CS R0 Q\mc‘cm\ gﬂxvh 'H\eorg , g\w'mg 2018, Waterloo.

Lecture 13 In’(e(lac]ng pe (ta nomials

We %o ‘ercufl/\ Some badgg(owm{ on ]n‘f‘er[m‘w\é po(%nnm‘mig and  teal gstable Pu(anom?q\s . and Use them

4o d\ava(m‘) o hew Prolzab{[rsﬁc Mmethod which Wil be wsed to solue come FmPcrfo‘r\t Prob(zm Tn next  lectures.

Qﬁcbral sga(s‘\ﬁggﬁm and kad\sm-glnger P(ok\pm

Tt el obsevved +Hat tle l‘mzaws?sg QPeLNa\ SParS\\%C)\ﬁw recult  looks  Dimilar B tle \ﬁo”m\md{
C/SV()QCJ(\AVL \ola Weave = , which is Known + be Q%Mivo\(znf to e kadtgn\f{,‘y\g,er pmbfem L whoge

\)ogﬁﬁva Cocolution would have TMPH&Hﬂ\s ih  Sevaral Qrroes 5«% matlematics

\Weowver's cw}emarm

There  exist YOSIU\/L tonstants W and 2 g thet v ey m ond. N and,

2 T
Qv ry et c-f vectore \/M.,vmekﬂ Cuch that sl s & for all T and il wivi = L e
T
2acke a ‘Fa(ﬁ‘ﬁﬁ*\ 9{ {\,;..,W\S nte fwo Setx g[ Ok §7_ So tLaT U \ES\ \/TVI H < [~-< {W ]6{‘\;‘}.
J
T T T N
Note That <ince %g‘vt\& + KESi\ITVI = T s Al conclusion \\ ?E%SL\/TV‘ \\ <-4 XS Q%u\w(@f o
%I % ‘\ES \/[\/;T% (\*i\ T , ond Qo dhe vectors in g\ 1

< o g\mdm\ approximation n‘f I .

Tn tle  BSS Hoaorem in Ll tle tock wog o Je\\m}\ Qealars  wath \Cz,w nom -3 ero <o tlat

T \

(DT 2 2 wiwive R (1A T or z%mmtmig -9 ¢ 2 X \% \/;ugT ) ()
3 2 '

w3 N . . X R . .
1{— all the — are <ther  2ero of bne then 1t would  hauve qan a  positive resolution  to \WJoaverc Cony .

This s net o\\wmﬁg \;oggi\o(g, hwwever . ginee 1 e 1 o lm\& vactor s CSQH el z-¢) , tlew gvrﬁhii
Wit ba Jete or eme  would

vielate  tle  minimum Milnvq[% o M mbm 1f\€equ(\,¢ boona -

Thic s wk% tare 1t an oddifimal comditon vl & in Wemvars mjuh«m ,oand with this  we

wanl to QetC the Qealafs 4o be Jero  Of one (but ot va‘»(\(ma Yeol Jolues ) , %0 that we

geJt the Sf(anger conclusion that the vectors con be Fmrﬁﬁmul nto  te

gvaS .

Tor grapk SPMS‘\I{\QQ\‘TDY\, the %uﬂ‘mn in \Weowers Cwﬁutum

cDrrUPono(S To \Cmmg an L,mwztgbmuk S?a(s‘nf;gp

One  known rasult 13 bu& kar%zr

. who  showed  that ‘\,{ 4he  wiln-cut S\\SL is Q_Uogvﬂl then Mnifcrm

Q am()(‘mg works  +o ?\" oduce  on Unwe § hted  out spac g?—{n‘ar .

Recall  4he  veduction Trom spectial Spwg?ﬁcoﬁrlm\ to {lwxd\?ng spectral O\Ppro\dmaﬁon of the Tdanﬁ% mateix .

the mgw l\u;l\l is Q%m\ To the effective resistance o{ the 1-th zo(gL In the brTg‘ma\ 3rqu\.
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So, Weavert Cw\&e&wa in  the Spectral Spa(&?ﬁcaﬁvr\ Sa\%‘mg is askrn& H o the maximum  effective  resistance
of  on edge TS at wmest A& . then There is a Fmﬁﬁun‘mg of the mkgns yito  twe § roups So that the
Swbgraph Formad \0\4 Qoch qrewp is o (Somewshat) %oo& gpectral approXimation of the oripinal Qraph .

Rome Lxamplet  of gfaphs With  madimunm  2ffecdtive fedistance  Small  are expander 3@9%& or {qu~+(ms\“f‘wa
Qrophs ([ since effedive  vesistance will be The same for Query edge. 2. P\\d\mrcuhes, Coylog graphs , etc).

One  Can apply  matax  Cheenotf bounds o thic problem. and Wil wock  {or d:O(\/\ogln) with high
me\,;mg O but this 18 net ﬂ,nowgh for Weower’s LUhSa(TMKQ

The awroatk \)2 Boﬁvgnnfg??z\maw Srivastava hm\ﬁ(a d\ﬁFO—V\d\& bn & caceful Cholee ajy scalars  and  also

does Nl seem qwncab\a here

Probabilistic  +oCmulation

To reselve  Weavecs Qoh}&d’u(@ . Maccus - S??e\man and  Srivastava ?roveé\ o Pro‘oo\\;\‘trs%?c Statoment that

?m?k"\es \W eavec's QW\Z\QUW(L

Theocem Lot v, .V, ..,\/Mem\ be n M?&hdu\t Condom veckors with  fintte S\A??orf 2uch  that
E[:L;l\/‘,\/?}:]_r\ and E[ H\J;Hl] < ¢ —[%D( [<1<m.

Then Pe [ ivw’j | < (HEY} 0.

_Reduction
\Weavars c\m“jadwt 1S akbout Pmﬁ\‘ﬁw‘mg and  the above gtatement T8 about  Sum «o\t Yandom matricec.
Thete 18 q %‘xw\\)\k Coduwction  feom  the  Fformec  to the (attec

— n 20
Tor each wvector W @R O \Weavers walu\q, Wi Qedte o Coandsm  vactor VI ERS with  +wo

B with ?mbal}t Lf‘fa ii ,

[ L\c‘\ (S E go el Vi = S; W with PYDEA\D\\*:& Ll on & Vs = S;_ ©
Qo b\\
Quch  that the jc‘xrsf Cholee  Carre g?m\ak; to ?\Kh\\g U7 inte  the %'r st gw oup ond  the

Ceeond  ¢lholce Lc»r({g\;md% to ’putﬁv\g w3 \rto the  Seionk Ii‘(w?\

Then | EC \/,‘U»\T] - ,\i k 2&“‘5)((@ o) Lo Kisw M(T)) - K\AT:J V\:\T'\} )

™ ™ .3 m
~ W Uy o .

and.  +loas \): EY_\J‘\\/\'TB = \i K \«\Mj\ - K\\t\\’““‘ VS )5 - KI“ © ) = 12‘”.
‘= v o z \/\Tv\‘J ) Ir\

L= o

2

g\\m\\a\r\\g , E(\\v,\\ } = & E V\j\/;} = J{ QWQ‘*{\ D}Li;) + 2(0 W' K j:ij = \\M]\\Z < 2
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™

< a
%g the oabove  gtetowent  tlace  owsis a  cholw b‘& VY such  thet \\ ERRVA U < (l+§§x\

T=1
W put 1 b Q0 T e wabet Me fest choie f T and put T Tk Q, otlerwdie
Then to Conclusion  implies  that \ Ql%g‘ Wy o > < Cia S
23w
© €S, )
and thwe 12wl © L Q)

> /
So, definitely  When o s Small enough (_So\g QZSJ%T) , then J{U*@) <V Loand Weawrs conjectuce o llows.

Tt 3 %uoﬁaﬁva\\é Sfﬁmger than Weavers coh]ecfwa og whenh o s Small Zhoufk/ wWe Can bound  hww

XCM it it from %1 . the Tdeal Pmrﬁﬁbm‘ng ooand towill be wseful in applications.

New probobilistic method

Marcug | gp\&\man andh Stivastav o ?(b\md\ the ~theorem ULSMS e Pro\oa&‘ﬁsﬁc method — but In an wnusuaf w0<3~
TIn stondard F(DEAETUSﬁc method , WL QQM?(ATL +the 2xpectation o& o (Condom vaciable  EIX].  andk
+hen  conclude  Hthat Theea e an  outcome in the Sample  Space  with value  at mot/least |y,

In this preblem. the natweal  candom  vaciable  weuld  be li%v;ﬂ\ ond <o we Yhowld Lompute Bl v (],

T4 the grantity E[(]?v;umﬂ s diffienlt o estimate . then wr could  condidec Telated  Quantittes  Cuch

'S A
ks KJW (?VT\/{T) )K.

Tnskead  of \,\Jo\'k‘mg with  the vandom matx d‘\mﬂﬂ’ MCS take  an unusual Cowte  and  Consider  the
Characteristic F“\\av\om‘\c\\ D{— the vandsm  matix.

Note +hat |l ?v;v?\\ = /\W\M( ?vtv{T} = mox—toot ( M’C()\I~§\/:V{T§>‘

The Standacd  Probabilistic methed  gays that 1\?\\/:UT\\ < E[mwrwtko\zﬂkiéwﬁﬂ with posttive  prob.

Ms € prnvzd\ a ngm‘s?nS variant o'{: the ?rohah\\\mﬁg methed .

Theorem et Vv, v eRT be wdependent  Condom veckors  with  finite  Support -

Then \l ?V;V;T \\ < Max-Coo [ + ((MJV (AT~ EVV?U)I with \)oghivg \)rcbabitﬁn R

In enefal E i max —root ( det (W1 -2 \/IV\‘T > * ax-~rost E( det C/\I“?\/IUFT 3}\8 and n Tact
& ! |

the latfec Taem  could be  Smaller than ke Lormee teom, <o +he theorem s not trival at  all

Characecistic  polynomiale  have not  plaged an importont rele  1n much of Spectral ya?k theory

Tor {KRW\?\J{/ one O\‘w&o\dvav\i‘a&e s that  we (ot the ’m{ormfdﬂon obout the QYKaneﬂrbr&A
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But the prwly @{” M wses  their o\\gabrmc ond O\V\o\l%h‘ca\ ?ro?erﬁeg in  Crucial Way &

- The chavacteristic POLLSWDM\A\S gaﬂs{v(\ a  humbec  of algebraic  Tdantities Wwhith  make co\lmm&:ng their

avetages +ractable . Tt Wil become WHZS Convenient When we S*rw*g Tt apPlmeﬁDn in Ramamjm ng%L

~  The proof of The aboue probabilistic methed  uses that the Yondom matax ¢ the Sum of Cank-one

PSD  matvices | whose charactecistic Pﬁttﬂwfom\\am grﬁ‘)sfla fome ety nice Mﬁve(\o\dnj propacties that we

afe gs‘\ng o Smda next .

T, Hs lecture,  we Wl va\dg Some La(kgrcmnd on \V\JVFLMT'\S Fo(ﬂnommts and  teal— Stoble Fultanomh\§~

T the next lectures | we will See  Some amagxng QWW\‘CMTMS Such as Qonﬁ{udt‘nj bTPaera Ramanujmn

3{‘0\?1\5/ P(ov?n& Weaver Cnn]etfuft . C)ns‘trmcﬁv\g thin trees | ete.

Inteclocing  polynomialg
) w

it hotds that  WEALL € moxeroot (E (det m@m})

\

Recall that we  would like +to %ka% under  what  condifions

With ?nﬁ‘wn P(o\oo\g{kma when A] are {ondom mocticas.

Lets  constder the more gimm\ %wzgﬁon when  min  moesereet (qf;) < mox-yeet K?{\) when —S; afe \bo(énumms.
\ \

In ganeral . VNS uwsaally het Arue- £

Considec  f,= (-0 () ank T, = (XD (- . /ﬁ
Oh A

T\\D- ?O&\LY\M‘A\ ’R* —{\L i< wnol Lvan Y 20l - Cootad_ .
Even Ias L4fs ts caal—vooted | 4lo Celation does not Y\eaasso\rw% hola .

fo= G OED ) and fo = (A G=DCX=8), £ has vookg £-83,6604

Tor JLXGW\YIQ/ . Censioe

pictuces  from

A

”€\ . ' {\L - L y _ 'Fﬁ%m

BT - /7 e - B R Walfram  alpha

There  ace, howevel ,  Some \/uL/(\ nce })rowrﬂes o the po\%m\mtmls Tn Weoaver's %@Hn&) Wwhon the

Yondom wateix 3¢ a  Sum  of Yank-one PSP wmateices.

%;ﬁ_m ( IV\J\‘EIKD»(\V\S> sz 'E Ez 6N d\&g(&& %) \)c\\gmam\q\ \N‘\-t\’\ Y‘QO\l voots O<\>/ D(L>/,.~ o n an /\
ot be o dapree n polunomial  with teal  ools = RZ2...28, (or o cheplee Nl olyn omial )
8 \ Poly 5 R g Poly

\Wa Smé That g 1 atar laces {“ \\£ uFGLZO(LZFl Z,._‘Zghleo((\?/En Q}LAST d\(O(b Eh w\f dag(z)lhﬂ).
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EXGW\?LQ TL\‘\S i< C[bsﬂka \’QKO&Qd\ +o \/\jQD\,\/LfIL S‘eff‘\r\g QH“/\DQKL\ wl \,\JOH/{” wle \\‘% d\}fﬁ (*\‘\3 .
ot % = deot (AT~ AD ond 'f = det (A1 - A~ \IUT) 5 4 vank one update a»{— A .
Then 3 inTeclace ¢ WC

The Pfobjy ollows ’g{‘om the Coutonk - Fischer theseom o Lo2 ank i¢ left a¢ an gyecrcise.

Commm inteclating  and Com(\bo\r‘w\g may  Yoots
o)

gu\)pagz Two Toal~yosted Yo\\&y\ow\?m\s with ?081t¥ve qud‘mg uq‘*ﬁc‘\ﬁﬂ& TR ‘\“hﬂoﬂ\w\gv
Then F ¢ 205y o tee  Fhat Yv&v\'{namw»msk ({;) S max-coot LWC\*{D' £

1,2 -F
go\\a moy - (oot ({J < pax -t (£, . *

Sine  both £, and fo have positive \eo.d?r\g Coeffictents | -
both  are Pog‘,ﬁva in the Yame o (maxcoot (£.), =) , ond {\C\%{L\(m\(m& ({J} > oo

We  can  assume that £ ond {5 have no  common Copts. as otherwie we can ohivide both polynamials
by the tommon fractors . prove that the fesulting polynemiols  are ?n‘f@(lodnﬁ ond  this would imply thet
the original Priynomials  ace Tﬁer(adng at ol

Cine £, intedoces £, the second lafgesf voot of L, 1o emeller than  the lacgest Cost of  f,
and  thus L Cracroot (£)) must be nogative . and hence CLov ) G coot ({)\ <o,

Y;\a The Tntecmediate Value ~theorem , +here  waunst bhe o oot OWL \C\%%L ntha (QV\&L (mg\y\(m&(«gl)/mmdqubb‘

ond  this ProvLg the claim  that Mox—Y oot L{Q < max-root Q{ﬁ{ﬂ < MmaX-roet (f))

Thic can be Ez}wralT%(d\ +o a  Set oﬁ \)g\\ﬂnom\‘a\s n a natural Wmﬂ'

M‘M, CCbmmm ‘vr\“t!ulo\dr\gv \W o Sc\\a o Rt o’{’ \)o\\émm‘m\s {[/"‘;f”v hove a  Commen \m‘ﬂr[an\mg Lf

tlee s a Po\xahm\a\ g which nterlaces Lack {17-

I?\wo\uvﬁ\\s) g‘/_‘_/f}“ hoave o Common ‘m%ﬂrkady\g T’% there are degJ\DT*\T intervalg I( 7/17_2.‘,?1“

R~ X

Lo That  the  k-th \a{&@gt root of 2ach L5 Y astained Th Tg | ie grEXFEXGx I, fT 6 T,

P

The ~§o\k§w\\r\g lemma, %p\\nw& b\g Q\WMTAS the  Ontermediate. value  theorem  on gach T -
Lamma ngi\)oga %),..l £ hove o Common ?r\hzda\c‘mg where  2ach hat & positiva lxading Qeffictant,
et >\K(’H) be the k—th [o\f&zs’t oot c{ —(»J . and Pt e o be hor\fvulgo\ﬂvo_ Numbars with N\Y: /M;:l.

“Then i MR f A U pfj) e mex A (f5)
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Co, ?—g Wi Gould  Show +hat o Set a’f Pb\xamw\\m\s have a  Common Tn%u\adr\S _ tlen  we can o\?flg

the mew \ufe\ml:§kx‘sﬁc rethod. o Show that one Fu(kﬂnm\ql has  gmall max —root bg Skm‘m(f +hat

AN

The

o\\/q,mgcl’ \vohgmmm\ has  small rmax—voot.
We Wil shouw how o wee  this D\‘FF(DO\QL\ ‘For +the \r\)G_QVQ(/S C[)‘ﬁ\}z(_fb\('l hexT  waeek -

Tmimg s —an\s on Csme gzmz(o\( +Lckn‘1%u€§ to FYD\/SL thoat a Qet e% ?a(amw\fqig has Common ?ﬂer\u‘mg.

Commen  inteclacing and  (oal- Cootedness
})

Trom Tthe lemma in  tha previous  Seckion it {’,/.,.,—Fm oce Ceal-rooted and  hoave o Common Fnﬁrlfxdﬂg)
then m\a Convex Ccombination ojr 'F\,,,./{m s olso veal-vrooted .

It tuene out Hoat the Convecse s alse -

We vieed  tHlo '%DUDW'MX S'\W\\wlﬁ —E—D\Lﬁ ‘For the \P\raci—.

Tack AE‘ i {M hove 0o Common  1nterlacdt h(S \“F ond :s»\lé T)ﬁ ‘f] 'Wtj hav A Csmmon Tnjrzr[mmf HHFJ\_
S;Youg& &:)) s tivial
L(’Qs \\{“ Qvun Pa‘\r hag¢ oo Common N nter (Adn& . then In Qn\a nteeval Lo 007 . ho Fu(dnum?a\]

Con lf\o\\/tl "t\/\/b wiofe  Yoots fLQV\ O\V\A Pokksvlm\wlxl, and So -@\R\’L LRS- Common \\y\‘h’zv[ac;u\j\ )

Ao, we wse  the ’%Duw\ma result {VM Cum?\ex anmhﬂﬁs without P\rcc&,

Thesvam TL\Q ool o{ a Po\tanom\\o\\ ave  Ccontinuoud "€uncﬁons 0‘% Jtg C,OQH—“,C}@;\TS on the Qom?lzx ?fc‘u\@

Now we arfe Fu@a to PrDVQ the converce.

Lemma Given  fofs, B . 7 ol Convex  Combinations é A e veal-cested | then  £Lfi, L
have o Common Tntzr\ac\mg,
Proof E% the fact. we ontz\ ned o prove this for  two ?o\%mm?ak.
Aqain, we will assume without (o6 of fenecality hat £, and {5 have no Cownon Toots .
Let £y = GO, ¥ 44 foc telon)
T we kep *rak of Ahe vosts of {4 from t=o to L=l oc a continuews function of T

then each 1ot of £r ¢ a contlawus curve on  the Complex plane as  t vacles {rum o to 1
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b\'&) the theorem .
Since ba a&gumFﬂen 2och {% < raabrooted . the  Curve oJT 2och rovt T8 an intecval on the veal line.

Y————8
1% two inftecvals Q\/S{r\o\? ot a Po‘m‘t v Which S o Yot D’F ‘\Cl ) $——3

b
then O= §JC () = (\/‘E){:\C(ﬁ% é%LKfv = f{lkfj L, ond —gLLr) rmuwit ba ero T{ + %(DJ1>)
Covivady c“ﬁ\% Hat f, and {1 hove o Common  (oohS . . % X

gu/ tle dntrevals must be d\sja‘mﬁ exchf at ﬂv\o(Tm\»\Ts L, and o QM(L have & Common ?ntwlac‘mz,m

Bua the (2mma , to plove & Set of Fok%y\om?mlg hove o Common \‘nfulau‘nj (+o O‘Wtﬁ he ?m\oabmsﬁc W\eﬂxov‘Q)

s Q%u‘\ml:zn’t to prove thot  all  Convex Combinations (o’{— twe Xm%mMJ;) are  Yeal-trooted.

Heneeforth, e will focus on methode o prove that o Folgmm?ml s Veal-ooted

Real- vosted  polynsmals
—3g

What ore Some Qxami\zs oﬁ rool-vosted PD(HV\DM\\Q\S?’ “The Wﬁoltw‘mg QxamPlz s '&ami\fo‘r-

EXaw\wg The chagocteristic Palﬂhom‘\al o{~ a Cea| Symmetic mateix  C moce ﬂenam\\a Hemitian mateix).

The roste oare *the _Ugemm\\uz& c—{— “4the matex . and We Know frum Lol That the »a‘\gemmmes are (eal .
Thote s a cko\raded&oﬁ‘mr\ ot When a ?o(\ar\om‘,a& is  reel-vosted , but Wt is ot eo\s% To  wee .

Theorem (\Hermmte- S%lvegtw 'ﬂ\ﬁ,orﬂmj A Pul\ar\owq\ PL\O: jj(%—)\ﬂ s real-roeoted \\{— and cnfua {{

D

A

the nxn matax  Howith Hy = E e (2. the Q*&—i\—th mowment O]E the vests) s PSD.

\

Note that +he entcies o’f H con be CmPuﬁQi ’F(DW\ the  Coef{ferents in ?Lx) QHFLT%T[«} and

+his giuu o Pol»y\omtn\ time a\gor‘xﬂw\ To  check  whethee o thavwm‘mi TS (e -rooted |
We will not use  this  thescom . The Pfoo+ v left as o (hardee) homewor k P(oUzm-

Another WW(,S 4o Show that a {)ohav\am}al PO TS veal-cooted T Yo gctact Wwith o known  Yea|-covted
Falnnowia\ %w (z.&, chatadtearstic ?Dtnmmtg\ o{~ a (eal gjmmehm matcix ) and Show thet \DLX) Con
boe  obtained  from QU0 ‘mA oma. real - Yootednocs nguv?wg operations.

The —go[(nmng ore  Sowme  Oamples o{ Cag\—rooted ness ?(‘ZSGXVT»’\K DFZFG&TOY\ST

~ I peo s real-vosted . 4hen  Plexd it real-rested foc ony ceR.

- Tk p(X) i< o derfee w  Ceal-vooted  Dolunomial . Then <o is X" D(Jy“».
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— I\C peO S (eal-Cooted , then 0 ic ?’cw‘%ka decivative of p&).

The Proo{ﬂ ace leﬁT aC  exercises.

Real stable ‘Dolqnom‘m(S
—0

The Approach of MsS o prove A PD(N‘“MW Ts  real-rosteh is o gzMrMFSo&ToY\ of the aboe Todea.
They  cansider o mulbivenate  generalijation  of  Yeal-rwoted  umvaciate polynomial , called verl gtoble ?ohar\um\\ﬂ\ls
To show thet o  univaciate \;n\t\mm:a\ s veal-rooted H\Qg will start f?r%m come veal gtable POLAWDW\\VA]

and  ghow that +he univariate Polynomial  con be  obtained from the multivaclate  real stable

Pohéhwm\ Jt‘nrm&h o Seguence efy Ceal sw&m#g ?(es“mg oFercﬁfcns,

D@ﬁvﬂﬁm\ (vral Stade ?okammmls } A mu X variote Poh&y\w‘m\ jﬂ S &[X‘,r- . )(W], s Ceal Sf»\glk ?f

there.  oxa no Yoots (kﬂ\"jl’”‘/kﬂ"‘) with Im(m) >0 1%\( all 153 S

M‘- Ly, s X e Xn Wﬁ(y\, AR) T AN e F A, whete @7 >0 fer 1¢ign.

Non-oxamples = FO0LED = =% L L0060, XD = XY, — X%

Note that %t ¢ a 3mzro\\13qﬁm\ o{* Y eol—rootednecc for  wmvadate \Po(%mm‘qks with  veal  coefficients.
Tact A wnivartako Pu\\,\\mm‘m\ —Feﬂ{&] is real gtmble I ana or\ha ot (sal-vosted .

K K
{00 ot "Eb(): 310 e X The PronL fuk\ou& Ff‘{u‘(y\ the obcecuation tThat comFlu roots Come 1n Cmﬁugafz Fa\r,

&
& v
gup?OQQ ~\C Corib) = Z—CDCKLQ+\&3 -~ b .

S & — o X 4 K
Than 0= ED QKCD&‘\\G}L‘ = 2.%% Cawl) = \Z:DCF(A“ME) = zﬁ S laib) "‘F (D‘:‘\o>.

One e—% Hlese wuwst hewe \yoﬁ\\b\/L Tmo\gThaV\a PD\(“{, Q,urﬁradfcting to (el Qﬁbi[ﬁ*g D{“ f G

We con Check  whethee oo multivaciate POL\AV\DW\]D\\ s veal-etable bvé) cl\ukh\g whathee  cectolin  derivaed

Univaciate Pol\amm‘m\ s Yeal-rosted . The proof follows {rom the definition and I left a¢ on execclse.

[ ehmma A "{)o(%nbm‘m\J '\CéfK[X\/..,XJ Ts Ceal steble ©f and m\l\a T{ —Eor anﬂ \oéﬂ{nm with  positive

n

coordinates and A&tk , 3t holds that {(Q‘%XE) ts  reat-vooted (with X a¢ the wla vaciable).

We can wie  this lemma  to  chek  Vhethie  Stme \)oh&v\ow‘va\s ac tzal  toble .

% -
¥Xmmglz b 4
+he redtaiction o—g the \)o\\anow\ml to b>0 has two veal voots
= M
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b>e has two veal voeots

+the rettaiction o-f the \)o\ﬁmmto\\ o
Yeal ¢table.

¥Xam§\z

X
Qo %H,\a): \ —'XLA TS

b>6  has no  veal vosts

¥
Non- axample b g
+he rettaiction O'g the \)o\\ahawﬁal to
v not el <toble .

(_’\ sv »{l(\/,ZEZHX% v <

multiaffine  veal  Stable pa(ﬂmmm ’Fo(‘m the boases o‘f

&‘m\é ]f\omo gznwu

the  support of

Tt i proved that
This shows Come imitation of this clase tr§ pu(%mmls.

R matcold 28 X XatXpg 1 nol eal stable .

At least '?or these lecturet. the Cource OW( all  veal stable pnhﬂmmais Come —Frnw\ Aete cminants .

2em) okﬁ‘f‘mH"a mateiees ,

™
F O )= et (T + 2 60) G veal Stable polyneral
% 1+

| ehvn or 1‘{' N Positive

X; A; s DTL

M3

then

Ir

We chow that £ TITm () 20 for all 0SU€m, then 4l wodvix -
‘IMPM‘H\X v enl Sfﬂlﬁf([t‘%

and  hence  delt (¥, T+ E‘ % Ay ) ¥o

%m]] Yonk |
S o \~7 S 2 R =
Let U= <c*1d  where < 1< the el part  and A s the maj?r\mg Farf of V.
™
Lot X = Yo L ¥ “E‘X? AT Weite Y ag Rel) +1 Im 00O
bS}éw\ L thig Rmplies that Im(X) %o , as Aty % o and T%o.

When  Tmlxpd >0 for all
>

v O or\g T—f <= =0 , and hence

that XV =
> - T < ) >
To ghow  thic - we chow that (Coid ) ((ReCO) 4 \Im(>0> (Cxid)=o Ohla/

Note that Im[ 25?\ }T(RQOQJV\\I”\ (Xﬂ (2 ﬁ?\}} = ETIW\U)g* ?}\TIM(X\; =0 onla \\f
\®)

X 1< ‘a% ’gm\\ Yank .
N
w\+ 8: C}\:O,

We Wil ghow

2:3\:0 , a8 T xX) 6 when all 1m<>ﬁj) >0 . Thig Completes the Proof.

of

s

Obsarve  that the ?o\\ﬂv\m\ﬁ\ In Thic lemma ¢ Similac 4o the charactenstic Fb(ﬂr\omm\
the  Qum o% natyices Aj, these that oppeal n W) ecwers §eﬁ‘mg . samef that Wt

a  wulivariste Polynomial -
Later , we wil start from  thic  nmultivactate  r2al- stable polgnomial  to  Show ‘mndac‘m(? propecties

of thee charactcistic  polynemials  in Weaver's SQH:MS_
vvﬂss‘mg pietes  are the ngb[Lﬁa Prese(uTnS o?zmﬁms in the next gection .

The onha
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Real  Stabr f\‘h& ?{ng( W V\(l; o‘pe( ahmn s

Thera ore sevecal (le—qu\ai\wk& ?(tig(v?ﬂg DFUG\TTDY\S , and There are %ome d\wF Yesulls abswt thece .
\We Awgf present the Proo{s ofy two  opecations That we naet ‘ED( the \Weaver's Conied‘ura, ondh  State

othets  without P(oo%s-

This operation will be wceful in reducing the numbec of variablis of the wultivartate polynomial.
Lamma Lot £ (xox, oo ) b A non-zero  Yaal - stoble Pokﬂmmla\
Then , Hoc ce® . T le . . . xm) s a real- stable ?0k3\«\6‘/‘f\:0\l.
Yoo A all cﬂdﬁamh 0’% ’f ate (el and ¢ 18 Yeal, all Qoaﬁtfderﬁrs of —{LC/X,,.)X.Q are (eal .
gmwose \9\3 Conteadiction “that {(Cﬂh,m L Xm ) 3s oot vesl  Stoble.
This  vweans  that  thee  gxiet \Xlkﬁ’“ ek Tlat Tm(\133>o Lor 1SSEN }
ond —QKC,\AQ,.,,J\AMﬁ = 0.
Cencider +Ha Fo\\ym‘m( 0 ex§, Koy k) o0 Some  Small enough $>0 4y be Cholen .
Bﬂ the  theorem  that  the  voots of pm\nmmmts are  continuous  functiong of the Cosffdents |
{o( (’,VJL(k& €50 , thete avistse  $>0  Swch that  thece oxists o voot %3',%;,,,)&“’ with
ly;-wy'l < foc 2<iem  and f(u\\é,\ﬂ;/“.,kﬂmﬂ):o
We com choote € Small enouph So Fhat Tl %/33 2o for all 2T Sm. but this  entradics
the  Yveal gmbm% o’{: Tﬁ > Since all coordinates 0»’5 4hie vt (c4ig, Lﬁ;,,.,ljmjﬁ have Po&‘xt)ug

3mo\g7 nary Po\(f n

Pactial  dectivative
Lomma  For ““3 ool t, e \;o\\ﬁnm}a\ vt t%y}—? (X%, X)) 38 Teal  gtoble :{ WC Us.
‘oo We  ubstitute R with Tl m) >0 nto {"
Sinca 1C i< Stable  , the uSm\hng Uy el o P’ohar\mn‘xa\ 8@0 16 stable  (note  that
K- mey wob bx vl e YWy e s mplex ).
I4 we could  proye  that %LX\ 1% &b() S ommng stable  ( ossuming g e ) Tew  wa prove
trot (£ ) £ xar o) 3o stode | becawse if G Ve D Cxnn ot s

not etable then there owist \&1,_,3,“ with lmkm\vo Such that &(x\ﬂtﬁ&’(w not <toble -
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Sinee

%m 18 c¢table

3T Can be watten e < N (X—w33 with Im(wpéc for all léjém
\):l
Then G0 *tg’b@ = &@q( L+ “i _T 5 .
S:\ ﬁ4w5
For 2z with Im (2D >0 | &b_)>t> Qs 3 e steble | and furthacmore  Since Tm(2) So
% - > _t
we have T Kh’—\ <o ’%o( all ) - and  tThus L+ - X o,
’z_mj J:\ 2~w\\
\)rou?n& that

%uu < &’m i steble . g

The. \Co((owing are Some  othec opecations +hot- Preserve

Sfa\;f(;%&
- g‘vav\efﬁ‘gcm‘m\ : ch pw“hw.,xn) is  real stable. then 2o

P (XX %, %n )
axtecnal field < If

p(xuxl,,.,)(n) is veal gtoble . then o 3s
INvVersion ¢

n
?(\,J\)(V,..,\/unyn) ?’DF ana \,déIR}D
T PO Xn> TS Ceak stoble  ond chegree of X3 Is dj. then ?(t/y,, ,%ﬂ

~ diffecentiation * Tf plxu¥a) T

Tl M caal Ctable |
c2al  Stable . then <o

s —BF/EXJ'

Rotcaa and Er};\nd\én Proved o gamrm\ theorem C],\m,,bdg(}sipg what  linear

differzntial operatdrs with Yeal
reffictent afe &To\b‘»t[h& Preseruihg.

onde = n N o OIS am) B B0 PV )

_ Theorem CRorcoo . Brandin) For wvacdorg o(,%é N . we wrte X %, A - Xa and D= dy 4, 3K,

ond Lt D X 0 aug oG agg R e Al wf

Then D 3s MLH\HGTQ ?(Lfarv‘mg Tf and Or\h& Y-ﬁ U?R%ENY\ ad‘% )(°< (“wﬁgg QR[X,,_“/‘/\,‘,\N‘/—-—J\A}V\B ¢ veal <table

Tor zXaw?lz PR - 3R M SR Sﬂ\a‘xhha prececying be counse L= (Cw)Ews) = 1=, ts veal Steble
but

[ +93%,9%, ¢ not %+0\\>ili+uk P(uum‘ﬁ bLec ouce L+ (W)WY = L A wws M not vaal gtall, .
Homewsek s (D

Peove  that 4§‘b(‘ <k <n. +the k-th d{muﬁrwg Stimmetr‘\c pakﬂmm?al 5(& x* X veal Stoble .
“\k
@ ot

MAP  be fthe operator that or\h% Cetoins  the multiaffine  monomials of o <51‘vm Po%mm:«l}

2 _ . . .
2q MaP [+ X+%xn+1x%)~l*x+lx% . Poove that MaP gmlﬂwq Preizrumj

‘In‘l‘gleng "Fo\m‘nl\&

We acre rmdh& +o  Prove  the theorem of the new Proba‘g?trsf\‘c method . which s vestated helow

Theoram et

n

VSRRV LS

be wdependent  Condom wvectors  with fanite Suppert .
“Then \l 7 V;U;T U S ax-coot [ t (o‘\ﬁ (AT~ EVV\TEBI with \)ositiwg Frobabitﬁ\j B
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To Mugtcate the tdea. lel's conctder  the \Weoavers Seth‘nj . where eadh  vetter Vv

-V \B KOW\\'

We  vepresent the dedsion on  the —th vector 19\4 o b‘mma variable ¢
Tor  cach fixed

has Or\% “wo Foss?\olliﬁej.
s, Which 1 4|

o w
WL V= \r)’ ( O) and
c—(» all m  wvecters

chovce

US‘W\& thie notation

m
We  wetke A¢ = El VW e the \(‘esu(ﬁr\S Cum  where &6&\3“.
2yt N E _ N
\:E,..Nm [ det (AL= % Wiwy ﬂ TC weitten ag gek:iﬂ}“ [ det ( AL Agﬂ , Which s the ouefage
chatacteristic Po(ﬁy\bw\\\ql of the 5" Pogg‘&:lla Qum o-f— the wm Yandom outer Pfodmd’ 5{ the

\Y LLYDFS B

E% the vesult  aboul  Common lr\JtchacTnj . we can Show that  thee 2
have o Common MTMLACmg , then

Charactecistic Pb(k{ghom;Q&
the theorem would follow .
But 1T s zasy to See  that this T not true in

qenecal C exeretse s Find on  2xample).
This does not mean that theorem 1§ not true ‘wa that we need To Work moce Qq(q‘ul(j
The

tdea 1s to  consider  the conditional” Qxpectation Po(%nsm;qk and use & free ttratuce to FFO\/Q 1t
A conditional @xpectation Pohav\om‘\a( s of the Form SEH{S" et C M- AgD
Given  the ficst k bits ace fixed.

3‘wu\ Seby by o Szby,

12, the conditional axFed»x‘mr\

Ir\{o(h\o‘uéJ S[Mé; m="3 . We Wil PYD\/t ‘Hr\JL %\Lcu‘mg

\nfquzxcln% Tlee

3t ewcture
dtt AT - A
¥ / \;;\‘3
T / UL S, —  da LKI\AMH\
P 2 2
,/ ), $2,52 ~Z ; ot U\1>@1,4,¢>
s —  dat (ZNT- & ~)
SuSa, Sy \ T - okt QKI‘A,“\,\}
- — . .8
\, 82,93 1,182 — dxzf (>\1“A~‘/L,<13
T E.. aet (hz-an)
D M\R LXI 7(‘\_4;—‘,»\7
We will show that {»or each node in the tleg all the Pokz\v\omiq\s in 1ts childten  have a  Common
M\Ter(mdn:\: Cin  Weavecs &’Uctrr\& all internal nodes of the free have two childeen)) .
This ¢ Mmgk 4o ectablish the theorem Uince g’mr&‘mg {»rom the oot we knww that tThee 15 o child  with
Woxyroot ot motk its Pweﬁ( .oand  we can repeat this until we reach a leef, and Hhis s
o PD\\A\'\om‘\q\ that corresponds to an actual outcome ond. We Wil be  done.
Mixed chacacteristic  pPolynomialg
\ |\
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L N
. A G with vuk Jq
LL% A‘\ b a. Yondom g\:\mmdf“c cank-one  matrix (L% A;: LT \N:tL\va‘p Jg }
™ T - <
Qc with vob =
et A= 2 A7 be a Sum of Candem fomk-one  matcices. ¥ >
=1\

™
\We afe inlerested n Sl‘\ww‘mg that det (XX‘% A~ \Q””‘ an \wﬁmr\mc‘mg {—amﬂﬂ.

The 'gsunwmg Tdc,v\ﬁﬁé s ok the heart bf This O\P\)Tao\c[ﬁ.

Lemmo. TE AL Ay AL ore independant  roandom %%mm&ﬁc Cank-one  mateices , then

Bt 0= 2 <[ T (2 el S o Ea) |
B Bon = = X3 (=1 X

=¥am = Y= D
We will prove this iw Ythe next section .

We Wil Fiesk See hsw  fhis implies  that  these Po\ammm\g form on ‘mwmcm% ‘Fam?((a.

Coco Lary The expetted  charocterishic  polynomial AE det (AT- E A

B

T¢ veal-rooted \Cor Omkgr

indgpendent  Yandom S\Aw\ma(‘»c Yoank-one matrices -

(o0 We  Start fraw\ the RHS of  the Theorem.

Since 5 Ts o Yandom Slvamfr‘\L Cank-one  moatrices | TUA]= %PS\/S\);—%O ic YID.

%3 the vewlt In Teal <Stoble pol%mm\m\g . we See that  det (AT + =

‘=1

X3 EtA;]) IS yeal Stable.

gk@ the r<sut In %%q\a?LY‘ﬂa ngar\fm\{ oge(mﬁm\s . O\Ep(gmg the deeru\t?a\ opecator \*%M ona,

ubstitution of reel numbes presetve %Jto\\oi(‘ﬁﬂ-

Henw » the LHS of +the theortm 15 a vesl-stoble  Univariate Pohdnow\\\q\ , ond thue eal-rosted . o
Theorem The et of all ossible  palynomials  in ‘gdet (Az- E\Aﬂg Lorm an Innckac?ng Wcowm\(ﬁ .
when A

(- = BAm o ace Independent  Candom syrameteic  cank  one matcices,

Efoo£ ?nlkow‘mi ~the approach in  the \)(w\ou& Section . WX ‘X\Af need  to prove that the children of

2och internal noede of the tcee  have o Ccommon ihflf(aglng~

More precteely, cuppxe we fix the first k  vociables to be VAN (UERVIVA

ondk  let Py hwas L Candom cholces &Aluj, L ULQulT.

|4 ™
Then ., we need to prove that  the L conditlonal Pok%ncmmk AE det (AT - E VETARSYRRVR + fs >
'f or | £ S < L have o Common ‘mfu(adni .

D“{S the Cesult Tn Cormmon ‘m’ur\m:r\% ond  vesl-rootedness , 1t s e%m‘\\/mlb\’v to Prov\r\g that {ar am&

[} 1% T m
Convex Combination M Rt , the POL‘A nomia | EK ) AE L det (AT - EVIU] - ijujT’TZﬂAI) ' real-rocted.
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5&6 the Cesult n Commeon ’mtu\o\dr\% and  Ceal- rootedness , 1t s {%m\/alzv\t +o Prov\r\g that —Tcr am&

[ k m
Convex Combination }Aeﬂllj the Pohanom‘.ql %k M ‘Eﬂw% det (AT - ?—;VIUT*U\W;*T?HLA\‘) ts  reql ~rocted.
"
Note thot this s ‘)msf tThe expected charactecistic {)ohamm‘\ql = Aot ()\1‘\2(%}3 ‘gn( a Celoted

1/ Om

et of Tndependent  Yondom gLﬂmeJYr‘TL Conk-one  molcices . Whece By to By are Just the

(detecminstic)  rondom  Vogiabes with RBes= Vivp with P(‘oha‘oiwﬂa ohe Brey s the  vondem vanoble

with Ekﬂ: U\SUJ\T with F(OBD\};IKEMA m ’fO{ ISESQ . oomd Bppn omd B, are juﬂL the Sama

oS the (andsm  Variables AK«1 to Ap.

So. b\a the pravious r,oroltarg5 _ ki< cConvex  Combination s veal-rosted , ond  hente the children

hove a  Common \\r\%erkuc‘mg . ana  hence  the pohay\om‘\a\s form  an \mfuladr\\f —Eam?(z_ a

This Peoves the tharem Ta  the new Proba‘omsﬁg method. o\sgm;ng the Tdov\ﬂb%) which we will pYovs

in the nedt geckion-

Muttilineac ‘(':o( reulg

Tt vermadns  to Prove the Trian*n\‘t%k

Lemm o Tf AL By Aa ore independent  Condom ggmmﬁﬁc Cank-one  mateices ., they

AT - tm N = T o 5 t N
LB, det (A1 A T L= 2) et e e 3 x, EEM” )

75 R \= =¥y = e =X = 0
We start with the one vanable cose | L,Lg‘mg the matix  determinantal ’Formmlq‘
L amma Tor a  non- s‘,r\gu(av ML et O ) = dat () (e v™N) = ot ) - (Lt e ( M)
{00 et (Mauvt) = det( Mz Mﬁk\/va = det (M) det( T+ M) Gine Aot (AR) = det (A) det (B).

Recall that £he oletecminant off o matAx ¢ Q%wx\ to the Frooh,dc of 1te U&enwmas.

N =
TFor the matahx . 1€ elgenvaluel  are  the  elpenvalues of M plus one.

-l < R R - ~ o
Since MWW s a Yoank ong wmatrix, {5 ontg elgey\uo\\mz v T (v =viHv.

- -~ - -~
Thecefora. the  Speckun  of Mvut s (VUL L L LD L end g det ( T un) = vy

™
Note that the mateix  detacrminantal  Locmule  Implies thot det ( AT - E‘Aﬂ is mulbilineac 1n tarme of A

andk  this  wses mmua that Ay 1t cank one.

Lemma L ALA, A, ore independant  Candom %MNWN Tonk-one  mateices ., they
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dat (AT= 3 Ac) = det (ur- 2 oEad).
ALy B =

V=1

Yoo

”

™ W
A TE 1 muli linear, det (A1~ %‘F\ﬂ Con be weitten a4 Sum o'f Monom als SSCELW\] ?25 ’?f,g A3),
where  each {3‘\/5 s a lingar ’ﬁ,\v\gﬁoh o{ A3

m?mot:AS on T anoch S
e AL Am are xmu\mcm% Yondom Vacrtables
AE,AM mt(nfé 8D = AE\M EQW T sty = X T E: £1,5 (62 by indapendence
= ng T f1,e CEORD) by Lineacity of Pis
= det (AT~ 2 ELAD).

Q

The above (emma proves  the firet part of  the Mmﬁrj c bhece Wwe maed the  expectation  vn gide.
m
The <second part o{ the \Lduﬁ%n ic  algo }0% the mu(ﬁ—(fneul‘ru& of d@%()\I*E\A[\A

m
L2 mma At (Bt A, +ottnfhn) = T (et det (R X B e YA ) \ _
— oy X X =%z = Xm=0
(o0 bet A ALt be o wultilinear

\)Dlﬂr\nm‘\a\ in Ciovnntem

We wette A (tatm) = EE] Cs —Uegt( , where g ¥g khe coeffictent  of  the momomial T T
€T v veg

_ d

NOTJZ_ that C¢ = TTC—TS B_)(» ’R‘_(Xv X)) \ Xy =Y o S Y= ©

i

X8 the (’J\I{—fkmr\ﬁo\ﬁm\ and. cubstitution

kil all the terms  axcept Cq.

= T (T4 2
G, flew.Aw= Z TQ\SJY‘XTTJS S Fotm | )

1l

T\Vi ( (+t;%{) Lt At N
1= 2 Xm0

MO\A) ) \E\At Tt % (.&\ ,,,,, JQM} = et (B’*C\Aﬁ_»»‘*’ CW\AW\)

%i\/u the lemma. 4

?‘mo&\j/ Pu’rﬁhg B=AT ond Ei=-l for 1<i<m  proves the Tdentity -

Remack: “There o Veriouws Prorr%& 5{* this Ydar\ﬁh&, eome are  <hortec ond  move MzquT/ but  thic

?\'ob& C presented ha Tao) TS more \\nsiyhf—gu\ about w\"\d this ¥ true and  hww W ¢ come \A?.
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