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Lectuce (0: \-ligher order rtondom walks

We QJﬂthé +wo Jcm)e& of' Candom  Walks o Q]m?kic‘(M COMQ\UQ&, called the u?—wqfks andl  down- walks

xpan dev.

The main Cesult T¢ that H\Qg are Fost mixing = the <implictal tomplec i o Qood link

Arn  immediate uvo\\a(a 1S that the notural Yondowm walk bn  watcold  bases 1S fo\s% w\ixinfj

Prov‘mg the matcoid €xpansion Conl@tfu({

Random walks on Simplicial _complexes

kamfrmr\ and Mot define two natural  fandem walks  on 'Ea\cas o'{ Aimension k  In & STM?UC(\M Cmm?uxul

the up-walk that Qoec theough faces of dimencion kil oand the down walk that qoes  through

To define thete walke.  Condder  the bipactite grth G  with  one Side Corcesponding to faes in X and

tnother  §ide Qor(egPond"\vxg to ‘FMM in X)) L where a0 Face g eX(B) ha¢  oan QJ\SL o ye X Y‘F

and, cnlxa it osor and.  the wz‘vgl& a—{» the edfz s o wO).

Now, concidec  the  (weifhtedd  Candom walk on G, wheee QG Voctox  wioves o a naghbor  proportional to the
waight of the eotfu Comnecting the two wvectices-
O UK
As  +the gro\y\\ s bipastite, The Candom wolk wataix Py of G ¢ of the foem Py=
Dy O
where U 1s - XK by Wkt ond Dy Ts X)) by Xl
Whan the wﬁgﬁ fumﬁon ¢ balanwd . the totol weight Tncident oh o ‘Pfue ge Y ¢ Exmo \>¢W(Tj: Wig) .
)
w )
and  So Ve Co 7)) = s

On +the other side. all the ldgz& incident on  a face Te X+ g of \,\)L?KH wo

o W DK (ro) = \<\+1 ’Fb(‘ T& X(k) and TeT C recall that YeX(ksD s 0{' §732 k+1>,
Now , consddec +he “two ﬁa\; random Wwolk on G(K i the random walk matcdx g PZ - Uk D¢
PrU¢

with U Dy g X EKJ WU and Dy Ug is Xk \7\2\ X1

Defintion QUFﬁka matcix . down-wolk matix of a simplictal cmqux)
We  call PQ = U Dy the MY/\,\JD\\K matix sn  X(K) and Pl:ﬂc De U tha down-walk wmatcix on  Xlk4)

We  write PQ and ?L:\ Qkpktoma ot Pellows
!

Tor o faces orlE XW. e e T
X <, T = N ,
———Zi;zzm o osuee Xk
) otharwise

L10 Page 1



W LY )

N I
(e il x{ JUT € XCkt1)

) otharwise

_wery

For two faces gextw:eer  (ke2) Wig)

.7 € Xkt
v )
PKH (Y‘T ]

h w(Th
(k) W(rn7)

@)
Notice that P(;\ i< jus% the cltandacd \07_,\3 random Walk on a X{QPl‘
Definition Nah‘la% u\?—walk mateix )
We witte PN iz ke (p T § o¢  the non-lo up-wolk matfix on
k ke K7 ki 3‘3 P

W(T U )
(1) wee)

0

Exv\ic?ﬁkﬁ, “For Two fawc .0 e Xik)., PQ(@@') -

othe

The 'Fsuow\mg Is o Amportadt  Yelation betwean  +he SPG&WM u% the we/\«m\ln and

it Tay e XK

othetwise

( here the gra?k Vs the 4-Skeleton)

XkY .

W sus’e Xkt

(Wi Se

the  douwn-tualk.

Cloim PQ ond P;\ have 4+he Some non-zero erngamu with MUt Tty
(oo It ’?oH‘oWg \crom the qcmk that AR and BA hove the =2ome non-zeve Q\\glﬂuox[uﬂA with thﬁylinmj.
The p(oujy s M s%uw‘mg that  they have (essehttm\\nﬁ the gome  characteristic polynomiale (e ey .
wikipedia Page Y chacacte cistic \)o\%mw\‘mi ? for a \){oa{’)_ a
To compute The %’mﬂo'\m\A aietribution of the up-walk and the down-walk. we wse the fact that
TE T;P?jtﬁj?j: Lor o vador TeRY and o Tow-stechastic mateix Pe R™" ( time-veversible )

thea T s o ijat\\uno\v\('] distribution of P, le. TP=T0
N X (k)
Cloim The wa{]w\a(\a disEAabution O\L PQ , Pe and P\K/ IS w e R .
g[mz& Check +thoat +the +ime  veversible condition s Saticfred  with w  and

C Chetk this.)

+he WQTSH {umﬁon on X(k).

I ~a v
Pe. P sand P

A related {an% o that  all ?2/ Pé\ and ?Z Con be yritten ag \,J(E {cr Qome gnwwm‘\c, matrix B
X
where W= oklc\g (W and  welk TS the \,\/USH function on Xlk).
We will latee we thu fat ¢ that we con ww the w- Inner product  <u,ud, = ?wumuwt:) as in
N N A Y v
the previows lecture 4o bound the 2igenvalues  of P Peoand P
Rondom walks  on  malteodd bases To Gomole o uniform Yandom bacic of o matcrord We Constder  the
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Rondom walks  on  mateold  bases

To QamFlQ o uniferm  fandom bacic of a  matrold, we Considec the

matcold urw\\n\zx with  the wugm of eoch bosis To be one ., ank Tun the down-walk P;\,

Then, the Sta{tcw!\r‘a disteibutlon s the  umform olictetbution.

Wae will prove  that  the down-woelk s fast m?xTnS when  the  camplex s o gumk [ink R xpandec .

CQince we  Xnow that the  matcrovd cmplzx DESE-Y S\L(ong link Q\(Po\r\o{er, this 3;\/15 a g“m?{ﬂ and Qf{rl;enr

M&wlt%m ‘o Smwrf\a. a MhT+Drm motrod  bosis .

G'a(l and's method

The 1deo of Garlonds  wethod s to oktumq?usc “the g\%q\ Stcucture inte  (ocad  Structures inva\mng links.

Tor the Yondom walk watticer ,  &te consider  all the tronsitions 3*\\/0“:»\& a Tace /#LGX(JGO.

W€ N ,
Lot P’\V/L be the X by X&) matix with P{ (r,e)= CexD) W ome e
o) otherwise .

~

o~ ) (cug’ ~ )
ket Py ke the X9 by X&) matric with P;\L(mv): ﬁﬁ i m=onc

) othe (wite .

v

N v = i
“Then, Wwe can \ufite PK RexD P"L and

ez

7 X (1) P”L ‘

Observe that  thece matrices ace  (essentinlly) the Some o8 the  up-welk and down-walk matrices  on  the

O0-Lawes  of the link n € X (k-0 .

Lot P"\L]”’ be the down wolk matrix  on the 0-skeletons of the Uk ne X (k-0).

Then ’P/VJD QLP - M :Mj)_

SONTS) Wi For 1JeAql

Lot Pﬂ,\ﬁm be  the non-logy  up-walk  matvix  on the oO-skeletons of the link ”e X (k=1)
n W (U} ol
N )T w0
\TL\Qn P')L’O (‘/} ) = \“OLLT) - \,JL/VLUIS % \Uj € X0
0 othecwise .

| “ u \V
Notice that Pﬁ,f TSogwst Ty times the  extended  matrdx of Py, (he thele dimensione are glifferent .

but the 2xtra rows and columnt in P’\L/ afe  oll zgro} S With fvlua‘:q’.

~ |

P % Vi ~ A ’ ~ ’ [N
gimitmrhﬁ/ P:L is ‘)mst  Fimes  Ahe extended ” mateix  of P”LJD . with ““”LUTJWZ”(/UJ and Toe’=quivy.

~

Tucthermore | P/l'?n NS Q)mdha the vandom Walk wmateix  of the link me X(k~\) Tpn the oefinition

o{— link RKponaer
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+hat we oefined in Lof.

Sv,if X s on slink expander, then the Second lmrgad eigenvalue of 1;'91/" icoat mest o for evua, f,tex(k«y)

Note olse  that brth ﬁ’QL and P/‘\’/L Con be WWittten O \,\)"‘E Lo <ome g’jmmdﬁc et O % R and <o

we
Con ulr the

w-imec  product to Teason about the

aTjenva[mM o{w all these matericas.

_ ~1
'Dzﬁ\:ﬁﬂon (‘ﬁ\m\ Two matclces P,Q where ?:\AIA ond Q=w ® Fur Some Skﬁmﬂe&r?c motrices A,@ and

W o d\Iagm\a\ maleix , e Soua

PRy it <xPxDy € <QxDw-
I‘% P2,Q . then the Courant-Ticcher theorem

( with rz;\;uf to this janec pfoduf, s discussed Th Lo?)

Implies that i P17 P»2.m2pn ond IR FETRS X

are the eTanvMutg of P oand QL vaspzd‘wa[?
Then  Qizps foe ol 1<ren.

The ‘?olknw‘m(g 1< om impnf‘vmn& l2mm o \”ekaﬁng the Cpectium of the Y\ov\/tuj\é U\wao\\\( and +he Aown-puale.

lemma (_ kmM—QMGV\“OPFCV\L\E\VM> I’g Y

15 an d-link @xpander, then P 2, PY 4 al fie oall k.
Proof . We need to show that <y, P - PEdyDy € o Iylly  for all ye R,
NA A VoS v
Reecall that PK = ,?L;X(Hj P/VL and PK MMk P”L
R, the LHS can be Wfitten a¢

REXED <%’ (Pn N Pml >k3> W
Teem <ﬂ‘(€€‘1€’\{)\3>u'

Congider <cach

~ v
Recall that Pf,{ anoh p% have many  2er0 Cows ond Columnl , Co wa (8Tt our ottention to the ton-zers

Yows and Columnt uly P/DL Ondk 'P:L , 2. the {lmes Texlk) such that q>’1‘

Coll the Yestrietion of the vector Y and v to those ‘?0\(95

\—34,1 on ok wq
o - N v
Tka_vx, <\3,<P,,L 'P,:L/>kj>w < ka4l < LQNL) ( Pfﬂ,c - Prrbb) kj/y[> W/’[,
\Weite \j”k: ﬂ,,tw‘ﬂ,,t uch that (ﬂ’ﬂ it the Pro]uﬁnn t+  the it fogwe(tor (which T¢ perallel 4o f 5
a1 L 1
oonde \3,1 Qo +hat <l$,qu,,1 jw”l:o_
Then  Cy, (o P’ﬂvla)ﬁfpw

a 1 AN 4 1 L
= <\j,m+(\,m, (Pﬁw - P,,L/b>(kj,1 +Ya )3\”%

(1

W

& v a 4 ~A \% 1
< kj”f . (Pn//\q - ?4'[,0> \j/vL >W1 < qu o C P')],o ~ P/V(,b) ‘jer > a¢ the cvrosst tayme  are Q%ul t+o zeco

=¥

L (PN v ) N A N Pf\/,\ v
< Lj”L . C P,,]‘n - Prym ‘j/yL >\’ML ot s an eigenwador of ewfen\mlu 1 4o both Mo &nd Pfq,u
= <gj,f[, ?,7'20 \j»,t >W"L as Pﬂ\//o is a Cank ©One wmaterx

[
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_ L S x v
= <kj,,,L, ?’7/0 \jﬁ,t >W”L

I

as P"l/" is a Cank One wmaterx
ol ” %{HW%’L bé the GLSSLAMP%Yw’ thot X 1< an  ol-link QXYD\M*)Z(-
¢ 2
(%) < d ‘M"LH““’L
= bX y
o T X W(Q‘)j(q‘)_
Wﬁer
e v R U N v
TTherefore REeX 1D <%1 (P = Py 5%7 w kK ”llc—XLL-D < Lf]”L‘ ( P’W"’ - P”Lm) kﬁ"ﬂ ]
ol
by b3 2
S XD e RN
6‘)’4‘
d 2
Tkt Eexuc) ry‘aﬂg,,) w (@) y (o)

nes

o Z Wy as  lol=kt

al\%\\j. -

Ihwcb(wm[hj, the P(Ou'g‘ Says +that we (ap\@\cq

On Lxpander

each Kwugk\%d} CUMPU&*& 3rayl« in the down —walk Of 1 ]m&
Srqfk in

the L/LP»\,\)M‘L o£ /VL , ond so \!{ P\Z (’,urrdlaom)\g to
ﬂH’\@V\ ?NQ ﬁlsa

ahn Qx?av\ dor
Coxresponds o

(S( AFL
an ewa\ de¢ XMPL\ .

Fast mixing

We  oare M,adna +o bound the Cecond Q?gan\mluo_ of the Up-walk and  down wWalk , and hence the mix‘mj time,
The 'ggthw\y\z Fheorem g lma

kau{mm\ andl OPFQHL\E\VI’V\.

Thestem

iWC X g an o-link expandel , then the getond e?Sewa\w mﬁ P: ¢ at moest |- “ﬁ:l + K« .
Prw:{: The  proct Joes b% indacklon on K.

Th the base ease

when  k=o , the wmateix Py

1 at moest 2eco .

1§ Of vank one , ond thus  the Second larﬁesf Q\‘g@)’\\)o\tkz
ond  the

Qtetement  holds.

Now ostume  the  Statemeat holds

‘FD( k .

ondh  we would

(ke  To prove the  nductiv e SJ(aF.
o~ LA
Eké the pbove  theorem P[; 'iw P: 46T, and thus the <2elond Largesf e?gmuo\mz of P s ot mest
|- j&(’:‘ + (kDR .
SN ki I Nkl Ta p
RQCD\H that Pk = K Q)K~ K-*l} - (Mv& thus ]‘)K - Ko PK + —E;

Tt {1 ollows that the

N
Seeond \Miqﬁ Z?gz»\\raluz ot PK i< at  most
2
K\ A | T (1) o A
K K‘H,\)Q L= P W*ONB * Ky l Ktz a PE DN s b
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~ —

\v
?‘makkﬁ, reeall  thal Pkﬂ and PQ have the <Same hon-zero eigenvalues , and this Completes the proof .

Sampling  matcoid  baces

Recall xarom Lo9 that the wmaterord Um\\;ku is o D-link Q\(Par\c{lf, ank  thus the Second eTsanva(m_

|

|- —

\
o+ P s oat mest -

%ka the vesults 1n Lob, +the Mx?ns Pime 18 ot most O( o\\ug N) = O(OU\[D&KK), Whece N TS the  number

c*ﬁ boces  omd N is  the umbec o-& elements  In the Xrow\&\ et

I‘]C algo '%n“ows ’%(om C}\ZLSQJS "H\Q%D\-D»Ufg That +he baset Qxc)'\aﬂge 3(&?1\ 1S On QxFay\szr 3(0FL B Pv{‘o\/‘.n;

Q (MS Q“Mv\fk‘m% cmn”)ccmw.

IM?(O\/ aments

We  hove obsetved  Some IMFruvemzﬁs of +he kau'}cmaw’O?PEr\L\dm +heotem

This is  @an or\go‘mg joint work with  Alev. Anact . Liw and Ovele Gharan.

The ’Fouﬂ\d\ng lemma e & more caceful vercion of  the lemma of  Kaufman- Opponheim  ghown abewe.

> v
L emma I’F Qvery nt of dimension k-1 has Sewnd e\kizwc\lw, at mest o, then PK {\,\] (1-o) PK + a L.

Pros We need to  ghew  that <\3, (&Q ”P\\:)\évw £ o <\3, (I‘P‘Z>%>w . oand this  wou & \H\/\F“a/

~

that PQ*PZ < O(QI‘P;) o desired .

The Frco/{ Lollows  the Same |ines as  above | bZ\ wr‘vﬁr\g the LHS ag %GX(H) <‘j,&E%”P\%)g>w i

_ o p v B . PN v
\‘,\p_y\/ (\i,QP;;L “‘P/,L )\j>w = kAl < Lﬂ/v[J ( Pryz,o - P’VL,:)) kﬂ”]'> \A/,L .
We bound each trem as befoce until the equation (X) o the above proof.

Tnstead of  bounding Hﬁm by lyalld, + we write the equality uﬂ{uw;:umu;( W%H;’L'

Co Cuu, (P Paed gy 70 € o Cllyylly = gyl ).
N v R WS ~ A v
As in the above  proof . ixcpo Sy (P =P VYD = oﬁxcm <Yy ( Poflo = Pro) Y 2wy

I

o 2 2
133 v??x(k-m ( H%”Ll[w”t - | \J{l[ W,O .

Ugmg the Some calalation o in the last ?am&;ra\vk of the above \)caaf) %X(po 1\37\(:% = (LH)H%H;,

Q. +o {‘m?s]r\ the Prouf, 1t ramains to Show that Av(iexc«»o \\j,,?“u:t = (ktl) <Eg, P\ZS >, and  this s

the on(\g extra Calcalations dohe Cam[:mui to the qu‘\omi \)rmf
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Recall that Yo = %’Li + b,,i whete \{Hl: c-2 for Some Censtant € and <H”Li'M’LL>“’L:D'

T}\a\re\(om, \jwki; <M'1>wﬂ 1 = sz»w:”{ kﬂ(@)u(q} 4 = GFXK],QDML %L@)m(c‘}

4,1
“ T&KLG)« Wi w(f@
. > P -
ond hence “KAV:LLHW”L = <t'\4’l 2 1>wfmL = (G é‘((KL»()mL %LW} u<¢>\) i
< 4,4 W,L t«)(’rﬂ

> :
o | ) w4 T s (@)w(@})
Yoo qexten Wl = A L

K
A nexte Wi
T 2 7 2 l
= X @ wley = ‘ by (OOwlg) 20 D wie? -
Fexlo [ MeXEiys e ()W) * T X d TENL) K (e w(cas”)
N exle)
(W) v
( ” v - X W ; \ . R S
Recall that Pe Ca.a) nextD: Aes Cerl) and so the first summation s oI W@ %W) Py (o) %(G).
v ? ! v 7 )
Al Pk (o) = —ML and ss the Second  Summation 1S X m(ﬁ“)ﬁtﬂ 2 PK( ¢.0) \J(v) .
Ce) wlens’) T ex(K) T

Ao

Comb‘m?,\& thete +two Sums 1n  the abova Q%ma(ﬁ\l, we have

1‘71 %XCM \\Mﬂmjt = Eﬂm LTy }exm Py toe’) yteh = &XM W) yle) (PQ@(«) =y, ?;g%- o
Somawhat 9“?“““&% the extra Tem  that we Saved i enugh to prove a  much sharpac bound on  the
Second elgenvalue  of  the olown walk
')
Theorem I X G5 an d-link exponder, then the sewmd eigenvalue o Pe 05 ot st \“\\THSD(“"D»
where  of;  is the moxdimum  second QISQV\\JQ\M of  the [inks of dimenSion 1.
{ 6o Tha \Droo’§ 306& \o(a induction on k.

Th the base case when keop , the wmatrix Py s of vank one . ond khus  the  Second \arﬁest Qw‘genva(m
i at mest zero . and the Stotement  holds.
Now assume  the Statement holds  for ko, and we would ke to prove the  Inductlv e SfaF fﬁr k2 1.

o ~A .
Eké the opbove lemmon, PQ *iw (\-o(k_\\PKVJr Mk»\I‘ ond  thue the <econd qugesf {?gmmmz of Py s

q ) Lo L

1=y - — . = - = —d-

at  west k-1 ( S I\o(\—uﬁs + Ky l o IWO (1-d3)
D EANII <5 T N kil Ba +

QCC?\H fhﬂﬁ P v - e @K~ \(—%7-) . O\V\Uk thug ?K = o Pk + ”E;

Tt {lb\bms that the second \ngﬁ ngwamz Bf PK i< ot wmost

(& Q\ﬂvk%\jhm'&;ﬂ*_kk = = == T (=)

Van | &N kay  =o
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B ) YN o Lnwoy v evLunoo e - ‘e A “ IRy

| I
( | 29 & \ L U»o«)} PR SO R Tlo (l-a;) -

-l
(SN ki ™=

v
?‘maklﬂ, recall  that Pry  ond PQ have the Same nonaero @i%envalues , and  This  Completes the proof . g

Recall thot kowfman and D?Pw\lﬂz\m PMUL&\ that  the S{)erm\ SQF o-( 'P: s at least —Klfl ko . ond

this s positive OV\L\a A= 0(”&& where ol 18 the wlmem  Sewond aigenvalue  of ony Link
L -2

Usiwg the above thesrem . the Spectral Rp i ot least I (t-or) o which s a\wan& praitive o Long

as ol i<l and  the spectral  qap s (%) ac long o o= o).

Ccm\o‘wn& with Oppenhaims theovem. thie 35 weful foc the analy cis of vﬁxh\& fime of Markew chains.

\/QN& recently L‘M,mmﬁa and \(mg gshowed @& Very ‘\MU&@&H\& construction  of  high olimengional  exgandecs
J’Y”"‘ 2xponder sza?\ns.

In theic construction 2very link,  ha$  Second etgu\\/o\lu ot most o, <o that Kok man - Oppenhaim’s  Tecult
Cannct  be oﬁfﬂﬂud aw[md.

Nevertheless, Huza proved  thot the S?zd(ak qop g{ PQI TS Q{%\ﬁ} L,\QFn& Some +2Chn\l%hﬁs i
Markoy chains {o( +he( Q\EQ_CL{}C Construction -

Ou¢ theorem  (ecovers  thor g?utm\ 92 result mg‘mg DV\IL,ES the :ﬁgewamz of the links.
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