CS 860 dedm\ Sro\?h 'tkeorz ) Q?r‘mg 2018, Waterloo.
Lecture |b: Stco rxghd P\aala‘- Sk measufe
We S2e  an Tnttz(zd‘mg voriation o{ the method of [nﬁr!adr\g Pu[xgr\nm?a[g in ”tc\ddhf the thin Tree Cunjec‘fura.

We S&Ma the umderl%,"rxg neathematics  behind this o(euab?wmnt, the cohceff of gfrongh& K&amgh Pnbak{nﬂa measures .

Thin tree

Given  an  wndirected qragh G=,B), For Oc<w<a ., we Say o Cpanming  tree T s d-thia :{3
for al €V, we hae 16| < w140

Th words . a Sponning tree 1S ol-thin \WQ it ouces ot wost o fraction b{ edges in every cut

There s a \/erka &’tron% c,on}ecjvma abouwr  the axictence a—{ a thin  tree.

Godduns Comjectwee Lvery  K-edge-connected qraph  hos o o ()~ thin Spanwing e

1{ +he Luh}&c’ture s true ond o 0(“{2}—'%%)& tree can be ’Fow\d mn PO(BY\OM\\O\L tTime, . then 3t would

—\mphg oo  Constant Factor aw(omeﬁlon &(gorTﬁkm foc the mg%mmeTch Travzm\g Salesmon Prub(zm.

log
Tt can be proved  that o (Candom Spaning Trew s a0 l:g(:gh 'fﬁ*ﬂ‘m Tree .

Tha &rguw\enf is Similar  to  that in cut SPQ(ST{(CHIMJ usinS Chacnotf bound and caceful wunion bound

The feason +that we <on app(xa thrncf{ bound s that the Uigeg In o yondom g{?fmh?hf tree

oe HQSD\JCT\/U% Corveloted . o, Tesult  that we will ghuia Soon .

Sﬁb ed—ral(.s thin _tree

As in qraph sparsification . we concider o Spectral 3ene(0\l{3aﬁon of thinness of o trec.

We oy o Tree | i wgputro\ua-&mm oLy A odlg.

Note that T4+ 15 o $trongec  noflon  than Ccombinatorial ) thinnes$ _ as Lp 2 oLL@( implies  that
16l = %Tlyxs € o AT Lgxg = o2lbg @, Just as Ta Specteal  Spacsipication.

One. advmﬁfo\ge of Tthis ghohgu netion s that 1t s easier to  work with TFor b«xmp[t, %?van a tree
e easy to chack.  Whethee Yt I d»S?edml[%—W‘m, while 7t is not known  hew to check  whether

tois (combino\forio\ug\) oL—thin .

Movreover, the Yesult b% Marcus - Spielmon - Lrivastava Tmplies o non-Tavial ewfficiont  Conditton \Cm the
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existence of o g‘Pecf(mH«a thin tree-

Coro\iw% [mes) I{ the  poximum  effective  Cesistance  of  an edge  in &G Ts o, ‘then G has

o DW@)- S?utmﬂj-thn Tree .

Recall that the MSSE theoram  in LIS Implis that if the moximum effective fesistonce of an 2dpe in G s

Then the edge set of G can be partitioned nto two Subgraphs  H, ond Hy o Such  that
L O-8a) L 2 Ly TOSY Le for elind

We can Then Yumsiuua apply  MES thevrem  agaln  in each subgraph  ( with g(rgkth& weoke  bounds  on
Mot mum  effective  Yesistance of an Q(ng unti]  we  Cannot aw[ué again bg that time there will
be D(‘&) edga»d\‘\s‘\c\rﬁ Smbg(q?m of Cy . each s tonnected and O (o) S?a(’tml{j—th?n.

Cee Ho\waé—Ol\m_r or the b(uang{ \:a Svivastava for detalls -

“This givas hope that the \*ed\h%us developech bud MSS  can b wged to prove éfoax(knnls r_en&ad{um.
The corouar% 3\/13 us o Spectially thin teee . which 1s Camb{nq‘voﬁall% Thin. but 1T r{%u\ru a S*C(onﬁzr
assumption  that  the maximum effettive fesistanie of an edge T¢ gmall.  which s not he(zs&a(\(?

gatisfied 0 an K-edge - connected  Qraph -
The (ecent brwt&hrougk bu& Anari ond  Ovels Gharoan , in o very L\Tgk level . can be Seen as a \'\M\Q
v (educe the combinatorial problem to  the S%ufrql PFOblzm , and to wuse an w‘nf@rzg%?ng

Variant of  the M8 thesrenn to  obtain  the ’Go“nwlng Tesult.

|

_Theorem YA!\A(“\ , Ovats Ghacon ) T:vu% k~adgg, connectzd %m?% has a O( ngkogr\- = Y- thin  trea.

The tveduction , however, is very Complicated and +uhm‘m(tg d\a[lzng?ng.
Also, thefe is mw o constant factor  Gpproximation m\gur‘\tlmw toc ATSP_ without uling thin  trees.
L. we Just focus bn the (Avwiz(ha‘[r\g mathemotics  of  this development , and  discuse  the bzaut?{m(

Votiant ot  the MSE theorem  that  PAnract and Oyers Eharaw proved.

P(O‘oabtlﬁ—a distcibution ond  real-rooted polynomial
Ac o warm up to SJ”D“S(Z’) Ro\%urgh measure . wWe  discuts o Simy\u one - dimensiona | onq[gg,

et X be o Yandom Voariable buec [d\]:{O/\,-.‘,OUJ With Pe(X=1)= }A; )

A
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et PCX): ED )MXT be 1t juuaﬁr\g ‘PBLLQY\UM‘\D\\‘
We would ke to  wunderstand  the

Celations batueon

+he PYDFQ(TTES o% X and. the ?To[)@rffz& Of it
gzr\ua&‘w\é Fo%nnw\\o\l POO .

Tor &\(amkﬂz, what PSSR el —cooted

'Pmposaﬁm ?m ¢ realrooted T and m% 5 A Can be wiitten as  the Sum

of  Tndeperdent  Bernowll
Condom  variables.

The Pruo{f con be Wch\d\ in Ovels G”L\D\rw\

Course notes

(Lo-Lu) .
%ka Ql\ﬂr“a{{» bound - we 1\,(?11% that  the disteibution

M (}J\o/.‘ }Ad) Should  look

ke «
togf conCoave  ond

Rell Curve . z.f.
n Particular

unimodal (la.

Jk ot -

S TS S (UL %) 'URE DD

1* ~
T}\QDI‘QN\ (N€Wt0ﬂ THQ%LAD\(IT%) For Ow\% rm\”(o"\ﬂ’@d\ PULKAV\DM\\D\\ ?QX) = ED })\ZX] thae SQ%kenf_a of
Cbzﬁ-‘\dem; -{’}40,% ,_'_/},\{U} s

. k4l
uttra- (DK\ ConCave - 1.2-

#- a < QJ%\L WC” all  o<ck<d.
(z«\\} (‘4“\ \qﬁ
M The Proef s b“é clsuce ?fopzrhm of  raal-rooted ?D(LGY\DMM[S in LI13

. 4!
Foest L poo= — 57 PO T real rosted

ond this ghaves »ff the coeffictants Mo voe Limy
Then . FIL‘O:{“WM P\(T;‘\ s Veal-rosted, and this revece the Coefficients of P\(yﬁ.
h-T-1
I\‘W’\W&, PEOO‘*W \)160 ¢ Yool rooted . and this thaust of £ the Coefficlents Piss - Jd
N 2 N
Now. PO s e %uadro&\‘c Ceal-cooted  Polynomial Pact) = %(%fwk M ¥ 4 M

(% & ()
The theorem follows ’F{Dm

that  a %km&(fkﬁc Pohavwom‘\o\\ V¢ Yaal-roeoted qu

1ts disciiminant g noh»nagaﬁuqu

Tt o llows ‘%fom Newton Me%w\[tﬁa that  the S’Q%&,Qhu, of  Coafficvents

T LDK- Loncove (i
’go( all O(k(o\) .

2
Ot~ Qg S Oy
and in

POT{‘TCLA[O\(‘ wunimodal.
Anothe( ConSeguence s that  the dmsﬂ-ud Lunction  of a Qum of incepradent Reoulli  vondow vaciable
¢ an ultra LDS’QDV\CM\IL Ca%um(z o’f‘ numbecs .
Strongly  Rayleigh  weasures
S ERY) ] 3

Let % be o rtandem variable ovec {0,\%M (‘UL. a candom subset of wm alements ), with Prc‘oa%(k(ha
Alsteibution })\‘-{‘o,\zmgm uch  thot

}A(Q)/O "GD( Quacy subset $<Tm)  and gistm] }L(Q=l.
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Deftnition (ﬁrcng[a Ra%\szlgﬁ\ measure ) Criven o Frebabt((‘vu(\ AIsteibution }A:(o,ﬁm%ﬂl, we  define it

Sznzraﬁns Pn(ammx‘a[ j)k(\(,/,..x(mj’»: gigﬂ /UCS) TTJSX; , e the coeffrcient of  tThe monomial ?veg PCIENS /A(S)

Weae Saa » s Sfrbnsba Rﬁa(argk s Sahe(a&‘mg Pol\ar\pw\io\\ 3/‘ s & vel-stable Fm[ar\umia]

Dete rminantal measure

This 18 on Vmpor tant  clags of S%rongLa Ro\%\argL MeaSLCe.

Baf\\m‘vﬁor\ et X be a vandom Variable over {O,l?}m with ProEG\Lﬁ (Fha distribution M Xo)\gm—ﬁm.
mAm
We say M is deferminantol it thece exists oo matrix AeR Quch  that

Prigex) = X }AQT) = det (Ag ) For Q\/erg subset S S Tmy |

T:T28

w hece Z\s,s s *the  18{xlg| ~ submateix o{‘ Ay ‘(aﬁrtd‘\ng to the ¢wws and columng Cori‘eanndh\S +o 9.

M 1% M s detecminantal with o wmatrix 02 A< T, +then M 1S %franx(\a Ra\a(a‘gk_

vector.

2foai Let h(x)= det{(I-A+ F\ro\:ngo\} whete  X= (o XY 1S on m- Aimensiona |

M which s 2(30:5[”] /U\(S) N and also  that

We cloam that hooy s the &Qhe(o\ﬁ(\g 'Pn\témm\a\ o& A

h) is o Yeal stable ?V\‘éhnm\\Ql These two claims  will ‘\mpha the theorem.
Tirst. we chak that  hoo 1s o veal-stable pn\bnom\o\\,

We Prove the cloom When © QA 2T . and  the claim ‘for 03A3T will fcuow ‘OJ o Cnr\'t?l\h[‘t(lj o\rgumemf

that e hove <Seen n LI3.

Note *hat  h(x)= det ( I‘@\%—(\d\‘\agbﬁ\] = det (A) daot ( Aﬁl— BUES d?a&Lﬂ) > Whete we wied A Fo 5o that

/\4 axiste  and  alco det (A) >0

Since O3AST, 1t follows that R:= AJ—I S0 . and <o d\at(f\i1+d\2agb<)> Can be written ag

det (B + ,éi ¥ fk\‘“giﬁ‘\}\ whete  B&%o  ond dIag(Q:)éo for lsi€mn

BL’S the result 0 L%, det (B ?;Xi d“‘“g(‘l?)> s a Yaeal Stable po\anmm N (Adwﬂlj‘ we Onhé PVD\/L#\

in L\2 the case when B&o but the cace B%o ~Qelkows -E(om the Some Cohﬁh\df\a o\fgumwt-)

Next. e chak  that V\Mtg}ktﬂ-

To do this . we wlll Prova that L\((Xo:jﬁ(f&}:’zs }A(R) fox Q\mua subset  S<lm) where Ng s the

charactaristic Vectpr Ofr the subtet €, ond T will %o\\ow +that J’\(X)EX}A(X)

18]
~A—

Now. hxy = det (T-a~ A’d‘vacg(’xsﬁ = okaf< T-MtA ( “uo \) = O\K( Tist —hot A \ = det Thnig) = Ag'g\-
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Chata(teristic Vvedtpr OJT The sublet S, ond L Will Follow  that

Nnox)= .
. ut
T T Aoz
Now. hixd = det (T-p A-mgwsd\ = dot (x-a+ AK jj = ch sl RS } = det ( Too g - Ass)-
©  Tpas- Pz

n n—k
\,\]L [VeN-3 Hr\,z {owmu\& oka‘kO\I“‘ AB = kt:u )\ (—\}Kgi‘b d\l‘%(%g,g} wer& d\LJE (A@({Q:O
So. hXd= det (T, g~ beed)= L4 o (-0

2
k= RET @ 1Rk

d\ﬂ:{ ( A?,R\
= |+ M{Sl (AQK > PFQK Covtaing R) ba the d\n(ﬁnTﬂnn af Aeterminantal  \measuce
k=l ReT-rlzk

wheeee X s 4he Yandom outcome

= | — P (X containt Some clemedt in §>

\:\6 Taclusion-2xclu ion Pﬁr\d?(ﬁ_

= Pr( X corfains no element in S) = Pr(xseg)

= X u(e)
RES M ’

“This proves the sewond claim ond t}m(abla CDM?(@QS the P(oc+ o—f the theocem o

gpann]ncér tree  meoasure

One inTerngHv\z example of  determinantal measure s the uni form SPQN\M& tree meature.

Lol G=(uE) be oan  undicectedh %F&?L\ Let  the {okge et E be the grouno{ set  With

[El=m .
et

N be the number oﬁ Spam\\\ng trees n C‘Y

et }A:%,fﬁ{%ﬂi be  the Probmbfkﬁa distribution  with %(T):[? i T s oa Spoamng  tree of G

ond  2eco  otherwise .

Burton and  Pemantle proved that this measuce 15 oletecminantal

Thesrewm Vet ¥ be the

mxm  matrix  Wwhere  @ach yvow

ondk  Column  Corresponds  to
K

on Qolgz .
2 e + .
and \Q,f = <LQT be LQ L\cv Where L% is the pseudo-inverse of  The La?(amn m atrix

ond  be = X =3 for an edge «J

Then . for a Subset of 2olges Tew Pe(FeT) = ket ( Yep).
T

*
toof  gketch Pr (eeT)= oet (Ye,2) = < Lq/l
TR

The bate case s

Y +
BQ,L(T/ be Y = bg LCT be @ Re,{{(a) ., andt This

is knwwn to held };% o classical  cesult of kicehhoff
Let CCT:L%* llT/r\ whece  n s the numbec of  vertices v G L So that C(.( ¢ of full vank.

The  proof of the matrix tree theorem can be wsed to Show that the number of

Spann‘mg Trees
1S oqual to %dﬁ(f@.

o~ T
Then, we con weite  Pr L TaE=9) = M = det (T- EY— be b
TP det CL¢)
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On one hand. PerTmF:M = | - ?rETﬂ‘\:ﬂﬂ = |- Pr(T Ccontaing Some <lement in ?), ond  this
Can be  Computed wsing the  Tnelusion- exclusion ?(inciy\m as in the previews Proc«f.

On the other hand, wo Can 2xpand ow_tLT»OEF \;QLJU ms?n(& the Formula as in the previous anf}
and using the Couchy-Binet formula we can see that det (Ypp) for FeF  satishy the
come  inclusion- axclucon  formula

EZ} induction , each of the fecrm Pr&?/ST3 J[o( Some ?)EE Can ba weitten a¢ clet KYF”;’>J and
 Aollows that  Pr(FeT) = det (Ypg).

?O\‘SMZ& g?mk‘mg} the ctotement hods because the FTormula {or choractecistic Po\\av\om\a\ and the includion-

Oxclucion ‘?b(mukq afe  the [wme , ond <2ach term Jz%m\s becouwte *he bawe casec hold.

See the notes o& O\/@“s~SL\m\,}An (Lo3) For detals -

th t
Fimﬂa , noke that Y = (@TLé)(Lé B) = ETL(TB where B is the nxw mateix where the e-th column ¢ by .

This imphies that Y = RL{RETLIR = Blileld B = BL{B =Y oo BB=lg

o, Y s o projection wmatrix  ond thus  each <igenvalue IS <ithec 2ece of one-

Them{om, 023X4 T oand b the previous theorem con  be wed  To  prove that the uniform  Yonden g?amr\j
troe measure s o detecrminantal  measure

A vemack S that The Prea% can be extended +o the on&q, \,\/QTSM\”L& cace where the P‘(OEQLMIT% o{' & §\>O\Y\hing

T

Cree  1s Pfcyovt?or\q{ +to otT

We , to <how That the cLokgL wa?gkfzd distetbution 15 also  oleterminantol -

Propecties of s’(ron;ﬂﬂ Rmélelgk measure

Some  useful P{operﬁeg of Strevxgl\& Ro\bakugk measures @omm frow\ cloSure \)(cpub‘eg o% real stoble \)uhéhom}m <.

Con o(‘lﬁor\’m%

Tor o variable X; . the conditional PYOEO\\JILH% A stibutions /‘}‘\x\-;o and }J‘\y\\—,t 0’& N Sfronj(n Rwam&\n
diskabukion o are ol steengly Raylelgh .

To See this. ot X}ALX,,...,XM) be the gmzmﬁng PD(%V\bM\\O\k oqﬁ J

The Sehe(qt'mg Pmk\ammmt o'f Mo 18 Simplna Su”m'XI“‘D)X”“’"'XM\)/s?x;asﬁ(sy ondk thus is veal stable

because of substutition of 3 19\6 a real numbec , and hence  p o TS S’f(Or\tha Ranle?&k.

Note +hat the Sanuaﬁng Po\anemio\( o{‘ Pt i< Xygyﬁ(x,,m,xm)/i /x(g) o ond this s real stable

X €S
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because df{‘farehﬁo\ﬁnn a %Tﬂ\k\‘[hﬁa

P(uwumsj O‘Fﬂaﬁm\

(QTH\Z( b% Borcea - Branden or bta direct Pfoof
ELa Fﬁduung to the unvaciate CaSe ‘o% meg othec vaﬁab\es), ond heace My

s
, '?Tx‘mg the  values  of

Strunﬁ(g P\q%[a?g%.
So o Subtet of wvariables. the conditional Fmbahrkﬂr% measuce  Cemains

STrm\glg Rag\q:gk.
Pro]ed‘\on

For any set  S<lm]) , the PCOX“HD” a\c M onto Q dencted ba Ml

s tThe measuwe wherg -{lnr ana Set Re <,
M CR) :TT

() .
<Gmd:Tns=R /Jk

The genecating  polyromial Jue 1S obtained  from Ip by gimply wlawmfmg

Xj:\ —ch all Vvaciables J\QS/
Mg rs Sf‘(ongh& RO\ALQTSL\.

omol  heance

N an'tivo. corcelation

Thic s pvoho&:kb +he  most '\m}mrfm\‘ Prbpe({‘% of- &’t(‘bngt% T{qgu:fl« MRASUCL

ol for instane Tt ollbws we to

apyly  Checnoff bounds on the variablec o

prove  Concent ration Tesults.

The Simplest m o neqative ctependenc is Pr Cx-=1 1)(*:[\ < Pr(x;= \3 v Ony two Vvariables
P 3 ? | \ J 4

}\\cJ(z i'}\D\f the

I:kj,
of g

o the sum o'{ (,op:{*f?den‘t‘s O‘f },k Cbnfah\\m(g i

Ffob&k(ﬁha P( (X==21) can b2 read ‘?r‘om tha KQM(O\HV\S Fuhgnom?a( 3’)‘(\(

s Prly=y) = syl GG eI | T oot p(s)

Therafors . we Can  Yewrite  the m&aﬂw corcelation ?n&%mtﬁa as  Prix;=l and ><~\O < Pe(¥=\) ?ruyo

N X N N B L > ) bd s
oand  then —LX‘)((EL Ne L/Li\h& EEhQ(A{'\hS \)nhanam\ql s K-g;y BYS %(i )5 3(13 < g 13 %Li) \9 (#J .
gfron&\\a Rma\g;sk mealuce S

S’o&lsgﬂa this  ia Q%lux[#a —F{,r Oy

Laéfkm ( 2. hot Buit 'Fur \:1:?) ~
Thebsrem et % be a w\u(tmﬁ_‘*“a veal stoble Pvﬁm”“‘a
S ™
Then (% %—Xig(gﬂ-g‘v@ TR Y %?53“& Vi4] and WyeR”
Yoo

For oy \éekm, consider the

bivaciske  restriction ’f(g,%j = 3 ngl
Then Wt IS a

bivariote veal g¢table

Y Kj;\‘s Y- fﬁj»wtjj‘% SYar \370
thahmm‘\uh

3 P L 2
Sine q s multlaffine , note that {(s,t) = %(La) + KTX‘ %(VCQ) ¢+ (j%%(aﬂt + i 2 (33)
The  WwniVarate ?ol%hnm\m\ INESIE { (<) s stable  (but wet hau;so\ri(a real)

Lot a4bl be a voest of  hi(s) .

Then  ReChlatb) = quy) + (éx m)} v E,X 3@ b =o

(S g)b %53%) *(?y;wjﬂ‘w)a:b

an}\
Imh Ca%?\) =
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gemng tha two e%wﬁm\s \:3 @L}m\haﬁhg a ., we %Q_t

@’?%J gep) 349~ (35 %3 ) b = @; 34) b +K%;g3t@(%j<§tj>>_
Ba %’fo»bﬂﬁka of h, we have b<o.

This imyhies that K% %\Tg 3“9)‘(3‘“57 - Q%(ﬂk@) (%ﬂwﬁ S0 p

I\lesa\‘i ve association

A Sﬁor\&er ‘?’orm c—{ m%qtiva d\aFemkmua Ts  called mgaﬁ?w, as<ociotion *

Dafwﬂﬁor\ We Soua the Hr\wg Yoondom  Vourdables {Y‘,.,,YMS are hzgaﬁvz[a associated \{

{‘a\r any tuwo hbhd\urws‘mg ‘Guncﬁons —}3 € Y\O;\SM%TK that devend on &Tsxlo‘m’t cet  of  variables.

toholds that B[RO0 %) 9 (e X)) € ELFon o] BLIOL. ),

Where o Lunction f 1s Y’bhd\ltreas\ll\g if —GCX\Z%(@ fox XZ%.

Note that y\g%g@;u corvelotlion 1S a QPedoL{ case of mgth\/L association.

Foder and Mihail  wed mSaﬁ\/L correlation  ag  the base case in an  indwucton to Prove that the Yondom variables

of o S’(rongka Rmawy\n measure Ofe naimﬂva as¢ociated

Rorcea, Branden and L‘\ggeﬁ d\z\/da?lr( The H\mna o-f gftrm\fta Ragmjk measure  and  ule 1t to OnSwer mony

%uuﬁnhg about negaﬁva(\a o(a?zm{ent random vaciables.

Probabilistic method  for 3‘(’(0:«3% Raxldjh measule

Recal the Probc\bfﬁs{»?a tatement that  Maccus, g‘p‘tdw/\n, Crivastova ?roveo{;

Theocem Lot Vv, oy eRD be ‘md\g?ehdmt Condom veckors  with  finite  Support Queh  that

ElZ vl =1, and B[] <e Lo feiem.

4
>
I
>
-
“\
M
Ms
<

pRVAN IR AR o S

The P”"!V umdaﬂv& wees  the o\sguw?%wn that the vedors ViV, are ‘mokqenzianlc Condom variables.

Anare and  Owlis Ghacan provad o  beawtiful  vaciation for g%rm\ikua Rayleigh  measure.

Tn the wca((ow}vxgl a %{rm\gh& Ran\migk measue

i \'\OMUKEMN v Q\/ua neon-zeco  monomial 1n  the gmuaﬂr\g

FD(%HDM\\M @A 1s D‘F the 2Wme oklg(‘mv

Theorem et %:{O,IEMQW\ be a Mmoyamus S%rongiué Rma[ergk measu(e  with the maximum Ma(g}nmf Frobahm‘fg
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of a varlable [coordinate s €, (ia. Pr (ieg) € g, for \SRSW\B_
Svp
m
Gilven Voo um R with = ViVE =T and Bl cg, foe 1SiEmo, i hilde that

Pe [ N> u;uf | < desre)+ xg\ﬁlfl o .
Seop €S

Let's see how  this can be wied To  prove d‘truﬂk& the coro(lmn& ol out %Fedrq((% thin tree. withewt m‘mg Yecursion,
Ao before. we st y= L+/1b€: o that :;V:v: = T ond  eoch  hulT= hJLcjbgl = Reff(e) ¢ o Ea assumption .
We sat o o be the uniferm Yondom Spanning tree measce L S0 that 1t 7o homogenows Stcongly Royleiph.
ond Fucthermore TPr (eeT) = Regg () € XK.
M

So, we can QPPl\?} the new thestam With  2,5%>d , and &\lru%\% %Qt o %pahm‘hi toee T* with

I\ \Eﬁ ol || < O (),

A keg advm\hgz DF this  thesvem 1s  that the output s Swa(mﬁzeé\ +o be o SPQN\‘MS tree . $6 thot
We gaf cunnedﬁuﬁa -Eor fru, ( withowt \,\mrvami about the minmum b‘gwmlu&) , ondk this s \/Qrg imPDrTanT
T the thin tree Prnbum
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