1 1 deg(i)

= max < max

op i€l =y (deg(i) +d)(deg(j) +d) ~ iclnl deg(i) +d d
(24.10)

Ul

It follows from the matrix Khintchine inequality in Theorem 23.16 that

1
B[r-bmrd,) < vieen- [ [-bar-by] || < flen - frioen

Plugging this bound into (24.8) and noting that Tr(I') = >, (deg (i) +d) = 4m, we conclude that

1
E { r?ia% \I/(x)} < vmnlogn < em when m 2> n Oan.
re{tl}™ €

This proves that the reweighted spectral algorithm strongly refutes a semi-random 2-XOR formula
whenever m 2 nlogn, thereby extending Theorem 24.1 to the semi-random setting.

Remark 24.3 (Choice of I'). WhenT" := Dy, the same calculation only gives HE[(I‘_%BF_%)Q] Hop <

1, while Tr(T') = 2m. The regularized choice T := Dy +d - I gives HE[(F_%BF_%)z}HOp <1/d
while Tr(T) = 4m. Thus, we gain a factor of d in the norm bound, at the cost of only a factor 2 in

the trace.

24.4 Random 3-XOR: Cauchy—Schwarz Trick

So far, the spectral algorithms we have seen apply to refuting semi-random k-XOR formulas when k
is an even integer. When k is odd, such as k£ = 3, there are no natural square matrices that directly
represent the bias polynomial, and it is not clear how to flatten the tensor.

Indeed, refuting semi-random k-XOR formulas when k is odd is considerably more challenging,
requiring significantly more work even with the reweighting trick [AGK21, HKM23].

In this section, we only consider the simplest case of strongly refuting random 3-XOR formulas,
illustrating the Cauchy—Schwarz trick [BM16] that underlies these works, following the presentation
in [AGK21] via matrix concentration.

Theorem 24.4 (Strong Refutation of Random 3-XOR). There exists a spectral algorithm that

strongly refutes a random 3-XOR formula with n variables and m 2 n%\/logn constraints with high
probability.
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Cauchy—Schwarz Trick

The starting point is to write a 3-XOR instance as a collection of 2-XOR instances. Given a 3-
uniform hypergraph H = ([n], E) and a sign b. € {£1} for each hyperedge e € E(H), we define n
matrices By, ..., B, € R™" where

bgij if (f,Z,j) S E(H) and £ <1 < j,

0 otherwise.

BE(Zaj) = Bg(],Z) = {

Then the bias polynomial can be expressed as
20 (x) =2 Z beij - Texixy = 2 Z Ty - Z beij - Tixj = Z zo- 2" By,
(<i<j:lije E(H) Le[n] 1,j:£<i<j, lije E(H) Le[n]

By construction, each sign by;; appears in exactly one matrix. Thus, after fixing the hypergraph H,
the matrices By, ..., B, are independent random matrices.

The Cauchy—Schwarz trick is to decouple these 2-XOR instances using the Cauchy—-Schwarz inequal-
ity and the fact that 22 = 1 for £ € [n], so that
40 (x)% < Z z7 - Z (xTBex)2 =n- Z (xTBza:)2 =dnm+n - Z (x®2)T(Be®Be) (29?),
Le[n] Le[n] Le(n] Le(n]
where 292 is the n?-dimensional vector with %%(i, j) = z; - x;, and By®B;y is the usual n? x n?
tensor product matrix with

(Be®By)((i1,12), (j1,J2)) = Be(i1, j1) - Be(iz, ja),

except that all entries with {i1,j1} = {i2,j2} are zeroed out. Note that the contribution of these
zeroed-out entries to the quadratic form is equal to

4y Y. Belij)?ai-af=4m,
L€[n] i,5:4<i<j,lije E(H)

which is accounted for in the above calculation. With this matrix formulation, we can apply the
usual relaxation to bound the operator norm:

> BB

Len]

. (24.11)
op

4 max ¥U(z)?<4mn+ max n-

2
-Hx®2H = 4dmn+n3-
ze{£1}" cze{£1}m 2

> Bi®B
op Le[n]

Matrix Concentration

We cannot apply the matrix Khintchine inequality as usual, because each entry of the matrix
B,®By is a product of two random variables. We instead apply the matrix Bernstein inequality in
Theorem 23.12. Denote the random sum by

7 = Z By®B;.
Len]

Zero Mean: By construction, E [Bg@Bg] = 0 for each ¢ € [n], as all nonzero entries are products
of two independent zero-mean random signs. This is the reason we zero out those entries in By ® By
corresponding to By (i, 7).
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Random Hypergraph and Hyperedge Removal: Since H is a random 3-uniform hypergraph,
when m = o(n?), a standard concentration argument implies that, with high probability, by remov-
ing at most O(m?/n?) = o(m) hyperedges, no two remaining hyperedges e1, ey satisfy |e; Neg| > 2.
We remove these o(m) hyperedges from the instance and assume that the corresponding constraints
are all satisfied in the worst case.

Norm Bound: After removing those hyperedges, each row of By has at most one nonzero entry.
This implies that each row and column of B,®B, has at most one nonzero entry, whose value is of
the form by, j, - beinj, € {££1}. Therefore, || By®By|lop < 1 for every ¢ € [n].

Variance: Since each row of B;®B, has at most one nonzero entry with a value in {+1}, each
(By®By)? is a diagonal matrix with each diagonal entry at most one. The ((iy,i2), (i1,i2))-entry is
one only if £ is a common neighbor of ¢; and s in the graph where two vertices are adjacent if they
appear together in a hyperedge. As each By®By is independent and zero-mean,

02(2) = HE [Zz] Ho = ”DH”OP S COdegmaX(H)a

op

.

Y E[(Bi&B)?]
=

where Dy is a diagonal matrix whose ((i1,142), (i1,42))-entry is at most the number of common
neighbors of i; and iy, and codeg,,.(H) denotes the maximum such number over all pairs of
vertices. Since H is a random 3-uniform hypergraph, a standard probabilistic argument' shows
that, with high probability,

2

m :
codeg, . (H) S — whenever m 2, n2 \/1ogn.
n

Matrix Bernstein: Therefore, by applying the matrix Bernstein inequality in Theorem 23.12 with
02(Z) <m?/n3 and L = 1, it follows that with high probability

2]
1Zlan "B whenoves o 2y Tog

Plugging this bound into (24.11), we conclude that, with high probability,

2 . é

m=logn 3 n2+/logn

max  U(z)? < mn +ny 73g = mn+mnz+/logn < em? whenever m > 72g
n

ze{£1}m €
This proves the strong refutation result for random 3-XOR in Theorem 24.4.
Semi-Random k-XOR: When £ is odd, this approach requires dealing with codeg, .. (H), which

adds considerable difficulty to the analysis. We refer the reader to [HKM23| for a proof of Theo-
rem 25.3, along with the definition of the “colored” Kikuchi matrices when k is odd.

'For fixed i1,i2 and £, the probability that ¢ is adjacent to i; in the graph is about m/n?, and similarly for is.
Thus the probability that ¢ is a common neighbor of 41,42 is about (m/n?)?, and summing over the n choices of ¢
gives expected codegree n - (m/n?)? = m?/n3.
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Chapter 25

Kikuchi Matrices and Applications

The sum-of-squares method has been the most powerful framework for designing algorithms for
tensor PCA and CSP refutation, achieving stronger guarantees than standard spectral algorithms,
and is conjectured to be essentially optimal in several settings.

In a remarkable work, Wein, El Alaoui, and Moore [WAM25] introduced Kikuchi matrices, show-
ing that ideas from statistical physics can be used to design simpler and faster spectral algorithms
that match the guarantees of sum-of-squares algorithms in important settings. Moreover, this ap-
proach considerably simplifies the analysis, reducing it to direct applications of matrix concentration
inequalities.

Subsequently, Kikuchi matrices have found significant applications, including proving lower bounds
for locally decodable codes and resolving Feige’s conjecture on the hypergraph Moore bound. In
this chapter, we present the Kikuchi matrix method and these applications.

25.1 Smooth Tradeoff for CSP Refutation

Probabilistic methods show that a random k-XOR formula has value at most 1/2 + € with high
probability when m > n/e?, and thus is strongly refutable in an information-theoretic sense
with constraint-to-variable ratio m/n > 1/¢2. However, there remains a significant gap between
the constraint-to-variable ratio at which efficient strong refutation algorithms are known and this
information-theoretic threshold.

Smooth Tradeoff

Using the sum-of-squares framework, Raghavendra, Rao, and Schramm [RRS17| establish a smooth
tradeoff between time complexity and the constraint-to-variable ratio.

Theorem 25.1 (Smooth Tradeoff for Strong Refutation of Random k-XOR). For any § € [0, 1],
there is an algorithm that strongly refutes a random k-XOR formula with n variables and m con-
straints with high probability, when

m 2 n3to01-3) -logn,  with time complexity 90(n’ logn)

In particular, there is a spectral algorithm achieving the same guarantee by computing the mazimum
eigenvalue of a 20(n’logn) 5 9O’ logn) 1y gtpig.
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For example, to strongly refute a random 4-XOR formula with m > n'?logn, we set § = 0.1, and
the algorithm runs in time 20(n’ ! log ) which is subexponential in n. In contrast, to strongly refute
a random 4-XOR formula with m 2> nlogn, we use the endpoint § = 1, and the algorithm runs in
exponential time.

Theorem 25.1 matches the sum-of-squares lower bounds by Grigoriev [Gri01] and Schoenebeck [Sch08]
up to polylogarithmic factors, and is conjectured to be essentially optimal. However, both the
analysis and even the matrix description in [RRS17| are quite involved.

Kikuchi Matrices for Even Arity

Wein, El Alaoui, and Moore [WAM25| introduced the Kikuchi matrices and used them to give a
simple and elegant spectral algorithm that matches the guarantee in Theorem 25.1 when k is an
even integer.

Limitation of Previous Approach: To see the limitation of the previous spectral approach for
random 4-XOR in Section 24.2, note that the inequality in (24.6), which states that

02\ T 02 0212 n
63361?%(}” U(x) = xer?iai(}n (z°) B(2%) < xef?ﬁi}nHBHop =l = (2) [ Bllop,
is a tight relaxation only when the quadratic form of B is approximately maximized by a vector
of the form z°? for some z € {£1}". In the regime where m < (3), this cannot be the case, as
Bis a (’;) X (g) matrix with only O(m) nonzero entries, since each hyperedge contributes only 6
nonzero entries to B. Thus, any approximate maximizer of the quadratic form must have most of its
mass on a small support, and so no vector of the form 2°? with x € {#1}" can be an approximate
maximizer. More concretely, as long as there are some nonzero entries in B, we have || Bllop > 1.
Therefore, the upper bound on the right-hand side is at least (g), which can certify strong refutation

only when (g) < em, i.e., only when m > n?/e.

Desired Properties: To make this spectral approach work, we would like to construct a matrix
K associated with a random k-XOR formula with the following properties:

1. ¥(x) is related to (:):OK)TK(J;O@) for some integer ¢, where 2°°(S) = [[,cq i for each S C [n]
with |S| = ¢,

2. The quadratic form of K is approximately maximized by vectors of the form z°¢ with
x e {£1}™

Kikuchi Matrices: The Kikuchi matrix, or the symmetric difference matrix, can be viewed as a
generalization of the matrix flattening in Section 24.2 that satisfies these two properties.

Definition 25.2 (Kikuchi Matrix for Even Arity). Given a k-XOR instance for an even integer
k whose underlying k-uniform hypergraph is H = ([n], E) and whose signs are b, € {£1} for each
e € E(H), for % < 0 < n, the order-l Kikuchi matriz K is an (7)) x (}) matriz where each row and
column corresponds to a subset S C [n] with |S| = ¢, and

be if S®T =e for somee € E(H),

. (25.1)
0 otherwise,

K(S,T) = {
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where S®T = (S —T)U (T — S) denotes the symmetric difference of the two sets S and T'.

Note that the matrix flattening in (24.5) is the order-2 Kikuchi matrix of the 4-XOR instance, and
the adjacency matrix in (24.2) is the order-1 Kikuchi matrix of the 2-XOR instance.

For a fixed hyperedge e of size k, the number of pairs S,T C [n]| such that |S| = |T| = ¢ and

S @T = e is equal to
A= <l,f> : <”_,]f> (25.2)
2 2

as such pairs S, T must satisfy [SNe|=|T'Ne| =% and S\ e =T\ ¢; after choosing S Ne, the set
T Ne is forced to be e\ S. Each hyperedge e contributes A nonzero entries in the Kikuchi matrix.

Quadratic Form: Let z°¢ € R(%) be the vector with

2(8) = [[ =i,  for each S C [n] with |S| =£.

For z € {£1}", the quadratic form satisfies

(@) K@) = > K(S.1)-a%(S) - 2T
S.T:|S|=|T|=¢
= > KST) [ =
S,T:|S|=|T|=¢ i€SaT
= A. Z be - sz
ecH i€e
= A-¥(z), (25.3)

where the second line uses that 22 = 1 for i € SN T, and the third line follows by regrouping terms
according to e = S @ T', noting that each hyperedge contributes exactly A pairs (5, 7).

This establishes the first desired property, namely that the bias polynomial can be expressed via
the quadratic form of the Kikuchi matrix.

Eigenbasis: To build some intuition for the second desired property, consider the full 2™ x 27"
symmetric difference matrix F' of a k-XOR instance, where each row and column of F' is indexed
by a subset S C [n], with

be if S®T = e for some e € E(H),

0 otherwise.

F(S,T) = {

For each = € {£1}", let 2* € {£1}?" be the vector with

z*(S) = H:ci, for each S C [n].
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Observe that * is an eigenvector of F' with eigenvalue 3 c ) be - 7% (€), as

(Fa*)(S) = > F(S.T)-2%(T)

TC[n]

= > F(ST)-a*(SaT) 2*(5)
TC[n]

= 27*(S) Z be'x*(e)>

e€E(H)

where the second equality uses that 7 = 1 for i € S\ T, and the last equality follows because, for
each e € E(H), there is a unique 7= S @ e such that S & T =e.

Note that z* and y* are orthogonal for z,y € {+1}" with x # y. Since there are 2" such vectors,
{#*}zefs1yn forms an eigenbasis of the full symmetric difference matrix F', namely the Fourier basis.
In particular, this implies that the quadratic form of F' is maximized by one of these vectors x*.
Hence, by computing the maximum eigenvalue of F', one obtains an exact exponential-time spectral
algorithm for strongly refuting arbitrary k-XOR formulas.

Intuitions: To speed up the computation, we consider the order-¢ Kikuchi matrix, which is a
submatrix of F' obtained by restricting F' to rows and columns indexed by sets of size £. It is therefore
conceivable, especially when £ is sufficiently large, that the second desired property continues to hold.

More concretely, for 4-XOR, each hyperedge contributes A nonzero entries in the Kikuchi matrix,
while contributing only 6 nonzero entries in the standard flattened matrix. One can interpret this
as making the matrix denser and more symmetric, thereby “killing” large quadratic forms arising
from vectors that are far from the product form z°/. This is the perspective taken in [RRS17] to
construct their matrix and to prove Theorem 25.1.

The reader is encouraged to consult [WAM?25] for various derivations and interpretations of the
Kikuchi matrices, for example as a linearized message passing algorithm or as the Hessian of an
energy functional, as well as for the eigenbasis intuition described here.

Spectral Algorithms for Smooth Tradeoff

Once the right matrix is constructed, the analysis proceeds similarly to that in the previous chapter,
as a direct consequence of matrix concentration inequalities. By (25.3),

. — ol T of . ol||2 — n .
A max W)= max (o) K@) < max 1Kl a3 = () 1K (250

For the analysis, we write the order-¢ Kikuchi matrix

K= E be - M,
ecE(H)
as a random sum of matrices, where

1 fSeT=e,

) (25.5)
0 otherwise.

M.(S,T) = {
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Then, conditioning on the hypergraph H and taking expectation over the random signs,

Z M = Z Z Xsx$ = Dk, (25.6)

ecE(H ecE(H) S:|Sne|=k/2

where yg € R(?) is the characteristic vector of S with only one nonzero entry in the S-coordinate,
and D is the diagonal degree matrix with D (S,S) = |{e € E(H) | |[SNe| = %}\ for S C [n] with
|S| = ¢. By the matrix Khintchine inequality in Theorem 23.16,

B ol 5 o () -2 57

Since H is a random k-uniform hypergraph, each random hyperedge is uniformly distributed over
([Z]). Thus, by linearity of expectation, for a fixed .S,

1
: < V{logn - \/maxDK(S S).

£y (n—t
E[Dx(S,S)]= > Pr (]eﬁS\ - g) =m- (’“/2)(”)(’“/2) _ma (25.7)
ecE(H) k

where the last equality is by a direct calculation' using the definition of A in (25.2). Assuming
maxg Dk (S, 5) S mA/(}), it follows from (25.4), (25.7), and (25.2) that

E Ler?iaﬁnq/(:r)} < ? E[|| K |lop] < (i Vllogn - \/7 \/Tgn

whenever

() logn () logn _ InFlogn =35 . n3logn

m > = = —
A T (5 (M) e Tt dabe &

where the last estimate is by expanding the binomial coefficients and assuming n > ¢ > k. There-
fore, for § € (0,1), setting

)

(=n’ and m>e? - pa+o(-3). logn = IE[ max \If(:n)] < em.

For the endpoint 6 = 0, take ¢ = k/2; for the endpoint 6 = 1, take ¢/ = [n/2] and use the exact
expression above to obtain m > e 2nlogn.

Finally, it follows from standard concentration arguments that indeed maxg Dg(S,S) <

E [Dg(S,S)] with high probability, when E [Dg(S,S)] = mA/(}) Z log () by our choice of
m. One can then establish Theorem 25.1 by applying (23.11) or the matrix Bernstein inequality.

To conclude, increasing the order ¢ interpolates smoothly between polynomial-time spectral algo-
rithms and exponential-time algorithms at the information-theoretic threshold.

! Alternatively, the equality is equivalent to (2) . (k§2) . (27;) = (Z) . (kljg) . (ﬂ;%) Both sides count the number

of pairs (S, e) with [S| = ¢, |e|] =k, and |SNe| = k/2.
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Smooth Tradeoff for Semi-Random £-XOR

The reweighting trick in Section 24.3, with straightforward modifications, extends to the Kikuchi
matrix. We leave the verification of the following extension of Theorem 25.1 to semi-random k-XOR
for even k to Problem 25.8.

Theorem 25.3 (Smooth Tradeoff for Strong Refutation of Semi-Random k-XOR [HKM23|). For
any even integer k and any 0 € [0,1], there is an algorithm that strongly refutes a semi-random
k-XOR formula with n variables and m constraints with high probability, when

m 2 n3+o(-%) -logn,  with time complexity 90(n’ logn)
In particular, there is a spectral algorithm achieving this guarantee by computing the mazimum
eigenvalue of a 20(n’logn) 5 90(n’ logn) reweighted Kikuchi matriz.

See Section 25.3 for a similar proof applying the reweighting trick to Kikuchi matrices to establish
a hypergraph Moore bound.

25.2 Lower Bounds for Locally Decodable Codes

Interestingly, techniques developed for strongly refuting semi-random k-XOR formulas can be used
to prove lower bounds for locally decodable codes and locally correctable codes, leading to significant
improvements on these long-standing open problems [AGKM?23, KM24].

In this section, we consider only the simplest setting of proving lower bounds for locally decodable
codes with an even number of queries, to illustrate the connection to strong refutation of semi-
random k-XOR formulas.

Locally Decodable Codes

An error-correcting code is a function f : {0,1}* — {0, 1}" that maps a k-bit message b € {0,1}* to
an n-bit codeword f(b) € {0,1}", with the property that the receiver can recover b from a corrupted
word y € {0,1}" that differs from f(b) in at most a small constant § fraction of coordinates.

An error-correcting code is g-locally decodable if, for any i € [k] and any such corrupted word y,
there is a randomized decoding algorithm that can recover the bit b; with probability at least % + €,
over the randomness of the decoder, by reading at most ¢ bits of y.

The main question is to understand how small the block length n can be in a g-query locally
decodable code (¢-LDC). In the case ¢ = 2, the Hadamard code is a 2-LDC with n = 2*, and
a lower bound of n = 22 is known. In contrast, there is a wide gap in our understanding of
higher-query LDCs. For ¢ = 3, the best known constructions are based on matching vector codes
with n = 2¥""” | while the best known lower bound until recently was n > k2/log k. See [AGKM23]
for references to previous work.

Using spectral techniques for semi-random CSP refutation and Kikuchi matrices, an improved lower
bound n > k3/ polylog k was proved for 3-LDCs [AGKM23]. Subsequently, these techniques were
significantly extended to prove an exponential lower bound for 3-query linear locally correctable
codes [KM24], where the requirement is to recover any bit of f(b), rather than the original message
b, with probability at least % + € by reading at most ¢ bits of the corrupted codeword y.

The goal of this section is to illustrate these techniques by recovering the known bounds for even gq.
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Theorem 25.4 (Lower Bounds for Locally Decodable Codes for Even ¢q). For constants 0,¢ and
even q > 4, a q-locally decodable code f : {0,1}F — {0,1}" requires

n > k‘q—%/polylog(k:).

The same bound was recently proved for every constant odd ¢ > 3 in independent works [BHKL25,
JM25]. We remark that the spectral approach in this section also gives a short proof of the expo-
nential lower bound for 2-LDCs; see Problem 25.9.

Normal Form

General locally decodable codes can be quite complex, as the decoders may make adaptive queries
and perform arbitrary computations. Fortunately, to prove lower bounds for locally decodable codes,
we can reduce to the following simple normal form in which the queries are fixed and the decoder
just performs additions.

Definition 25.5 (Normal Form [Yek12]). A binary code f : {0,1}* — {0,1}" is (¢, 0, €)-normally

decodable if, for each i € [k], there is a collection of én disjoint q-subsets e;1,...,€; 5, C [n] such
that
Pr b= Z f(b); (mod2)| > 1 +e  for every L € [dn],
be{0,1}* -2

J€Eei

where b € {0,1}* denotes a uniformly random message.

Figure 25.1: Illustration of a simple 3-query decoder. Each circle represents a codeword coordinate
f(b);. In this example, there are only two message bits by, bp. For each message bit, there is a
hypergraph matching with 5 hyperedges of size 3. The red oval triples are used to decode by, while
the green rectangular triples are used to decode bs. The triples within each matching are pairwise
disjoint, but triples belonging to different matchings may intersect. When the decoder is asked to
decode by, it chooses a random red triple e1 ¢ and returns . ered (b); (mod 2), and similarly for
decoding by. Suppose the codeword f(b) satisfies b; = Zjeeu f(b); (mod 2) for each 1 < ¢ <2 and
each 1 < /¢ < 5. Then, even when two codeword coordinates are corrupted in the received word, as
indicated by the shaded circles, the decoder succeeds with probability at least 60%.

The formal guarantee in the normal form in Definition 25.5 is slightly different: each constraint
is correct with probability at least 1/2 4 e over the random choice of the message b. Figure 25.1
illustrates the simpler idealized situation where all the displayed constraints are correct for the fixed
codeword.
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Note that normally decodable codes are weaker objects, as they only provide an average-case guar-
antee of correct decoding, and so it is potentially harder to prove their non-existence.

Yekhanin [Yek12] proved that, to rule out a (g, 6, €)-LDC encoding k-bit messages to n-bit codewords
for constant ¢ > 2 and constants d,e € (0,1), it suffices to rule out (g,d’, € )-normally decodable
codes encoding k-bit messages to O(n)-bit codewords, for some constants ¢, ¢ € (0, 1).

Henceforth, we focus on proving the non-existence of (g, (1), €(1))-normally decodable codes for
q
constant even ¢, when n < ka2 / polylog(k).

Connection to CSP Refutation

The normal form brings the ¢-LDC problem quite close to a collection of ¢-XOR problems. For each
message b € {0,1}*, we interpret the search for the codeword f(b) € {0,1}" as a ¢-XOR problem
on n binary variables x1,...,z, € {0,1}, where each g-subset e; ¢ C [n] for i € [k] and £ € [0n] gives
a constraint

Z .%‘j = bi (mod 2).

J€ei

For each message b € {0,1}*, we denote this ¢-XOR instance by W¥;, with the intended solution
being the codeword f(b) € {0,1}" assigned to z1,...,2,. So, there are a total of 2¥ instances of
¢-XOR, with the same set of variables and the same underlying hypergraph, but the right-hand
sides depend on b.

The formulation in Definition 25.5 does not require us to find a solution f(b) for each b € {0, 1}*
that satisfies all the XOR constraints in Wy, but requires each XOR constraint to be satisfied by
at least a 5 + € fraction of intended assignments {f(®)}pefoyr- In particular, the existence of a
g-normally decodable code implies that

1
Epe 0,13 [Opt(‘l’b)} > (5 + 6) m, (25.8)

where opt(¥};) denotes the maximum number of constraints in Wy, satisfied by an assignment. Thus,
if we can “refute” (25.8) for a certain range of n, then we can prove that ¢-LDCs do not exist for
that range of n. This is the goal of the remainder of this section.

Observe that the goal is almost the same as strongly refuting a semi-random ¢-XOR formula,
but not exactly the same; otherwise we would immediately obtain an exponential lower bound,
contradicting known constructions. The difference is that in a semi-random ¢-XOR instance, each
hyperedge e has an independent random value b., while in the current setting all the hyperedges
€i1,---,€isn share the same random value b;. Thus, this is a variant of semi-random ¢-XOR with
limited randomness, which introduces some technical issues, as we will see, but the general spectral
approach remains essentially the same. The high-level intuition is still that, when the message
length k is large compared to the block length n, the induced ¢-XOR instance has many constraints
on only n variables, and so should be far from satisfiable.

Spectral Bound Using Kikuchi Matrices

In this subsection, we follow the same spectral approach as in the previous sections, highlight the
technical issues arising from limited randomness, and explain the fix in the next subsection.
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For the spectral approach, we consider the equivalent setting where b € {£1}* and 2 € {£1}", so
that each XOR constraint can be written in product form. Then, using the bias polynomial as in
(24.1), with opt(¥;) = 3(m + max, ¥y(z)), the condition (25.8) can be expressed as

Ebe{;l:l}k|: mj¥7lllfb(x)] Ebe{il}k[ ﬁ(n b; Z H zj| > 2em. (25.9)
mel) ex1) iclk] L€[dn] j€eie

We next express the bias polynomial as a quadratic form of a matrix. Here, we use the Kikuchi
matrices, as they yield the tightest bounds, and in this application there is no concern about time
complexity. Let H; = {e; 1,...,€;5n} be the hypergraph matching consisting of the hyperedges with
right-hand side b;. Let M; be the unsigned order-r Kikuchi matrix for H;, defined by

(S.T) = 1 ifS@T:eforsomeeeHi,
0 otherwise.

Define the random signed Kikuchi matrix

k
Kb = Z bﬂ\fZ
i=1
Using the calculations as in (25.3), (25.4) and the definition of A from (25.2) with k = ¢ and ¢ = r,

or\ I 2 n
A max Uy(r)= max (2%7) Kp(a™) < max [[Kpfop - [|2* H2:<r>'HKb||0p‘ (25.10)

To bound Eycqiqy [HKbHOp], we view Kp = } ;g biM; as a random sum over the independent
signs by, ..., bx. By the matrix Khintchine inequality in Theorem 23.16,

n % n
Evciens [1Kolon] 5 108 (1) - [Brcqapelsdl] = s (1)

op

Thus, the task is to bound the operator norm of Zie[k] M?. Here is where the technical issue arises.

In the setting of (25.6), each hyperedge e has an independent random value b, and thus the matrix
M, in (25.5) has at most one nonzero entry in each row, so M? is diagonal. Here, in this limited
randomness setting, dn hyperedges are bundled in a matrix M;. For a set S € ([:f]) such that
|SNe|l = 2 for many hyperedges e € Hj, its row in M; contains many nonzero entries, and the
operator norm of Zie[k] M? can be too large to yield a meaningful result for LDCs.

Truncated Kikuchi Matrix

The idea in [AGKM23] is to zero out some entries of K} symmetrically so that the resulting matrix
K}, can be written as Zle[k] b Mz, where each M; has at most one nonzero entry in each row. Then,

by construction, Mf is a diagonal matrix where each nonzero entry is one, and thus we have a good
upper bound on the variance:

= |22

1€[k]

HEbe{ﬂ}k K2 g . (25.11)
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The other property that needs to be satisfied is that, for each hyperedge e, a constant fraction of
the entries it contributes are retained, so that the quadratic form of K} remains comparable to that
of K} on vectors of the form x°".

The formal definition is as follows. For each matching H;, define the collection of good sets by
- ] _q
G, =<S¢ |SNe|l= 2 for exactly one hyperedge e € H; p.
r

Let ]\Z be the truncated order-r Kikuchi matrix for H;, where

1 fS®T =ecforsomeeec H; and S,T € G;,

0 otherwise.

M;(S,T) = {
Define the truncated signed Kikuchi matrix by
~ k —
Ky =) biM;.
i=1

A counting argument in [AGKM23| shows that, for each hyperedge e € H;, at most half of the

entries it contributes to M; are zeroed out, as long as

r< nl_%.
We further zero out additional entries so that each hyperedge in each matching contributes exactly
A/2 entries to the corresponding M;. See Problem 25.10.

Lower Bounds for Locally Decodable Codes

2
Using this truncated order-r Kikuchi matrix with r =< nk?, we proceed to finish the analysis:

A or\ T 7 or % or n %
5 (o) = max (o) R(a”) < max 1Rl o = (1) 1Rl

Then we write I?b = Zie[k} b; - ]\Z as a random sum, where ]\Af/Z is the corresponding truncation of

the matrix M; above. By construction, each ]\Z has at most one nonzero entry in each row. Thus,
by the matrix Khintchine inequality in Theorem 23.16 and (25.11),

1
’ < v/ krlogn.
p

O

Erctons (18l 5 1 (1) - [Bucganp 2

It follows from the truncated version of (25.10) that
1 3 _2
Epe a1y [ max \I/b(x)} S — <n) Vkrlogn < (ﬁ> *Vkrlogn =< n\/kn' a logn,
ze{x1}n A\r r

where the second inequality follows from the definition of A in (25.2) and the fact that ¢ is a

2
constant, and the last estimate follows by substituting r < n'"a. Combining with the guarantee
for normally decodable codes in (25.9) and using m = kdn,

2ekon = 2em < Eyepyqyr { max \Ifb(x)] <Sny kn' "4 log n.

ze{£1}"
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Rearranging and using that d, € are constants yields

n > ka2 / polylog(k),

2
proving Theorem 25.4. We remark that the restriction r < nl_Q, required to ensure the properties

of the truncated Kikuchi matrix, is the bottleneck of the current approach.

25.3 Hypergraph Moore Bound

In this section, we show that the spectral approach using the Kikuchi matrix also has interesting
applications to combinatorial problems.

The Moore bound for graphs [AHL02]| states that a graph of average degree d > 2 contains a cycle
of length at most 2log,_;(n)+O(1). Motivated by the problem of refuting random 3-SAT formulas,
Feige [Fei08] conjectured the following generalization of the Moore bound to hypergraphs.

Conjecture 25.6 (Feige Conjecture [Fei08]). Every k-uniform hypergraph H = ([n], E) with

Bz a(M)

has a cycle of length O(£logn). Here, a cycle in a hypergraph is a subset of hyperedges C C E such
that every verter appears in an even number of hyperedges in C.

This conjecture was wide open until Guruswami, Kothari, and Manohar [GKM22] resolved it up to
polylogarithmic factors using the Kikuchi matrix method. Our presentation follows the simplified
and improved proofs in [HKM23, GKM25] and Kothari’s course notes on matrix concentration.

Counting Walks

We highlight the main idea in this subsection, and present the formal proof in the next subsection.

Hypergraph Cycles: We consider the following formulation that brings the hypergraph cycle
problem closer to the problems that we studied in the previous sections. Let C'= {ej,...,e;} be a
hypergraph cycle. Since every vertex appears in an even number of hyperedges in C, it follows that

e1Deasd...Dep =10, (25.12)

where @ denotes symmetric difference. Note that, since C is a subset of F, each hyperedge appears
at most once in a hypergraph cycle.

Closed Walks in Kikuchi Graphs: Next, we observe that a closed walk in the “Kikuchi graph”
also defines a collection of hyperedges satisfying the same relation in (25.12). Given a k-uniform
hypergraph H = ([n], E) for an even integer k, let A; be the unsigned order-¢ Kikuchi matrix of H,
defined by

1 if S®T = e for some e € E(H),

0 otherwise.

A(S,T) = {
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Then the order-¢ Kikuchi graph G, of H is the graph with vertex set ([Qf]) and adjacency matrix
Ay. Two vertices S,T € ([Z]) are adjacent in Gy if and only if S @ T = e for some e € E(H).

Suppose (51,52, ...,S5t, Si+1 = S1) is a closed walk in Gy. Since (S;, S;+1) is an edge in the Kikuchi
graph, there exists a unique hyperedge e; € E(H) such that S; ® S;11 = e; for 1 <1i < t. Note that

e1Per®..Be=(S1D5) B (S2®S3) ... (S S1)=0. (25.13)

Thus, each closed walk defines a sequence of hyperedges satisfying (25.13), but the collection may not
contain a hypergraph cycle. For example, the walk (S7,S2, S3, Sy, S3, S2,51) defines the collection
(e1, e, €3, €3, €2, €1), which does not contain a hypergraph cycle if e; @ ex @ e3 # ().

Even Closed Walks and Non-Even Closed Walks: Call a closed walk an even closed walk if
the corresponding sequence of hyperedges uses each hyperedge an even number of times; otherwise,
it is called a non-even closed walk.

Note that, for a non-even closed walk, the corresponding sequence of hyperedges must contain
a hypergraph cycle, as the nonempty subset of hyperedges that appear an odd number of times
satisfies (25.12).

Proof by Counting Walks: Suppose the hypergraph H has no hypergraph cycles with at most ¢
hyperedges. Then, by the discussion above, the Kikuchi graph Gy has no non-even closed walk with
at most t steps. Therefore, the number of closed walks of length ¢ in Gy is equal to the number of
even closed walks of length ¢.

On one hand, the number of closed walks of length ¢ in G is equal to Tr(A%), by the simple
combinatorial argument in Lemma 1.5. On the other hand, the number of even closed walks of
length ¢ in Gy is equal to Ey[Tr(K7})], where Ky is as defined in (25.1), with independent random
variables b, € {£1} chosen with equal probability for the hyperedges e € E(H). To see this, note
that each term in Ey[Tr(K7})] is of the form Ey[bS!-b2-. . .-b¢r] for some distinct hyperedges ey, ..., €,
where ¢; + ...+ ¢, = t. For a non-even closed walk, some ¢; is odd, and so the corresponding term
contributes zero, since E [b5] = 0 for odd ¢;. For an even closed walk, all ¢; are even, and so the
corresponding term contributes one.

Therefore, when H has no hypergraph cycles with at most ¢ hyperedges, it holds that
Tr (A}) = Ey[Tr (K})]. (25.14)

This is the main conceptual step of the proof. We sketch the remaining steps below and explain
them formally in the next subsection. The proof proceeds by setting ¢ to be an even integer with
t < llogn, and giving a lower bound on the left-hand side and an upper bound on the right-hand

side:
davg < Tr(AY)F = (By[Tx (K2)))T < v/Zlogn - /da,

where davy and dpax denote the average and maximum degrees of Gy respectively. The lower
bound follows from a simple argument, and the upper bound follows from the noncommutative
Khintchine inequality in Theorem 23.15 and ¢ < flogn. Suppose dmax X davg. Then this implies
that davg S ¢logn. Since n>> ¢ > k, by (25.2),

k
2

k n—k
g = mTA - (k:/Q) gf—k;/Q) - m(é) 7
(%) (%)
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and so
k
2

m(i) </llogn = m§€logn-<%)

NEy

Formal Proof via Reweighting

In the proof overview above, we assumed that dayg X dmax, Which does not necessarily hold for the
Kikuchi graph. To address this issue, we use the reweighting trick as in Section 24.3. Let

where D is the diagonal degree matrix with

mA
(2)

Here D (S, S) is the degree of S in the Kikuchi graph Gy and d is its average degree.

DK(S,S):HeGE(H)‘]Sﬂe\:g}‘ and d =

We count Welghted walks usmg the reweighted adjacency matrix I'” 2AgF > and the reweighted
Kikuchi matrix I'” QKgF 2. Since each walk in Gy still has positive weight after reweighting, the
same argument used to establish (25.14) shows that when H has no hypergraph cycles with at most
t hyperedges,

Tr (073 A075)") =By | Tr (03 K0 %)) . (25.15)

To lower bound the left-hand side in (25.15), note that
“3AL7E)(021) 1740 1

(r=1)"(r _
wZ (i) (m) =m0

1

Tr (P2 4,03 ) > |r-dar-

where the first inequality follows from the fact that the £;-norm of eigenvalues dominates the operator
norm, the second 1nequahty follows from the optimization formulation for eigenvalues in Lemma A.13
with the test vector I'2 1, and the last equality follows from 17 4,1 = mA and Tr(T) = 2mA.

To upper bound the right-hand side in (25.15), we apply the noncommutative Khintchine inequality
in Theorem 23.15 to the random matrix K, = ZeGE(H) be M., where M, is as defined in (25.5), and

set ¢t =< log (}) =< ¢logn to obtain
to1
1 1 ) 2 t
(F‘?MJ‘?)
e€E(H)

oo ((ioor-1)]
3 (F*%Mer*%)Q :

ecE(H) oP

e

A
i
=

= Vt—1-

llogn

< =
~ d

(25.17)

)

where the second line follows from the moment method in (23.7) when ¢ =< log (};), and the last
inequality follows from the same calculation in (24.10).
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Combining (25.15), (25.16), and (25.17), we conclude that when the hypergraph H does not have a
hypergraph cycle with at most ¢ < £logn hyperedges, then d < £logn, which implies that

m < K(’Z)Alogn < E(Z)g logn = n(Z)g_llogn.

This proves Feige’s conjecture up to a logarithmic factor for even k.

We remark that the proof in [HKM23] is based on counting walks directly using a combinatorial
argument, while here we use the noncommutative Khintchine inequality for convenience.

In Problem 25.11 and Problem 25.12, we outline an alternative approach for proving the existence of
a hypergraph cycle when the hypergraph is sufficiently dense, using the concept of “rainbow cycles”.

Recent Developments

As usual, the case of odd k is significantly harder; we refer the reader to [HKM23] and to [HKMCS25]
for subsequent improvements.

Recently, Bandeira, Kunisky, Nizi¢-Nikolac, Pesenti, and Wang [BKNNPW26| removed the loga-
rithmic factor for all k£ > 3, resolving Feige’s conjecture positively. Their proof uses neighborhood
growth and polynomial interpolation in Kikuchi graphs. Independently, Schmidhuber and Hast-
ings [SH26b| gave a spectral proof based on a sharper count of closed walks in reweighted Kikuchi
graphs. In a companion paper, Schmidhuber and Hastings [SH26a] used related spectral estimates
to obtain improved algorithms for strongly refuting random CSPs, including removing logarithmic
losses in the constraint density for random k-XOR.

25.4 Tensor Principal Component Analysis

Removing noise from data is a fundamental task across many areas. Since the spectrum of random
matrices is well understood, spectral methods are highly effective in separating signal from noise.

In this section, we first introduce the planted random model and review known results for two
fundamental problems. We then introduce the tensor PCA problem, for which Kikuchi matrices
can be used to design significantly more efficient spectral algorithms.

Planted Random Model

A well-studied setting in theoretical computer science is the planted random model, which includes
examples such as the stochastic block model and semi-random graph problems.

Planted Clique: A classical problem in this setting is the planted clique problem. In this problem,
we first generate a random graph G(n, %), where there are n vertices and each pair of vertices is
connected by an edge independently with probability % Then we choose a random subset S of k
vertices and add all missing edges between vertices in S. The clique can be viewed as the signal,
and the random graph as noise. The algorithmic task is to recover this hidden clique S from the
resulting graph.

It is well known that the size of the largest clique in G(n, 1) is (240(1))-log, n with high probability.
Thus, exact recovery of the planted clique is information-theoretically possible whenever k£ > logn.
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However, there remains a significant gap between what is information-theoretically possible and
what can be achieved algorithmically.

The first nontrivial algorithm [AKS98| for the planted clique problem is based on the spectral
method. The main observation is that the second eigenvalue of G(n, 3) is at most (2 4+ o(1)) - v/n
with high probability by classical results in random matrix theory, whereas if k > y/n, the second
eigenvalue becomes O(k) by a simple spectral argument using the centered characteristic vector of
the clique, which is orthogonal to the top eigenvector of the graph. For example, when k > 10+/n,
it can be shown that the k vertices corresponding to the largest absolute entries of the second
eigenvector have a large overlap with the hidden clique, allowing exact recovery.

Since then, many different polynomial-time algorithms have been proposed to recover the planted
clique, all of which succeed only when k > /n. It remains a long-standing open problem to recover
a planted clique of size o(y/n) in polynomial time. There is now strong evidence that ©(y/n) is
optimal for polynomial-time algorithms, with a nearly matching sum-of-squares lower bound of
nz—°@) [BHKKMP19].

Planted Bisection: Another extensively studied problem is the planted bisection problem. In
this problem, there is a hidden bisection (S, V '\ S) of the vertex set, with |[S| = |V \ S|. A random
graph is generated by connecting each pair of vertices within S and within V' \ S independently
with probability p, while each pair with one vertex in S and one vertex in V' \ S is connected
independently with probability ¢q. The algorithmic task is to recover the hidden bisection (S, V'\ S).

McSherry |[McS01] proposed a general spectral framework, based on matrix perturbation theory, for
recovering the hidden partition in various models, including the planted clique model. In particular,
if p = “lo% and ¢ = bl?# with |/a — /b| sufficiently large, then a spectral algorithm exactly
recovers the hidden bisection. We refer the reader to [Spi25, Ver26| for expositions of this matrix
perturbation approach.

Indeed, a sharp threshold is known for exact recovery of the hidden bisection [ABH16, MNS15].
In the regime where p = alo% and ¢ = blo%, exact recovery of the hidden bisection is efficiently

solvable if |/a—+/b| > v/2 and information-theoretically impossible if |\/a—v/b| < v/2. Remarkably,
it was shown in [AFWZ20| that when a > b, the simple spectral algorithm that computes the second
largest eigenvector x of the adjacency matrix and outputs the set S := {i € [n] | z(i) > 0} achieves
exact recovery whenever |\/a — Vb| > /2. We refer the reader to the survey [Abb18] for detailed
expositions of these results.

Tensor PCA

This subsection follows closely the presentation in [WAM?25], where references can be found.

In the order-k tensor PCA (or spiked tensor) problem, we observe a k-fold n x n X --- X n tensor
Y =X-2%F 4+ @G, (25.18)

where A > 0 is the signal-to-noise ratio, z, € {1}" is a planted signal vector, and G is a symmetric
noise tensor with Gaussian entries, i.e., G;, . ;. = Giﬁ(1)7.,,7iﬁ(k) for any permutation 7 of [k], and
the entries are independent N (0, 1) random variables up to this symmetry.

The task of strong detection is to determine, with probability tending to 1, whether the observed
tensor is sampled from the distribution in (25.18) for a given A > 0 or from the pure noise case
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A = 0. The task of strong recovery is to return an estimator & € {£1}" such that, with high
probability,

|<.’i’,l’*>| —1— 0(1%

orr(®, @) = T Tal

while the task of weak recovery is to return an estimator & € {£1}" such that corr(z,z,) = Q(1)
with high probability.

The Matrix Case: The spiked tensor model reduces to the spiked Wigner model when k£ = 2.
It is known [WAM?25]| that, in this normalization, strong detection and weak recovery are possible
when A > 1/y/n by computing the largest eigenvalue and a corresponding eigenvector. On the other
hand, strong detection and weak recovery are statistically impossible when A < 1/y/n, so there is a
sharp phase transition at A = 1//n.

The Tensor Case: Information-theoretically, there is a sharp phase transition similar to the
matrix case: there exists a constant ¢ = ¢(k) such that if A > ¢n0=%)/2 then strong detection and
weak recovery are possible, while they are impossible when A < en(1=5)/2,

Computationally, there are polynomial-time algorithms, such as sum-of-squares algorithms, that
succeed at both strong detection and strong recovery when A > n~%/4 and there are sum-of-
squares lower bounds suggesting that no polynomial-time algorithm can succeed at strong detection
or weak recovery when A < n~/4.

Thus, unlike the matrix case, there is a large statistical-computational gap, with a “possible-but-
hard” regime when n(!=%/2 « X\ <« n=%/4 Interestingly, as in the problem of refuting random
k-XOR in Section 25.1, the sum-of-squares framework exhibits a smooth tradeoff between time
complexity and the signal-to-noise ratio in this regime.

Theorem 25.7 (Smooth Tradeoff for Tensor PCA [BGL17, HSS15]). For any 1 < ¢ < n, there
is an algorithm with running time n°® that achieves strong detection and strong recovery in the
order-k tensor PCA problem whenever

kE _k
4 4

A> 5%7 n

polylog(n).

When ¢ = n%, this interpolates smoothly between the polynomial-time threshold A =< n~4% when
8 = 0 and the information-theoretic threshold A =< n(*=%)/2 when § = 1. This tradeoff is conjectured
to be optimal, with a matching sum-of-squares lower bound up to polylogarithmic factors.

Strong Detection

Prior to the work of Wein, El Alaoui, and Moore [WAM25|, there was a large gap between the power
of the sum-of-squares approach and that of the statistical-physics approaches, such as approximate
message passing and Bethe-Hessian-type methods, for the tensor PCA problem. Using the concept
of “Kikuchi free energies”, they derived Kikuchi matrices and used them to design a simple spectral
algorithm that matches the guarantee in Theorem 25.7, thereby redeeming the statistical physics
approach. Furthermore, this spectral approach is considerably easier to analyze, as the proof reduces
to a straightforward application of the matrix Gaussian series bound in Theorem 23.10.
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Algorithm: Let k be an even number. For a symmetric k-fold tensor Y and a subset e =
{i1,...,ix} C [n] of size k, denote Y(e) := Y;, ;. , which is well defined by symmetry. For
% < 0 < n,let K; be the order-¢ (%) x () Kikuchi matrix, analogously to Definition 25.2, where

Y(SeT) if|SeT| =k,

) (25.19)
0 otherwise.

Ky (S, T) = {

The detection algorithm is simply to compute the maximum eigenvalue of the Kikuchi matrix.

Algorithm 26 Strong Detection Algorithm for Tensor PCA

Require: An observed tensor Y and a signal-to-noise ratio A > 0.
1: Compute the largest eigenvalue Apax(Ky) of the Kikuchi matrix K, defined in (25.19).
2: Return “no signal” if and only if

AmaX(I(f) < Mv where dy = <n_£> < y )

2 k2 ) \k/2

The idea is that the Kikuchi matrix of the signal part has largest eigenvalue Ady deterministically,
and A is chosen so that the Kikuchi matrix of the noise part has operator norm at most Ady/2 with
high probability.

Proof by Matrix Concentration: Write the Kikuchi matrix as K, = A X, + Z, where X, is the

signal part with
X.(S,T) = {HiES@T z. (i) H[SeT|=k,
* 9 0

otherwise,

and Z = Zeg[n}:|e|:k ge - M, is the noise part, where the random variables g ~ N(0,1) are
independent, and

1 fSeT=e,

0 otherwise.

M.(S,T) = {

The no-signal case: Suppose there is no signal, so the observed tensor is Y = G. Then Ky, = Z.
Taking expectation over the Gaussian noise, using independence of the g.’s, and as in (25.6),

B2- Y M- XY ededeny

eC[n]: |e|=k eC[n]:le|=k SC[n],|S|=£:|SNe|=k/2

where xg € R(?) is the standard basis vector indexed by S, with a 1 in the S-coordinate and 0
otherwise. The last equality holds since, for each S C [n] of size ¢, there are exactly dy subsets
e C [n] of size k such that |S Ne| = k/2. By the matrix Gaussian series bound in Theorem 23.10,

Pr (Amax (K) 2 %) < Pr (1 Zllop = %) < 2@ exp (-~ W) < 2n'exp (-

)\2dg>
2dy '
The signal case: Suppose the observed tensor is sampled from the signal model with A > 0.

8

Note that dy is an eigenvalue of X, with corresponding eigenvector 22 € R@), where x2¢(S) =
Hz‘es T4(i), as

(X.22)(S) = S X(ST) (D) = ST af(S) = dp - aS(S).
TC[n),|T|=¢: |S®T|=k TC[n),|T|=¢: |S&T|=k
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Furthermore, || X.|/op = d¢, because the ¢;-norm of each row is dy. This implies that
Amax (Ke) 2 M| Xellop = [ Zllop = A - de = [ Z]op-

It follows from the same bound that

Ady Ady

Pr (AmaX(Kg) < 7) < Pr (HZHOp > 7) < 2nfexp ( — )\2d5)

8

Conclusion: Note that dy < n26% when { = o(n). In this regime, whenever

A>en i T \/logn, (25.20)

for a sufficiently large constant ¢ = ¢(k), the strong detection algorithm succeeds with high proba-
bility, as the error probability satisfies

Ad Ad \2d
Pr ()\maX(Kg) > 76 ‘ no signal) + Pr ()\max(Kg) < 75 ‘ signal) < 4nlexp ( — TZ) =o(1).
This yields a simple spectral algorithm matching the guarantee in Theorem 25.7 up to polylogarith-
mic factors.

Removing the Logarithmic Factor: It was conjectured in [WAM25] that the y/logn factor
in (25.20) can be removed. This conjecture was resolved by Kothari and Xu [KX26]|, who used
a careful combinatorial trace method to obtain a tight bound on the operator norm of the noise
Kikuchi matrix.

Strong Recovery

The strong recovery algorithm is more subtle, as the leading eigenvector of Ky does not necessarily
correlate well with the leading eigenvector 2°¢ of the signal matrix X,. Nevertheless, Wein, El Alaoui,
and Moore [WAM25| designed a “rounding” algorithm that transforms the leading eigenvector y €

m

R(?) of Ky into a vector x € R™ that correlates well with the signal vector x, € {+1}".

Their idea is to use a woting matriz. Given a vector y € ]R(;D, associate a symmetric n X n voting
matrix V(y) with entries

) 1 L,
Viy) =0 Vi€ [n], and Vij(y) = > y(S) - y(T) Vi#j.
s,1e(): seT={i,j}

Algorithm 27 Strong Recovery Algorithm for Tensor PCA
Require: An observed tensor Y and an order £.

1: Compute a leading eigenvector y € R(?) of the Kikuchi matrix Ky defined in (25.19).
2: Form the associated voting matrix V (y).
3: Compute a leading eigenvector z of V(y) and output its coordinatewise signs.

The proof uses Fourier analysis on a slice of the hypercube (i.e., on subsets of size ¢) and is somewhat
beyond the scope of this book. We refer the reader to [WAM25] for the elegant proof.
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25.5 Problems

Problem 25.8 (Smooth Tradeoff for Strong Refutation of Semi-Random k-XOR). Prove Theo-
rem 25.8 using the reweighting trick in Section 24.3.

Hint: Use ' = Dg —i—a-I(n), where Dy is the diagonal matriz from Section 25.1 and d = mA/ (?)
4

Problem 25.9 (Exponential Lower Bound for 2-LDCs [Gopl8|). Use the spectral approach in

Section 25.2 to prove that a 2-locally decodable code f : {0,1}F — {0,1}™ with constant decoding

parameters requires n > 282(k)

Hint: Use the basic spectral approach for strongly refuting 2-XOR in Section 24.1.

Problem 25.10 (The Truncation Lemma for LDC Kikuchi Matrices). Let ¢ > 4 be an even con-
stant, and let H = {e1,...,em} be a matching of q-subsets of [n]. Let h = q/2. For r > h,
define

G:= {S € <[Z]> ’ |S Nei| =h for exactly one i € [m]}

For a fized hyperedge e € H, consider the pairs (S,T) with |S| =|T| =r and S& T = e. Prove
that, if r < cqnlfz/q for a sufficiently small constant c; > 0 depending only on q, then at least half
of these pairs satisfy S, T € G. Conclude that the truncated Kikuchi matriz used in Section 25.2
retains a constant fraction of the entries contributed by each hyperedge.

Problem 25.11 (Hypergraph Cycles via Rainbow Cycles). Let G = (V, E) be a properly edge-
colored graph, where each edge has a color and the edges of each color form a matching. A cycle is
called a rainbow cycle if its edges have distinct colors.

It is proved in [ABSZZ25] that a rainbow cycle of length O(lognloglogn) exists in a properly edge-
colored graph whenever |E| 2 |V]log|V|loglog|V].

Apply this theorem to the Kikuchi graph to obtain an alternative proof of Feige’s conjecture up to
logarithmic factors.

Problem 25.12 (Finding Rainbow Cycles Using Random Walks). In this problem, we outline a
simple proof of the existence of a rainbow cycle in a properly edge-colored graph G = (V, E) whenever
[E| Z [V|polylog |V].

1. Suppose G has mizing time O(log |V|) and minimum degree Q(log? |V|). Let  be the stationary
distribution of the simple random walk on G. Using random walks, prove that for any vertex
v, there is a set R, CV with w(R,) > 1/2 such that every vertez in R, can be reached from
v by a rainbow path of length O(log |V]).

2. Let G be a spectral expander with minimum degree Q(polylog |V']). Using matriz concentration,
prove that its edge set can be split into two disjoint subgraphs Hy, Ho with disjoint color sets
such that each H; is still a spectral expander and the stationary distributions of Hy, Hy are
both within a factor 1 + o(1) of the stationary distribution of G.

3. Use (1) and (2) to prove that if G is a spectral expander with minimum degree Q(polylog |V]),
then there exists a rainbow cycle of length O(log |V]).

4. Extend these results to general graphs, with worse bounds, using expander decompositions in
Chapter 12.
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Problem 25.13 (Weak Hypergraph Moore Bound for Odd k). Let H = ([n], E) be a k-uniform

hypergraph with odd k, and let k < £ <n—1. Let B = (([ZL}), (Z[z]l);F) be the bipartite Kikuchi

graph, where S € ([Z]) and T € (e[ﬂ) are adjacent if and only if S ® T = e for some e € E(H).
Use the approach in Section 25.3, applied to this bipartite Kikuchi graph, to prove that H has a

hypergraph cycle of length O(£logn) whenever

k
|E| 2, n(ﬁ) el log n.
l

Problem 25.14 (Spectral Algorithm for Planted Clique [AKS98]). Consider the planted clique
model described above, and let A be the adjacency matriz of the resulting graph. Let v be a unit
eigenvector corresponding to the second largest eigenvalue of A. Show that the entries of v can
be used to recover the planted clique with high probability when k > C/n, for a sufficiently large
constant C.

You may use the standard fact that, for G(n,1/2), every nontrivial eigenvalue of its adjacency
matriz is O(\/n) with high probability.

Hint: Let xg be the characteristic vector of the planted clique and consider z := xg — %T Prove the
following elementary perturbation fact for recovery. Let M = Quu' + E, where ||ullz = 1, 6 > 0,
and || Ellop < p. If v is a unit eigenvector corresponding to Amax(M), then

2

(o) = 1- 2.
0
: 3 _ _ k7T _ _

Apply this with u = z/||z||2, where z = x5 — 1, 0 = Q(k), and p = O(y/n), to show that the k
largest absolute entries of v have large overlap with the planted clique. Then recover the clique by
keeping vertices with many neighbors in this candidate set.
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Part VII

High-Dimensional Expanders and
Mixing Time

The concept of high-dimensional expanders has led to major progress in several areas of theoretical
computer science. We study its applications in the analysis of mixing time in Markov chains,
developing a new framework for bounding spectral gaps and beyond.
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High-Dimensional Expanders

From Chapter 4 to Chapter 6, we have seen that expander graphs exhibit useful combinatorial,
probabilistic, and algebraic properties, leading to a rich theory with connections and applications in
diverse areas. An active research direction is to develop high-dimensional generalizations of expander
graphs to further extend the theory and enhance its applications. Recent breakthroughs in this di-
rection include constructions of locally testable codes [DELLM?22], constructions of probabilistically
checkable proofs [BMVY25]|, and the resolution of the matroid expansion conjecture [ALOV24|.

In this topic, we study one definition of high-dimensional expanders, known as local spectral ex-
panders, and their applications in analyzing the mixing times of random walks. In this chapter, we
introduce the basic concepts and prove a fundamental result by Oppenheim [Oppl18], known as the
trickling down theorem. The proof illustrates the local-to-global method, which is a common theme
in the study of high-dimensional expanders.

26.1 Simplicial Complexes

A simplicial complex is a high-dimensional generalization of a graph.

Definition 26.1 (Simplicial Complex). A set system is a pair X = (U,F), where U is the ground
set and F is a family of subsets of U. A simplicial complex is a set system that is downward closed,
meaning that if o € F and 7 C o, then T € F.

We follow the convention of using Greek letters 7, 0,7 for elements of &, but reserve a, A for eigen-
values. The following are some basic definitions related to simplicial complexes.

Definition 26.2 (Face, Dimension, Pure Simplicial Complex). Any o € F is called a face of the
simplicial complex X = (U,F). A face o has dimension k if its size is |o| = k+ 1. For example, the
—1-dimensional face is the empty set, a 0-dimensional face is a singleton (a vertez), a 1-dimensional
face is a pair (an edge), a 2-dimensional face is a triple (a triangle), and so on.

Given a simplicial compler X = (U, F), we use X (k) to denote the set of faces of dimension k. A
simplicial complex is d-dimensional if its mazimum face size 1s d + 1. A d-dimensional simplicial
complex is pure if every mazrimal face has size d + 1.

The concept of a simplicial complex is very general. Many classes of combinatorial objects can

be represented by simplicial complexes. The following is a relevant example of a pure simplicial
complex.
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Example 26.3 (Simplicial Complex from Spanning Trees). Given a graph G = (V, E), we can
define a simplicial complex X = (E,F) where the ground set of X is the edge set E of G. A subset
of edges F C E belongs to F if and only if F' forms an acyclic subgraph of G.

It is clear that X is a pure simplicial complex. When G is connected, the maximal faces correspond
to spanning trees, which have size |V| —1, so X is a (|V|— 2)-dimensional pure simplicial complex.
See Figure 26.1 for an illustration.

1/8 1/8 1/8 1/8 1/8 1/8 1/8 1/8
Q 'e) Q O Q O Q O O O O O @] o) O O
I,
O O O 0 O 0 O 0] O O O O O O O O
1/12 1/12 1/12 1/12 1/8 1/8 1/12 1/8 1/8 1/12
Q. o Q o Q o Q o O o © o O o O o O o O O
11,

oO—» O0—Yv O6—YvVY O=—»p O—0V 06— 06— O6=—=—=0 O=—=—=—=p O—0

Figure 26.1: The spanning tree complex and its induced distributions as defined in Definition 26.7.
The eight spanning trees in the top row are the maximal faces of the complex, while the middle
and bottom rows consist of the two-edge and one-edge forests contained in these spanning trees.
A curve joins each face to a subface one dimension lower. The distribution Il is uniform over the
maximal faces. To sample from II;, we sample a spanning tree from Ily and remove one of its three
edges uniformly at random. Similarly, I1y is obtained by removing one of the two edges from a forest
sampled from II;. The probability of each face under the corresponding distribution is shown above
it. Notice that the induced distributions II; and Iy are not uniform even though Ily is uniform.

More generally, every matroid naturally corresponds to a simplicial complex.

Example 26.4 (Simplicial Complex from Matroids). A matroid M = (U,J) is a set system where
U is the ground set and J is a collection of subsets of U satisfying the following two properties:

1. 7 is downward closed, i.e., if S € J and T C S, then T € 7J.
2. If S,T €7 and |S| > |T|, then there exists x € S\ T such that T U {z} € 7J.
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By (1), M = (U,9) forms a simplicial complezx. By (2), every mazimal set in I has the same size,
and so M = (U,J) is a pure simplicial complex. The sets in I are called independent sets, and the
mazimal sets are called bases of the matroid.

It can be checked that the simplicial complex from spanning trees is a matroid. A more general class
of examples is given by linear matroids. Given a matrix A € F™*"  the linear matroid represented
by A is defined as M = ([n],J), where each element of the ground set [n] corresponds to a column
of A, and S € J if and only if the columns indexed by S are linearly independent.

Another important example is the subspace flags complex.

Example 26.5 (Subspace Flags Complex). Let U be the set of all nonzero proper linear subspaces of
Fy . The subspace flags complex is the simplicial complex X = (U, ), where a subset {V1,...,Vj} C
U belongs to F if its elements can be ordered so that Vi3 C Vo C -+ C Vi. Such a face is called
a flag. The mazimal faces are the complete flags Vi C Vo C -+ C Vy—q, with dim(V;) = i for
1 < i < n—1. Therefore, the subspace flags complex is an (n — 2)-dimensional pure simplicial
complex. See Figure 20.2 for an illustration.

e © o (o

@ @ & ® ©® ®

P P2 P3 b

Figure 26.2: The coordinate subspaces associated with a fixed basis and their containment poset.
The light, medium, and dark blue vertices represent the one-, two-, and three-dimensional coordinate
subspaces, respectively. A maximal flag corresponds to a triangle on the left and to a path from
the bottom to the top of the poset on the right. The light green regions highlight the maximal flag
pg C lg C f4 in the two representations.

We will return to these simplicial complexes in Section 26.3 and prove that they are all local
spectral expanders. Many other simplicial complexes can be defined from combinatorial objects,
such as simplicial complexes from cliques of graphs and simplicial complexes for graph coloring. We
will discuss some of these in later chapters.

Weighted Simplicial Complexes

We consider pure simplicial complexes with weights on their faces. We follow the convention
in [DDFH24]| that the weights of the faces of each dimension form a probability distribution.

Definition 26.6 (Weighted Simplicial Complexes). A weighted pure simplicial complex (X,II) con-
sists of a pure simplicial complex X and a probability distribution I1 on its faces of mazimal dimen-
ston.
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In applications of random sampling, the probability distribution on the maximal faces is usually
uniform, but the induced distributions defined below are generally non-uniform and play a crucial
role in our study.

Definition 26.7 (Induced Distributions). Given a d-dimensional weighted pure simplicial complex
(X,II), the probability distributions Iy, on X (k), for 0 < k < d, are defined inductively as follows.
The base case is Iy = II. For d —1 >k > 0, the probability distribution I1 : X (k) — R is defined
for each face T € X (k) by

Hy(7) = Z g 41(0). (26.1)

c€X(k+1):0DT

Equivalently, 11 is the probability distribution arising from the following random process: First,
sample o random face o € X(d) using the probability distribution Ilz. Then, sample a uniformly
random k-dimensional face 7 C o, so that

1 1
Iy(7) = g E Iy(o) = THUNPI% o D 7].
( I7] ) ceX(d):0DT ( 7] ) d

See Figure 26.1 for an illustration. Note that IIx(7) is proportional to the probability that 7 is
contained in a random maximal face o ~ II;. Alternatively, II(7) can be interpreted as the
normalized weighted degree of 7 in the simplicial complex. We will often drop the dimension
subscript when it is clear or irrelevant from the context.

26.2 Local Spectral Expanders

There are various definitions of high-dimensional expanders, some of which use concepts from alge-
braic topology; see [Lubl8, GK22] for surveys with motivations and applications. We study a more
recent and elementary definition developed in [DK17, KO20], which was motivated by the study of
random walks.

Links

The following is the key definition that enables a local-to-global approach for simplicial complexes.

Definition 26.8 (Links). Let X = (U, J) be a simplicial complex. For a face T € F, the link X, is
defined as

X;={o\7|oceTF, oD}
In words, X consists of the faces n disjoint from T that can extend T, so that TUn € F.
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Figure 26.3: The link X, and its induced distributions, where 7 is the dark edge in the bottom
right. The colorless cloud around 7 represents the empty face of X,. The yellow clouds highlight
the superfaces containing 7. After removing the dark edge from each highlighted superface, the
remaining blue edges form the corresponding face in the link. The probability of each face under
IT7 or 11§ is shown above it.

If X is a pure d-dimensional simplicial complex and 7 € &, then X is a pure (d — |7|)-dimensional
simplicial complex. In the spanning tree complex X = (FE,J), given a subset of edges F' € J, a
subset F/ C E'\ F is a face in X if and only if F'U F” is an acyclic subgraph. See Figure 26.3 for
an example. In matroid terminology, the link Xr is obtained by “contracting” the elements in F'.

To define the induced distributions on a link, we can regard X, as a weighted simplicial complex
on its own and define its distributions as in Definition 26.6 and Definition 26.7, starting with the
distribution on its top faces inherited from IlI; by conditioning on containing 7 and then removing
7. Equivalently, the distributions Ilg,...,II; on X can be used directly to define IIf, ... ’HZI—M on

X using conditional probability, with II" (1) & Prym,jo 2 7Un| o D 7].

Definition 26.9 (Induced Distributions on Links). Let (X,II) be a d-dimensional weighted pure
simplicial complex. For any face T with II(1) > 0 and any n € X,,

i) r loerUnloor] = (7 Un) __1{run)
7 (n) : (-I,Vr[‘l_:ﬂmi1 [ Unlo2 ] Za:\o\:h—l—l—\nl,GQT (o) (|7’Un\) 'H(T)7 (26.2)

I7|

where the last equality follows from Definition 26.7.

A general approach to studying a simplicial complex is to decompose it into its links. For example,
the following decomposition follows from the law of total probability: Pr(c) = > _Pr(o\7 | 7)-Pr(7).
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Exercise 26.10 (Decomposition of Expectation Using Links). Let f : X (k) — R be a function over
faces of dimension k. For any 0 <1 <k,

Eooty f(0) = Eromy Egernip |, f(TUn).

k—1—-1
Skeletons and Graphs

Definition 26.11 (k-Skeletons). Given X = (U,J), the k-skeleton of X is the simplicial complex
X = (U, Fy), where Fy, consists of the faces in F with dimension at most k. When there are weights
on the faces in F, we use the same weights on the faces in Fy.

Of particular interest is the 1-skeleton, which can be interpreted as the underlying graph of the
simplicial complex.

Definition 26.12 (Graph of a Link). For a link X, the graph G = (X;(0), X-(1),1I7) is defined
as the 1-skeleton of X.. More explicitly, each singleton {i} in X, corresponds to a vertex i in
G-, each pair {i,5} in X; corresponds to an edge ij in G-, and the weight of ij in G, is equal to
07 ({i,j}). See Figure 26.J for an illustration.

A simple observation is that if X is a pure d-dimensional simplicial complex and II is the uniform
distribution on X (d), then, for any 7 € X (d — 2), the edge weights II] of G, are uniform. We will
use this observation later.

Random Walk and Normalized Laplacian Matrices

Informally, a simplicial complex is a local spectral expander if all of its link graphs are expander
graphs. The formal definition quantifies this property using the spectral gaps of the random walk
matrices, or equivalently, the normalized Laplacian matrices of the links.

Definition 26.13 (Random Walk and Normalized Laplacian Matrices of a Link). Given the graph
Go = (X5(0), X5(1),1I7) of a link X, let Ay be the adjacency matriz of G, and let D, be the
diagonal degree matriz where

Do(ii)= Y A (i,j)= Y, T{({i,j})=2-T5({i}),
JEX,(0) JEX(0)
where the last equality follows from Definition 26.7 and Definition 26.9.
The random walk matriz W, of G, is defined as

_ - O9({é g} (o U{i,j}) »
W, :=D;'A, where W,(i,j) = =+ — - — for all {i,j} € Xo(1).
205 ({e}) (o +2) - T(o U {d})
(26.3)
The stationary distribution of W, is 117, which follows from the time reversibility condition
15 (@) - Wo (i, 5) = 5 (7) - Wo (5, 9)- (26.4)

The Laplacian matriz L, and the normalized Laplacian matriz Lo of G, are defined as
Ly =D, —A, and L,=1-W,.

Note that 20 18 not the same as the normalized Laplacian matriz L, in Definition 1.17 since ig 18
not necessarily symmetric, but L, and L, are similar matrices.
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Local Spectral Expanders

Finally, we can state the definition of high-dimensional expanders that we will use.

Definition 26.14 (Local Spectral Expanders [DK17, KO20]). Let (X,II) be a weighted pure d-
dimensional simplicial complex. We say (X,1I) is a g-local-spectral expander if

X(Le)>g or as(Wy)<1—g foreveryo € X (k) and every —1 <k <d—2.

Here )\2(20) is the second smallest eigenvalue of the normalized Laplacian matriz Lo, and as(Wy)
is the second largest eigenvalue of the random walk matriz W,.

More generally, given g_1,...,gq—2, we say (X,11) is a (g—1,...,9q—2)-local spectral expander if

X(Le) > g or aa(W,) <1—gr foreveryo e X(k) and every —1 <k <d-—2.

Remark 26.15 (Non-Standard Notations). The definitions in [DK17, KO20] use the condition
ag(Wy) < =, while the definition above uses /\Q(ig) > g, or equiwvalently as(W,) < 1 —g. This
slight change in parameterization is motivated by the fact that normalized Laplacian matrices simplify
calculations significantly, as demonstrated by Mohanty [Moh22]. We elaborate on these simplifica-
tions in the proof of Oppenheim’s theorem in this chapter and in the analysis of higher-order random
walks in the next chapter.

Figure 26.4: The local structure of a 2-dimensional complex. The complex on the left is the
suspension of Ky: its maximal faces are the twelve triples {a, v;, v;} and {b,v;,v;} for 1 <i < j < 4.
The link graphs of a and v; are shown on the right. The link of a is Ky, while the link of v is
K 3. If the distribution on the twelve maximal faces is uniform, then every edge in either link has
probability 1/6. The second eigenvalues of the two link graphs are —1/3 and 0, respectively.

We can interpret this definition as requiring that the lazy versions of the “local” random walks on
the link graphs mix rapidly. By Cheeger’s inequality, we can also interpret it as requiring that the
weighted graphs of the links have large edge conductance.

Example 26.16 (Complete Complex). Consider the complete compler Xgq = (U, Fy), where every
subset S C U with |S| < d+ 1 belongs to Fy, equipped with the uniform distribution on the faces
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of dimension d. Then, for every S € Xy(k), the graph of the link Xg is a complete graph with
|U| — k — 1 vertices and uniform edge weights. The second smallest eigenvalue of its normalized
Laplacian matriz is 1+ 1/(|U| — k — 2).

It is not surprising that a complete complex is a strong high-dimensional expander. Just as in
expander graphs, the goal is to construct high-dimensional expanders with few maximal faces.

Unlike in the graph case, however, simply choosing a sparse collection of maximal faces at random
does not yield high-dimensional expanders with high probability, as some of the resulting link graphs
are typically disconnected.

Constructing sparse high-dimensional expanders is a challenging task, and only a few explicit al-
gebraic constructions are known [Lubl8]. In the next chapter, we will describe a construction of
sparse high-dimensional expanders using the subspace flags complex in Example 26.5.

26.3 Oppenheim’s Trickling Down Theorem

In this section, we state Oppenheim’s trickling down theorem and use it to prove that the ma-
troid complex in Example 26.4 and the subspace flags complex in Example 26.5 are local spectral
expanders. We will prove Oppenheim’s theorem in the next section.

To show that a simplicial complex is a g-local-spectral expander, we need to bound the second
eigenvalue for every link X, up to dimension d — 2. In applications where the goal is uniform
sampling of the maximal faces, it is usually much easier to work with the graphs of the top links
X, for 0 € X(d — 2), because they are unweighted as we observed earlier. For lower links, just
determining the edge weights may already involve intractable counting problems. Thus, it would
be very convenient if we could bound the second eigenvalues of the lower links by those of the top
links. Oppenheim’s trickling down theorem [Oppl8] provides such a general bound for any pure
simplicial complex. The condition that the graph Gy is connected is necessary, as shown by the
example of two disjoint cliques.

Theorem 26.17 (Oppenheim’s Trickling Down Theorem [Oppl8|). Let (X,II) be a pure d-
dimensional weighted simplicial complex, with the induced distributions as in Definition 26.7 and
Definition 26.9. Suppose the graph Gy = (X (0), X (1),11y) is connected and Ao(L;) > g > 0 for all
i€ X(0). Then

1
Ao (Lg) > 2 — —.
(L) p

Applying Theorem 26.17 inductively gives the following bound. The proof is left as an exercise.

Theorem 26.18 (Oppenheim’s Bound [Oppl8]). Let (X,II) be a pure d-dimensional weighted
simplicial complex, where 11 salisfies Definition 26.7 and Definition 26.9. Suppose Xa(Ls) > g >
1- % for every face o of dimension d — 2, and G, is connected for every face o of dimension at

most d — 2. Then, for every k < d — 2,

l1-g
1—(d-2-k)(1-g)

Ao(Lr)>1— for every 7 € X (k).

In general, the spectral gap bound deteriorates as we go to lower links. However, if all the lower link
graphs are connected and we can establish that g > 1 for the top links, then repeated applications of
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the trickling down theorem imply that the simplicial complex is a 1-local-spectral expander, which
is nearly as strong as the complete complex in Example 26.16.

More generally, if g > 1 — 5 for some constant ¢ < 1 for the top links, then Theorem 26.18 shows
that the spectral gap remains 1 — O(%) at every lower link, and hence the simplicial complex is a
(1 — O(3))-local-spectral expander.

Matroid Complex

The following result is a key step in establishing the matroid expansion conjecture, which will be
proved in the next chapter.

Theorem 26.19 (Matroid Complex is 1-Local-Spectral Expander [ALOV24|). The simplicial com-
plex of any matroid (Example 26.4), with the uniform distribution on the mazimal faces, is a 1-
local-spectral expander.

Proof. Let X be a pure d-dimensional simplicial complex from a matroid M. By Oppenheim’s
trickling down theorem, it suffices to prove that (i) the graph of every link is connected, and (ii) the
second largest eigenvalue of the random walk matrix of the links of dimension d — 2 is at most 0.

The first claim that the graph of every link is connected follows from the second axiom of matroids
stated in Example 26.4 and is left as a simple exercise.

For the second claim, consider the adjacency matrix A, of the graph G,, where o is a face of
dimension d — 2. Since the probability distribution on the maximal faces is uniform, every non-
zero entry of A, has the same weight. Without loss of generality, we rescale the matrix so that
As(i,7) = 1if o U{i,j} is a maximal face, and A,(7,j) = 0 otherwise. We aim to show that
A, has at most one positive eigenvalue, which implies that the normalized adjacency matrix A,
also has at most one positive eigenvalue by Courant-Fischer (Theorem A.15). Since W, and A,
are similar matrices, this would further imply that the random walk matrix W, has at most one
positive eigenvalue.

Spanning Tree Complex: To establish that A, has at most one positive eigenvalue, we first
illustrate this with the spanning tree complex from Example 26.3. Consider the spanning tree
complex X = (E,¥) of a connected graph G = ([n], E). The maximal faces have size n — 1, so the
dimension of the complex is d = n—2. Given a face F' C F of dimension d — 2, with |F'| = n—3, the
subgraph formed by the edges in F' consists of three connected components. The edges remaining
in the link X are those with endpoints in different components. Two edges e, f in X form a face
of size 2 if and only if F'U {e, f} forms a spanning tree, which happens precisely when e and f are
not parallel edges in the contracted graph obtained by contracting the three components into single
vertices; see Figure 26.5. This structure implies that the edges in X can be partitioned into three
equivalence classes Fy, Es, F3, such that two edges e, f form a face of size 2 in X if and only if
they do not belong to the same class. Thus, the adjacency matrix Ap can be written as

T T T
AF == e] - XE1XE1 - XE2XE2 - XE3XE37

where J is the all-one matrix, and xg, is the characteristic vector of E; for ¢ = 1,2,3. Since J
has rank one and each matrix xg, XJ—EEZ- is positive semidefinite, it follows that Ar has at most one
positive eigenvalue. This completes the proof for spanning tree complexes.
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Figure 26.5: The link graph of a forest with three connected components. The edges e;, ea, the edges
€3, €4, €5, and the edge eg connect the three different pairs of components. Two edges are adjacent
in the link graph precisely when they belong to different groups, giving the adjacency matrix on the
right.

Linear Matroid Complex: The same proof extends to linear matroids, where, after quotienting
by the span of the columns indexed by o, two remaining columns 4, j form a face of size 2 if and only if
their images are not parallel in the linear algebraic sense. Thus, the columns can be partitioned into
equivalence classes E1, Fs, ..., By (with [ not necessarily equal to 3), leading to the decomposition
A =J — Z,ZL-:I XEngi- Again, this ensures that A, has at most one positive eigenvalue.

General Matroid Complex: For general matroids, define a relation on the vertices of G, by i ~ j
ifi = j or cU{i,j} is not a maximal face. We claim that this is an equivalence relation. It suffices to
verify transitivity. Suppose that i ~ j and j ~ k, but ¢ o k. Then o U{4, k} is a maximal face, while
oU{j} is a face. By the second axiom of matroids, there is an element e € {i, k} such that cU{j, e}
is a maximal face, contradicting either ¢ ~ j or j ~ k. Again, the elements can then be partitioned
into equivalence classes F1, Fo, ..., E, leading to the decomposition A, = J — 22:1 XEngiv which
ensures that A, has at most one positive eigenvalue. O

One may wonder which other simplicial complexes are 1-local-spectral expanders. Problem 26.24
shows that they must have very restrictive structures: the graphs of the top links must be complete
multipartite graphs.

Subspace Flags Complex

Consider the d-dimensional subspace flags complex defined in Example 26.5. Let V = Fg“ be the
(d + 2)-dimensional vector space over the finite field with ¢ elements, where ¢ is a prime power.
The vertices of the subspace flags complex X are the nonzero proper subspaces of V', and a set
of vertices forms a face if they form a chain under inclusion. Every partial flag can be extended
to a full flag. Therefore, the maximal faces are precisely the full flags Uy C Uy C --- C Ugq1,
where dim(U;) =i for 1 < i < d + 1. Each maximal face has d + 1 vertices, and so X is a pure
d-dimensional simplicial complex. For convenience, we set Uy := {0} and Ugyo := V. We equip X
with the uniform distribution on the maximal faces.
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Theorem 26.20 (Subspace Flags Complex is Local-Spectral Expander). Suppose q > 4d>. Then
the subspace flags complex of Fg” s a (1 — %)—local—spectml expander.

Proof. Consider a top link defined by a face 0 € X (d—2). Since o contains d — 1 subspaces, exactly
two dimensions i < j from {1,2,...,d + 1} are missing. Each edge of G, completes o to a unique
full flag. Therefore, the uniform distribution on the maximal faces induces the uniform distribution
on the edges of G,. In the following, we distinguish two cases, depending on whether j > ¢+ 1 or
j =i+ 1. We show that G, is a complete bipartite graph in the former case and the point-line
incidence graph of a projective plane in the latter case.

Suppose first that j > i+ 1. Let U be the subspace of dimension i+ 1 in ¢. Then any vertex W; in
G, with dim(W;) = ¢ satisfies W; C U, as 0 U {W;} is a face. Similarly, any vertex W} in G, with
dim(W;) = j satisfies U C W}, as o0 U {W;} is a face. Hence, W; C U C W;. Thus, o U {W;, W;}
is a face, and so W; and W; are adjacent in G,. It follows that G, is a complete bipartite graph.
Hence, the second largest eigenvalue of its random walk matrix is 0.

Suppose now that j = ¢ + 1. Let U and Z be the subspaces of dimensions ¢ — 1 and ¢ 4+ 2 in
o immediately before and after the two missing dimensions, where we set U = {0} if i = 1 or
Z =V iti=d. Then Z/U is a three-dimensional vector space over F,. The possible subspaces of
dimensions ¢ and j correspond respectively to the one-dimensional and two-dimensional subspaces
of Z/U. Moreover, two such subspaces form an edge if and only if the corresponding point lies on
the corresponding line. Therefore, G, is the point-line incidence graph of the projective plane over
F,. See Figure 26.6 for an example.

SEFE OO

Figure 26.6: The Fano plane, or the projective plane over Fo, and its point-line incidence graph.
On the left, the seven light blue vertices are the points p1,...,pr7, and the seven dark blue lines are
li,...,l7. On the right, a point vertex p; and a line vertex /; are adjacent if and only if p; lies on [,
or equivalently p; C [; in the subspace representation of the Fano plane. The light yellow highlight
indicates the incidence between p; and [y in both representations.

To compute the second largest eigenvalue of the point-line incidence graph, we use the following
basic facts about the projective plane. Every point lies on ¢ 4+ 1 lines, and every line contains
q + 1 points. Every pair of distinct points determines a unique line, and every pair of distinct lines
intersects in a unique point. Let N denote the common number of points and lines. Let B be
the N x N point-line incidence matrix, where B(p,l) = 1 if point p lies on line [ and B(p,l) = 0
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otherwise. Then the adjacency matrix and the random walk matrix of G, are

0 B 1 0 B
AU_(BT O) and WJ_q—’—]_(BT O)

These basic facts also imply that

1 I+J 0
BB =qI + BTB=qI 2 q .
q J and gl+J = W G+ 1) < 0 ol +J

It follows that the eigenvalues of W2 are 1 with multiplicity 2 and ¢/(q + 1) with multiplicity
2(N —1). Since G, is bipartite, the eigenvalues of W, occur in + pairs, and thus as(W,) =

Va/(g+1).

Using arguments similar to those for the top links, we can show that all links are connected.
Therefore, applying Theorem 26.18 with g = 1 — as(W,,) and using q > 4d? gives

~ o 2
ol z1- W) 4 VI 2
1—(d—1)ag(W,) g+1—(d-1)/4q V4
Hence, X is a (1 — Z/ﬂ)—local—spectral expander. O

26.4 Local-to-Global Method

The main goal in this section is to prove Theorem 26.17. We follow the exposition in [Moh22],
which simplifies the calculations by considering normalized Laplacian matrices rather than random
walk matrices.

In the following, we first introduce a local-to-global formulation of the spectral gap of the normalized
Laplacian matrix and then use it to prove the trickling down theorem.

Local-to-Global Characterization of Spectral Gap

Recall from Section 3.3 that the random walk matrix W and the normalized adjacency matrix A of
a graph are similar matrices. This implies that they share the same eigenvalues, but the eigenvectors
of W are not necessarily orthonormal with respect to the standard inner product.

Given a random walk matrix W = D71A, a calculation similar to that in Lemma 3.17 (where
we considered WT) shows that the eigenvectors uq,...,u, € R™ of W can be chosen to satisfy
(ui,uj)p = 0 for every i # j. It is more convenient to use the stationary distribution m, which is
proportional to the vertex degrees, to define the inner product

n

(f9)x = m(0) f(D)g(i) = Binx[f(1)g(i)],

i=1
as it can be interpreted as an expected value.

The second eigenvalue can be characterized using the Rayleigh quotient under this inner product.
The proof is similar to that in Lemma 2.3.
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Lemma 26.21 (Rayleigh Quotient Characterization of Spectral Gap). Let G = (V, E) be an undi-
rected edge-weighted graph. Let W = D~ LA be its random walk matriz with stationary distribution
w, and let L:=1—W. The second etgenvalue ofL 18

No(E) = mm (fﬁf) i Sijer Al 9) - (f(6) = f(5))?
£i o (fs f)r f:<f,f>,r=0 >iev D) - f(i)? '

The following geometric characterization of the second eigenvalue of the normalized Laplacian ma-
trix is well-known and has applications in metric embeddings and approximation algorithms (see
Problem 26.27 and Chapter 20). It provides a local-to-global characterization, where the numerator
is the average squared edge length and the denominator is the average squared pairwise distance.
This formulation aligns naturally with the local-to-global method in high-dimensional expanders.

Lemma 26.22 (Local-to-Global Characterization of Spectral Gap). Let G = (V, E) be an undirected
edge-weighted graph. Let W = D~ LA be its random walk matriz with stationary distribution T, and
let £L:=1—W. The second eigenvalue ofL 18

| Biem o) (D) — £G))7)
B, jor[(f (1) = F(1))?]

where the notation i ~ w,j ~ W(i,-) means first sampling a random vertex i from 7 and then
sampling a random neighbor of i according to the distribution W (i,-).

A2(L) =m

Proof. Let m := %Ziev D(i,i) be the total edge weight of G. Starting from the characterization
in Lemma 26.21, we claim that

D)~ i uepAGD GO TGP S A6 16 - S6)

2 = — = — . -
FlEDa=0 ey D(E1) £(0) ;e ey DGi) (F(6) — o)

In one direction, an optimal function f on the left-hand side achieves the same objective value
on the right-hand side, since shifting f by a constant does not increase the objective value when
(f,1)r =0=(f,1)p (see Lemma 2.9), and so the maximum is attained when ¢ = 0.

In the other direction, for any function f, the optimal choice of ¢ in the inner maximization problem
c=Y" D(i,i) f(z')/ 3" D).
i€V icV
Using (i) = D(i,4)/ >_; D(j,j) = D(i,4)/(2m), we see that the function f—ecl is a feasible solution
on the left-hand side with the same objective value.

is

Now, substituting the optimal choice of ¢, the denominator on the right-hand side simplifies to

DG (F) — e = 2m 3 w) 0 2m (i) £0)

% i€V eV
= m Y w(i)n(§) (F() — f(5))?
i,jEV

= MmEjr jorl(f(7) — f(]))Q]

Finally, a simple calculation shows that

> AGL ) (F0) = FG))? = mBier jaw@[(FG) — ()7
ijEE

Plugging these equalities into the first line proves the lemma. O
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Proof of the Trickling Down Theorem

The usual proofs of the trickling down theorem rely on the Rayleigh quotient characterization of
the second eigenvalue of the random walk matrix, given by

. <fa W0f>Hg
o2(Wo) = f:(f{%iq)zrzo (f, f>Hg ' (26:5)

The approach involves decomposing Wy into the random walk matrices W; of its singleton links,
and decomposing f as f = fiH + fi+, where (fi, T>H6 = 0, to bound the quadratic form (f:-, W f:-).

In [Moh22], the unconstrained characterization in Lemma 26.22 is used to bypass the decomposition
of f. Moreover, the denominator in this formulation fits naturally with the local-to-global method
in high-dimensional expanders.

Proof of Theorem 26.17. Let L := Z]@ and W := Wj be the normalized Laplacian matrix and
the random walk matrix of the empty link. The stationary distribution of W is Ilp, as shown
in Definition 26.13. Let f be an eigenvector of I — W with eigenvalue )\2(,2) in Lemma 26.22,
normalized so that E;m, jr, [(f(1) — f(5))%] = 1.

In the following, we first outline the main steps leading to the conclusion, followed by detailed
explanations. Readers may find it helpful to read each step and then refer to its explanation before
proceeding further. We claim that

ML) = By jowiin [(F() = F(1))7] (26.6)
= B i, jow [(F(0) = f(7)) %] (26.7)
> g Eppy, jon [((2) = FG)?] (26.8)
= gEz’~Hg,j~W2(z’, 5] [(f(l) f(]))ﬂ (26.9)
= gh(L) (2 - (L)) (26.10)

)}
N—
O

Since the graph G of the empty link is connected, it follows from Proposition 1.15 that Ao
Therefore, 1 > g - (2 — A\2(£)), and thus Ay(£) > 2 — 5. We now justify each step.

Explanation of (26.6): This follows from Lemma 26.22 since E;ury, jorm, [(f(4) — f(5))?] = 1 and
f is an optimizer.

Explanation of (26.7): This is the key step in decomposing the quadratic form of the empty link
into the quadratic forms of the singleton links. It says that a random edge of the whole complex
can be generated by first choosing a random vertex and then sampling a random edge in its link
according to the conditional distribution. To formally verify this, observe that the total weight of

each term (f(i) — f(4))? in (26.7) is

ZHO ( i) Wi(i, j)+H0( Wi(4,i ) ZHO Hl (i5) ZHQ {l,i,7}) =1 (i5),

where we used (26.3), (26.2), and (26.1). This matches the corresponding weight in (26.6), which
is (i) W (i, j) + To(j) W(j. i) = T (ij) by (26.3).
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Explanation of (26.8): Apply Lemma 26.22 to the random walk matrix W of each link Xj,
whose stationary distribution is Hé by Definition 26.13, and use the assumption that Ay(£L;) > g.

Explanation of (26.9): This is another important step, which says that a stationary length-2
random walk of the whole complex can be generated by first choosing its middle vertex according to
IIy and then sampling two neighbors of the middle vertex independently according to the conditional
distribution on its link. To formally verify this, observe that the total weight of each term (f(i) —
f(4))? in the expectation in (26.8) is

H1 Z l H1 .o
2> Ty (1) 1T (3) Ij (5 QZ () QZHO W(l,5) = 2o (i) W(i, 5),
l

where we used (26.2) and (26.3). The notation j ~ W?2(i,-) means sampling a random vertex by
starting a 2-step random walk of W from vertex i. Note that the stationary distribution of W? is
still TTp. This matches the weight of each term (f(i) — f(4))? in (26.9), which is

o (i) W*(i. 4) + Mo () W2(j,4) = 21 (i) W*(i. ),
where the time reversibility of W?2 follows from that of W.

Explanation of (26.10): Since f is an eigenvector of I — W with eigenvalue )\g(i), it is also an
eigenvector of I — W? with eigenvalue

1= (1= X2(£))* = Xa(£) (2 = Xa(L)).
Since the stationary distribution of W? is still Iy, it follows that
Eirctty jow2(i) [(F(D) = FG)*] = (L) (2= Aa(L)) Binatty jouty [(() = F(7))*] = Ma(£) (2= Xa(L)),
where the last equality follows from our normalization of f that E; i, jomm, [(f(1) — f(4))?] = 1. O

This approach of analyzing a global function through its restrictions to the links is often called
Garland’s method in the literature.

Further Developments

The spectral gap bound in the trickling down theorem deteriorates quickly as we go to lower links.
For many simplicial complexes arising from combinatorial problems, however, the spectral gaps are
conjectured to improve as we move to lower links. Recent work has developed improved trickling
down theorems and applied them to obtain strong results in random sampling [ALO22, AO23,
WZ7Z24, LLO25|.

26.5 Problems

Exercise 26.23 (Product Distributions). Let X = (E,J) be a matroid complex. Suppose each
element e € E has a positive weight we. Consider the probability distribution 11 on the mazimal
faces, where each mazimal face F' has probability proportional to [] . pwe. Show that (X,II) is still
a 1-local-spectral expander.
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Problem 26.24 (Complete Multipartite Graphs). Prove that the adjacency matriz of a connected
graph G has at most one positive eigenvalue if and only if G is a complete multipartite graph.

Problem 26.25 (Approximate Negative Correlation of Matroids). In Problem 14.27, we saw that
the indicator variables of the edges in a random spanning tree are negatively correlated: for any two

distinct edges e and f,
P}r[eeT|f6T] gf;r[eeT].

This need not be true for general matroids, but not all is lost. Use the result in Theorem 26.19 that
every matroid complex is a 1-local-spectral expander to prove that, for any two distinct elements 1
and j,

P]’Sr[z' €B|jeB]< 2%r[ieB],

where B is a uniform random basis of the matroid.

Question 26.26 (Open). What is the best possible constant in the approximate negative correlation
property of matroids in Problem 26.25? There are examples showing that the constant must be at
least 87 [HSW22], and it has been conjectured that this is tight for binary matroids.

Problem 26.27 (Metric Embedding). A metric d on a set X can be embedded into (3 with distortion
D if there exists a function f : X — {o such that

1f(@) = fFW)3 < d(z,y) < D) f(2) = FW)II3  for every z,y.

Use Lemma 26.22 to show that every embedding of the shortest path metric of a constant-degree
expander graph on n vertices into (3 has distortion Q(logn).
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Chapter 27

Higher Order Random Walks

We study two related random walks on simplicial complexes, called the down-up and up-down
walks. The main result is that these walks mix rapidly on good local spectral expanders. A major
consequence is that the natural random walks on the bases of any matroid mix rapidly, proving the
long-standing matroid expansion conjecture. Another consequence is a counterexample to Steurer’s
conjecture (Conjecture 22.1) constructed from sparse local spectral expanders.

27.1 Random Walks on Simplicial Complexes

Kaufman and Mass [KM17] defined two natural random walks on the k-dimensional faces of a
simplicial complex: the up-down walks, which pass through (k + 1)-dimensional faces, and the
down-up walks, which pass through (k — 1)-dimensional faces. An intuitive way to describe these
walks is through the following bipartite graphs; see Figure 27.1.

Definition 27.1 (Bipartite Graph of a Layer). Let (X,II) be a pure d-dimensional simplicial com-
plex. For any —1 < k < d—1, the bipartite graph Hy, = (X (k), X(k+1); E) has one vertex for each
Jace in X(k)U X (k+ 1), with an edge between 7 € X (k) and 0 € X(k+ 1) if and only if T C 0.
The weight of this edge is %&—2 11 (o).

Up and Down Operators

We consider the random walk matrices of these bipartite graphs and define the up and down oper-
ators, which correspond to one-step random walks on the bipartite graphs in Definition 27.1.

Definition 27.2 (Up and Down Operators). Let (X, II) be a pure d-dimensional simplicial complez.
Let Ay be the adjacency matriz of Hy with

1
Ak(Tv U) = Ak(O’, T) = m Hk+1(0)
if T Co forte X(k) and o € X(k+ 1), and zero otherwise. For each face T € X (k), the weighted
degree of T is

1

deg(7) := Z Ap(r,0) = Z P I41(0) = Hi(7),
c€X (k+1):0D7 oeX(k+1):0DT
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1/12 1/12 1/12 1/12 1/8 1/8 1/12 1/8 1/8 1/12

Figure 27.1: The weighted bipartite graph Hy for the spanning tree complex. The probability of
each face under its corresponding distribution Iy or Il is shown above it, while the value below
each two-edge forest is the weight of each of its two incidence edges. Note that the weighted degree
of each face is equal to its probability under the corresponding distribution.

where the last equality is by (26.1). For each face o € X (k + 1), the weighted degree of o is

deglo)i= Y Aro)= Y s (o) = Tya(o),

TeX(k):TCo TeX(k):TCo

The random walk matric Wy, of Hy is

(0 Dgp
where Dyy1 is an X (k) x X (k + 1) matriz and Uy is an X (k + 1) x X (k) matriz. For 7 € X (k)
and o € X(k + 1) satisfying T C o,
Ag(T,0) 11 (0)

Den(mo) =300y = Gryinm ¢ Glon)=

Ak(o-’ T) _ 1
deg(oc) k+2

The matriz Dy1 is called the down operator from X (k+1) to X (k), and Uy, is called the up operator
from X (k) to X(k+1).

The following remark clarifies the naming convention of these operators.

Remark 27.3 (Down-Up Confusion). The term down operator comes from the perspective that
Dy.11 is an operator that maps a function f: X(k+1) — R to a function g = Dii1f : X(k) = R,
so the output 1s one dimension lower, hence the name down operator. In other words, the naming
convention arises from right multiplication on the matriz.

When considering random walks, however, we apply left multiplication in the form p' Wy,. From this
perspective, Di1q actually maps a distribution on X (k) to a distribution on X (k+1), so the output
s one dimension higher. This may seem counterintuitive when thinking about random walks, but it
is not a major issue since we rarely discuss these operators in isolation.
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A useful property is that the up and down operators are adjoint.

Exercise 27.4 (Adjoint Property). Let (X,II) be a pure d-dimensional simplicial complex. Show
that for any f: X(k) >R and g: X(k+1) = R,

<ka7g>1_[k+1 = <f7 Dk+1g>Hk-
Up-Down Walks and Down-Up Walks

The two random walks defined by Kaufman and Mass correspond to two-step random walks on the
bipartite graphs in Definition 27.1; see Figure 27.2 for an illustration.

Definition 27.5 (Up-Down Walks and Down-Up Walks [KMI17]). Let (X,II) be a pure d-

dimensional simplicial complex. Let Hy be the bipartite graph in Definition 27.1, and let Wy be the
random walk matriz on Hy in Definition 27.2. Consider

W2 _ (Dk+1Uk O > —. PkA O
F 0 Uk Dy 0 P, )

where PkA e RXK)XX(K) 45 called the up-down walk matriz and ka+1 e RXGBHDXX(k+1) 45 called the
down-up walk matriz. We write ikA =1 — PkA and ikv =1 — ka.

N

1/10

| 1/10
(o} s} !

‘T/!U
8

i
ovlt

2o oS

ol ©

ot | €

1/10

1/10

Figure 27.2: The up-down walk graph on the five one-edge forests in Figure 27.1. Fach directed edge

is labeled by its transition probability. The two directions of an edge may have different transition
probabilities because the normalization depends on the starting face.
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Notice that POA is just the standard lazy random walk on the weighted graph X (1). It is helpful to
write out the entries of PkA and P]ZH explicitly.

Fact 27.6 (Entries of PkA and kaﬂ). Let (X,1I) be a pure d-dimensional simplicial complex. For
.7 € X(k),

1
k+ 2 fr="7
My (rur)
Po(r7) = T =T e X(h+1
e (T:T') it 2200, (7) iftur e X(k+1)
0 otherwise.

For o,0' € X(k+1),

Hk+1(0,) . /
Z TSR S ifo=o0
T7eX(k):7Co (k + 2) Hk(T)
Py (o,0") = Ij41(0”) - /
’ X (k
(& +2)2 (0 N o) ifono’ e X(k)
0 otherwise.

A simple but crucial property of PkA = Dy 1U; and ka+1 = Ui Dy is that they have the same
nonzero spectrum, including multiplicities (see Fact A.31). This will be used in an inductive proof
to analyze the spectrum of Pdv.

Fact 27.7 (Same Nonzero Spectrum of PkA and Pﬁl). The matrices Pk,A and P,ZH have the same
nonzero eigenvalues, including multiplicities.

By the adjoint property in Exercise 27.4, both matrices are positive semidefinite. Hence, they also
have the same second largest eigenvalue, and so )\Q(LkA) = /\Q(Lkv+1).

The stationary distributions of PkA and ka are the same. This can be verified by direct computation

or by checking that the time reversible condition (i.e., w(i) P(i,j) = w(j) P(j,4) for all 4, j) holds.

Fact 27.8 (Stationary Distributions). The stationary distributions of PkA and ka are both 1lj.

Random Walks on Matroid Bases

To sample a uniformly random basis of a matroid, we consider the matroid complex with the uniform
distribution on its bases and run the down-up walk Pdv . By Fact 27.8, the stationary distribution
is the uniform distribution.

The down-up walk Pdv corresponds to the natural algorithm where we start from an arbitrary basis
By and, in each iteration ¢ > 0, drop a uniformly random element ¢ from the current basis and add
a uniformly random element j among those for which Byy1 := By — ¢ + j remains a basis.
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27.2 Kaufman-Oppenheim Theorem and Matroid Expansion

Kaufman and Oppenheim [KO20] proved that if a simplicial complex is a good local spectral ex-
pander, then the up-down and down-up walks mix rapidly. Recall that our definition of a local
spectral expander in Definition 26.14 is slightly different, as we use the spectral gap instead of the
second largest eigenvalue of the random walk matrix. Thus, the following statement differs slightly
from the one in the literature.

Theorem 27.9 (Kaufman-Oppenheim Spectral Gap Bound [KO20]). Let (X, II) be a g-local-spectral
expander with g < 1 as in Definition 26.1. Let ka be the down-up walk on X (k) and Lkv = I—ka
be its normalized Laplacian matriz. For any 0 < k < d, the second smallest eigenvalue ofikv satisfies
~ 1 k
M(LY) > —— — = (1—g).
2(Ly)) = k+1 2 ( 9)
This theorem implies that if the simplicial complex is a 1-local-spectral expander, then the down-

up walk ka has spectral gap at least k%&—l This leads to the resolution of the matroid expansion
conjecture.

Matroid Expansion Conjecture

Recall from Theorem 26.19 that the matroid complex is a 1-local-spectral expander. By Kaufman-
Oppenheim’s Theorem 27.9,
~ 1
Ao (L)) > —, (27.1)
r
where r := d+1 is the rank of the matroid. By the standard mixing time analysis in Theorem 3.15,
the e-mixing time of the down-up walks is at most O(rlog &) = O(r?log 2), where N < n” is the
number of bases and n is the number of elements in the ground set. This provides a simple and
efficient algorithm to sample an almost uniformly random matroid basis.

Theorem 27.10 (Sampling Matroid Bases by Down-Up Walks [ALOV24]). For any matroid M of
rank r with n elements, the e-mixing time of the down-up walk is at most O(r2 log %)

The matroid expansion conjecture, proposed by Mihail and Vazirani in 1989, states that the basis
exchange graph (the underlying unweighted graph of the down-up walk matrix of the matroid
complex) has edge expansion at least one. Their motivation was to obtain an efficient sampling
algorithm for matroid bases, as in Theorem 27.10.

The conjecture follows from (27.1) and Cheeger’s inequality in Theorem 2.2; see Exercise 27.22.

Corollary 27.11 (Proof of the Matroid Expansion Conjecture [ALOV24|). The basis exchange
graph G = (V, E) has edge expansion at least one, i.e., |0(5)|/|S]| > 1 for all S C V with |S| < |V|/2.

27.3 Spectral Gap Bound in Product Form

The techniques from high-dimensional expanders have led to a breakthrough in analyzing the mixing
times of Markov chains. This motivates the goal of obtaining sharper bounds on the spectral gap
of higher-order random walks for other simplicial complexes.

The following bound in product form ensures a positive spectral gap as long as all links are connected.
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Theorem 27.12 (Spectral Gap in Product Form [AL20]|). Let (X,II) be a (9-1,...,g4—2)-local-
spectral expander as in Definition 26.1/. Let ka be the down-up walk on X (k), and let Lkv = I—ka
be its normalized Laplacian matriz. For any 0 < k < d, the second smallest eigenvalue ofikv satisfies

i =
Aa(L)) = ] H 9gj-
j=—1

Combining this with Oppenheim’s Theorem 26.17, it follows that if the graphs of the top links have

spectral gap at least 1 — m, then the down-up walk remains rapidly mixing; see Exercise 27.23.

Corollary 27.13 (Top Links). Let (X,II) be a pure d-dimensional simplicial complex. Suppose

Jd—o > 1— m and that G, is connected for every face o of dimension at most d — 2. Then

. 1
(L) > CTCESA)

Another consequence is that the following spectral gap profile ensures polynomial mixing time.

Corollary 27.14 (Improving Profile from Top to Bottom). Let (X,II) be a pure d-dimensional
simplicial complex. If there exists a constant 0 < ¢ < 1 such that

& C &
9 Gdss1g0,9-1) = (1 — ,1—7,...,1—7,1—7),
(9d—2, 9d—3 90,9-1) ( ¢ 9 d—1 d

then 1 )

(d+1) dec ~ dl-l—c'

Mo (L) =
This profile turns out to be very useful in analyzing mixing times, as we will see in the next chapter.

Local-to-Global Method

As in the proof of the trickling down theorem in Section 26.4, the usual proofs of the random walk
theorems (Theorem 27.9 and Theorem 27.12) rely on the Rayleigh quotient characterization of the
spectral gap. This approach involves decomposing the quadratic form associated with PkA in terms
of the random walk matrices W of the links of the (k —1)-dimensional faces, and decomposing that
associated with ka in terms of the corresponding “complete graph” matrices J,. Schematically,
these decompositions take the form

<fa Pk;Af>Hk ~ ETNH]C,1 [<f77 WTfT>H8] and <fa kaf>nk ~ ETNHk,l [(fTu JTfT)Hg] . (272)

In these decompositions, a function f on X (k) induces a function f; on the link of each (k — 1)-
dimensional face 7. The proof then proceeds by comparing (f, W; f;) and (f;, J; f;) term by term
for each 7. In this comparison, each f; is further decomposed as f; = fﬂ + f, where (fi, f)ng =0,

in order to bound the quadratic form (f*, (W, —J,) f$>ng using the bound on the second eigenvalue
of W.

The improvement in Theorem 27.12 is obtained by recovering certain terms involving fﬂ that were
dropped in the analysis of Theorem 27.9. It is perhaps surprising that these seemingly innocent
terms lead to a much sharper bound that has been crucial for subsequent developments.
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We follow the exposition by Mohanty [Moh22| to prove Theorem 27.12. As in Section 26.4, the
unconstrained characterization in Lemma 26.22 is used to bypass this decomposition into parallel
and perpendicular components. Moreover, the denominator in this characterization exactly matches
the expression needed in the analysis of higher-order random walks. As a result, the calculations
are considerably simplified, even though the two main decompositions remain the same.

Proof of Theorem 27.12.  We prove by induction that

k—1
~ 1
ML) = Xa(L) = = T 9

j=—
where the equality follows from Fact 27.7. The base case when k = 0 is clear.

For the induction step, we first outline the main steps and then explain each one in detail. Readers
may find it helpful to read each step at a time and consult its detailed explanation before proceeding
to the next step.

Let f be any function normalized so that E, oo, [(f(0) — f(a’))z] = 1. We claim that

EUNHk,o"NPkA(U,-) [(f(o) = f(U/))Q]

= Erntty By kit oy (P LR = T U{1)] (273)
> gt B oo [(F U (3) — £ U 1)) (27.4)
= e By o [(F) — ) (27.5)
> m‘g’“‘mgﬂj (27.6)
- k}rzjﬂlgj'

Since this lower bound holds for every function f satisfying the normalization above, Lemma 26.22
implies that )\2( ) k+2 H]__l gj. It remains to justify each step.

Explanation of (27.3): This is the decomposition of the up-down walk corresponding to (27.2).
Every pair 0,0’ that contributes a nonzero term in the first line is of the form o = 7 U {i} and
o' =71U{j}, where r =0 nNo’ € X(k—1) and i # j. The key observation is that sampling such
a pair from this distribution is almost equivalent to first sampling 7 from II;_;, then sampling a
random edge ij using the random walk matrix W, of the link X.. The only difference is that PkA
includes a self-loop probability of k%LQ, while there is no self-loop in W,. This is the reason for the
adjustment factor (k +1)/(k + 2) in (27.3).

To verify this formally, the total weight in (27.3) of the term (f(o) — f(0”))? corresponding to the
unordered pair {o, 0’} is

. .. /
k+1WT( J) = 211(7) I(ru{i}) k+1 H(TU{Z,]}). :2H(O'UO'2)’
k+2 (I7| + DII(7) k+ 2 (|7] + 2)I(7r U {:}) (k+2)

where we used (26.4) to combine the two orientations into the factor 2, and (26.2) and (26.3)
in the first equality. This matches the corresponding weight on the left-hand side, which is

210(7) T (0)
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211 (o) PkA(cr, o') = 2Il(c Uo’')/(k +2)? by Fact 27.6, with the factor 2 again accounting for the two
orientations.

Explanation of (27.4): Applying the local-to-global characterization from Lemma 26.22 to each
inner expectation in (27.3) yields (27.4).

Explanation of (27.5): This is the decomposition of the down-up walk corresponding to (27.2).
Again, each pair o,0’ contributing a non-zero term in (27.5) is of the form ¢ = 7 U {i} and
o' = 7U{j}, where r = o nNo’ € X(k—1) and i # j. The weight of this term (f(o) — f(¢))? in
(27.4) is

T O(rufiy) TEufsh) _, o))
210(r) I (i) g (5) = 210(7) (rl+ D) (7| + D)l 2 (k+1)2I(c No’)’

where we used (26.2). This matches the corresponding weight in (27.5), which is 2II(0) P (0, 0”) =
2l (o) 1(o")/ ((k + 1)* (o No’)) using Fact 27.6.

Explanation of (27.6): Since E, o, o/, [(f(0) — f(0'))?] = 1, it follows from Lemma 26.22 that

~ ~ 1
Bty (o [(F(0) = 10 2 2a(87) = 2a(Zic 1) 2 = [T 5

where the equality follows from Fact 27.7 and the last inequality follows from the induction hypoth-
esis. O

Combinatorial Interpretation

The key step of the proof is to compare the up-down walk PkA with the down-up walk ka . The
idea is to decompose Pk,A into the random walk matrix W, of the links X, which measures the
average squared edge length in (27.3), and to decompose Pk,v into the “complete graph” matrix of
its links X, which measures the average squared pairwise difference in (27.5). Then Lemma 26.22
is used to compare the random walk matrix with the complete graph matrix through the spectral
gap gk—1-

If we interpret the proof combinatorially using edge conductance, then (27.3) decomposes the up-
down walk graph into expanders, (27.5) decomposes the down-up walk graph into complete graphs,
and replacing each complete graph with an expander preserves the edge conductance within a factor
gk—1 in (27.4). This is the intuition behind the product form; see Figure 27.3 for an illustration.

A subtle but important step is that ka and PkAi , have the same spectrum, which enables the
inductive approach. One could visualize the overall proof as having a stack of bipartite graphs, one
for each layer as described in Definition 27.1. We build the down-up walk ka graph inductively

starting from POA = %(W@ + I), relating the spectrum of PlA to PY . through the bipartite graph

+1
in the [-th layer, and replacing each clique in Pl_vH with the link graphs G, for o € X(I) to obtain
Pﬁl, until we reach ka.

One may understand the resolution of the matroid expansion conjecture as using the right induction
for the problem, which may not be easy to come up with without the perspective of a simplicial
complex and concepts such as links. It would be interesting to see whether there exists a purely
combinatorial proof (without using any linear algebra) of the matroid expansion conjecture using
the combinatorial interpretation above.
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Figure 27.3: The clique-to-expander replacement for the link of the diagonal edge 7 in the spanning
tree complex. The yellow clouds highlight 7 and all the faces containing it. In the lower bipartite
graph, the four highlighted faces in X (1) form the normalized complete graph associated with 7.
From each face, this local walk moves to each of the four faces with probability 1/4, including a
self-loop that is omitted from the figure. In the upper bipartite graph, the four highlighted spanning
trees correspond to the four edges of the link graph G, which is a 4-cycle on the same four faces in
X (1). From each face, this local walk moves to either neighbor with probability 1/2. Thus, passing
from the down-up walk to the up-down walk replaces the complete graph associated with 7 by the
link graph G;. The proof performs this replacement for every link, but only one link is highlighted
here.

Question 27.15 (Combinatorial Proof of Matroid Expansion Conjecture). Is there a purely com-
binatorial proof of the matroid expansion conjecture?

27.4 Sparse Local Spectral Expanders and Steurer’s Conjecture

In this section, we show how to use a sparse local spectral expander to construct a set of vectors
with small global correlation but without large separated sets. Then, we instantiate this result using
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the simple construction of Hopkins and Ray [HR26] to disprove Steurer’s conjecture, following the
presentation in [EO26].

Constructing Vectors From Simplicial Complex

The construction of vectors from a simplicial complex X is very simple and natural.

Definition 27.16 (Binary Vectors from Simplicial Complex). Let X be a pure (d — 1)-dimensional
complez. For each mazimal face o; € X(d — 1), we define the unit vector

1
ﬁ Xoi»

where xo, € {0,1}XO) is the characteristic vector of o;.

V; =

Small Global Correlation from Sparse Simplicial Complex

The first claim is that if X is sparse, then the vectors have small global correlation.

Claim 27.17 (Small Global Correlation from Sparse Simplicial Complex). Let A(X) denote the

mazimum number of mazimal faces containing a vertex of X, and let m :=|X(d — 1)|. Then
1 A(X)
Eij|(vi,v;)| == mz |(vi,v5)| < —

Proof. The proof is by a direct calculation:
1 1
Ei,j‘(“i?”j)‘ 2 Z Wz‘,vj de Z (Xois Xoy) = a2 Z Z L.
2,7 i, 1,j xE€0;N0;

For z € X(0), let deg(x) be the number of maximal faces containing x. By changing the order of
summation,

J} vl,’uj Z Z 1: Z deg(z)* < dm2 Z deg(z A(X>

xEX (0) 4, : 0;>x, 05T SCEX (0) z€X(0)

where the last equality follows from }_ . v (o) deg(z) = dm. O

Small Distance Between Large Sets from Spectral Gap

The second claim is that if X is a local spectral expander, then no two large sets of vectors are
far apart. This follows from the following general relation between the second eigenvalue of the
normalized Laplacian and the graph distance between two large sets.

Claim 27.18 (Distance Between Large Sets [AMS85]). Let G = (V, E) be a graph, and let P be the
transition matriz of a reversible Markov chain supported on G, with stationary distribution w. If
A > 0 is the second smallest eigenvalue of I — P, then, for any S,T CV satisfying w(S),n(T) > 0,

1
dista (S, T) < ——.
iste(5,T) < 57
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Proof. Let f(v) := distg(v,S). Since (f(u) — f(v))? <1 whenever P(u,v) > 0, Lemma 26.22 gives
1

> |

> > w(w)w(v) (f(u) = f(v)? = 2m(S) 7(T) dista(S, T)? > 26% dista(S, T)*. O
u,veV

We remark that a stronger bound can be proved; see Problem 27.24.

Applying Claim 27.18 to the down-up walk graph of a strong local spectral expander implies the
following distance bound for the vectors.

Claim 27.19 (Distance Between Large Sets of Vectors). Equip X with the uniform distribution on
its mazximal faces. For any two sets of vectors S, T with |S|,|T| > ¢ - | X (d — 1)|, there exist v; € S

and v; € T such that
1

Jvi — i3 S ——.
doy/ X (LY )

Proof. Let Gx be the down-up walk graph of X, where the vertex v; corresponds to the maximal face
0;, and v;, v; have an edge if and only if 0y, 0; are connected by one step of the down-up walk. Since
X is equipped with the uniform distribution on its maximal faces, the stationary distribution of
P} | is uniform. Since each step changes at most one vertex of a maximal face, applying Claim 27.18

with Gx and P = Pdv_1 gives v; € S and v; € T such that

Ao 9 2
s = w318 = 22 < 2 it (o) < — 2 -

d o\ /Ao (EY )

Counterexamples to Steurer’s Conjecture

With the above construction and analysis, the sparse local spectral expanders constructed by Hop-
kins and Ray [HR26]| suffice to disprove Steurer’s Conjecture 22.1.

Theorem 27.20 (Sparse Local Spectral Expanders [HR26|). There ezists an infinite sequence of
pure (d — 1)-dimensional simplicial complexes X, each equipped with the uniform distribution on its
maximal faces, such that every top link has spectral gap at least 1 — ﬁ, every link of dimension at

least one has a connected graph, and d = (log m)%f"(l) and A(X) = m°D | where m := | X (d — 1)].

The following is the precise statement that Ebrahimnejad and Oveis Gharan proved, showing that
any two disjoint sets of linear size have separation at most 1/10g1/4_0(1) m.

Theorem 27.21 (Counterexamples to Steurer’s Conjecture [EO26]). For every constant 0 < § < %,
there exist infinitely many m and nonnegative unit vectors vi, ..., v satisfying the squared triangle
mequalities such that

1 - o
Ei il o)l = —5 D wiv)] <m™ e,

i,j€[m]
but any two disjoint sets S, T of at least dm wvectors contain v; € S and v; € T' such that

1

) 12 <
U v .
H 7 ]HQ ~ 5. (logm)%_o(l)
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Proof. Let X be a complex in Theorem 27.20. Write X(d—1) = {01,...,0m} and set v; := x,,/Vd
as in Definition 27.16. These are nonnegative unit vectors satisfying the squared triangle inequalities.
By Claim 27.17 and A(X) = m°® from Theorem 27.20,

A(X)

E; U<Uz‘7'l}j>|] < < m o)

On the other hand, Claim 27.19 gives v; € S and v; € T such that

1 1 1

< =
d5 /Az(idv_l) 5\/& 5 . (log m)1/4—0(1)

where the second inequality follows from applying Corollary 27.13 with top-link spectral gap 1 —

los = jll3 <

1
2d
from Theorem 27.20, and the last equality follows from d = (log m)%_o(l) from Theorem 27.20. O

Hopkins-Ray Construction of Sparse Local Spectral Expanders

The construction underlying Theorem 27.20 is a simple projection of the subspace flags complex in
Example 26.5 onto its central dimensions. This reduces the maximum degree because subspaces of
very low dimensions or very high dimensions are contained in many flags.

Let X be the pure (d — 1)-dimensional complex whose maximal faces are the consecutive central
flags of subspaces of Fg’" given by

Wr—k—i—l C Wr—k—i—? C--CWr CW;, C WT+1 c---C Wr+k—1 - Wr+k~
For k — oo through powers of two, set
r = klogy k, d:= 2k, q = 4d>.

The restriction to powers of two ensures that r is an integer and ¢ is a prime power.

As in the proof of Theorem 26.20, part (3) of Problem 27.25 implies that every top link has spectral
gap at least

Part (3) also shows that every link of dimension at least one has a connected graph. Moreover,
part (4) of Problem 27.25 gives ¢"~ < m < ¢°(*), where m := |X(d — 1)|, and shows that every
vertex belongs to at most ¢°*") maximal faces. Since r = klogs k and q = 4d?,

logm = d?log? d = @*t°() and qOFr) < mOK/T) = o).

1 o1

Therefore, d = (logm)z°" and X has maximum degree m°1), proving Theorem 27.20.

27.5 Problems

Exercise 27.22 (Matroid Expansion Conjecture [ALOV24]). Prove Corollary 27.11.

Hint: Let P be the down-up walk on the bases. Show that P(B,B’) < % for any two distinct bases
B and B’, where r is the rank.
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Exercise 27.23 (Spectral Gap from Top Links). Prove Corollary 27.13.
Hint: Use the trickling down theorem to show that g; > 1 — dﬂﬁ for =1 <j<d-2.

Problem 27.24 (Distance Bound from Spectral Gap). Let G = (V, E) be a connected graph with
random walk matriz P and stationary distribution w. Suppose Ao(I —P) > X > 0. For any S, T CV

with 7(S), m(T) > §, prove that
1

1
distq(S,7T) S 7 log 5
Hint: For S C V, let N.(S) be the set of vertices within distance r from S. For r =< 1/v/X, apply
Lemma 26.22 to f(v) :== max {1 — Ldistg(v,S),0} to show that m(N,(S)) > min {27 (S), 1}, and
iterate from S and T until the two neighborhoods intersect.

Problem 27.25 (Projected Flags Complex [HR26]). Let V =F2" and let 2 < k < r. Set d := 2k,
and let X be the pure (d—1)-dimensional simplicial complex whose mazimal faces are the consecutive
central flags

Wr,kJrl C erk+2 c---C Wr+k7 dlm(Wz) =1.

Equip X with the uniform distribution on its maximal faces.

1. By counting ordered linearly independent vectors, show that the number of j-dimensional sub-

spaces of Fy s
S k. qs*i -1
<j>q ~ g ¢ =1
Also show that, for g > 2,

FE) < <3> < 4¢t=9).
J q

2. Let Gy be the bipartite incidence graph between the one-dimensional and two-dimensional sub-
spaces of }FZ, where t > 3. Let B be its incidence matrixz and set N := (i)q and R := (tzl)q,
Show that every point is contained in R lines, every line contains ¢ + 1 points, and every two
distinct points determine a unique line. Deduce that BBT = (R —1)I+J and that the second
largest eigenvalue of the random walk matriz of Gy is at most 1/,/q. By duality, prove the
same bound for the incidence graph between the (t — 2)-dimensional and (t — 1)-dimensional

subspaces of .

3. As in the proof of Theorem 26.20, show that the graph of every top link of X is either a
complete bipartite graph or isomorphic to one of the incidence graphs in part (2). Conclude
that every top link has spectral gap at least 1 —1/,/q. Show also that every link of dimension
at least one has a connected graph.

4. Using part (1), show that qr2 < |1X(0)] < 4dq7ﬂ2 and that every vertezx belongs to at most g@*")
mazimal faces. Show that "> < |X(d —1)| < ).

Exercise 27.26 (Vertex Expanders with Slow Reweighted Mixing Time [EO26]|). Prove that there
is an infinite family of graphs H on n vertices with ¥(H) > i such that every reweighted matriz P

satisfying properties (1)—(5) in Conjecture 22.J requires logg_o(l) n steps before Tr(P?') —1 < n°M),
Hint: Use Lemma 22.3 and Lemma 22.6.
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Chapter 28

Spectral and Entropic Independence

The results on high-dimensional expanders in previous chapters provide a new approach for directly
bounding the spectral gap of down-up walks. In this chapter, we introduce the notion of spectral
independence, an elegant probabilistic reformulation of these results without the language of high-
dimensional expanders. This framework has led to recent advances in analyzing the mixing times
of Markov chains.

We also give an overview of entropic independence, which extends this approach from variance decay
to entropy decay and leads to bounds on the modified log-Sobolev constants of down-up walks. An
interesting consequence is a near-linear time algorithm for sampling a random spanning tree.

28.1 Spectral Independence

Anari, Liu and Oveis Gharan [ALO24] introduced the notion of spectral independence, a probabilis-
tic reformulation of Theorem 27.12 for sampling from a distribution. This reformulation translates
the definition of local spectral expansion into upper bounds on the largest eigenvalues of correlation
matrices under conditioning.

Correlation Matrix

The following correlation matrix captures the pairwise correlation between elements, analogous to
the random walk matrix of the empty link of the corresponding simplicial complex.

Definition 28.1 (Correlation Matrix). Let p : {0,1}" — R be a probability distribution. The
correlation matric of u is a 2n x 2n matric U, whose rows and columns are indexed by [n] x {0, 1},
with

V(). Gray)) = Pr [20) = a5 | 200) = o] = Pr [20) = o]

for any i # j and a;,a; € {0,1} such that Prz.,[Z(i) = a;] > 0. By convention, the row indezed
by (i,a;) is zero if Pry,[Z(i) = a;] = 0, while V((i,a;), (j,a;)) = 0 whenever i = j.

Note that the correlation matrix ¥ is similar to a symmetric matrix and thus has only real eigen-
values.
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Remark 28.2 (Influence Matrix). The following n X n influence matriz ® was defined in [ALO2/].
For any i # j such that both conditioning events have positive probability,

(i, j) = ZPNru Z(j)=1]Z@)=1] - ZPNr# (Z(j) =11 Z(i) =0].

By convention, the row indexed by i is zero if either conditioning event has probability zero, while
®(i,7) = 0. The influence matriz and the correlation matriz are closely related, with the same
nonzero eigenvalues; see Problem 28.34. The correlation matriz formulated in [AASV21, CGSV21]
1s more directly connected to the corresponding simplicial complez.

Conditional Correlation Matrix

The following conditional correlation matrices capture the pairwise correlations given a partial
assignment, analogous to the random walk matrices of the links in the corresponding simplicial
complex.

Definition 28.3 (Conditional Correlation Matrices). Let p: {0,1}" — R be a probability distribu-
tion. Let S C [n], and let ag € {0, 1}|S| be a binary string specifying an assignment for each element
i € S. We write Z(S) = ag for the event that Z(i) = ag(i) for every i € S, where Z ~ p. If
Prz ,[Z(S) = as] = 0, then Vo is the empty matriz. Otherwise, the conditional correlation ma-
triz Uoq is a 2(n—|S]) x 2(n—1|S|) matriz whose rows and columns are indezed by ([n]\S) x {0, 1},
with

Wy ((ai), Goay)) = Pr [20) = a; | 20) = 0 Z(S) = as] = Pr [2()) = a; | Z(5) = as]

for any i # j and a;,a; € {0,1} such that Prz., [Z(i) = a; | Z(S) = ag] > 0. By convention,
the row indexed by (i,a;) is zero if this conditional probability is zero, while U, ((2, a;), (7, aj)) =0
whenever 1 = j.

Spectral Independence

Spectral independence is closely related to local spectral expansion in the simplicial complex corre-
sponding to the probability distribution.

Definition 28.4 (Spectral Independence). A probability distribution p : {0,1}" — R is called -
spectrally independent if, for any S C [n] with |S| < n—2 and any partial assignment ag € {0,1}1°,

Amax (\I’as) < ZZ)

Let’s consider some examples before proceeding. First, it is easy to see that if u is a product
distribution (i.e., there exist A1,...,A, > 0 such that p(S) o< [[;cg i), then p is O-spectrally
independent. This suggests that spectral independence provides a linear algebraic way to quantify
the independence of a probability distribution.

A more interesting example is the class of negatively correlated distributions (see Problem 14.27).

Exercise 28.5 (Spectral Independence of Negatively Correlated Distributions). Let o : {0,1}" — R
be a homogeneous distribution such that, for all i # j,

Pr [20) =11 2()=1] < Pr [2() =1].
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Then Amax(V) < 1, where U is the correlation matriz of u. If this negative correlation property
holds after every conditioning, then u is 1-spectrally independent.

Hint: Show that ® has nonpositive off-diagonal entries and that the absolute row sum of every row
18 at most one.

Glauber Dynamics

A natural random walk for sampling from a probability distribution p : {0,1}" — R is called
Glauber dynamics.

Definition 28.6 (Glauber Dynamics). Let p: {0,1}" — R be a probability distribution on subsets
of [n]. Start with an arbitrary subset Sy € supp(u). At each iteration t > 1, choose a uniformly
random element i € [n] and update Sy as follows:

Si_1\ {i} with probabilit ACSNO)
S, — v—1\ {i} with probability M(Sz_l\{i})Jru(St_w{i})

Si—1 U{i}  otherwise.

Verify that this Markov chain has stationary distribution .

The main result of this formulation is a lower bound on the spectral gap of the Glauber dynamics
in terms of the spectral independence parameters.

Theorem 28.7 (Spectral Gap via Spectral Independence [ALO24]). Let p : {0,1}" — R be a
probability distribution. For each 0 < ¢ < n — 2, suppose that every partial assignment ag with

|S| = i satisfies Amax(\llas) < i, where 0 < ¢; < n—1i— 1. Then the transition matriz of the
Glauber dynamics for pu has spectral gap at least

n—2

0=

28.2 Simplicial Complex for Glauber Dynamics

The proof of Theorem 28.7 consists of the following steps:

1. Define a simplicial complex X* for the probability distribution p : {0,1}" — R.
2. Show that the down-up walk an_ , of X* corresponds to the Glauber dynamics.

3. Bound the second largest eigenvalue of the random walk matrix W, of each link by the
maximum eigenvalue of the corresponding conditional correlation matrix.

4. Apply Theorem 27.12 for down-up walks to derive Theorem 28.7 for Glauber dynamics.
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Simplicial Complex for Probability Distribution
The following is a natural simplicial complex of assignments on the label extended graph.

Definition 28.8 (Simplicial Complex of Assignments). Let p: {0,1}" — R be a probability distri-
bution on subsets of [n]. The simplicial complex X* = ([n] x {0,1},II) has ground set [n] x {0,1}
and a maximal face

¢:= ((17 Z(U)? (2» Z(Z))v AR (n7 Z(n)))

of dimension n — 1, with weight 11(¢) := u(Z) for each Z € supp(u). In other words, each mazimal
face of X* corresponds to an assignment of the n binary variables with nonzero probability in p.

Note that each face of X* corresponds to a partial assignment ag € {0, 1}‘5‘ on a subset S C [n] of
binary variables. Hence, for each partial assignment ag corresponding to a face, we denote its link
by Xhs.

Down-Up Walk and Glauber Dynamics

It is easy to check that each step of the down-up walk PY ; on X* in Definition 27.5 (and Fact 27.6)
corresponds to resampling a uniformly random coordinate in the current assignment according to
its conditional distribution, exactly as in the Glauber dynamics in Definition 28.6.

Claim 28.9 (Glauber Dynamics and Down-Up Walks). The down-up walk matriz P\ | on X* is
exactly the transition matriz of the Glauber dynamics on p in Definition 28.6.

Random Walk Matrices and Correlation Matrices

Next, we establish the relationship between the conditional correlation matrices of p and the random
walk matrices of the links of X*. The key observation is that the matrix W, arises naturally when
applying the inequality in (27.4) to compare the random walk matrix W of a link with its “complete
walk matrix” J, as illustrated in Figure 27.3. Together with the local-to-global characterization of
normalized Laplacian eigenvalues in Lemma 26.22, this gives the following lemma.

Lemma 28.10 (Conditional Correlation Matrices and Random Walk Matrices of Links). Let p :
{0,1}™ — R be a probability distribution, and let X* be the simplicial complex from Definition 28.8.
For a partial assignment ag € {0,1}1! corresponding to a face of X*, where S C [n] and |S| < n—2,

Amax(\lla )
Wa g [ HaxA—das/
a2( S)—n_|S|_17

where W is the random walk matriz of the link X4 in Definition 26.13, and U
correlation matriz from Definition 28.3.

ag 15 the conditional

Proof. Let J,, := 1(TI3°) T be the complete walk matrix, where T3S is the stationary distribution of
the random walk matrix W,,. We claim that, for any distinct ¢, j € [n] \ S and any a;,a; € {0,1},

Vas((7; i), (4, a5)) = (n = |S] = 1) Wag (i, ai), (4, a3)) — (n = [S]) Jas ((; @), (5, a5)). (28.1)
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Define agy ;) as the partial assignment on S U {i} obtained by extending ag with the assignment
asufiy (i) = a;, and define agyy; j1 analogously. By Definition 26.13 and (26.1),

H(aSU{i,j})
([S] +2) M(asyugy)

(i) Praou[2(5 U 1o5)) = o500

(IS1+2) (1g1) " Przeu [2(SULi}) = asug]

- n—];]—l ZPNFM (Z(5) = a; | Z(i) = ai, Z(S) = as].

Wag ((Z, ai), (J, aj)) =

By (26.2) and a similar calculation,

(asyg; )
Jas (.00, ) = 137 ((ag) = g o L P [207) = 05| 2(5) = as).

It follows from the definition of W, in Definition 28.3 that (28.1) holds.

Since Wo((4,ai), (i,a})) = 0 and a4 ((i,a:), (¢,a;)) = 0 for all ¢ € [n] \ S and all a;,a} € {0,1},
(28.1) implies that

Vag = (n—[S] = 1) Wag — (n = [S]) Jag + Bas,
where B, is a block-diagonal matrix with n — |S| blocks of 2 x 2 matrices, each equal to the
corresponding diagonal block of (n — |S]) Jus. Using the characterization of aa(W,g) in (26.5), for

any optimizer f in (26.5) satisfying (f, f>H85 =1 and (f, 1>H85 =0,

Mnax(Vag) = (F: Was Pss = (£, (0 = 18] = 1) Wag = (0= 1S1) Jus + Ba)f) .
= (7’L - ’S’ - 1) aQ(Was) + <f7 Basf>1‘[gs > (TL - ‘S‘ - 1) a2(Was)7

where the first inequality follows from IIj¥,  being symmetric and Lemma A.13, the second
equality follows from the choice of f and J,f = 0, and the last inequality follows from IIj% B,
being positive semidefinite. O

Proof of Spectral Independence Theorem

Now we are ready to apply Theorem 27.12 to complete the proof of Theorem 28.7.

Proof of Theorem 28.7. Let Zlas := I — W, be the normalized Laplacian matrix of the link X5 .
By Lemma 28.10,

Ao (Lag) =1 — as(Wag) > 1 —

since ag is a face of dimension |S| — 1. Thus, the spectral gap bound follows directly from Theo-
rem 27.12. [l

To summarize, the proof of Theorem 28.7 can be viewed as constructing a simplicial complex for
which Glauber dynamics coincides with the down-up walk, and then interpreting the comparison
between W, and J; in the proof of Theorem 27.12 in terms of conditional correlation matrices used
to define spectral independence.
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28.3 Applications of Spectral Independence

Spectral independence has become a powerful tool for analyzing the mixing times of Markov chains.
We briefly discuss some subsequent developments and point to the relevant references.

Sampling Independent Sets from Hardcore Distributions

The first major application of the spectral independence formulation was to prove fast mixing for
sampling independent sets from the hardcore distribution.

Definition 28.11 (Hardcore Distributions). Given a graph G = (V,E) and a parameter A > 0,
define the hardcore distribution py : {0, 1}V = R by

AlS|
S) = here  Za()\) = AlS
M)\( ) ZG()\) where G( ) SCV‘S.Zd | )
CV:Sisindependent

for each independent set S C V', and ux(S) = 0 otherwise. The normalization constant Zg(\) is
called the partition function.

Estimating the partition function is a well-studied problem in statistical physics. For a graph of
maximum degree A > 3, there is a critical threshold

A-1
MA) = &
(A—2)2
called the tree uniqueness threshold, where A < A\(A) corresponds to the regime where the influence
of a vertex ¢ on another vertex j in the infinite A-regular tree decays exponentially fast with the
distance between i and j, while A > A(A) corresponds to the regime where long-range dependencies
may appear.

The tree uniqueness threshold marks a phase transition in the mathematical behavior of the model,
but, very interestingly, it also coincides with a phase transition in computational complexity. On
one hand, Weitz [Wei06] showed that for any fixed A > 3 and any A < A(A), there is a deter-
ministic fully polynomial time approximation scheme for estimating Zg(\). On the other hand,
Sly and Sun [Sly10, SS14| proved that for any A > A(A), there is no fully polynomial randomized
approximation scheme for estimating Zg(A) unless NP = RP. Both proofs explicitly connect the
mathematical phase transition to computational complexity.

It was conjectured that the simple Glauber dynamics in Definition 28.6 for the hardcore distributions
mixes in polynomial time whenever A < A(A). Anari, Liu and Oveis Gharan [ALO24]| introduced
spectral independence and used this notion to resolve the conjecture positively. Their proof uses the
self-avoiding walk tree defined by Weitz to derive a recurrence that bounds the maximum absolute
row sum of the correlation matrices ¥ in Definition 28.1. This gives a bound on the maximum
eigenvalue Apax (), which suffices to apply Theorem 28.7 to conclude fast mixing.

This work has been significantly extended to establish an O(nlogn) mixing time for Glauber dy-
namics below the uniqueness threshold |CFYZ22|, and polynomial mixing time at the uniqueness
threshold [CCYZ25], thus completely resolving the problem.
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Sampling Graph Colorings Using Glauber Dynamics

One natural generalization of spectral independence is to sample from distributions p : [k]” — R
where the variables have larger arity. This class of distributions includes the problem of sampling
a random vertex coloring of a graph.

The long-standing open problem for sampling graph colorings is whether the simple Glauber dy-
namics mixes rapidly as long as the number of colors k is at least A + 2, where A is the maximum
degree of the input graph. Note that the Glauber dynamics may not be irreducible when k£ < A+ 1.
The best known result builds on Vigoda [Vig00], who showed that Glauber dynamics mixes in poly-
nomial time as long as k > %A; this bound was recently improved to 1.809A in [CV25]|. Thus, a
significant gap remains between this upper bound and the irreducibility threshold.

The problem of sampling graph colorings is very well-studied, with most previous results relying
on coupling techniques to prove fast mixing. Using spectral independence with correlation de-
cay arguments, previous results can be recovered with improved running time [CGSV21, CLV21].
Recently, significant improvements have been made for coloring line graphs using (1 + o(1))A col-
ors [ALO22, WZZ24| and for vertex coloring in graphs of sufficiently large girth using A + 3 col-
ors [CLMM23|. Some of these results also rely on log-Sobolev inequalities and entropy techniques,
which we will discuss in the next sections.

Spectral Independence as a Unifying Framework

A general question is how the spectral independence method relates to other methods for proving
fast mixing, such as the widely used coupling techniques. Recent works have shown that certain
types of coupling methods [Liu21, BCCPSV22| and the polynomial interpolation method [CLV24]
also imply spectral independence. Furthermore, [AJKPV24] proved that if the down-up walk PIZ 1
for a distribution p has spectral gap 1/(ck) uniformly under conditioning, then p is c-spectrally
independent. This implies that any method that establishes such a uniform spectral gap bound also
implies spectral independence, suggesting that spectral independence is a universal framework for
analyzing mixing times of Glauber dynamics.

28.4 Analyzing Mixing Time Using Entropy

In this section, we define relative entropy and log-Sobolev constants, discuss their roles in bounding
mixing times, and provide some intuition behind these definitions.

Variance and Entropy

In Chapter 3, when we analyze the mixing time of random walks, we upper bound the total variation
distance dpv(p, ) by upper bounding ||p; — 7||p-1 (see (3.1) and (3.2)). This can be understood
as upper bounding the variance of f := p;/7, the density of p; with respect to 7 at time ¢ > 0.

Definition 28.12 (7-Variance). Let f : [n] — R be a function and w be a probability distribution
on [n]. The variance of f with respect to w is defined as

Varg[f] == Ex[f?] — (Ex[f])°,
where Ex[f] = Zie[n] (i) f(i).
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There are other ways to measure the closeness of two probability distributions. A well-known
measure is the relative entropy between the two distributions.

Definition 28.13 (KL-Divergence). Let p and q be probability distributions on [n]| such that q(i) =0
implies p(i) = 0 for 1 <i <n. The Kullback-Leibler divergence, or relative entropy, between p and
q s defined as

Dxr(p ||l q) = ZP (Z;

where terms with p(i) = 0 are taken to be zero. Check that Dk (p || q¢) > 0 by Jensen’s inequality.

Pinsker’s inequality upper bounds the total variation distance by the KL-divergence.

Theorem 28.14 (Pinsker’s Inequality). For any two probability distributions p,q on [n],

drv(p,q)? < =Dxr(p || q).

N —

To analyze mixing time, it is also natural to consider the relative entropy between p; and 7.

Definition 28.15 (7m-Entropy). Let f : [n] — R>o be a function and 7 be a probability distribution
n [n]. Define
Entﬂ[f] = ]ETI'[f log f] —E [f IOg(Eﬂ-[f])] :

Check that Ent.[2] = Dxy,(p || 7) for a probability distribution p.

Spectral Gap and Log-Sobolev Constants

For f = g, the following definition in the mixing time literature corresponds to the quadratic form
of the normalized Laplacian matrix (f, £ f); in Lemma 26.21.

Definition 28.16 (Dirichlet Form). Let P € R"*" be the transition matriz of a reversible Markov
chain whose stationary distribution is w. For two vectors f,g € R™, the Dirichlet form is defined as

er(f,0) =T~ P)fgle =5 S w(i)- Plid)- (900) — o)) - (7)) — 7).

1<i,j<n

The quantity Ep(f, f) is often called the energy of the function f, which measures the local vari-
ation of f along the edges of the underlying graph. In contrast, the variance in Definition 28.12
measures the global variation of f. The following characterization is equivalent to the local-to-global
characterization of the spectral gap in Lemma 26.22.

Definition 28.17 (Variational Characterization of Spectral Gap). Let P € R™*"™ be the transition
matriz of a reversible Markov chain whose stationary distribution is w. Define the spectral gap as

A(P) = inf{ Varw ’ f:[n] = R, Varg[f] # 0}

We note that the spectral gap is often called the Poincaré constant in the mixing time literature.
The log-Sobolev constant is defined similarly, with the variance of f in the denominator replaced
by the m-entropy of f2.
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Definition 28.18 (Log-Sobolev Constant [DSC96|). Let P € R™ ™ be the transition matriz of a
reversitble Markov chain whose stationary distribution is w. Define the log-Sobolev constant of P as

v(P) := inf{m ‘ f:[n] = Rsq, Entg[f%] # 0}.

The modified log-Sobolev constant was studied by Bobkov and Tetali.

Definition 28.19 (Modified Log-Sobolev Constant [BT06]). Let P € R™*™ be the transition matriz
of a reversible Markov chain whose stationary distribution is w. Define the modified log-Sobolev
constant of P as

Ep(f,log f

p(P) = int { RRE DL 1 R, Bursl] £ 0,

These definitions may not appear intuitive. In the following, we first state the results of using log-
Sobolev constants to bound mixing times, and then provide some intuition behind these definitions.

Bounding Mixing Time by Log-Sobolev Constants

Recall from Theorem 3.19 that the e-mixing time can be bounded by the spectral gap as

1 1 1
7(P) S )\(P)<logﬂ : —|—log€>.

The significance of the log-Sobolev constant is that it provides a much better dependence on 1/myiy.
The following theorem was proved by Diaconis and Saloff-Coste.

Theorem 28.20 (Mixing Time by Log-Sobolev Constant [DSC96]). Let P € R™*"™ be the transition
matriz of a lazy reversible Markov chain whose stationary distribution 4s w. Then

1 1)
+log — .
Tmin €

Bobkov and Tetali proved a similar result for the modified log-Sobolev constant.

1
T(P) < ﬁ <log log

Theorem 28.21 (Mixing Time by Modified Log-Sobolev Constant [BT06]). Let P € R™ ™ be the
transition matriz of a lazy reversible Markov chain whose stationary distribution is w. Then

1 1 1)
+log - ).
Tmin €

Te(P) < ﬁ <loglog

It was established in [BT06] that
2M(P) =z p(P) = 4y(P),

showing that lower bounds on these constants become increasingly difficult to obtain as one moves
from A\(P) to p(P) to v(P). The modified log-Sobolev constant has the advantage of providing
the same upper bound on the mixing time while always being at least as large as the log-Sobolev
constant.
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Intuition from Continuous Time Random Walks

The definitions of the spectral gap and the modified log-Sobolev constant arise naturally from
continuous time random walks.

Definition 28.22 (Continuous Time Random Walks). Let P € R™*"™ be the transition matriz of a
reversible Markov chain whose stationary distribution is w. For any t > 0, the transition matriz, or
the heat kernel, is defined as

®© Lk k
H, = e~ tU=P) — Z St <Pk:'_ D) .
k=0 )

Let pg € R™ be an initial distribution. Then ptT = pOTHt 18 the distribution at time t.

We consider f; := p;/m and keep track of how fast it converges to 1.

Claim 28.23 (Change of Density). Let P € R™"™ be the transition matriz of a reversible Markov
chain whose stationary distribution is 7. Let fi(i) = pi(i)/7(i) for all i € [n] be the density of p;
with respect to ™ at time t > 0. For any wnitial distribution pg and all t > 0,

ft = Htf() and % = (P - I)ft

The change in variance is exactly twice the Dirichlet form.
Lemma 28.24 (Change of Variance). Let P € R™*™ be the transition matriz of a reversible Markov

chain whose stationary distribution is w. Let fi = pi/m. Then

Va0 = ~2€p(fi, o).

Proof. Note that Var,(f;) = E;[f?] — 1 by Definition 28.12, and so

n

%Va“(fﬂzz (i) *ft —QZ (P — D)) (i) = —2&p(fi, fo)- 0

i=1
The spectral gap in Definition 28.17 was defined to ensure that

%Varw( £) = —26p(fi, ) < —20(P) - Vars(fy) —> %log (Vars(f,)) < —2A(P).

By integrating on both sides, the variance is exponentially decreasing as
log (Vara(fi)) —log (Varx(fo)) < =2A(P) -t = Varx(fi) < Vara(fo) - e M0,

, Theorem 3.19 for continuous time random walks follows.

Since the initial variance Var,(fy) <

- 7Tml n

Bobkov and Tetali used the same logic to define the modified log-Sobolev constant, using relative
entropy in place of variance.

Lemma 28.25 (Change of Relative Entropy). Let P € R™ ™ be the transition matriz of a reversible
Markov chain whose stationary distribution is w. Let f; = py/m. Then, for all t > 0,

d
—Enta(fi) = —€p(fi.log fy).
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Proof. Note that E;[fi] = 1 and thus Ent[f;] = E;[f;log fi] by Definition 28.15, and hence

n n

%Em(ﬁ) = > m(i) 2 (fild)log fuli) = Y _7(i) (1+1og £(0)) (P = 1) fi) (i) = —Ep(fi,10g f),

=1 i=1

&‘Q‘

where the last equality uses > ;" | w(i) (P —I)f)(i) = (m, (P —I)ft) = 0. O
The modified log-Sobolev constant was defined to ensure that

%Entﬂ[ft] = —Ep(fr,log f1) < —p(P) - Ent,[f;] =  Ent.(f;) < Ent,(fo)- e—P(P)t

Crucially, since the initial relative entropy is

1
o z)) <log ;

1 Tmin

Ent,[fo] = Zpo ) - log

Theorem 28.21 for continuous time random walks follows from Pinsker’s inequality in Theorem 28.14.

28.5 Modified Log-Sobolev Constant for Strongly Log-Concave
Distributions

It has been notoriously difficult to prove a lower bound on the log-Sobolev constant of a Markov
chain. This is starting to change after the resolution of the matroid expansion conjecture. Not only
do the techniques from high-dimensional expanders provide a direct way to establish lower bounds
on the spectral gap, but recent developments have also extended these techniques to establish lower
bounds on the modified log-Sobolev constant. The first result in this direction was obtained by
Cryan, Guo and Mousa.

Theorem 28.26 (Modified Log-Sobolev Constant for Strongly Log-Concave Distribution [CGM21]).
Let p be a d-homogeneous strongly log-concave distribution. Then the modified log-Sobolev constant
of the down-up walk Pj_l i Definition 27.5 is

p(PY ) >

The proof shows exponential decay of the relative entropy under the down-up walk:

D (PY1) P llw) < (1= ) - Do | ).

This provides a substantially improved mixing time analysis for the down-up walk on matroid bases.

Corollary 28.27 (Improved Mixing Time for Sampling Matroid Bases [CGM21|). The mizing time
of the down-up walk in Chapter 27 for sampling uniform random matroid bases of size d on [n] is

1
Te(Pdv_l) S d(logd + loglogn + log ;>
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Near-Linear Time Algorithm for Random Spanning Trees

An immediate consequence of Corollary 28.27 is that, for constant €, the mixing time of the down-up
walk for sampling uniform random spanning trees is at most O(nlogn).

To design a near-linear time algorithm, one needs to efficiently implement each iteration of the
down-up walk. However, it is not known how to do this directly.

Fortunately, the trick in [ALOVV21] is to consider the down-up walk on the dual matroid. Given a
connected graph G = (V| E), the bases of the dual matroid are the complements of spanning trees,
and its rank is |E| — |V| + 1 < |E|. By Corollary 28.27, the mixing time of the down-up walk on
the dual matroid is O(|E|log @)

The resulting algorithm is as described in Algorithm 2: Let Ty be an arbitrary spanning tree. In
iteration ¢ > 0, sample a uniform random edge e € E — T;. Then, sample a uniform random edge f
from the unique cycle in T3 + e and set T3 11 :=T; + e — f, and repeat. This algorithm was studied
by Russo, Teixeira and Francisco [RTF18], who showed that each iteration can be implemented in
amortized O(log|V|) time using the link-cut tree data structure.

Theorem 28.28 (Near-Linear Time Algorithm for Sampling Random Spanning Trees [ALOVV21]).
Given a connected graph G = (V, E), there is an algorithm that outputs a random spanning tree

whose distribution is within total variation distance € of the uniform distribution, with running time
O(|E|log| E|log '2]).

The problem of designing a fast algorithm for sampling a uniform random spanning tree is well-
studied. The previous best known algorithm, due to Schild [Sch18|, achieves an almost-linear
running time of O(m1+0(1)). This approach relies on simulating another Markov chain for generating
random spanning trees using techniques from Laplacian solvers and electrical flows. The algorithm
by Schild is sophisticated and complicated, and so Theorem 28.28 is a dramatic simplification based
on a better analysis of the mixing time.

Concentration Inequality for Strongly Log-Concave Distributions

One of the main applications of log-Sobolev inequalities is to prove concentration inequali-
ties [BLM13, vH16]. The following result is a consequence of Theorem 28.26 for strongly
log-concave distributions.

Theorem 28.29 (Concentration of Strongly Log-Concave Distributions [CGM21]). Let p be a d-
homogeneous strongly log-concave distribution with support Q C {0,1}™. For any observable function
f:Q2—=Randa>0,

2

Pr[15() ~Buf| = a] < 2exp (= 577 ).

where v(f) is the mazimum of one-step variances

u(f) = m{ S PY () (fa) f<y>>2}.

e ven
The proof of Theorem 28.29 follows from the “standard” Herbst argument (see [BLM13]).
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Entropic Independence

Anari, Jain, Koehler, Pham, and Vuong [AJKPV22| introduced a general framework to derive
entropy contraction and establish optimal mixing times for down-up walks.

Definition 28.30 (Down Operator). For a ground set [n] and n > k > 1 > 0, define the row-
]

. [n] [
stochastic down operator Dy_,; € R( W) (7) as

/() ifrcs,

0 otherwise.

Dy (S, T) = {

The notion of spectral independence is about the variance contraction of the down operator, while
the notion of entropic independence is about the entropy contraction of the down operator.

Definition 28.31 (Entropic Independence). A probability distribution p on ([Z]) s said to be %—
entropically independent for v € (0,1], if for all probability distributions v on ([Z]),

DKL (VDg—1 || pDr—1) < Dxr(v || w).

1
vk
They proved that entropic independence implies a large modified log-Sobolev constant. The follow-

ing is a special case of their result.

Theorem 28.32 (Local-to-Global Entropy Contraction [AJKPV22|). Suppose k > (ﬂ and p :
([Z]) — R>q s %—entropically independent for all conditional distributions. Then the k <> (k — [%D
down-up walk with respect to p has modified log-Sobolev constant Q(kfl/V).

They also proved that a probability distribution u is %—entropically independent if it is “~-fractionally
log-concave”. This result considerably generalizes the work of Cryan, Guo, and Mousa in Theo-
rem 28.26 for strongly log-concave distributions and provides a general framework for obtaining an
optimal mixing time analysis for down-up walks. All the proofs in this line of work are very elegant.

28.6 Problems

Problem 28.33 (Simplicial Complex for Graph Coloring). Define a simplicial complex for graph
coloring such that its down-up walk is exactly the Glauber dynamics. Define the corresponding notion
of spectral independence and compare it with the notions defined in [CGSV21, CLV21].

Problem 28.34 (Correlation Matrix and Influence Matrix). Show that the correlation matriz in
Definition 28.1 and the influence matriz in Remark 28.2 have the same nonzero eigenvalues.

Hint: Show that the correlation mairic W has the block structure [g :g} such that ® = A — B.

Problem 28.35 (Modified Log-Sobolev Constant and Spectral Gap). Prove that p(P) < 2\(P).
Hint: For a function g with Ex[g] =0, apply the definition of p(P) to f =1+ dg and let § — 0.
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Problem 28.36 (Entropy Contraction Implies Variance Contraction). Let K be a stochastic matriz
and let p be a probability distribution. Suppose that

DriL(vK || pK) < c- Du(v || p)

for every probability distribution v.

Let X ~ p and, conditioned on X, letY ~ K(X,-). Show that, for every function f with E,[f] =0,

Varuie (E[f(X) | Y]) < ¢ Varu()).

Hint: Apply the entropy contraction inequality to vs(xz) = pu(x)(1 +df(z)) and let 6 — 0.
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Chapter A

Linear Algebra

The material in this chapter can be found in introductory linear algebra textbooks, or the matrix
analysis books by Bhatia [Bha97| and Horn and Johnson [HJ13].

A.1 Eigenvalues and Eigenvectors

Definition A.1 (Eigenvalues and Eigenvectors). Let A be an n X n matriz. A nonzero vector v is
called an eigenvector of A if Av = v for some scalar A. A scalar \ is called an eigenvalue of A if
there exists a nonzero vector v such that Av = \v.

The multiset of eigenvalues of A is given by the roots of its characteristic polynomial. While this
viewpoint is not often used in this book, it plays a central role in recent breakthroughs in spectral
graph theory using interlacing polynomials; see [Spil9].

Definition A.2 (Characteristic Polynomial). Let A be an n x n matriz. The characteristic poly-
nomial of A is defined as pa(x) := det(xl — A).

Two matrices are said to be similar if one is obtained from the other by a change of basis.

Definition A.3 (Similar Matrices). A matriz X is similar to a matriz Y if there exists a nonsingular
matriz B such that X = BY B!,

It is well known that similar matrices have the same spectrum.

Fact A.4 (Spectrum of Similar Matrices). If X is similar to Y, then X and Y have the same
multiset of eigenvalues.

Proof. Suppose X = BY B~!'. Then they have the same characteristic polynomial:
px(z) = det(z] — X) = det(z] — BYB™Y) =det(B(z] — Y)B™!) = det(zI — Y) = py(x),
where the second-to-last equality follows from Fact A.30. O
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Real Symmetric Matrices

We mostly work with real symmetric matrices, which have real eigenvalues and an orthonormal
basis of eigenvectors.

Theorem A.5 (Spectral Theorem for Real Symmetric Matrices). Let A € R™*"™ be a real symmetric
matriz. Then all eigenvalues of A are real numbers, and there exists an orthonormal basis of R™
consisting of eigenvectors of A.

A proof of this fundamental theorem can be found in most linear algebra textbooks. We recommend
the proofs in [GRO1, Trel7].

Remark A.6 (Undirected and Directed Graphs). The spectral theorem applies to the adjacency and
Laplacian matrices of undirected graphs, but not to those of directed graphs. This is why the spectral
theory for undirected graphs is much more developed. Developing a comparable spectral theory for
directed graphs remains an important open direction.

Diagonalization: Using the spectral theorem, real symmetric matrices can be written in the
following form. Let A € R™*" he a real symmetric matrix. Let vq,...,v, € R™ be an orthonormal
basis of eigenvectors guaranteed by Theorem A.5, with corresponding eigenvalues A1, ..., A,. Let V
be the n x n matrix whose i-th column is v;, and let D be the n x n diagonal matrix with D;; = \;.
Then the conditions Av; = \ju; for 1 < ¢ < n can be compactly written as AV = V D. Since the
columns of V form an orthonormal basis, it follows that V'V = I and thus V=1 = V. Hence, we
can rewrite AV =V D as

‘ ‘ A1 0\ /[ v
A Y A

A=vDVl=vDVT = |v v - w 2 2 (A
‘ ‘ 0 M)\ o)

Powers of Matrices: For a real symmetric matrix A € R"*", the diagonalized form A = VDV T
simplifies computations. For instance, to compute A¥, note that

A¥ = (VvDVT)F = VDIV,

where D¥ is obtained by raising the diagonal entries of D to the k-th power.

This is particularly useful in analyzing random walks. For instance, P!, the transition matrix of
a random walk after ¢ steps, can be expressed in terms of the eigenvalues of P to analyze the
stationary distribution and bound the mixing time.

Eigen-Decomposition and Pseudoinverse: If vy,...,v, form an orthonormal basis, then any
x € R™ can be written as a linear combination cjv; + ... + ¢pv,. By orthonormality, for any
1<i1<n,

(x,v) = (crv1 + ... + epop, v) = (Cvg, Vi) = ¢;.

Therefore, for any x € R",
x = (z,v1)v1 + ...+ {(x,0)V = Ulv;—x+...+vnv,1—x = (vlvir —|—...—|—Un’t);)$.
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Since this is true for all x € R, it follows that
vlvlT + ... —i—vnv;{ =1,.

Now, if vi,...,v, are also eigenvectors of a matrix A € R™ " with corresponding eigenvalues
Al .-y An, then for any z € R,

Az = A(viv] + ... 4+ v, )z = (AlvlvlT +...+ /\nvnvg)m.

This implies that
A= /\11)11)1T 4+ ...+ )\nvnvg.

If A is invertible, then we can also write the inverse using the eigen-decomposition as

L1 1
Alz)\—lvlvl—f—...—l—)\—nvnvn.

This form will also be used to define the “pseudoinverse” of a matrix A when A is not of full rank.

Definition A.7 (Moore—Penrose Pseudoinverse). Let A € R™ ™ be a real symmetric matriz with
eigen-decomposition A =3 1", )\iviv;, The pseudoinverse of A, denoted by AT, is defined as

Al = Z %’uiv;.

i£0
The following are some basic properties of the pseudoinverse.

Fact A.8 (Properties of Pseudoinverse). Let A be a real symmetric matriz and let AT be its pseu-
doinverse. Then

AATA=A and ATAAT= A1 and (A=A

Positive Semidefinite Matrices

An important class of real symmetric matrices is the class of positive semidefinite matrices. A real
symmetric matrix is called positive semidefinite if all of its eigenvalues are nonnegative. This can
be seen as a matrix analog of a nonnegative number. The following are some equivalent characteri-
zations of positive semidefinite matrices.

Fact A.9 (Positive Semidefinite Matrix). Let A € R™*"™ be a real symmetric matriz. The following
statements are equivalent.

1. A s positive semidefinite, i.e., all eigenvalues of A are non-negative.
2. For any x € R™, it holds that " Az > 0, i.e., all quadratic forms are non-negative.

3. A= B'"B for some matric B € R™™ and some positive integer m.

The notation A = 0 is used to denote that A is positive semidefinite.
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The representation A = B' B in Fact A.9 is called a Gram decomposition of A.

It is a good exercise to prove this fact. A matrix A is called positive definite if all eigenvalues of A
are positive, denoted by A = 0. It is left as an exercise to find the equivalent characterizations for
positive definite matrices as in Fact A.9.

For a positive semidefinite matrix A =3 ;" | )\iviv; , we define

n

A3 = Z \/)\jviviT.

i=1
If A is positive definite, we define A3 analogously.

Definition A.10 (Positive Semidefinite Order). For two real symmetric matrices A and B, we
write A < B if B — A is positive semidefinite, equivalently if x" Az < x' Bz for every x € R™.

Check that the set of positive semidefinite matrices forms a convex set. Optimizing a linear function
over the set of positive semidefinite matrices with linear constraints is called semidefinite program-
ming. This is an important class of convex optimization problems that can be solved in polynomial
time and is a powerful tool in designing approximation algorithms. More background is provided
in the relevant chapters.

Exercise A.11 (Inner Product of Positive Semidefinite Matrices). Prove that for any two positive
semidefinite matrices A, B € R"*",

n n

i=1 j=1

Optimization Formulations for Eigenvalues

The main reason why eigenvalues are related to optimization problems is through the following
formulation, which is the quadratic form normalized by the vector length.

Definition A.12 (Rayleigh Quotient). The Rayleigh quotient of a nonzero vector x € R™ with
respect to a matriz A € R™"*"™ s defined to be

el Az Dy Dy Aijriag
Ra(@):= 2= = S22
1= 1

T

The largest eigenvalue is the maximum value of the Rayleigh quotient, with the corresponding
eigenvectors being optimal solutions.

Lemma A.13 (Optimization Formulation for ay). Suppose A € R™ " is a real symmetric matriz
with eigenvalues a; > ag > ... > «y. Then

x| Az
a1 = Inax T .
zeR™:x#0 '
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Proof. Let vy, vs,...,v, be the corresponding orthonormal basis of eigenvectors guaranteed by The-
orem A.5. Aswy,...,v, form a basis of R, any vector € R™ can be written as a linear combination
T = civ1 + - -+ cpv,. Then the numerator can be written as

n
z Ar = (cru1+-- -—i—cnvn)TA(clvl—i-- cFepvp) = (v - -—i—cnvn)T(clawl—i-- CFepanvy) = Z c?ai,
i=1

where the second equality follows since vy, - -+ , v, are eigenvectors and the last equality follows since
V1, , Uy are orthonormal. Similarly, the denominator can be written as

n
le, — (61U1 + .o+ cnvn)T(Clvl +---+ Cnvn) = ZC’LQ
=1

Thus, the Rayleigh quotient of z is

! Ax _ MG apy
ala Y T XihG

On the other hand, note that v; attains the maximum, and the lemma follows. O

= Q1.

This result can be extended to characterize other eigenvalues. The following lemma is useful for
characterizing the second largest eigenvalue of a matrix when the first eigenvector is known.

Lemma A.14 (Optimization Formulation for ay). Suppose A € R™™™ is a real symmetric matriz

with eigenvalues oy > g > ... > ay and corresponding orthonormal eigenvectors vy, ...,v,. Let
Ty, be the set of nonzero vectors that are orthogonal to vi,ve,...,vg_1. Then
z' Az
Q) = max ———.
T, T'x

Proof. Let x € Ty. Write z = cjv1+- - -+¢pv,. Recall that ¢; = (x, v;) from the eigen-decomposition

subsection. Since x € Ty, it follows that ¢; = ca = --- = ¢x_1 = 0. Using the same calculation as in
Lemma A.13,

el Ae Yo _apyic

ale PO D DN s
On the other hand, v, € T}, and v,;rAvk/v,;rvk = «y,, so the lemma follows. O

The above result gives a characterization of ay, but it requires knowledge of the previous eigenvec-
tors. The Courant—Fischer theorem provides a characterization without requiring prior knowledge
of the eigenvectors, and is useful for proving upper and lower bounds on eigenvalues. In words,
the Courant—Fischer theorem says that to prove a lower bound on «g, one needs to exhibit a
k-dimensional subspace in which every nonzero vector has large Rayleigh quotient, and the best
k-dimensional subspace gives the tight lower bound. Similarly, to prove an upper bound on ay,
one needs to exhibit an (n — k + 1)-dimensional subspace in which every nonzero vector has small
Rayleigh quotient, and the best (n — k + 1)-dimensional subspace gives the tight upper bound.

Theorem A.15 (Courant-Fischer Theorem). Suppose A € R™ ™ is a real symmetric matriz with
eigenvalues ay > ag > ... > ay. Then
! Ax ! Ax

max min - = min max -
SCR™:dim(S)=k z€S:2#0 T'T SCRn :dim(S)=n—k+1 z€S:2#0 T ' X

ap =
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Proof. We prove the max-min equality. The min-max equality is similar and is left as an exercise.

Let S; be the k-dimensional subspace spanned by the first k orthonormal eigenvectors vy, ..., vg,
ie, Sy ={z |z =cv1 + -+ cgvi for some cy,...,c; € R}, For any = € Sy,

x| Az (v 4+ ckvk)TA(clvl + -+ cpug) Zle c?ai oy, Zle c?

T . T e k2 = k2
x'x (crvr + -+ cpvr) ' (crv1 + -+ - + cpvk) S S
Therefore,
z Ax x Ax

max min = > min T
SCR" :dim(S)=k z€S:x#£0 T ' T z€SE:x#£0 X' X

To prove that the maximum cannot exceed g, observe that any k-dimensional subspace must

intersect the (n — k + 1)-dimensional subspace T) spanned by {vg, vg+1,...,v,}. For any « € T,

Az Y, Aoy

= Nn 2 SOk

T T 2=k €

For every such subspace 5,
.zl Az _ x| Az
min < min < ag.
€S x#£0 xTx z€SNTY : x#0 xTx

Taking the maximum over all such subspaces S completes the proof. O

One consequence of the Courant—Fischer theorem is the eigenvalue interlacing theorem.

Theorem A.16 (Cauchy’s Interlacing Theorem). Let A € R™*"™ be a real symmetric matriz, and let
B be an (n—1) x (n—1) principal submatriz of A. Letay > a9 > ... > ap and f1 > P2 > ... > -1
be the eigenvalues of A and B, respectively. Then

a1 > B >ar> P> > ap-1 > Bt > oy,

Proof. Assume without loss of generality that B is in the top-left corner of A, i.e., on the first n — 1
coordinates. It should be clear that ay > i, because the search space for oy, is larger than that for
Br. More formally,

.z Az .z Az
ap = max min ——— > max min ———
k T2 T
SCR™:.dim(S)=k x€S:2#0 T ' T SCRn—1:dim(S)=k z€S:x#0 T'XT
. x'Bx
= max min = fk.

 SCRn-Lidim(S)=k z€S:wA0 T X

Next, we show that fx > agy1. For any S C R"™ with dim(S) = k + 1, its intersection with the

first n — 1 coordinates (i.e., S NR"!) has dimension at least k. Thus, if there is a good (k + 1)-

dimensional subspace for A, then there is a good k-dimensional subspace for B, so B can do as well

as ag+1. More formally, let Siy1 be the (k + 1)-dimensional subspace that attains the maximum

for ag41. Then

x| Az x| Az . xlAx
< <

min —— < min =— < max min - ————
2€SK41:2#£0 T' X €S 1NR?—1:iz£0 T T SCR7—1:dim(S)=k z€S:2#0 T ' T

Qi1 = = B. O
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Perron—Frobenius Theorem

The Perron—Frobenius theorem is an important result about the largest eigenvalue and its corre-
sponding eigenvectors of nonnegative matrices. To state it, we need the definitions of an irreducible
matrix and the spectral radius of a matrix.

Definition A.17 (Irreducible Matrix). A matriz A € R™*"™ is irreducible if its underlying directed
graph G = (V, E) is strongly connected, where V = [n] and E = {ij | A;; # 0}.

The spectral radius of a real symmetric matrix is simply the largest absolute value of its eigenvalues.
The following is the more general definition for matrices with complex eigenvalues.

Definition A.18 (Spectral Radius). The spectral radius p(A) of a matriz A is the mazimum of the
moduli of its eigenvalues.

Using an argument similar to that in Lemma A .13, we obtain the following optimization formulation
for the spectral radius of a real symmetric matrix.

Lemma A.19 (Optimization Formulation for p(A)). Suppose A € R™*" is a real symmetric matriz.
Then
‘xTA:r} ‘:UTAy‘
p(A) = max ‘—e— = max —_ .
zeR":z#£0 T'X z,y€R™: x#£0, y#0 ||ac||2||y||2

The Perron—Frobenius theorem is particularly useful in the study of random walks. See [GROI,
Chapter 8.8] and [HJ13, Chapter 8.4] for more details and proofs.

Theorem A.20 (Perron-Frobenius Theorem). Let A € R™*™ be a nonnegative irreducible matriz.

1. The spectral radius p(A) is an eigenvalue of A with multiplicity one. If A is also real symmet-
ric, then p(A) is the largest eigenvalue of A, it has multiplicity one, and it is the eigenvalue
of largest absolute value.

2. If v is an eigenvector with eigenvalue p(A), then all entries of v are nonzero and have the
same Sign.

Matrix Norms

Definition A.21 (Frobenius Norm). Let A be an m x n matriz. The Frobenius norm || A||r of A
s defined as

i Zn: A2 = \[Te(AT A).

i=1 j=1

[AllF =

Definition A.22 (Operator Norm). Let A be an m x n matriz. The operator norm || Allop of A is
defined as

| Az ||2
[Allop == sup .
TER™ : x40 Hx||2

This norm is also denoted by || A||2 to indicate that it is induced by the 2-norm of vectors. However,
this notation can sometimes be confused with the Schatten 2-norm of A, also denoted by || A2, so
we use the commonly used notation || Alp.
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Exercise A.23 (Operator Norm of a Real Symmetric Matrix). Show that if A is a real symmetric
matriz with eigenvalues A1, ..., \p, then ||Alop = maxi<i<pn |Ai|. In particular, if A is positive
semidefinite, then || Allop is equal to the largest eigenvalue of A.

The following are some simple properties that will be useful.

Fact A.24 (Properties of Operator Norm). Let A € R™*™.

1. ||Allop > 0 and || Allop = 0 if and only if A =0.
2. ||cAllop = || - [|Allop for every scalar c.

3. [[A+ Bllop < | Allop + [ Bllop-

4. |Az|l2 < [[Allop - || ]|2 for every x € R™.

5. [ BAllop < [[Bllop - | Allop-

A.2 Formulas and Inequalities

In this section, we record some useful formulas and inequalities. A general reference is the book by
Horn and Johnson [HJ13].

Inverse

The following formulas are useful for updating the inverse of a matrix after a low-rank perturbation.

Fact A.25 (Sherman—Morrison Formula). Suppose A € R™™™ is an invertible matriz and u,v € R™
are column vectors. Then A +uv' is invertible if and only if 1 +vT A~ 'u # 0, and

Ay T AL

A Nl =2 =7 =
(A+u) 14+o0vTA 1y

Fact A.26 (Woodbury Formula). Let A € R™" be an invertible matriz, U € R™*¥ and V € RF*n",
Assume that I, + VAU is invertible. Then

(A+UV) ' =A" — AU (L +VATIU) VAL

The following formula is for inverting a block matrix. The Schur complement is a useful concept in
this setting.

Fact A.27 (Block Matrix Inversion). Let A and D be square matrices and
A B
M= ( 4 D) |
If A and the Schur complement D — CA™'B are invertible, then

vyl _ [ATTHATB(D-CATIB)'CATY —AT'B(D - CAT'B)
- —(D-CAT'B) 'CA™ (D-cA'B)™" '
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Determinant

Fact A.28 (Laplace Cofactor Expansion). Let A be an n x n matriz. For every 1 <i <mn,

det(A) =Y (1) A; j det (App )
j=1

where Agr is the submatriz with rows in S C [n] and columns in T C [n].

Applying Laplace expansion recursively gives the Leibniz formula.
Fact A.29 (Leibniz Formula). Let A be an n x n matriz. Then
n
det(4) = > sgn(o) [[ Aeiy,is
0ESH =1

where Sy, is the set of permutations of [n] = {1,...,n} and sgn(o) is the sign of o, which is +1 for
even permutations and —1 for odd permutations.

The following is a simple fact.

Fact A.30 (Product Rule for Determinants). For square matrices A and B of the same size,

det(AB) = det(A) det(B).

The following result, sometimes known as Sylvester’s determinant identity, can be used to deduce
that the nonzero eigenvalues of AB and BA are the same, with multiplicity.

Fact A.31 (Weinstein—Aronszajn Identity). For matrices A and B of compatible dimensions,

det(I + AB) = det(I + BA).

The matrix determinant formula tracks how the determinant changes after a rank-one update.

Fact A.32 (Matrix Determinant Formula). Let M be an invertible square matriz and let u,v be
vectors of compatible dimensions. Then

det (M —wv™) = det(M) - (1 — o M~ 1u).

The Cauchy-Binet formula is a useful tool with applications such as computing the number of
spanning trees of a graph.

Fact A.33 (Cauchy-Binet Formula). Let A be an m x n matriz and B be an n X m matriz. Then

det(AB) = Z det (App.5) det (Bg ) )-
se(™™)

The following formula gives the coefficients of the characteristic polynomial.
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Fact A.34 (Characteristic Polynomial Expansion). Let A be an n x n matriz. Then

det(A], — Z)\” PR ) det(Ags).
se (M

Using Fact A.34 and the Cauchy—Binet formula in Fact A.33, we obtain the following identity for
the characteristic polynomial of a sum of outer products.
Fact A.35 (Characteristic Polynomial of Sum of Outer Products). Let uq,...,u, € R™. Then

det<x1—guiu3>=§mn—k( Z det<zu1 )

]) €S

where dety(A) = ZTG([Z]> det(Ar.1).

Trace

Definition A.36 (Trace). The trace of a matriz A € R™™", denoted by Tr(A), is the sum of the
diagonal entries of A.

The following simple fact is used many times.

Fact A.37 (Cyclic Property of Trace). For two matrices A € R™*™ and B € R™™,

Tr(AB) = Tr(BA).
By examining the coefficient of 27! in the characteristic polynomial det(xl — A) of A € R™*" in
two ways, one can derive the following result.

Fact A.38 (Trace is the Sum of Eigenvalues). Let A1,...,\, be the eigenvalues of A € R"*",
counted with algebraic multiplicity. Then

Note that if A, B = 0, then Tr(AB) > 0 by Exercise A.11. This implies the following fact.

Fact A.39 (Trace and Operator Norm). If A = 0 and B is real symmetric, then

Tr(AB) < || Bllop - Tr(A).

The fact above can also be derived from von Neumann’s trace inequality.

Fact A.40 (von Neumann Trace Inequality). Let A and B be real symmetric matrices with eigen-
values a; > ... > ap and B1 > ... > By, respectively. Then
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The following is the matrix version of Hélder’s inequality. In the special case when A, B = 0, it
follows directly by applying the usual Holder inequality to von Neumann’s trace inequality. It is
often useful for bounding traces of matrix products in terms of Schatten norms.

Lemma A.41 (Matrix Holder’s Inequality). Let A, B € R™ ™. For p,q € [1, 00| with % + é =1,
| Tr(AB)| < [|Allp - [| Bllg,
1
where || A|l, := (Tr (JA|P))? is the Schatten p-norm of the matriz A for finite p, || Allos := || Allop,
and |A] :== (AT A)V/2,
The following inequality can be proved using the eigen-decomposition of C', together with Cauchy—
Schwarz and the AM—GM inequality.
Lemma A.42. Let A, B,C be symmetric matrices with A, B = 0. Then
Tr(ACBC) < Tr(A|C)) - Te(B|C)).
The next two results are more advanced trace inequalities involving matrix exponentials and powers.
They are important tools in matrix analysis and matrix concentration inequalities; see [Bha97].
Theorem A.43 (Golden-Thompson Inequality). Let A and B be real symmetric matrices. Then
Tr(e*P) < Tr(e?e?).

Theorem A.44 (Lieb-Thirring Inequality). Let A and B be positive definite matrices and q > 1.
Then
Tr ((BAB)?) < Tr(B1ABY).

Matrix Calculus

The formula for differentiating the inverse is derived by differentiating the identity AA=! = I.
Fact A.45 (Derivative of the Inverse).

d(A™) =-A"1(dA)A™.
Jacobi’s formula is obtained by differentiating the cofactor expansion in Fact A.28.

Fact A.46 (Jacobi’s Formula). If A(t) is invertible, then

%det A(t) = Tr (adj(A(t)) . dillgt)) = (det A(t)) - Tr (A(t)_l ) diliit))
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Notations

B.1 Basic Notation

[n]: the set of integers {1,...,n}.

(,f) the set of all k-element subsets of a set S.
[a, b]: the set of real numbers {z | a < z < b}.
Z: the set of integers.

R: the set of real numbers.

R, : the set of non-negative real numbers.

a < b: denotes a = O(b).

a 2 b: denotes a = Q(b).

a < b: denotes a = O(b).

B.2 Vectors

v € R™: an n-dimensional column vector.

v': the transpose of v, an n-dimensional row vector.

v(7): the i-th entry of a vector v.

supp(v): the support of a vector v, defined as {i | v(i) # 0}.

I: the all-ones vector.

Xs: the characteristic vector of a subset S with xg(i) = 1if i € S and xg(i) = 0 otherwise.
(u,v): the inner product of two vectors u and v.

|v]|1: the £1-norm of v defined as ), |v(4)].

|v]|2: the fo-norm of v defined as />, v(7)2.

|v]lp: the £y-norm of v defined as (Y, [v(i)[?) 1/p
|v]|o: the og-norm of v defined as max; |v(7)].

B.3 Matrices

A; ;. the (i,7)-th entry of a matrix A.
A(i, j): the (i, j)-th entry of a matrix A.
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I: the identity matrix.

J: the all-ones matrix.

M T: the transpose of the matrix M.

At: the Moore-Penrose pseudoinverse of A in Definition A.7.
Tr(M): the trace of the matrix M in Definition A.36.

(A, B): the inner product of two matrices A and B, defined as Tr(A' B).
| M ||op: the operator norm of M in Definition A.22.

||M||p: the Frobenius norm of M in Definition A.21.

| M||,: the Schatten p-norm of M in Lemma A .41.

A = 0: the matrix A is positive semidefinite, as in Fact A.9.
A = B: the matrix A — B is positive semidefinite.

A < B: the matrix B — A is positive semidefinite.

A > 0: the matrix A is positive definite, as in Fact A.9.

eM: the matrix exponential of M in (23.4).

B.4 Graph Matrices and Spectrum

A(G): the adjacency matrix of graph G in Definition 1.1.

A(G): the normalized adjacency matrix of G in Definition 1.17.

a;: the i-th largest eigenvalue of the adjacency matrix or the normalized adjacency matrix.
L(G): the Laplacian matrix of a graph G in Definition 1.11.

L(G): the normalized Laplacian matrix of G in Definition 1.17.

Ai: the i-th smallest eigenvalue of the Laplacian matrix or the normalized Laplacian matrix.
Rys(x): the Rayleigh quotient of a vector 2 with respect to a matrix M, as in Definition A.12.
D(G): the diagonal degree matrix of G in Definition 1.10.

( ): the edge incidence matrix of G in Definition 1.12.

max(M): the largest eigenvalue of a real symmetric matrix M.

(M): the smallest eigenvalue of a real symmetric matrix M.

): the spectral radius of a matrix M in Definition A.18.

Aml
p(M

B.5 Undirected Graphs

deg(v): the degree of vertex v.
degg(v): the number of neighbors of v in S.
d(S): the set of edges with one endpoint in S and the other endpoint not in S.
¢(S): the edge conductance of a subset S in Definition 2.1.
¢(G): the edge conductance of a graph G in Definition 2.1.
vol(S): the volume of a subset S in Definition 2.1.
®(5): the edge expansion of a subset S in Definition 2.11.
®(G): the edge expansion of a graph G in Definition 2.11.
¥(S): the vertex expansion of a subset S in Definition 2.12.
¥(G): the vertex expansion of a graph G in Definition 2.12.
0(95): the vertex boundary of a subset S in Definition 2.12.
J[S]: the closed vertex boundary 9(S) U S.
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E(S,T): the set of edges with one endpoint in S and the other endpoint in 7'.
E(S): the set of edges with both endpoints in S.

S: the complement of a subset S.

Reff(s,t): the effective resistance between s and t in G, as in Section 14.5.

B.6 Directed Graphs

deg™ (v): the out-degree of vertex v.

deg™ (v): the in-degree of vertex v.

57 (S): the set of edges with the tail in S and the head not in S in Definition 10.1.
5= (S) = 67(S): the set of edges with the tail not in S and the head in S.

¥(S): the directed vertex expansion of a subset S in Definition 10.1.

J(G): the directed vertex expansion of a directed graph G in Definition 10.1.
(5(5): the directed edge conductance of a subset S in Definition 10.6.

$(G): the directed edge conductance of a directed graph G in Definition 10.6.

B.7 Markov Chains

P: the transition matrix of a Markov chain in Definition 3.1.

m: the stationary distribution of a Markov chain in Definition 3.6.

W: the transition matrix of the lazy random walk in Definition 3.11.

drv (P, q): the total variation distance of two distributions ' and ¢ in Definition 3.7.
Te(P): the e-mixing time of a Markov chain P in Definition 3.14.

7(P): the mixing time of a Markov chain P in Definition 3.14.

423






Index

adjacency matrices geometric structural theorem, 254
definition, 9 violating paths, 265
largest eigenvalue bounds, 11, 12 characteristic polynomial
normalized, 14 definition, 409
Ahlswede-Winter inequality, 308 principal-minor expansion, 418
Alon-Boppana bound, 57 spectral sparsification, 200
aperiodicity, see Markov chains, aperiodicity Cheeger rounding, 90

arboricity, 17
Arora—Rao—Vazirani structural theorem, 252
asymmetric ratio, 135

Cheeger’s inequality, 20, see also higher-
order Cheeger inequalities; improved
Cheeger inequality

balanced sparse cuts bipartiteness ratio, 32

bicriteria approximation, 160 continuous relaxation, 21-22
cut-matching algorithm, 237 directed edge conductance, 133
local graph partitioning, 164 directed edge conductance, optimal
maximum-volume formulation, 159 bound, 137-140
barrier functions, 203 directed vertex expansion, 130
log-barrier interpretation, 203 embedding step, 24
regularized optimization, 218 hypergraphs, 136
barrier method rounding proof, 22-26
averaging argument, 205-207 shifting and truncation, 25, 26
greedy algorithm, 200 small-set edge conductance, 146
rank-one updates, 203 tight examples, 27, 28
Batson—Spielman—Srivastava theorem, 199 Chernoff bound, 184, see also Chernoff—
Benczir-Karger theorem, 184 Hoeffding bound; matrix Chernoff
bias polynomial, 324 bound
bipartite density, 52 Chernoff-Hoeffding bound, 305
bipartiteness complete bipartite graphs

bipartiteness ratio, 32
spectral characterization, 10

spectrum, 10
complete graphs

Cauchy’s interlacing theorem, 414 spectrum, 9

Cauchy-Binet formula, 417 concentration inequalities

Cauchy—Schwarz trick, 331 convex Lipschitz functions, 316

chained matching, 254 conductance, see edge conductance

chaining conductance profile, 145
algorithmic version, 255 configuration model, 65
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connectedness
logarithmic-space algorithm, 77
spectral characterization, 14
constraint satisfaction problems
refutation, 324
strong refutation, 324
time—density tradeoff, 335
cores
conductance, 100
correlation matrices
conditional, 392
definition, 391
coupling
convergence of Markov chains, 37
Courant—Fischer theorem, 413
covariance matrices
in Lasserre hierarchy, 285
CSPs, see constraint satisfaction problems
cut improvement, 105
cut sparsification, see also spectral sparsifica-
tion
cut approximator, 183
minimum-cut algorithms, 192
non-uniform sampling, 184
uniform sampling, 184
cut-matching game, 229
approximate flow implementation, 236
deterministic strategies, 238
directed graphs, 249
matrix multiplicative weights, 246248
potential function, 231
random-walk strategy, 230-233
cycles
conductance, 27
spectrum, 16

degree matrix, 12

density matrices, 243

determinant
Laplace expansion, 417
Leibniz formula, 417

dictator cuts, 154

dimension reduction
composition with signed squaring, 138
vertex expansion, 122

directed graphs
asymmetric ratio, 135
edge conductance, 132
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vertex expansion, 129
Dirichlet form, 398
discrepancy theory
matrix discrepancy, 213
vector discrepancy, 213
discrepancy walks
deterministic, 219-222
restricted subspaces, 220
down-up walks
definition, 379
spectral gap in product form, 382
spectrum, 380
stationary distribution, 380

edge conductance
definition, 20
directed stationary-flow version, 46
local, 100
multiway, 89
optimization formulation, 21
edge expansion, 29, 227
almost-linear approximation, 267
edge-disjoint paths, 237
effective resistance
commute time, 195
definition, 194
diameter decomposition, 196
metric property, 195
minimum-energy characterization, 194
random spanning trees, 195
sampling probabilities, 194
eigen-decomposition, 410
eigenvalue interlacing, see Cauchy’s interlac-
ing theorem
eigenvalues
definition, 409
optimization formulations, 412
eigenvectors
definition, 409
electrical flows, 193
energy, 194
minimum-energy property, 194
electrical networks, 193
2 metrics, 252
entropic independence
definition, 403
local-to-global contraction, 403
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entropy
of a density, 398
e-net, 171
unit ball, 171
error-correcting codes
asymptotically good, 79
definition, 78
distance, 79
rate, 79
Fulerian reweighting, 130
expander codes
decoding guarantee, 80
flip decoding algorithm, 80
minimum distance, 79
expander decomposition
approximate balanced cuts, 160-162
existence theorem, 157
fair cuts, 163
flow-based trimming, 163
local graph partitioning, 165
recursive sparse cuts, 157-158
expander flows, 229
semidefinite duality, 256
expander graphs, see also expander decom-

position; high-dimensional expanders

algebraic constructions, 66
combinatorial constructions, 68
correlation rounding, 271
definition, 20
derandomization, 75
independent sets and coloring, 50
large spectral gap, 58
probabilistic constructions, 65
pseudorandomness, 60
two-sided spectral definition, 49
expander hierarchy, 166
expander mixing lemma, 50
converse, 51
nonregular graphs, 50
randomized proof of converse, 52

fair cuts, 163

fastest mixing time
definition, 115
directed dual formulation, 120
dual semidefinite program, 119
general Markov chains, 131
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reweighting conjecture, 127
vertex expamnsion bounds, 117
flow embedding, 256
congestion, 228
Friedman’s theorem, 58

Garland’s method, 373
Gaussian concentration, 316
Gaussian integration by parts, 314
(Gaussian measure
spectral sparsification, 223
Gaussian projection
cut-matching game, 232
directed edge conductance, 138
vertex expansion, 123
well-separated sets, 253
geometric proximity graphs, 292
Glauber dynamics
as a down-up walk, 394
definition, 393
spectral gap, 393
Golden—-Thompson inequality, 419
matrix concentration, 308
regret bound, 244
Gram decomposition, 412
graph coloring
sampling, 397
graph lifts, 71
graph powers, 68
graph sparsification, see cut sparsification;
spectral sparsification

Hamming balls
local partitioning lower bound, 154
hardcore distribution, 396
hardness amplification, 78
HDX, see high-dimensional expanders
heat equation
graph Laplacian, 19
heat kernel, 400
high-dimensional expanders
local spectral definition, 365
sparse constructions, 388
higher-order Cheeger inequalities
edge conductance, 89
iterative refinement, 103
local eigenvalue comparison, 102
polylogarithmic bound, 99
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vertex expansion, 125
Hoffman’s circulation theorem, 135
Hoélder inequality

matrices, 419
hypercubes

spectral partitioning, 28

spectrum, 16
hypergraph cycles, 345
hypergraph Moore bound

proof, 346-348

removal of logarithmic loss, 348

statement, 345
hypergraphs

clique graphs, 136

edge conductance, 135

improved Cheeger inequality, 107
vertex expansion, 125
incidence matrix, 13
independent randomized rounding, 286
influence matrix, 392
irreducibility, see Markov chains, irreducibil-
ity; irreducible matrices
irreducible matrices, 415

Jacobi’s formula, 419
Johnson-Lindenstrauss theorem, 123

spectral sparsification, 191
jumbleness, 51

k-way conductance, see edge conductance,
multiway
Kadison—Singer problem, 209
Kahale’s vertex-expansion bound, 59
Kaufman—Oppenheim theorem, 381
Kikuchi graphs, 346
even closed walks, 346
Kikuchi matrices
CSP refutation, 338-339
definition, 336
reweighting, 340
tensor principal component analysis, 351
truncation, 343
Kirchhoff’s law, 193
KL divergence, see relative entropy
Kullback-Leibler divergence, see relative en-

tropy

label-extended graph, 175
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Laguerre polynomials, 200
Laplacian matrices
connected components, 14
definition, 12
directed, stationary-flow definition, 45
eigenvalue bounds, 15
local, 100
normalized, 14
positive semidefiniteness, 13
pseudoinverse, 186
quadratic form, 13
Laplacian solvers
sampling probabilities, 191
large-core case, 252
Lasserre hierarchy
conditioning, 285
definition, 284
geometric representation, 284
local distributions, 282
lazy random walks, see random walks, lazy
LDCs, see locally decodable codes
LDPC codes, see low-density parity-check
codes
least-squares problem, 192
Leighton-Rao theorem, 228
leverage scores, 193
Lieb’s concavity theorem, 309
Lieb—Thirring inequality, 419
generalized form, 315
linear codes, 79
link graphs
definition, 364
random walks, 364
local distributions
definition, 282
failure of global extension, 282
local graph partitioning
good starting vertices, 151
limitations, 154
truncated random walks, 153
local spectral expansion
comparison of higher order walks, 384
definition, 365
local-to-global rounding
conditioning, 286288
on expander graphs, 276
on low threshold rank graphs, 289
reweighted mixing time, 295
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locally decodable codes
connection to CSP refutation, 342
definition, 340
lower bounds, 341
normal form, 341
locally testable codes
small-set expanders, 178
log-Sobolev constant, 399
lossless expanders, 72
low-density parity-check codes, 79

Margulis expanders, 66
Markov chains
aperiodicity, 36
definition, 35
fundamental theorem, 37
irreducibility, 36
reversibility, 116
matching cover, 253
matrix Bernstein inequality, 312
matrix calculus
derivative of inverse, 419
matrix Chernoff bound, 189
proof, 310
matrix concentration
alignment parameter, 317
CSP refutation, 325
free probability, 317
Gaussian and Rademacher series, 310
Lieb concavity method, 309
moment method, 313
trace exponential method, 307
universality principle, 318
variance parameter, 314
matrix determinant formula, 417
matrix exponential, 307
Taylor approximation, 248
matrix functions, 306
matrix Khintchine inequality, 315, see also

noncomimutative Khintchine inequal-

ity
second-order refinement, 317
matrix logarithm, 307
matrix norms
Frobenius, 415
operator, 415
Schatten, 419
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matrix rank

compression by expanders, 76
matrix sparsification

linear constraints, 214

partial-coloring reduction, 215
matrix Spencer conjecture, 213
matrix-tree theorem, 17, see also spanning

trees

matroid expansion conjecture, 381
matroids

basis exchange graph, 381

basis sampling, 380, 401

contraction, 363

definition, 360

dual, 402

linear, 361

local spectral expansion, 367
max-flow min-cut

project-and-flow algorithin, 262

sparse-cut extraction, 234
MAx2LIN, 174

on expander graphs, 271

shift invariance, 277
maximum cut

as a constraint satisfaction problem, 271

on low threshold rank graphs, 284

spectral approximation, 33
mixing time, see also fastest mixing time

conductance bounds, 42, 43

definition, 41

directed graphs, 46

expander graphs, 60

log-Sobolev bounds, 399

lower bounds, 47

spectral gap bounds, 41, 43
modified log-Sobolev constant, 399
moment generating function, 306
Moore bound

graphs, 345
Moore—Penrose pseudoinverse, 411
multicommodity flow, 228
multiplicative weights update

edge-expansion oracle, 260

matrix version, 243

vector version, 241

width bound, 242
MWU, see multiplicative weights update
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near expanders, 163
noisy hypercubes
local partitioning lower bound, 154
small-set expansion, 178
noncommutative Khintchine inequality, 314

Ohm’s law, 193

online decision model
experts, 241

Oppenheim’s trickling down theorem
proof, 372-373
statement, 366

page ranking, 47
partial coloring, 214
Gaussian projection, 223
matrix version with linear constraints,
214
partition function, 396
permutation model, 65
Perron—Frobenius theorem, 415
Pinsker’s inequality, 398
planted bisection, 349
planted clique, 348
positive semidefinite matrices
definition, 411
positive semidefinite order, 412
power mean inequality, 149
power method, 149
primal-dual algorithms
edge expansion, 259
probability amplification, 75
projective planes
incidence graphs, 369
propagation rounding
algorithm, 273
distance measure, 273
global correlation analysis, 274-275
low distortion embedding, 276
propagation sampling, 283
pseudoinverse, see Moore—Penrose pseudoin-
verse

radial projection distance, 92
Ramanujan graphs

bipartite lifts, 71

definition and existence, 58

random walks, see also down-up walks; up-
down walks; Glauber dynamics
collision probability, 148
collision probability, trace bound, 150
commute time, 195
concentration on expanders, 60
continuous time, 400
cover time, 196
definition, 35
lazy, 39
local graph partitioning, 44
round-robin walk, 230
sampling, 44
staying probability, 151
truncation, 153
Rayleigh quotient
definition, 412
disjoint supports, 109
second eigenvalue, 21
regret minimization
common nullspace, 244
matrix bound, 244
matrix model, 243
vector bound, 242
vector model, 241
regularized optimization
spectral sparsification, 217
regularizers
by o, 217
Reingold’s connectivity algorithm, 77
relative entropy
decay under random walks, 400
definition, 398
replacement product, 66
resistance diameter, 196
reweighted eigenvalues, see also reweighting
conjectures
directed graphs, edge capacities, 132
directed graphs, vertex capacities, 130
higher eigenvalues, 125, 137
hypergraphs, 136
multiplicative weights algorithm, 249
second eigenvalue, 116
sum of smallest eigenvalues, 126
reweighting conjectures
counterexamples, 298
fast mixing time, 294
fast-mixing counterexample, 389
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graph coloring, 297
low threshold rank, 294
reweighting trick
semi-random CSP refutation, 329-330
rook graphs
bipartite double cover, 298
definition, 298
reweighting obstruction, 298-300
vertex expansion, 299
rotation maps, 83

Schur complement, 416
SDP, see semidefinite programming
semidefinite programming
edge expansion, 251
fastest mixing time, 119
path constraints, 255
reweighted eigenvalues, 133
second eigenvalue, 117
sum of smallest eigenvalues, 126
Sherman’s algorithm, 267
Sherman—Morrison formula, 416
shortcut cycles, 257
signed squaring, 139
similar matrices, 409
simplicial complexes
assignments, 394
bipartite layer graphs, 377
complete, 366
conditional distributions on links, 363
definition, 359
faces and dimension, 359
induced distributions, 362
links, 362
skeletons, 364
spanning trees, 360
weighted, 361
small-set expansion
conductance profile, 145
low eigenspace, 170
random-walk approximation, 147
subexponential algorithm, 172-173
subspace enumeration, 171
small-set expansion conjecture, 145
smooth localization, 97
softmax function, 202
spanning tree exchange graph, 44
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spanning trees
counting, 17
near-linear time sampling, 402
negative correlation, 197
random exchange algorithm, 44
sparse cuts
unions, 159
sparse vectors
analytic sparsity, 147
combinatorial sparsity, 147
sparsest cut
cut-matching algorithm, 234
matrix multiplicative weights, 247
subexponential algorithms, 292
uniform, 227
spectral embedding
clustering heuristics, 91
definition, 90
Gaussian rounding, 99
hyperplane rounding, 104
isotropy, 91
Rayleigh quotient, 94
space partitioning, 96
spreading property, 92
spectral gap
higher-order, 107
local-to-global characterization, 371
two-sided, 41
variational characterization, 398
weighted Rayleigh quotient, 370
spectral graph theory, 9
spectral independence, see also entropic in-
dependence
definition, 392
graph coloring, 397
independent-set sampling, 396
link graphs, 394
negative correlation, 393
spectral partitioning
algorithm, 27
approximation guarantee, 27
expander decomposition, 158
higher-order spectral gap, 107
limitations, 28
sweeping all eigenvectors, 29
spectral radius, 415
rectangular sums, 51
spectral rounding, 209
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spectral sparsification, see also barrier
method; discrepancy theory
adaptive sampling, 208
comparison with cut sparsification, 185
cycle decomposition, 208
degree preservation, 215
independent sampling lower bound, 190
isotropy reduction, 186
linear size, 199
near-linear size, 186
random sampling, 188
random spanning trees, 208
regret minimization, 208
spectral approximator, 185
spectral theorem, 410
spectrally thin trees, 209
Spencer’s theorem, 213
Spielman’s favorite inequality, 24
SSE, see small-set expansion
stationary distribution
definition, 36
undirected graphs, 38
stationary flow graph, 45
step functions
constructing approximations, 109
definition, 108
spectral approximation, 108
Steurer’s conjecture
counterexample, 386—388
reduction to reweighting, 296
statement, 292
Stieltjes transform, 202
strongly log-concave distributions
concentration, 402
modified log-Sobolev bound, 401
subspace embedding, 192
subspace enumeration, 171-172
subspace flags complex
central projection, 388
definition, 361
local spectral expansion, 369
sum-of-squares hierarchy, see Lasserre hierar-
chy
superconcentrators, 76
symmetric difference matrix
Fourier eigenbasis, 338

Tanner codes, 81

Tanner’s theorem, 59
tensor flattening, 327
tensor injective norm, 327
tensor PCA, see tensor principal component
analysis
tensor principal component analysis
detection, 350, 351
model, 349
recovery, 350, 352
statistical-computational gap, 350
time-signal tradeoff, 350
thin trees, 209
threshold rank, 169
correlation rounding, 281
graph decomposition, 173-174
label-extended graph, 177
threshold rounding
edge conductance, 24
step-function approximation, 108
vertex expansion, 122
total variation distance, 37
trace
definition, 418
trace method
closed walks, 11
expander eigenvalue bounds, 56
transition matrices, 35
spectrum, 42
tree uniqueness threshold, 396
trees
largest eigenvalue, 17
trimming
conductance cores, 101
near expanders, 163
truncation
sparse vectors, 148
twice Ramanujan sparsifiers, 199

UGC, see unique games conjecture
unique games
definition, 271
semidefinite relaxation, 272
small-set expansion, 175
subexponential algorithm, 177
subspace enumeration, 177
unique games conjecture, 175
unique-neighbor property, 80
unit-circle spectral approximation, 223
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up and down operators, 378
naming convention, 378
up-down walks
definition, 379
spectrum, 380

variance
decay under random walks, 400
vertex expansion
definition, 30
directed graphs, 129
induced expander or separated sets, 292
multiway, 125
one-sided small sets, 79
ordinary eigenvalue bounds, 30
reduction to edge conductance, 121
reweighted Cheeger inequality, 117
small sets, 59
weighted, 116
vertex-cover boundary, 124
von Neumann’s minimax theorem, 118
von Neumann’s trace inequality, 418
voting matrix, 352

Weaver’s conjecture, 209
Weinstein—Aronszajn identity, 417
well-spread vectors, 252

Wilf’s theorem, 17

Woodbury formula, 416

XOR formulas
definition, 323
even-arity refutation, 328
random instances, 324
semi-random instances, 328
spectral refutation of 2-XOR, 325
spectral refutation of 3-XOR, 330
XOR principle, 324

zig-zag product
definition, 67
expander construction, 68
spectral analysis, 6971
spectral bound, 68
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