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Lecture 14 = Bipartite Romanujan  graphs

We  gee how to uwse the method of interlacing fomily tv prove the edistene of bipartite Ramandgon
%m?ks, ULS\vr\g the 2-Uft  construction  proposed bg Bilw and  Linial.

The axpected  charactedistic Polynemials in  this Sett‘mg owre Uqcﬂa the mmw polyromial of  §raphs.

ank  we will tee  Some  classical wesults of  these Po(x{jHBMqus.

Ramanuian  Qraphs
J 3 1
Givan @ Ok—mgm\ar wndirected gro\Fk G . let Aso 20,2 . 2%, be the QIger\\m(Mes of &djc\canu& matrix .
We Sm:\ G s Rmmhu‘dwx T—\C me«Q 9(1,\0%17] < 23d-\
We  ore nferested in Conctmm‘r\g on  inrfintte ‘FO\W\:[U& o-\C (iq{gukar %MYM that are  all  Remanuian.
Thic ¢ best ngg‘\b\z , a8 Alon  omd Bo?Paﬂo‘ ?ro\/ed that  for m\A ¢ >0, lvua [arge m\msk
dc(!@&v&a( §roph has mox o, \O(M?X > 1501\~l - <.
There 15 o kum"mg 0'% the  valu 151?, It 3¢ o bound on the absolite value of the ,a‘gev\m(was

of  the infintte r}\—rqgulm trew inm‘&wva\a the  bagt \joSST‘a\Q dk~\mu&\nk°\r QKFanMr gn\\a]«-

Thete  ar  known  Constructions of Ramawuian SFQP}\X of conctant Aegree frcm Ca&\e% %rmfk_r_

Al known graphs  are (%*1)‘(Lgu‘“( where g 1S O prime power

The  proofs wse deep mathematical vesults and In Pm*ﬁmtm Come ba Rﬁmahv@o\n Cond hence the name).
Tma aw explict  in ot the m‘lgkbm of & vertew  con  be Computed.  Tn O(la\%m) Lime -

Qe the Survey b\é Hoorg~l,ir\‘xo\\-w]%o\uson for more  detalls .

It i< OJV interect to find Combinatorial  ¢orStructions DWL P\O\w\w\ﬂw\ K”‘FM"

RBilw and Lintal proposed o method to construct Romanujan SrO‘FM using 2-Lifts.

N

Chven o Rraph &1(v,E3 , e wbfE o § i oa &mPM Gi(O,‘Aﬂ where VT tws Copies

) )

o-? Voo otes \/:i\g,,.,n%, then V= %\\)1,./Y\,1’,1,W,T\

o

For gach Qtige ?jGEQG\) . there avxe  tuwe options o put Qorrt&?or\d\?r\% @d\ges in C_(

y . O"U\ A \ ov——o\ \1
eithec we  put i and V7L or put Ty and UYL G l ) & . J‘ or ‘,D%)-
2 5] OJ/
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W, qven &, theew are 27 postble -Uifts  of G

Bilw  and Limal QOhieﬂqu}\ that ‘\,{, G( NS me\ahﬂo‘n , Ythen <there e - D{ G{ that

e also Ro\wxzxv\w‘}o\r\

Note +that ¥ G 3¢ ok\(agmkar, ama 2Lt D{ G s also d\“‘(Q&mLO\( with  clouble  number of  vertices .

QoL T the Conjectuz 15 true , 1t Implies  the 2xs$tence of  on infinite ‘Fan&[a of d¢(qg@ar
RQmanu\\\)ay\ gro\?ks for O\V\a d\ggru N We ‘jusf Stact  with  the Complete cSraEA on A+

vertices

which i¢ R&Mcu\u"\\or\; oand kzaF OLOMS a good 2-Lft to  dowble the KMF% s?go,

Bilw and  Lintal  Leed Probabz(rsﬁc method ( Lovasz: local lemme) o prove that there 3

o =04t with max -; A, Wnﬂ} S D(Jo\(ofd\ >

R i ~
B\?N\'\ Q RO\MAV\M:‘Qh %L&FLS_

Movcows pr‘a\w\m, Srivastava wsed  tle  methed of ‘wﬁurluhg Polav\m\o»\s 4o prove o Vo ant

Bilu- Lintal CO“\)lC‘t\A(l .

-t

Recall that the Spectium of the adichm% matelx O\L a \DTPQM?T%L 3(@1\ XS Snmwjrrtc) o Ao ank o, =-d

W 3“& o bipackite roph is Ramo\m\:ﬁw 7% max ‘g‘ml,\dy\,l\B < 2 SO’\—\.

TL\L jcol(uw:ng l¢  the ynain  theorem that e gfwxla Jvoda;j.

“Theorem  Given a bipactite
Note that o 2-lift of a bipactite 3(0\?1« 7S bipactite Se. ﬁmﬁﬂg from a complete  bipartite

qroph with 2d vertices ,  hith s Rﬂm&hmimn >t implies  an Infinite famxt%\ of  d-regulac

&:Tpo(#ltl Ramomujm« %fc\p% of an\a okag(u, a

Ro\momquv‘ X(Q?L\ CT, there s & 1~h‘f(‘ ot CT that I Ramanuj‘o\h‘

g‘D.lerum ok Ggr\m oty X

There 18 o nice formulation  to Od\aha%a the SP@L{'(um ot a -l f+ o—‘F a ngL
let A be tlo m\vuv\u& mateix o{' Ct( .

Let C; be o 2l of &

~

We enwde  the Q»LHCf Q( I QTghad\ (M)\XDLOU\% kb x (B\S .

For e Re) we st (0= (hop=a 3 1]e®(E) and 3Jer@) | Ge ve ™ G

othetwise | we Lt (Ag\‘\j‘i (P‘S)‘y =-1 1\{ ?J/eE((:ﬂ and \AGE(G\>' TR ><;J n G

\, @ Ny

I
)
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TFor ‘\] & Euﬂ ., wWe  Set (AS\‘

Lemma The  pectrum o—§ the O\z{j&cm\ca patix o (—{ s E%ua( to  the d‘xs\&c‘vnt whion of the

<pelteum of AC«‘ (the old ew‘gehm\m) and  the ¢pectrum of  Ac Cthe new c?gen\mhu) _

The proof of  thic lamma 8 left ac o homeuork Prcb((m.

With  this  lemmg, T prove that there 15 Ramanujan -t of o Ramenuian grw%, it Q%mualehf
to \)\“ov‘mg that  thee s o slgn‘m(ﬁ of o Rﬁw\anu}m\ %Mp% (an assighment  of | o cach ng@)
So  thal the mavimum abiolute z‘mgu\vo&ue (12 <pectral cading) ofF  Ag Ts ot met lm'

RBilu and Limal Conettured  the gtrongar stotement That ony ol - regulor  qraph ( not
necestactly  Ramonujan ) has o Sigring - thal  all elfenvalues of Ac have absolute vale ot mest 2\dl.

Marcus | S’P‘\qlmm and  Srivastava Prw@k +his (_bhgetfu(e, {70( bT?mtﬁz 3ra\>h‘
Theorem l\mé bi\;o\rﬁi‘t Srqph hes a STgnIng Suth  that the maximum {rgmwﬂme n{‘ A_g < I\Wl.

Note that  foc o bipactite %(ap‘n, ]‘)Dtﬂ\oﬂhg 1he  mayimum QIthUQLMl TS enough becowte the
S"\m(tm\m s S%m‘mf_‘h(?(‘“

This Tt the Yeason  That the result Or\\n holds  for bipartite 3@:%; o becawse  the hew ProbAbCLFSHL
mathod Using Tnmr\adng ?o(%nomm\& Con on\% bound  the mavimum e\‘%ehmme (or oone z:gem\m,

but ml  the maximum {Tgan\/o\lmz ond the minTmum efgenvm(we ot The Same time.

Qut line
We will PYove +he  theorem \Ag?ng the mathed of Tnudmns \)oh(\V\BMID\LS- The Prw& has  Two Q%ZFS-

©) Prove that thece oyiste o s?gn\“g guch that  mwaxroot ( det (xT-AD) & max roth( = o&ﬁ(xiaAgg.

gefxy™
Thic ¢ on G\PP\Imﬁoh of  the now probabilistic methed Tn  L13.
@ VProve that MoxCoot (gEé{iJ]‘“ okn.f(xiﬁxgﬁ} S AR Gl
Tt twueng out that the zxpamuk charactertstic ?o\kavwm\lo\\ is Qxacf[xd the \\mo&dﬂn& Pb(ﬁmmq\ ” D{ +he

gmiﬂn, o well-studied ob}e(f in the Utecature . and  this bound is p(ovm b% Heilman and  Lieb .

Wae will feview +the mdsﬂrx& (esutts  obout m%cm& Fotﬂmmals.

Tnteclac foamily
A Y

ne
Y
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Our goal s o prove  that A € maxpost Qs%{:ﬂ)““ OWVUI‘AO) With  posttive \)ro‘aab\‘uﬁa

We e the Therem of Lhe  ney probobilistic  methid. which wez  restate below.

Theorem |t \/,_V)J,..,vmeW\r\ be ‘\ﬁd\l?(’,hdﬁﬂt Condom  veckors  with  finite Suppor

Then  axerosk [ det (M'?V;Vﬁ} S wax-coot [ T Cout (A= ?V:V;Tﬁvl With Pesitive Prcbo\b‘dﬁn )

To O\pp\\} The theorem . we wowld ke 1o wite Ag oS o Sum of  Yvank one pmalrices.
V) ) \3

Note that weL can write Ag= EAC Whece A, = ‘( °1> or ho= i( °\“é> is a vandwm variable Ffor
I o AN

YZNIN %o\gL Q:}j.

“The Y;ro‘olem is that Ry s a rank ftwe wnateix, not vank one.
g R

Thekeoad . we  Consioer the Yondow Variable Lo = \( [ > or L, = 5( ‘1’\\ j , the g‘wgn\@\ Lu?\adon o‘(‘ On 20(3@1

] (I -

which  1g o rank one  mateix.
Call LSiELL L whidh ig the Sum of Tv\m\mndav\T Condom  Yank-one  PSD  matrices.

Note that Ag = -AT + ELQ t—d\I%LS . ond d\LJCU\I~AS\ coan be Witten o dot ( )T - Lg)

3\3 \zﬁ’m% Y= Md and Q?\)lb the theorem, 1t follows that mox —Yost Kd\zﬂl&1~ Lgﬂ < MW»WDTKE dﬁf(\ﬂ*ts )>
with ?gg'\t‘\\m ‘Pmbablhfn .

Therefore , there exists  a g?gn‘mj & sudh that  moxroot ( det CAI*AS*)\ € wmax—rost ( E dot (AT - AQ) .

Thescom There  axisXs oo Qign‘mx S*Q(tﬁm Quek  tThat (I Pys*u < mox -(ost ( ES d\L&Q/\I‘Agj\'

Expected chacackeristic  polunomials  and maﬂ‘ck“\ng \\)o(\ar\om‘nq((

Griven o SMPM Qr, let ™y be the number o& mahlm‘v\jg in & wWith Tladizs ( with W\D:’L\

n-23

The W\cﬁ(c&‘m& \)nhanom\ak s defined g JAS Eo N4 (f\)\m; :

Grodsil  and  Eutman proved  that the YV\&TCWAS Pn\w\bm\m\ NS amcﬂﬂ the Qy?edmk characterstic pnlgmm\al.

_Vheorem sgmm det (xT-A) = /LAG(LX)
Y0 0 \We J&,\(‘R)c\v\{k the  determinant 4s  Sum o{ pzrmu{"aﬁong.
X
Lot Bg= vI-A, :<X>
Then £ odet (KI*ASX - F j an(@j ,TY (EQT,G‘G) = Sqt 3&&?\(63 E(ﬁ[(gg%,mﬂ

< Q‘.Puww\vﬁm

v

e sgn (6 = 07 ond iy (0)0= [T G| Te] and sosep §1 i e
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numbec ok inversions of o
Since  @ach M(Sg s ir\dLeFan&zv& and\ E[(Eg)\lﬂ: 0 &< Qach Q(}\&L t¢ e%ua“a dea to be [
all  the prematationt  with ot least one variable with ok;zgrza ohe  Vanished .
Therefore . +he parmatations  vamaned  con enly be of the Lorm X T[(BSX g T X y
where  eadn 2dge  appears as o defree Two tom Home! ijl ‘;bjx-
So, <2ach mafd\‘m% of Siye kK Wil contribute Qgrxﬁﬂ To the  Coeffictent of- X
We claim  that 2urey w\atct\‘mg of siye K Ko the goame §\‘gn, with gy(q):»\ ik is oda

and - Sen (@) =| i ks even.

. - T S K -k .
The claim  would WF“& that < dot (xI-Ag) = ot 1) mg X = Peto, \)fovmg the theorem.

Tt cemains o check the daim. Gilven a permactation @ that Cb\"fZSFoY\dS to  a mq%c(n‘mg of g?gz k.
We argue  that  the ?mf% of the numbir of Irverion is diffecnt From that of the idestity
Iexzrmwtp&‘\bv\ ok s odd and the Same Tf ks ewa |, and this wowld Imp(a the claim.

To Cea this, lat i b o  matched @dﬁz .t that {<] and  §(P=1 and GU):J

Consider the  permutation that Vo Just Swap i) So thet TW=1 and TP=] with other positions  nchanped.

Then, ebterve  that far 2ach 9\@/}* . the  humbec of  invession poics inw(v\,\j L is  @ither Unc}\ahfzd

or  decense 17% Two . Gnd hence the Same ?“‘\‘*5 Tor these 1nversion paics Invokvmg R#T,)‘»
Howevee, The \;a(vaU lemgzs bné one.  bec o b{ the  peir ij CHrom Ji to Lj>
After & Swaps , we  get the Tokmﬁﬁa Pecmutat ion  ond  the pacity d\m\gzs k times
This imp Res +hat ma‘tchinjs of  odd 33 Ihave vdd qu% L and o—{ Quan m‘gk have Luen qu{tﬂ

“This proves Tthe claim  and hence  the Propowﬁan.m

Matching  polynomials
0 v 9

Hellmenn ond  Ligb ?rovuk in 1972 that  the matc%?r\g PO\nnvmm\ s  rea\ -vooted and thae maximum oot
1S at woest Q\SWW when  the madmum dngru of the 3ra?2\ s d.
\)(

Ay we discussed  beforn, ThiC Combines with the Previows theorams Tmply  That theee Lxasts  a sfgmnj g

Quch that HAS* H £ maxrost K E OKILT(XIvAO) = maxroot Q/‘Léuﬁv 3 i\wl\ , Cum?uﬁng +he P(oo]ﬂ.

The or\g\na\ \)(uofy wse s Yeanysion  ond  Indwction .
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We present  an O\Wrua(k b\g Erodsil, which s more Sjshmmc and  concists  of  Fhese E%ijs:
D) The matchin olynomial o a vaph of maximum daepree  d divides  Tthe  woat chin dlynomlion| o
§ P frap 8 g Py (

on  assodated  tree (called the ?rﬂc‘a +cee ) <T§ MO mum dJK(Q a
@ —The W\o_tc\ﬁw\g ?ol%mm\ml of a Tree s Q%ucd to te chacocteactic Fo\\éﬂbm\\ﬂt\<

@ The wmaximum Q\Sey\\/mhm 0+ o tree 0‘6 MAXE mum O’\L\?ru. A s ot mest 2 ib’\”\A

Cinte the charackecistic Polnmm\al s \”U\\—rcnt‘ﬁd\, ®+@ TMPLM; that the YY\ofdﬁng pa(émm\a[s ave
Yeal-vosted , and ® Imyplies that the wmoxroot of the characterishe Pnl%v\omm\ of  the tree s

at  ma Gt 1\; At . 3 m?\%‘mg Hellmann  and  Liebe  vesults.

We have done @ in Hwad .

We lzave @ os an execaw . The proof s Cimilac o thot  the expacted  characteristic \Do(&m)m\\o\( Y the

vvxa’hh;ng ?c(\&v\am\l&\ B gl«mw“\a that Df\\\a ?{meb\ﬁov\s Qa\“resFor\d +o thfc\r\\m{gg centaibyte 4o the chae- Foha_

We  sketch the F(ooi‘ of ®.
Civen o Rroph G we leok at  om mb‘){w(a vertex V.

Wae  make d-|  Coples O{‘ G"V and.  call  <he rl&u(ﬁr\& ?‘agk H.

v

H o i¢ the
o\islo‘mb unlon
c% ‘thace

QT
Note ‘H'\af the YY\D:tCL(\V\ olynomial o “+he dl&“o‘m‘t Uwhlon ¢ L9ual to +he {oduct ‘H\L ywat china
{ P | % ¥ {
Yokkav\bm\o\ts _ol.e. })‘G@u Q} 5 = }L(ﬁgﬂ ﬁcﬁuj whare Qm ) G(,) denotes the (9\23\\0}\{‘ wnion o% C‘(‘ ondh Gl_

“Therefore , })\HQQZ f‘*é&”'&}*gruuﬁdﬂ‘ ond %o the YY\O.JYle\Tv\S \Johﬂhow\‘w\( ef G divdes +that of H.

Now, Censtder  +ha Jﬁ,\\m‘m& %m?L\ H/ 1 Whar o VU in the  fist (JDFB s veplaced b\& vl Yn the A oij.

7

The claim ¢ that  *he vaotching  oolumomiale o MK ard W are  the  same -
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7

The  Yeason ¢ that thee s o one-to-one eorpaspondence between W\o&dﬁngs In W oond w\m%cb\lngs n H
as v Can onha be  matched *o one  Vertex (<ee +the PTc&um)

Now, in H, Thece are no C.%dls ‘wn\mMnS V.

Apphamg +he Same obecations ( duplicate and branch , ond (mm/"hg Tgolated umgowr«cs} on W, in the qc’wsf oy

Uy s the Setsnd Copy ond sv oh . the (eSu\ﬁm& U\M&L) %(aP\r\ will have no cydes  and 's o lree.
The mm&wg tree 18 called  the path tre a{ Q{; as  thare s g Fa‘m in T ?or 2ach Fcﬁrk in G,
012 0123 01234
15

N 0134

(1) 0135

0132
X pkﬁw& —from Slmﬂah Duaic Gharans noves
(0) \ 0

(2 —3)—1) 021 0213 02134
02

- 0231
023 =

— 0234
ALl these opar ations preserue +he ’Pro?ufg that the mm‘ching polgnomial 075 the  <mall 3(9\?}\ divides  that
of the btg&u 8rapl\ > oand <o e\/zv\tuall% The mmmg Pnl%ncm‘«ml of G divides  the ma%c%\ng ?hlwwm\
o\[ the po\ﬂ\ tyee . wWhicth  hat  mondimum d\xg(ﬂt at ettt A This \)‘roves the f‘l(ﬁ S‘&F,

The Pr"o\L Con be written much  more %urw\o\(l\j, but T thnk T s @asiee to  ndarstond  without gﬂy\,\L}o(g.

0?an q()ustion An  obuisus open %Ms‘r\‘on s Wwhaethee  this awrumh can be extended to construct o
True Ramw\\ijan 3(&?1'\ Cihg. Ydal € 15?\). We leave W as  a homework F(ob(zm to choww that
this O\FF(oo&\v workse to  construct N okv(zxukm %(q\;h Wwith  max {0&, \g\“kg < qm_

Ancther  obuious questton s Whether this awmm Can be madt ffident mgmﬁmca((j_ Note +hat

the obviows D\Jtlmm?*( world not work . @S W ie Nfhard +o cw?mg the coefficients o% W\ah\n‘\ng Fb\\av\om‘\q\y
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