CS 8¢o dec“cm\ gro\?h 'tkeorg ) g?riv\g 2018, Waterloo.

Lectufe §: l—liﬁk dimengional expanders

We study o defintion of high dimensional — expanders throwh the  notions of  Simplicial complexes  and  links.
We e the  thesrem of  Oppenhelm ral«xﬁn% the  2xpansion ofr  fop links to the expansion of oottom links.

and w¢e f to  Show that the natucal s‘mn?l?c‘ml Complexes {rum matrolds  are Ngl\ dimensional emedus

High dimencional expandecs

As  we have Seen, expander  grophe have nite  Combinatorial | ?rob&bt\nsﬁt and a\gebm‘\c propecties . and
thig 1S \p‘nh H\a% have @ vich H\U’“ﬂ and  found connettions and applications  In diverse  areas
RECIERT easy  to qeneralize  the  definition of  expander Sragl\s +o Mng dimensions o Some propac ties
(a.g the combinatorial expansion in hmerjmgks) . but Tt 1< not easy to find  a  definition  in

higher  olimengion thol Qeneralizes all nice  propecties of szmo\z( Sm?\ns,

There are  vadous o‘\e{;m‘ﬁmg c{ Mgk dimen sional QXK)()N%I@(S msv‘ng Concepts \arom o\lgebm\\g Jrn?b{og% 5
Qee ELquJtzk\a] for a Sh(vta With  Wetivations  and  opplications.

We  will smm& & more  (ecent and etzmeﬁw\ra definition Prnposd \o% Koufman and  HMace [kMI

with metivations  from random  walks .

IS implicial  complexes

A S‘]m?[\‘do\ﬁ Complex ¢ o ngk dimension gamz(mlisaTTon of @ jquL,

Definttion ( g¢implictal  Complex ) A Sel System 15 a ar X=CU,F) with U as the round,  get ond F
P P Y P \
is o Set of gubsets c'f 0. A SMP\‘\CTD\\ Com‘?\ﬁx s @& Set S%SYZM that 1¢ downward  ¢loted

te. if geT oand cler . then o'eF (We use Geak lottecs .79 ete for subsets in )

Definition <\aacz, AlmenSlon pure Simplicial cnwﬂu} Avx\a ubset  €F s called  a ﬂaauz 0{ the cwﬂ?bzy.
A face o s of dimencion T if  lsl=ixl, e a O-dimensienal face 1S o Singleton (o vectex).
o J-dimensional face s & poxc (an a&ga} . a  2~chimentional foe ¢ @ tr?\:u . ete .
Gn‘\/zn Q S?m?h‘c‘m\ camFley X=CU,F), we use XG) to dente the Set of “Fo\cu of  odimenston 3.
A grmP(;cm complex 75 d-dimensional i the maximum  face sRe s o]

A dedimansienal Sim?lichl Ccm\;(zx s pure &S Q\/ua moimal {o\@ < ot siye Akl
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Definition ( Balanced wz‘«gh&sﬁ

We  can o\gs}gn o pesitive wUSM W@ to each Fface TeF-
The wugh& function

Ww:XPR,o ¢ balanced i the %u{\ow"\ng holds  for every ‘ﬁ\ca T e (kD {or a\/ara o< ks oy

w(r) = PN w(F) .
TEXLea)) = a7

Tor a Pure STmPuciml complex . we  can define  a  balane \,\;eigkt function 55 Qs;?gn‘mg D\l'l:‘tt(h{(a
Pasit\uxc wLISV\Y& o

maximal| faces  and  wse the above Q%m:ﬁon o dehine the \,\,a?&k&s o{» lvw e

Aimenconal -fp\czg rzch(g\\/d% .

- RN
Then 'Go( any TEXW) | we have  wr)= (d-k)! CEX(A): T T Wl
A natural chotce s to D-SSTKr\ welght one to  each facz of olimension d. Tn Hhis cae, Tor TexX(ky,

w(r) s %Wk;[ka Ch-k)! times  the number of  macimal faces QOhto&mnj T.

This s the welpht
\?um(fim\ ’H’\oi

we are gc‘»ng —+o use next  Hime.

Tt s o \/eﬂJ %Qherm\ definition - Wa ctan ascociate o SIMFNCTM CemPlax +o

many Combinatorial ok]ed:.

Ex o\mgle ( Simpliclal Qmmk)(zx frbw\

gpmm‘mg K (eos ) Given on SMPL\ G=(LE) L we

can dl%‘m& 28

STMP\IQ?&\ QD‘!V\V\Q\( Y:(E)(\F) wheee  the irmmo( et In X g the Qo(ga set 1n CT.

A cubset  of e&gﬂs et js i F W oand only i £ Forms  an Qeyelic Qubngh ia G
It chould be clear  that X

iC a pure ‘s\[m?(?c‘m[ CDMP\Z}L

Tf (_T s Conpected . then the maximal '\CALU

ace ojL S\PSQ Wl-1 and so ¥X i o{ dimension Jl-2.

Emm@g (ﬂm«fhcm Complex from  matcoids) | A mateotd r\cﬁwal\»&\ Corcespond s to  a S?wl?c?a( Comrlw-

A watcodh M= (U, e

of U Witk caticfies the %oﬂow‘mg two propecties:
O T i

~ O
is o set &L:kdem where

U s the grmr\d\ wt  and L 7v a et of  Qubtets

downwacd cloced . le. Qe and T ¢S TM?(TQ T e ,I .
@ M Te T and ISl . dhen thee oasts 1€ TS such that  Sufid e .
go4 \75 ®, M:QU,,(T‘/>

\S a QIMP[TCTR{ (’.nmp]gx .

%\& @, M=W.T) s a Ppuce g]mP[fcmL chlzx_

The Sefe in T ace uxsm;dlg called e Ir\d\zpenouvﬁ ks . and the maximel <ebs ace called  bases.

I+ 1<

not df%&icmﬁ to  check that +ho Q\U‘/\‘E\TCW»I Qnmplex —G(‘OM Spanh‘mj tree ¢ o matcotd .

A more gqr\em( Q\(amp(e ts  linear matcoids o{ o ot(ix Criven  a mateix Q%\?W“, the Unear matroid
is  defined as M=(tn), L)  where +tha grownd set  Inl ¢ the et of columas in A anod
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o subset € o f  columns ¢ ‘\r\d\L\Venolev\% i1 and t}n\ta ?% H\ué Qare Iinem\\a \H\d\b\:w\deht,

Tt s mot diffiewlt o chek that Tt ¢ a matceid  onmd  includes the mateold “Frmr\ s?ann‘mg trees qs o Sgectq\ Case,

Links ond  skeletong

The ’%OUW‘H\S art  Some TWFMTmf Concepts £com S'?m?\(c‘m\ Complexes  thal ace  crudial in ?u[v‘w\g Pr‘uka[amﬂ‘

Thege Concepts have  natural mzan\nSS in Combinatorial Complaxes buwl  we may not ook ot thee Concz(ﬁs

T we dont [ook at the Combinatorial objects from the pecspective of glmp lictal  Complexes .

Definitlon  CLnks) Griven o %Tmpl?c‘m[ compl ex X= (U, F) and o Tace TeET, the [k D{ T s

denvted by X, . Which s dafied by the faces in Fpoz £ o\ | veF and DRSS

Tn words. X 75 defined \7% the faus A that can be uSed to extred ¥, le o7 e F.

I X woa puce A-dimensional %MPHCCDJ umpluc ond T e xX(k) , then X4 is o pure (A-k-1)- dlimensional

S\m?h‘c‘ml complox  { the Lmpty set s o Foace of  Almensisn 1)

TIn the Spanaing tree  Complex X=(e_ 1) . ?l\\/ln o Subset of (mcxﬁc\rd edges Fe T , +the link Xe

3¢ d\l‘ﬁl\lzd\ Such ‘H\D\t o Su\(ygtt oé gdge& 1/ s a '?Q(L Th ><7“ K»‘f*’{‘ = \)F/G (,t L, d.e

the focet Tn Xg  ace the St eof  cubsete of ngzS that can extond F do form an D\LULLCC SuL&(m?L\-

4
n

J

Tn matcerd T@(m\\r\n\agla‘ the Uink Ay ¢ obtodned  from X b\% \\Qm\JCr(,\('ﬁ the elements Jo F .

Qaﬁ‘m‘t‘mn (k- skeletons ) Tiven X:QU,(F), the K-skeeton o'f X s the %?mph‘cml ComPlex Xk = ( U, 7:,(}

\Wwhera rFk s the Set of Taces of T ith dimension ot mott k.
The GFZCIM case o{ I-skeleton Wil he of Parhc(aiar intecest, ag Tt could be %‘Awght of ag

the (Ak\dttfhﬂ\\hg SMPL\ of  the ?Nm\?hdo\( anFlex.

Wwhen  there  oce weights , We e the game WQTKH -Fo(‘ 2vacy foce Tn CFK‘

Dafinition C Ar}\]aczv\cg/cw(tmﬁon mat eix ) Given X=(U,F) with a balanced waigkf funcﬁnn, the

adjocency  or the correlation  matrix AR defined o AGD = ?W(FUP foeje R
3} othecunse

Thn words, Tt 15 Tthe ad]o\gencta wmatrix  of  the |-ckeleton of the Qimplicial com?(zx.

When W TS a balanced weight functton of o dodimensional - Simplictal complex when  WC® =] for 2usvy

oy moal —Go\u (or basis _ Tn matrota '\Llrm‘u\o(og%) q . than \,\)L\‘,&) v< CA-OL time the Number

(Q»&v humbe( D{, §‘Pavxh\lr\f treec Cor\JCa\an& Fo QAKRS).

o% Imaximal fgacqs Cchfﬂlrx?nf both 7 omDLj
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Tn this QQHTAS, we Can think Q]L the ao(]auma matrix  as o Corvelation  matelx.

D2£RﬂTt70n (?\)o(vv\o\\\‘gul O“J‘SNM% /Corre(at?on motein ) Let Xlﬂ]jF) with a balonced buaftg)\i‘ ‘EMY\CT\\DV\ \/\JJT—%[KM.

{ol
The T-th (oW Suwm a{ “the ﬂdqmrzth/(larv‘&[ATTon matry x A 1¢ ]Z:l \AJC\UP = \ALT) , aS W oT¢ E&[o\r\(zo(.

et WeR ™ e the diagonal matme with WED= W) fer  1€3 Ul
L -L
The Y\u(ma\haerk o\!k]ocqnca / correlation  matcix T defined ac H=wiAw .
N > L3
As Sean n Lo3, the eigenvalues of & QQTTS{% = 262 .2 Ky 2o L with V= w* 1 / w2l
A (‘,La@z(.a elated  motix 35 the  random walk wmatix  Podefined as P AL

Bs Qeen in Lol. P ¢ gimilat to HFH ond it Rollows that ﬂuz% have  tThe Same  Specttum.

The  Coandom walk  matrix  will p\o% an TMPMTMJ( role in our Sjrm{\d,

Link  expandecs

V“mo\\\\j, we can State the defintion of %?gk dimensional  @xpander  Proposed 105 Kaufman and  Mass.

Definition ( Link exyomdzrs} Lot X=(0,F) be o pure d-olimensional CFMP(Ccro\l complex with 2 balanced
weight function wi F D Roe.
W e So\% that X T<  on  o-link expander i for any Tace TeFT of dimencion at most d-2,

the second  eigenvalue of the mrm«m}eo{ adjacznca/ccrm[aﬁvn matrix  of Xl at mogh ol

So, M we view the I-skeleton of & link as & weighted qraph. The definttion  Yvequices thot 1t s oan
wandu 8(01?1\, With \argn Conductance ‘oaﬂ Q‘nea\gar': Tr\e%mdfmﬂ,

Oc, 4he Yandom walk wadeiy 'PW far Oné Link X wp To  dimengion d-2 g —?as‘c meTr\&.

OP\?Cn heims  theorem

To Shiw that g Simplicial  Complex Ts an  wlink expander . we need to  bound the Cewond lmgeﬁ Ligenvalue
of the Mrwﬂisak ad\]o\cm%/urrcmﬁor\ matcix  Tor evecy link up to dimension k-2

Tt 1 mgml\% easier to werke wWith  the correlation  matrix of the \\'f“oF Y iake (with dimension o-2) |
because fl‘\t% ace v\nwﬁgkfzd [ The \,\/ngf ot every moximal foce s the Same (ﬁ»g' wie)=l Yg).

In o way the top links  2eem to be the mogh fm?urmnf , o the% ofe the finest Structures of  The

QTM?(TQ‘M( CemF(Ax oS er% ofe  all 309& Lxpandcs, then 1t showld be the cose for all linke o wall

L09 Page 4



Op\)enmxm's thepem provides o Way to  bound  +the Second largmn z?SammLuL of the bo’thr\/\N links \arbm +ha

Second [o\(gad <ipenvalue of  the \\TDFU inks .

Theorem Let X =Cu,F) be @ d-dimensional  Simplicial complex  with a balanced weight function Ww: F > Rs0.

gb\ppcm the gmp}\ Q,: (X(b)n((\ﬂ 'S Connected  and jcar all ve Xw) . the

Satond lacgﬂi’f <1 genv olne

df the normalized D\D(Jnk(u\ua/cerre(aﬂm mateix Ay, of X, s at mect &

Then  the Second [argqst ngevwodu of the mrmmh‘seo( deaCQHC%/CDY(Q(“TIDH matix A of X i

of mest 2

Qmwoie we  Showed that the Cecond Mrgeg‘r efgu\vo\hw of Quary link of  Aimzntion  d-2 T ot wott o

ond  Tucthermore  that {\/ua ink 1< Connecked (le.

the <ewnd \m%ut ﬁ?gleALuL of Luany ink  1¢ stm‘cﬂg
gmaller  than one ).

Then we  can appf% the above  theorem {‘lu«vs\‘vd\g

( 4o \inks of olimension k-3 d“‘f/vw)vo —+o Sef the fb((ow?nj’

Theorem Let X =Cu,F) be & d-dimensional  Simplicial complex  with a balanced welght function mzrft—vﬁi))_
gmpynse that +the I-gkeleton of every link Vs connected  and  the Second (oxrguf ePgenv&[ul o{~ tha

V\nrma\rswx dej\acav\ua/cvrfato\'fﬁ)r\ mort ik o'f Qvery link o{ dimension  d-2 ¢ ot mot o
R X R
Thon X is 8 i nk  @xpondec.

Before we S a ?no{ of OP?thZ‘\mls thovrem . Wwe first o\?phd it to walroid Complexes  and  show that

ﬂ\ﬂé ace O-link 2xpanders (Ye. <Setend [Q(SLS+ e\‘fu\w\mz is ﬂoh~pa&?‘c1‘vz).

Thesrem et M=(u,%) be o g‘lm?\\(dv\k CbMP\QX go\ﬂsﬂl‘m% the waatrold  axioms |, with o  balanced

weight function  where  all maxdmal  faces  ave  of  weipht one.

Then M g a  O-link Qypamkzr.

P(DO&: To O\Ppl\% Oppenheim’s  Theorem,

w e onha nesd  to  prove that | -skeleton o\L 2very [ink 15 Connected |

and that the Second lacpest 2 genvaltne of the normaliyed aolga(ancg matix of the fop links 15 ot mest O

The ~§:‘MS* C(QTM fﬂ(owg *ilrnm the S cond  oxiem b{' mat cold ¢

ond Tt left as o Sv‘m?\z 2xe(cise

Tor the Second claim, we j%‘m%l\‘ Considec  The (va\brmmgu) a&\]uev\u& matrix As of o face ©

of  dimension  d-2

wiguivyd = 1 3 Fuivl TS o mavimal face
Since  the maximal —?mzs ore  of \M;L\ght ong Ay(tfp: i e i "l ‘ f

0 othevwice .
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We wonld  like <o arue that A

hat ot most one

PDSTH\/V_ Q:ELV\\/K[ML ond  thig Would \‘MP% that

the narmaliyed ao&l‘«cev\% mateix  has at mast on< positive ejpenvalue \Da Coutant - Fischer  (gxerdase).
To ofgre that A has at most  one preitive igenvalue |

et we start with the S)Fam\‘mg Lree

Qbm?lﬂXA
In a Spanning Teee  Complex.  the maximal faws ace of 3¢ n-l, whece n T¢ the number of veectics,
Civen o face F of <RRe n-3 Cof dimension o) |

tha gulusrav% Formed bLa the ad\gu in T
Ja\axcﬂt@ Theee Componerts left

has
The 2dpas  Yemained  Tn the Uink )(; ore  the 2dpas With  endpoits in diffecent  Components.
Two edges 2, f Tn g foom o fow of Size 2 tf Fueof fom a Spanming  tree (e -,
N4
2 and £ are not parallel  edees Fowe contrack the three Components o
Tn  ether  \words y

S(hglt vertices .
+he <dges  Can be

Pc\(ﬁﬁohw three Q%miuauvﬁ clagses T:‘,EI,E; uch  Tthat tuwo
edpes e,{ %mrm o Foce ot TRe 2 In X\: - H\J\a do not Lg\av\j +o tle  Same clact.
E: Ea E}
goj the O»d\jacanc& mact (X A can  be  Wrltten [N j*'\(E‘Xgﬁ “/XEJXE:*(YE;(XEQ»
which T<¢ a vank one matiix  minus  thige PWSHTVL Qemiclefinite  ymotrices.
TE o Aollows jcrnm Courant - Fisthee  that A  hae at mstt one Pog?tlue e?gznv(xmt (exercice ), ond
Tt hig Concludeg

the QPaanng tree (ofse.

The <oame ?ron{— worke  Lor lincar matrovds

whece two  columns

\\,“} Ao not form Q «{lacz of Size X
R H\z[{\ ace

(in 4he linear algebraic ginse) , and So apain the Columnt

«Q%M_\\/qunr_m clowsgas El ,—E,. o, rEK

(k hot r\,acumm‘ha {%m&( to 2) so  that
K K
= TE; R -

\

Tn &lh&(M . thic heldce 'Qor

\)araﬂzl
pactitioned Into

Can b&

A= T-

"My

Qrk(trc\n& watcolds  and 1¢ known ac the mateoid pactitten propecty

anol
the Some proof  works  (details omitted ). p
Prost of  Oppeaheims  theorem
Tonee produck  ond Rayleigh gquotient
B—o S
For Ahe prosf . W will be more  convedient o wek With  The

voandom Walk. matcix P oand [ G‘U{quut
Tnnec produ&) Qo let wg  sel up these  netationg Liect .

2L -4 nan
Shnee F =W AW ER  ic foal S‘ﬁmw\q;f(\t(,/ there (¢ an  orthonsrmal  Cet of ZTgenvad‘b(g V Vs

with e?gzv\vamﬂg

\Y

i,V
120, 2Ry 2.2, 2|

As seen in Lol, the romdom walk mateix Pz 0 A s sieilac to H ana hac the Same  gpectium |20l

109 Page 6



A - -L
Wwith €I§Q%vgc'(or§ Ol A IV VP TN B VA VO I WIS VI
The vettors  W,...., U~ Gre not  orthonor mal msTng the Ynaner Product - but T we define G new innec
def
Produck  CuiwyDy, = 2 WO wlue = <UL WU L then <upudw=0  For T3y and Cwiupw=ll

L=

ond <o The vectors WU un Qre \D-orthonsrmal  with raqed to  this Taner ?Yoduc(“,

Rocall Lrom Lo That the ugu\\,akms ®ose Lol nf K oce U\amdta(‘\%m\ \')u& the Rma(aTgL\ %Mﬁu\f

Ny -L ~L L
A o XTw>Aw> o Yy by letting y=W7x  onk S0 x=w>y
XY *xTx \AT\““@

= WIWWAY L yTWRy <y Pyd,

fwu& \ang\ Y.YD w
- ~\
%\a ol.o'w\g Lhig Chor\iy. o% basic (j-:\,\jix ond U= W 2y and MSN’\JJ the innec Produf <”‘>\«) _ the
Copurant-Tischec  thoeoram Can  be chformu(ahu)\ ot oLy = Imax min < %/P\é)«) .
Sraime)=k yeS <f\"a>w
- \ > 07 S S
The O\d\mn{a&e o{‘ uﬁfk‘mg with ? s that we know W= f/ W “m acg P1:=1.
WwWe can  wale ary ye R” ac Y= Gltot aUn with o= CYuidy a8 U Wy, Gre Wootthonormal| .
. > =
and  Tn particulac = YuPy = YL Py / l\Q\LW
TL\Q_ Yoo

Lot Aem’”" be the o\&]k(wg mat(ix of the sz\?tuQ link . .z AL?;P: % W)Y ey e X

0 otherwis2

n Wlojukd T Tujuk X6

et Ay eR

o otherwice.

be  the Lﬂf@mﬁuﬁ) demanua mataix of  the Wak {k}. ... AK(L‘)):{

Note that Ay i essehﬂo\lhﬂ the Qame matidx as we debned egelize. but extend 1t back tTo tncude The

Zzeco Cows oand zero cdum¢ S0 that U < of the Same dimengion  ag A.

.

=, Av , as wGuy) = let?u\iuk) .

Qince  the \,VUSL\’( —?uncﬁor\ w'*q:9ﬂl>o ts  balanced . We have
Tujvkex )

x
Tor each v, \J\JKéW\VH\ Te the  dlagonal  mateix  With  WeGE) = Wwilkol) Toe ko1 X onmd zere  other wise

n N ~ - N
wWeelR ¢ oo vedor with W)= wlkul) for kot eX)  ond 2ec0 othewice . and P\Q: We Ae s the

Candor Wwolk matrix  for  the lUink {k2.

1.8 ka be an ngzv\utdcv o{* P Witk ezg“vom X

rn

n
Ag A Scudied O\‘(JQVL . >\ HL&\\‘: = ( \jﬂ?k}>w = <%) A%> = E:,l <%/AK%> Z\ <%J?K%>NK B

We wowld like to  bound A by o . the Second (Mfcs& Ltgzmm(ue of Pr.
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Neote tThat  the ficst Qipenvector of P 1s  stil
zZ

Tor eoch *elm (H,Ppéﬁwl)uz witte Y=c,

>
<y LDy

go = 2
> S G e

7 4 ﬂ; where kﬁ‘f s

1 2
Y P ye > < iy,

n
Now, continue  with )\\\lal\a = Z]

Wi sethonormal  to  +he fiest elpenvector o f
\DB the Ri&u}n?ﬁoh

<L3/P\<L3>\NK: E‘ <‘3t* at, ?L(kﬁﬂjtj>wz

-
3 =
L wher e= 4y, = anck <1f L -0,
“e . 5}\\17\\WZWK " T e Pue

PK’ Oﬂ/\d\ 1’\&&

o{" the Second lm(gcst fl‘rgen\/oxhe af' PK-

whese k/(\t =

= E:\ (Qﬂlk/ P ijﬂ >VK+ < \3&) P Lﬂkl)wJ ’

where  the last equality  holds  becawse <L3K11?K%KL>W:<5¢, PKLA£>WK: o al
K

s argued  befora <gﬁhtﬁf IV W“@f“wi . oand

n n

T <yt Py S

L =

o2 Nyl

i\

where  the last e%mﬁﬁr! holds  ag EMH& =

whete The Cerond  logt 2uality wes that W s

n . .
Now , notlce +hat 2‘<%K‘PKBS>\,\JK1 2; l\%jt\wk ac

-
2 > > 1 %
and co Alyly < iyl G-o) Z Mg,
‘ L L
T emoing o Compuite D) H%k\l = 4 We
K= W e=( 3 2
Wi,
>, > . N 2 D) =
Note that — UTl, = = Wb =2 Wl = wlad g

>

« B (g < iy i)

> o 40>
ok\\%\\w - d E\ Ny ey,

n -~ 2 n 5 2
T W Yo = ? wayyay =

\[%H: ,

1

halante & \ua?ght‘ \Cur\cﬁor\ .

/> N
1 ¥ an Qngv\veLfor O{ P with lff@ym\/m[mz 15

1 P 2
Since QYe = <ﬂ;£>Wg 1
<L,19 e

¢ o balanwd wz?g\ﬁ Lunctlon _

n n
ond, <ﬂ‘l>w\<: El YHwd = \\ng}G)NLKUU = (L\%jk whare, A T the adjacency matrix |

2
k

- n 3. 2 n _ _ _ N
Cofuydi, =2 S2Puwe = 20 Ihd o Ly ay> = Cwlayuaydy = 1Py = fu%nbﬁ

k:\ |

k=i WEH W)

2

”rlr\em{n(e, we  have )\l(%[lw

In

TM&H%, WL W the &gsmw\(;ﬁm\ +that the U‘"Phﬁ \ink

divide  both  <¢ides \:\3 =X o

Lyl + Clmod) NIyl

conclude  that

and thue A=A € (1A,

Connected  te  obtoin that A<l , and So  we con

X< &li4n)  and thus X <

References
Higb\ Aimensional Lxponders \ob L\A\oofzk\j.

dimehgional  Combinatorial

- Hﬁgk
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vomdom el s andt coloc ful  2xpansion. \ogj kmu\frwm and Mags .

oxpanders  pact T Descont of spectral geup . hy OpPenheim.



- HI%#\ dimengtonal  Combinatorial  vondom Jalk$ ande color ful Lxpansion . \02 kau\cmn and Mags,
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