CS 8¢o gpect(o«\ Sro\?h ‘tl«eorg , g?riv\g 2013, Waterloo-
|ecture 1S+ \Weover's (,on]ed'ura
We g%udg +he Proof a—f Weaue(’s CONU,WOL t/\s‘mg +the  method y{ In‘u(lac?y\g Poh&mmralg_

A mutivaciate  bacaec C\(SmmﬂnT s wced +o bound the nax (ot of the ﬂ)(?@ﬂtﬂd\ chacacteistic \)o\kanom?ot_

Overview

kaog wo See tha Proof of the PrcquILIs\LTc stot ement {o(mu(tﬁed ba Maceus. Spielman, Srvastava .

Theocem |et \/,_\/)J,_v,\/mefkh be ‘\T\M?thzv\t Condom  vectors with '?“mIJrL S\A?Pu(‘f Such  that
E[Elvwﬂflﬂ and E[IF) ¢ for 1¢iem.

Then  Pe (12 vl € Cage) | So.

We gow n L1 thet Tt WM?\IQS \Weave (s COV\—]@C{"A(L . which in Tum im%ﬁas A Pos?ﬂve ¢ zsolution o{

the kadison- @:ngu problam.

The proof of the theottm  has twe main teps -

(D TFust. ectablish that  widh positive Pmmmw%
| TE: V‘\\/}T\\ = maxfoot K dd&%i*éfﬁ\/?)) S maxrost v—,\%\; L detC )\1~§~\JTV§Tj1>‘

The ?neqﬁml%% is zmdmd the theorem of the mew ?(oba\a}hs‘dc method  that Lue F(ovad? o Lid

So ~the \CI(Sf part s odone .

M3

@ TRQ Second PQ(T s o Proua that moax (oot <\/E y Edﬂt (k1- [VTU7T>13 < (g %ﬁfﬂ i jfueh the
0SS umptions that ElllulTs¢ ond EE i\/avﬂ = I, .
Tn U4 when we concbruct b?g)ow‘tﬁi R&manu&ar\ Sra]ﬂ\r . the 2xp ected  Characteastic Fc[nnom?ql Tumns

out +o be on\cHZl the WWLTCH‘U\& \pulgnom\m\ ondh theve were resulte Eolmo(?ng e max ropt .

Tor Weauves Conjecture \)ouv\ri‘mg the moxrost of Ao Q‘{\P&d‘uj\ Polﬁwom‘\a( s o w\a]br technical C}\QHQY\SEQ,,

N m > " —
Recall the multilinear fomwds\ =) dd(ﬂ~z‘\/:v‘7ﬂ = E R\’ﬁ‘.\ OK“JVQAXJ'EXX?E[V:V{\]) \

| X, = .= Xpy=0

Thig %rmta s cruetal In khe  ficst S\‘LF, b\a Skm\ng +hat the LHC s veal-vosted o establish

Common '\r\‘tzr\qdr\% f—bf The new Proka\s‘whst‘\c method o holol .
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Tt fums our that the ‘gofrmda is alco Grudal in The  Second STQ%
The ldea is o %WST <how  an ppec bound  eof the ™ o coot 7 arf thoe  multivariote Po(\amow?al,
P=
ond then maintdin o good\ uppes bLound, a{flr eoch (\“_B’x:) O\Tﬂﬁamwﬁa\ operalor g G\?P[(ao{,
To establish the Uppec  bound . ﬂ«e% wse o barvier O\rSMW\EV\t Qimilar to the one in Qonsffud?ﬂg

\Fnu«as%m S?utra\ g?ars‘:ffz( in o L12, but iqnzral?sa "t to  the multivariate Sett;nj.

Multivaciate maxrost argument
J

To  bound.  mav oot (E[ o\dtkﬁévruﬂb L, Wwe  bound mmmﬁcﬁ

=1

b %(‘\ OLEtL)\1+ T)L\:—xX:E[\/;V?] ) \X,E., .:)(-,,:O>

{

Ticsk, we wee the assumption thot ¥[TEVMT1:1 to  rewcite  the Po\\gmm‘ml in the RHS  as

> s < id
f(j (- 57?3 det ( E CAsx) ELvins ]) pio T \] ) dd( Y %; Elu; va \x,:n:...:xh:/\
Call the woteix  Elwiy') = A: o Nete that A %o
K m
Coll the ?o\\%mm?a\ T:\ Ci- a><3 0\&( Z \3 = Pe X g X ‘g‘—or 0sk<n, o that

m ™
Poll ) = det (2 6AD)  ond paClin¥) = T Cl-37) det (260
Our task s to £ind a  Small * ond  Show that Pm(x% %) D0 Y x> X*-
‘ | T (-2 det (3 wEra™) RS h
This  would vwlb& that maxcost { AL ax‘) et ( SRR \x\:h:...:xn:x < X7 and thus

L% the  multtltnear {‘orm\dm max root K B[ det (T - z T>}3 ¢ x>

Univariate appro ach

Mz

Av=Tn | we have Do X XD = det (xI) >0 foc all x>0

\

IMHM[VA o Qince
One natucal Sthzg\é is to St X=X + 7 {ior Jome Small ¥ ond Prove Tno(ud\'\/zhg that

Pr X ,x) >0 Y x>x;
Tor this to ork  to qIve s the  {final bound.  (1452) . we would nzed ¥ 4o ba as Smal as J;(HEY/

conld have ludl=¢. Tt s not possﬂokz {‘D(‘ the Induction L\:j?o’fl’\ﬂ_&\l& to ge fhromgk.

\

but  <ince 2och Vi

Multivaciole  approach
AN

%\6 &\o’mg exphett caleulations . T+ g chs\b(z 4o show that F"U’X”‘ AY So —Hr all x>0
*hen ?\(X+g)X,X,..,X)>O {u( all %x>o —%or a \Q(SL znouglr\ 6

“This Suggests that the correct  induwckion thotMs?s should  be  multivariate , and oxpplxging the \*%Q;
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O?e{g\ﬂon ghould Or\\\% e,)'\o\ngn the 1-th variable.

™
MM_ Griven A mulfivacYoete  Yeal-stable ka\émm\o\\ P(Xw A . We Sa% o })oiht %&R N

Sabovr the vosts” of P ?f ?L%+?)>o ‘?br all ?2@_

Ouc go al s to ?(0 ve that C HET—T s above the rosts o{“ ?MC Xyu o X))
To do this, we sStart with & \)u‘mf (£t .t foc some T>o0 To be choten latec . and we know thal
Ct.t,. . 4) s obove the yvoots owﬁ P

The Tndwction ]'\\m)oﬂ\aﬁf is  that (t+$,%%§,,. t—fS Sttt ) 7 oabove the (oots Df ’PL .
-
< coocdinates

This Wil m?\% that (kb €16 15D i< above the vools of P -

Multivariote  bacriec -Fur\c'ﬂons

To execwte +he oboue pmo% ?hxn/ we wuie  or LUevlac c\PFromL\ o In L2, Fo wie  loacriec ‘Funmm\; to

ectablish & “mm{cr%mu “ wpp e bound (1. o Sﬁmgu }\\éPothu?s> {or the induction o gb Jrhrwj]n.

Univaciate  baceiec —(\‘-ucﬁon
=
Tn L2 . we St an wppec bound. « Oond kee? track o{ a Putem?a\ Wcundton 3.8 = Tr (WI-p)

and moirtain the JTnvaciont that @l(mS |, to g\mrqnfzz that w8 well above +the (oosts.

-l A I
Recall That T(kuI*A} = E‘ W-A; wheee >\‘,.\.,X,‘ ore  the -Q_\\SLh\/O\L\AL$ o‘& A

=

We Con vewate 1t in terme of  the vosts nfv the chafactecistic ?D\\Jr\ommls.

Note that  det (xT-pA)= T (x-A;)  ond oy lop det (XT-4) = ¥y bt I-AY o 5 ]
det (xT-8) X

v

Qo we comldh  wndker stand  the potential  Punction 2, ag Dy [OK det (xL-8) .

Multivariate  bacriec -(juncﬁo ns

The above baceter  Function IS geha(o\lrsb)\ To the  multivariate Seﬁ‘\‘ng.

Given o pb\\év\om\\a\ ?e(?kfx,,xl,.,,xmﬂ and a  polnt (ééﬂim above the vouts of p .

“+the baceiar Lunction of P in direction N Y i §_\; C\@ = 2 Py = Dy, LOS FLU&)_
Py
N ~ 4 A
E%ulua\ant\ﬂ, we  Ccan  define §P‘ \m{& §\;UA>: %j/?(%ﬁ = ; Bl - where %5‘7 ) Ts the wnivaciate
Fys (yi)d R

rastaiction %%,Nﬂ:?(3,,»--,5‘:(,1‘,kj;*,w-ub[gm\) whece.  A_._Agq ace  (eots of this univactate Po((\]hom‘\m’)
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which s Yeal-vrooted

as Qubgﬁ{q\‘ng real  numbert

P(Lguvz Yeal

gmz;wg .

Tnduction  hypothesis
d\

Imt?mh& L we ’?ka o Fe‘mi‘ Xo aboue Tha feobs ofF

Po cuch thet E{,“(Xp) < qﬁ {or all

| €37¢m .
Xo= Ctot. t) Ffor Some Yo

S P{L“FT co\k\% .

Then ., as Stated befora .

let Y= CEtb, . txd

T

P U D) ond

K trorinates

< ) m
pez T 03 et (2 am)

Ond  thae Induction

lmaPoH\LsI& ic to maintain  that :QEPL (X)) € ¢ {ur

all 1€{<¢wm.
In’?ormaujl Wwe P(ovv\ TV\O\\AQH\/LL\&S that Xy Teo well obove t+he (oots n—]C \)K
Properﬁﬁs of  barciec Lunctions
The "%o(\ow?(\g P(operﬁzg 0+ the barciec ’ew\(ﬁﬁﬂns are ;MPar‘t‘Dy\‘f in the Frao]’—

“Thescem gu?poSa be ROx., .. .¥%e) T (oal-stable  ond

ka IS above the (oots o%
Than ,

P .

foc all vyelm] and 620, the -Fal(omhg propacties hold :

Lmonﬁm?c‘&Z‘) E;(\éwLéel) < §%(a) whare 2 s the S~tk Ltondacd  Vector.
(Cohﬂx(%g)

Eg (y+ded < §‘; (y) + gsk} §; Cyt ooy

\ﬂ\l S lond ?ro?qr*n

Can  be written ag

§\L +SQ‘ - QT (y - s Sayl tTheot
‘p Y \) 1'7 > < aX\ ¢) L%+g€j§ > &3\‘(\5 .
»\'L (S Y\D\*d\QL(?_QSTY\S > Q%bx\\\/&[an +o

3 LOYQ

thae '?Mngﬂovx \OZMS conveyx .
KNote that the +thesrzm  holds -Eor O\r\a Veal- ctoble ?Dhﬂnnm:a\.
We  will  £icst we  this thescem 1o bound  the max-root . onmd then PNEMJC Sbne Pruof Tdeas Dxf‘@zr that.
Inductive  proof

As o walm up. we icst See that when a pgm)r Z}

s well above  the vosts  (ie §{>(‘a3<\ VT)
then Y

1o shill above the (ests  ofter  the opacation | -y

Claim gu?\;om +that P ceal gtoable and 4 aboue +the  (oots a{ p- wWith the additional Fbeerf;L
+that ﬁ?l LL(,P <t e i=iem Then \3 Ts sHIl abwe the rosts of
{00

C1=2xdp Aor 1€i<m.
et 3 be above \a e %Zj %\3 mwohn?cﬁﬂ/ @;K%P < §;(,ké> <) \Qbr V€<,
s Amplies th L E (g = SRR h 3
This  Tmplies  that 7 2D = PO . ond thw 0 < \7(5\ — dx; \)L? = (- x;§\> %} . and <o
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there W <till Ao cooks  aboue \A in (\—}XIBP_ o

The claim  fhows that Y 1 shill above the  (osts  oftec one M fferanti atton operation, but we  could pot
]
Vo.’?‘wd This argumnf becouse the Conditton E(‘“BYQPQ%P < may no (ung@(‘ hold
To maintain  the invaciont . Wwe Wil increase the LAP?U bound. n the CDerS'Fohdir\& coprdinate To  decrease

the ?Utznﬂm\ {mmm to  maintain  the  inveriont

Lammao, gbtwosﬂv That P is real steble ond Y Ts abeve the roests o{ P
gqum fwrﬂ\er that @é L%) <) - ‘lg foc 1 Si<m {or Qome ¢ >o .
T]’\QY\, é(]'}ﬂ)?( \é‘féﬁjv < § ;; L!} f?b\ﬁ LEIl)‘i‘m .
In ?a(‘t‘\wlﬂ\r Loy éej ts still above the Yosts 0{' Cr=23x¢) b
(oo Recall that @f, = °xy Lo(g b= SBE ,ond this implies that (- BXPP = (- EPS)?‘
Tak\r\g Log on both shdec . {og QMEXPP = LOS (- @Zg) + (DE p
B T bx,«ﬁé

Avplys dy- on both  gidec & X = %
?P%mg X3 O o Yot 2 (\»BXJ)P b - ?Q?S

Therefore . ELLMS\P Cy+oe) = Ei; Cyt Sed - B\x; T&;\%EJVE:D.}
B S S

To prove  Tagy (yried s 3;;;«53 LAt Ts aguvalat o B T By (ysse)) = - 2% Bp (qFoep
Lo By tee)

ELA Qor\vuTJCLJ . we have that §é Ln{\\ - E% Q%*%{‘Q = *% . BKJ ZQ; L%Jriejﬁ_

Co. the above ;'\Q%l’”‘ub@ hold \\'g we  cowld P(ox/a that S*EX3 _§F\ U&ﬂ»%{l‘) < O ‘CE?‘ (%*ge‘g)
\ - Eg Cye 6 ep)

Note that oy B = BXS % ogp = O Mg P o= X5 ?i«é , ond S5 the vumerators  Cancel ouf |
and  the above is eguivalent  to 5z ) /( - §P\3 (‘;&“L%Ej% . as ij EW; Gytbej) <o as
the function s momhn;u% dtcrm;?nﬁ.

Our o\ss«mﬁ‘mn implies  that $ =z ‘/(\‘ 3:?;(%\) B \/(\~ E\Q(tﬁg@j% a5 desived . where the Seiond

‘\r\m%makﬁug IS Qfm\n \clg \monofonic‘rka-

Thue . we m\wq%s hove é(:/éxupP(%'ng:\) < ?!E\%U(p »?D‘(‘ \S\\,J\SW\, 0

Choosing the poafameters
3 !

1 A ~
If we choose  the 1nittal ¥, = (1. A) such that §\>cb<@é V= 4 Tov 1% m Toc some $>o0.
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Then . b\(,) induction, XApm= (436, €45, F4)  is above the Yests of Pm .
This would \mf\g thot  woax coot ( kS O\ef(ki»?):‘V}VT}) < £+s.

It temains to o?ﬁm\\sa 4 and § +o prove the  bect wpper bound. .
\i\ma\h:&, we need to Lm?uﬁrt Bx;? &x?hcﬁhﬁ > for which we wse the ’Fo((om\nj forw\u(q\

Lemma  ( Tacdhit {n{mm) ¥ det (AYER) = dot (A+ER) T ( kmm?l B) .

]EYOD& Test L wae considec Ve dut(A%tYé)\%:O .

Note that o det (A+ER) = dat(A) Dy dut (T+EAR) = dub () 3T Cred)d),
wheee )\; are  the QT%U\U(A\MA n% A'LP)-

Since  the woeffictent of the linear ferm in Tj Cur JCX?} s SY A (P\~lB> .

Fedak (AEB) | = gt (M) 3 TR [ = duk ) Te(8'B) |, a
the coeffictent O\L ‘e linzac tecm  Y2mains O\r{hzv iuhg%\\t\/&?ng T=0.
T <o mpute ¢ dot (A+€BR) . we can Compute. Oy et A%€E+XE3\X:O ~ which

“+to det ( pﬁﬁE) Te ( (A*fEY‘B) b% the above Calculation 0

Trtial value

m m m
Recall that Dol Ko X)) = del” ( ?:\ XRA:) whete B = Eluivi) $o and E‘ A = ‘2 E[VN{Tl =
. m m
We need to QDMP\JL §éﬂ () = BX;} Ko& dot ( E‘ X:A}3 = BX} A (‘EMLXTATX
ohet (2 x4

det (3,4 A0 To( (2

ot \*\XTAT\HIA‘\

det Q?Z\Xx(lﬂ

= Tl (2 0aY 8:) .

- R s : S A=
Put Y= %oz (owt) . TE follws that 25 ) = Te ( (+1) AJ\} using 2 Ar=T
= —L;Tr(ﬁp <

3 <
T owe st € <o that §l\>}) LL:P S - < I’Jg L then we will qrt the Linal bound t45.

|

Co, we showld et £ <o that %: \”% , So the xciv\ml bound 3 €+ s

Thig is MTV\?M\‘SU}\ when T2 2t <¢ , Tthen the \C?r\al bound 1< (\%E)\

—this (‘,DMY\LJVQS the P(OS\L of  The wmadin theorem

we have

Oh'%

Q%mal

1,.

bké Jacoht

<
E where  we \C‘mo\{ha uee the as&mhfﬁun T((#l\)ii

HMonotonicity ond  Convexity
Q U
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We need to  establish the xco((uulng Two Propertios s{ the barlec -Fur\cﬁons

Mcmﬂr\?cﬁﬁi Fi\;(gﬂLéap < E%(éﬁ) whare 2 1 The §-th  tandacd vettor.
Qowex‘&j B E% U:&«L %€57 < §FT UA) + § By\j EP‘ L%’*‘ 5125 D)
\When 1= 1

First, we see  that

Tt :Loua +o g<how that the “two PruPz(h‘u holdl -

~ d

Recall that ?ﬁé L%\: p \\‘x where AL Ag are the coste sF  the univaciate FD(%WOW\‘M casteictedd to Ye
= AN

by -\C‘m‘mj the values o The Cemaining variables .

Since Uy T obove the fost . up > A

for all 1g]<d

So ”\{ we Incfense Wi - the \Cw\cﬁon value will deccense (e @é (%jxg} < TE\') (?>  omd thut thhofom\c?fﬂ
To prove Umwzx‘\ha\ _ we nead to  shew  that E}; (3) >0 ‘Fb( all Y above The (ool
A dicect  calculotion

hows  that

L\ﬁ;J\S\Z 7e ot NE >>\S BJ\

., A
:‘QP (3\ = :E\ whan Y

i< aboue +he roots,
When VR i

The \)(00‘% i< nontrivial  when

iij . as we have a  blvanate Pol\ahom\xm] rathec than @ unlvaciate \)o\dhum‘ah
“The P(uo—% owc [MKS] wgel

a d\uP cesult ky?f that o\mé bivariate  veol - Stable \’)DLLaY\DW\To\l

F(x],m can
be weitten o ida#(xLA+x1E+Q) for some OB %o ond  Some %nmmtﬂc C.

Than HW@ o Lome 2uphett Com putodtiong —Prom this to prove Mmo%or\?ctﬁé ond Qnm/gx‘kud,

We  present  the \)(oojy Csketch) ‘o\a Tao , which  T¢ more {lamutw\a and <ol - Contoined .
BLA frugmg othe¢ vaciabled and ﬁzko&m\\"n&) we  atéume 1=} ond 1=

ond  constdec +the MSM%IV\X
Yool gtable \)n\\amm\to\\ P(X,)(Q,

Lot X = (L% be o point obove The roofs of P

The W\w\cten?c?&% propuhg and. unvzx‘&g f—o\kaw& —from the wmore Etni(!)‘]

C(O\‘\m J{\/\Qt
k3 1 k.2 3 3 (.
O N R 800 = 0 gy gped = o (L S g et )
>
T%Uqﬁum, e Sv&t nak 4o Chow  thot Q—ﬂy‘”a’xl LﬂgP(x\ S mr\w\u(mg?n& when e

ncrgase X, .
Tor £ixed X‘GTR, the ?D\ksvwm\m\ Py, > K ?Cx,,xg s el —stable . and thue veal—rosted . and  we dencte
the (ogts b%

WO e a0
Then, (D"

A
3 - log FL‘O = — (k) =

RN
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the ogts bLé\ U %g\()(\).

S {
log p) = - (k-0 = —
Bxf SP 1= L)(—;*Lé;(\(hs

To  Show thet  the LHS s v\w—wuro_as‘mg When  we Tncrae X L Tt suffrwes e chww fhat gach tevm
k ~
| /( Xivtéﬂxp) V< hnw\JnC{mg‘mg whan  we  Tnefloe X
Be %X, s aboue the costs., Tt Sufftces to show That jiUD 7S mmir\c(us‘mg wher we increate X -
Q\APPBSL; btﬂ contradiction. that this 15 not the case.
Than, —g‘—oc N \\Sznar?c// X, v\slhs Soma. Mgwwzﬁs in C,orn\:kw o\\r\ah&s\‘L Dhe can Q(Su\z Ahat  Thece  axicts
o point xR 2uch  that the Lunction Ys x> has  pesitVe  decivative in an  open Intevval

)

Q/Dr\’t"m\\n‘\ng X in the 2ol \ine.

Turtheemota b\(a& MoCL Cm?\zx Qv\a(kjs\\s G{gu‘mzw’t‘s’ theee 18 an open r\z?gk\mr\«oed\ Qcmmmng 0 i tia
Complex plane  such  that the funcion Yy 1S QBW\PL{X awaljﬁc . meaning that 3t % diffeantioble
O\\xm& any ACection on the C,WP\JLK P\ana .

Now, we would (Tke +o O\CSWL that the (osts gS(XOJr%T) foc Qome  gmall £>0 Wil hgue & Posttw‘\m

Tmc\g‘u\ua Pact , ond this would \HY\FM(/S that  thete 2ast a Yool (Xe—&i\\ , }ﬁ(%“*ﬁ)) Of‘ the
Mvagiate Pbk\ahow\\&l b whece  both  cosrdinates have positive imo\jh\er\a Fo\r’(S, Cmﬁwaoﬁcﬁr\S veal
stobility of b -

To see +this, as +the —?um\m x‘égscm s CGW\F\Q){ amtﬂﬁc acound. X° . it holds  that

o .
X (jskx H\B*gﬁ;&xﬁ - ¢ where ¢ s a pocitive Canl number \mé ouc &ssumPﬁon (For unT(Micﬂm>
o ~
(A

1t Solbws  that There exists a  gmal) JLnougL\ 2 Quch that B&iﬁlo*ﬁ)'g( ) 2 G adl where & So
i
Tor thic <, +the (ODJY B‘LXQ*CE\> hat ?usi‘crvz fw\ag‘n\zﬂ& Part .

This COM?\Qt‘LS the ?rco{— Qketch .

\We %k‘mﬁ;&\ many arguw\uﬁs mg‘w\S comF\w GY\D\L\:\&\\S 5> cee [ Too) ]Lor Aetonls -

R-Q Eef{hCQS

TMssy In‘kzv\o\dn& {am?he; T Miked chacacteristic \DOLLa'\DNﬂo\kS and.  the K&d?Sunrg\‘r\ia( FroLahzm.

T Tao) Real stable po\%mmia\s and  the Kadism~§?nger Prob\am B HbgFos*\‘.
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