CS Lo g‘:ect{o«\ gro\Vh ‘tkeorg , Q?r’mg 2013, Waterloo.

lecture Il gPec‘H«l SFQFS\-‘Fico\'ﬁon

Wae stckg Q 3@\@@\[\‘39&2% of the cut SPo\rSQ\CTCQHDV\ ?roh\gm) called S pectral S?qrﬁficmﬁsr\) ond  Sea how

this Frb\o\mm can  be golved mTcda ug‘mg Tandom Saw\?hr\g ond o watrix  Chemoft bound.

gl_)ec’(ro«\ S?a(;‘-f‘-cation

A Sraw\ Hoods o (rEedocut C\FPVD)GMQJRM of & if U~§)\ACT(%(S§>S Wiy (56) é(HQwQQSm) Lov ol ey,
w%(gtsﬂ s the total \A/ETSWC of the ed\geg Q(oss\mz <.

tﬂ
Theee waists o (1¥¢)-cut  approximator with O(L%lgn‘\ edgec.

where

Benczur omd k&fger ?ro\/a& that Lor aha G .

Tocima we  will prove o Spectral 3ann(c\lv‘3qtfun of Ahic result.

gPed’fM O“Q\‘prbx]wxo&or

We Soy o graph  H i & Clee) - cpectral Aappr mximator of G 3f (\/OLCT 2Ly é&wi\L(T, or

e%uﬂw\\e_hﬂ% (1-9 XTL(TX < XTLHX 3 (Mi)XTLG\x Uxe R Whate  n is the number bf verticed.

Clodm A Qliﬁﬂfgw.d“fc\\ approximator s a  (lE)-cut opproximatec.

voo Tor Scv, (et xceRM be the vedtor with X (D=1 f TeS  and 226 otherwise.

Then ) /XST LGXS = \? . \«JQS) ( 9(3(?)/’)(&(3)}1 = \«Jé %QE)) ond S‘\m\\\n‘rlxé (XgTLH’Xg: Wy Lg(“}

\j&

Since H 3¢ a ((i%\~SFLd‘FD\\ O\P\?(cximlﬂ'bf o+ G\ we have

(\JQW’XJLQ’XS < 'KST Ly X € (HQMJL(;XS Y SeVy  ond thus (- W (66Y) smH(stgﬂémqw(X(guﬂ \ags\/.m

The \Cckkuw'\ng theorem bta g'\f‘ﬁ,\"\an ond Scivestava Ehus Szr\zmh‘su +the Yesult c“(‘ Renczue and I<anen.

_Thesrem Ah\é %(Q\F\\ has a (l£e)-spectral QPF(omio&or with O(n(ogw/ilﬁ ngas.

Re duction

Can be veduced Yo the ’Eo\bw‘mg P“fda [neec Ngabmk vasull.

The  Cpactral  spacsification  fesult

Theorem gv\?\bos{, V,,..,\/meﬂl“ are  qiven with

There exist  Ccalarcs S e Sm With af woest O(Y\Logh/il> NoNn- 226 Such  that

m
(\=DIn ¢ I sivivl < () T
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We gketch  the P(oo{ D\C the  vedwckion of  the SPed“ro\\ SFQ(S‘\{‘\@\Hnm vesult to  the above (esult.
Thoe Tdea e o G\Fvl\a o lineac “trw\&\Lc(mo&Ior\ 8o thot tha Lo\?Lc\L?Qn matix  betomes  the Td\nzvd(\fa rMatAx.

n
et M be a Positive Comidefinite Moatrix  with Q_\\gen—AZC_DNPDS\\’t\\Dr\ M= 2 Aiwu .

+ A
The  pseude~inuerte  of M 35 defined o VOL: '\%\?D ~1T:LA:M:T, and M7= ;EPD SN Uit
- T R i /2 th T, . T
CTT\/ar\ LGT = -EEE Leg = QEE ‘oghe, WL onsidec I = L& LQ LC% = EE kl—g Le\)mﬂz ch ) = QEE VeVe

ta
where  we  define Ve = L(,{/ be Yeek .

AF‘”B the above theorem gives us S with ot Mol Qﬁmtogn/iz) non-zerof  So thal
(-1 < QEE CeVoVow 2 Ci4e)T
s R beby
Now_ ‘rvm[‘ﬁ\:\‘w\& L% on the left and (\‘%M %Tveg We (hi\L({ 3 ect. Ce bebe 2 (11¢() LQT L S b%
Scm\inz tThe e gkt st 2ach edge \on a FToackor of 9o . we gct ot Spectral QParsJ%‘er

The obove \\Froo_%'/ is vnot precise as  we are oksm\?ng with the ?Sluiuﬁfr\\/eﬁz ( but not the v‘nueuQ))

but the m‘wgs?v\& details ove vather voutine and ¢ not the \‘rv\pmmﬁ Parf o-§ ho Prouf L ond sv omitted

ambdlin olgocithm

Now . ouc focuc 13 to prove  the Tnear qlgehmic regult | b\a vandom SD\NF{\'V\S‘

m
First, we SEJ( Some intwition about  the condition Ti:\ Vivi iln . the 1§otrc\3u& condition 1a  LOY.

When men. than  v,..vn must be an orthonermal basis.

W 7

When  m>n. we can also +hink of it as an over Completa basis . as  we can Write ouny xeR” as

™
-
X = Ihx :(%‘ (VAR ))( = NSV AV

)

Mz

- ™ - m m
g‘\m?tac% . {‘mr G\Ma unmit  Vector &e?{“  we hove 1= %Té: glg;\g%%‘v,‘v;‘\)g = \\E LATVF\/\' = ?:\ <v,~»37l‘

e

XWWTHUL[%, the vectort Qre Q\/Q“ha S?rgm}\ ow{*J , So that the PFDEQ(fTOY\ D{’ améL direction \é\ ‘o thece \ecCtors

ore the ame.

™ T e
Tdea: &Given %‘V‘\\/?\:Ln o owe Wouwld  like to {‘md a  Small  Subsat of  vectert SSY\\,‘..JMS and  Some

g“‘““g fadors 0 that 2 sivivit % T

XZAS n

So, the subsets should  g¢hill be \\Q\/thﬂ spread out 7 With comtributions  in each direction  obout the  same
A¢ Tn the grayl\ gPo\rsﬁFFCQﬁm\ Case , LM\‘\\CD\’W\ SO\M‘FITY\S wont work . Tor axampls , o oseme v; hos H\/jl\:\,

then we must  in dude vy oon the <olution. o othecwise that oicection Wil not be  coveced  1n
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+he Solution and <o W womt be a g(mcj(ro\( gpars?-{?u. The O"\”\L“gg n the Srafl\ SParS}f?Ca%{on
Yesult ¢ that a oyt Qdfl_ must be Tacluded Tn 0\/16 SPR(S‘\{T}ZW-

So. as in the gro\p% Sparsification  Cage . we need to do  ntn-uaform SQMFH'\& Cf we do  yandom Smnf’?ng)
The jodea is

Simile —Qor lohgqr vettors . the Qomth\g P(cbqkih‘%g s \Mgkzr 3 "F‘b( sharter  vectorc

we con bz more agErqss‘\UL in Sn&ﬂng the S’am.P]Mg ‘Frcbabﬂ\"ha s bae g’V\P»HQ(‘J ond when Wa
Choote +hem. ‘wa rq,wﬁ&b\‘v the wvedtor ¢o that It has  the corred Qxfufeol valwe.

More chmuvy we gqmF(L each vector v; with pmbo&:((lha H\/;\lll ,oond  If Tt s chesen . we Set the
|

vt
= e - s thet EL sivd 1

<
. ViV on> - T
= TR Pe(vy s chosen) = I tully =y,

gcmler <

A\goﬂf%w\

The actual q\go(?ﬂnm 1S ‘oo\gicmn the Qama oag deceribed above. but we need +to (lplmt thig

&,xPermu\ﬁ Q:G)Uogh\ times  and  teke the average, So that wa Con prove Concontration .

6l
- Tritlaly . Fed seo, c=T

Tor 1t <C do

Tor cach ec® |, With Prob&b?(ﬁg \);:[[v;uf, Wpdate T e Foit}

|
on d Sy & Sit CPQ
-
Return %—FQWTV?

0s  our  gpectral opproximator .

A‘(\C\LEAS\]&

There oace  twe Steps  in thae o\y\atasis,

One ¢ to show  that there are O(nlogh/{lﬁ non~ 2 rog scalars 1.e. U:\:O(n(‘ogh/c})

Anothec s o Show that the tetuced  Sslution s o Q[fi)*SFed‘(a\ Spars‘\{lrer.

We  first  bound The number of  non<zeres  3calars.

Claim With \jro\aakmﬁ& ot least 03 1Bl = o m(ogvx /).

7qu£j The prlcto_d\ value 1< T [ \\\F\]

Y%t

™ C Lia) m
Pr Cvedor 1 1 n B ) = z] ( \~(\”Pﬂ Y ¢ 2 (1= (-ep)) =
| =

which can alse be Seen b\a & union bound -

™ m T ™ m
Note thot é,PT - é::‘ HU;E = E[\/;T\/; = E\ telv;w) = '%‘ ‘crL\/;u;T) - tr Q?E\\/r\/?) = tr(In) = n whare
Y A
Tt (A) = i {\05

ond. we use the Fact that e (ARB)= tr(%(\\ Cor ﬂdrl(k\% check that \/T\/:tfﬁ\l\;r>>_
T\'\Q_C{'&OY‘L, ?U?ﬂ = C

M3

Pi = Cn = bnlogn [<.  The veslt follows From  Markou's W\r\egwhﬁé. 0

L11 Page 3



Matrix  Chernotd  bound

Thare ¢ on elegant SQMM(\\%&HW of the Chernof{f- Hoa.H»dMg bound to Lhe wmaterix Setting.

Thesrem (Tfowﬂ Lot X, ... Xg be ‘\r\izPehd\ev\t L, Nxn Q%mmeﬂk modricet  with 04 ¥; A RT .
'
et }AM«,,\ T2 z‘ E[ XJ 3 })‘mm( I . Tor am& [ [0)\1 s

—_ 9_1“ Pmax
> U%WA"W) S ne 2R

S5 Amin

)
Pr ( /\M7A(§:1Y1> < U—Qﬂmm\ < ne g

Note thet Tt s almest an evact m\o»tog ot the  Checnoff- Huﬂ{{‘mg bound.  in the Sealar case by uw(f
the  wadimum Qngwzxms& andd  mintmum leguwmhu. to meosure the \\s\\ssz_ " o{— a mateix.
Tt SOL&S that f  we consSider the gum e{— ?r\d\xvav\dar\% Yoandom mateices | where  2ach wotcix s not

toa ‘\brg/7w§(menkﬁal)/ , then +thoe Qum 1S Concentrated aAfound. the expectation Tn terms u{ +ha e?ger\\/q[uag

Concentration

The Frbo{‘ thal  our sslution s o L\tiy»gFeﬁfroAt S’Par&?{w‘er s a dire QPPITCATIM oTl the wmatrix Cheneff beund.

The vondowm Vvariables are X5 e = Cv with \7”\0‘1@\(*5 ?T:l\\/;kll s for vatter T n “teration €.
Q) otherwise

< m
Nete that the ot&pm of the oﬂjnmﬂ'\m S L= = TE X3t .

TMp
M3

C m \/;\/;T [
As discussed beforn, ELST] = ElX34]) = E P — P = Z

VM3
<
<

1
M3
<
<
-
|
—

| \

R, the l\(chTad\ value s correct L with }AMAX:},{M\”\:i n this Frcbum.

To QPP\‘(] the mateix  Chernoff  bound . we Just need to Lind o bound  for R o that Xit 2RI,

vt YA viN(v: T _ R
Note  that Xip = Tepr T CwE T JQ— &\‘_\TDK\L\/TL[\ . This Tc o rank one matrx ot a untt vecter .
Ve 1
andk so +the  Imaximum ﬂtﬁen\/mlM i iu&f JE (with the OMZ fomued‘or bm\mg ol > . Se, R= < -
. - q—lC/g —2lopn >
E‘a Traws theorem , wa geb Pe ( Amay () 2 \+<‘L> < nhe = ne . \—h _ag C= lejm/ e -

The bwee tail follows S]mﬂartﬂ.

Co, with p{o\mLCLz+3 ot least =25 . we haus Amax (82 144 and Anin () €14, and  So
(-T2 2 (T P(Uv‘v/\g thoat our  Qolution S 3¢ a0 (1) @Fedrml G’PMST‘FQF of I, .

%& o union bound, e krow that a U&%)fifed\rai %chs?fﬁu with Ob’\[ogn/f) edges axist . and

Indeed *the Yandom SQMFlfng o\[gor‘t’tb‘m WL Succged Wwivth %ng F(oha\ntlcf\%) P(ov?ng the +heorem.
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Discussions

Thete ace o Hfew Hﬁn&s to  disewss about.

© By Considering this lineac  algebrate generalization of cut gparsification. we have o clean  and
arguebly  imple  pvosf o£ The result of  Benczur and Karger.
A 3u\asQ%uan)v mmas?ng Cesult bb& Batson, Spielman and Srivastava Droves thot every %M\;l\ hes
a () -specteal Spacsifier  with  O(n/€f) edpes | which ts best postible
We dont know of an alternative (combinatorial) proof o achiewe the Same  bound even for

cut O\Pwox\mfﬁw ( a QPQL\[Ql Qa&a).

Thig laear oﬂgehm‘tc ?erg(:egt‘\\/q Reems Yo be the Correct way to look at +he PFD\DLQM_

@ The Samvh‘r\g ProloaL]LH% P ¢ o\\\(ecﬂta Pro?nvﬁav\q\ to the edfective yesistanw Of the 2dpe 2.

2 %

Recall *hat pe = [lvell, = I Lglglu = \DZLQ bo - Let e=uy.

by

S

Uote that LG:LQ ts  a  Qolutlon x  +o Lq%:B o Wwhich (s the Po%zm“\o\\ vector q> o{—
the electeical flow F\"OL(ZW\ whan ohe uwit e‘(: electeical «How ¢ Sent qcrum w to V.
T, * TP s~ e
Then ., be LC—( be = \bg ¢ = W - t@(\J) e yuse the dsqt‘m\bov\ B+ Rzﬁ_ (U~,V> ,
So. the SD.M?\MS o\lfcdﬂam works bﬂ SQmF/TnS each @sz with Prcl;ab?[ﬁg PronrtIor\al ‘o {ts Lffecﬁ\/@

Cesvstance , o Somewhad Surprising  Opplication of  this Concept -

@ There 18 a Y\Qar\% Bneac time a(goﬁﬂam to esktimalte the effective Vesistonces a{~ all Uﬁfes.
The wmain tools are a near lincar time a\gcr\lﬂw‘ t+o  gSblve o Lq\olqcmw glﬂ%tﬁm of ec%mﬁw\g

C anothey \orszmkd”‘nrougk Cesule 5\6 gp‘xalmay\ and TQngﬁ o and also  Aimension  Yeduction.

R, we have a near linear Hime (vanotm‘%mﬁ a\godtkm for Qwsivrum‘r\g g?uf\mt SParsTﬁ‘ars,

@ The mqtﬂg‘\s of  the yandom SQMP\MS Msnﬂtlnm is ﬁgkf-
In a Complete Srqp\q , the affectie resistonce ot every  2dge s the Came , as the geaph is Symmeteie.
o, the Yandom Samyl\w\g O\Lgcﬂthm b O Com?\eﬁe_ imw\ s lmgt the Um‘rfurm SamF(m(f &lgori{%w.

And bné [N \\(ou?or\ colle ctor 7 argumw{ that 1 wont work with bﬁnkogh /<™ de)gg‘

Refecencos

Stielman .ond Srivastave . Graph StarsiBication bu  effective vecistonc . Jood.
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