CS 8éo g?ac‘tm\ Sro\?h ‘tkeorg , g\w‘mg 2018, Waterloo.
Lecture @ Expander qraphs

First . we Sfmka a  detecministic  congtructisns c{ Qxlmvm(ar EMPL\;, Called  the z?g-zotg Froo(ut

Then , we diswss  Qome P(oPnrﬁas and  Voarious AP(DUQQJHM\S of ewa\c{zr 3VQPRS~

Expandec %ra\\)kg

There  are diffecent Pugs]btz waie to  define expandec

ijrc\p]ﬂj-
- Cbmb?no\toﬁcml(g, eXPavxd\zr 3(0\\31'\& are Sro\th with \/Q“'A Xooa C,wmut"wit(a L e \&S)l/lS( Is {o\rjq ‘\cor
all SV with gl slul/2 (edgq axwms?mj b INEO/IS] s large for all SV (vertex QX{)&MS?OA),

- ?fob&b\‘hs{\\C“maJ QXFQ)’\JJ—( 3(D\Fl\£ OCe gfqvld Ir\ which Yandom \Walks Mix \/ars fq?\WdLn_

— gpad(o‘lhﬂj quno\ﬂr g(aPl\g are 3ra?)ﬂ; with o (arsm SPed‘m\ 304) . e o, —%, Tis \argL

A< we have <seen , +the definitlons are UOQL% Feleted .

Q\mg”g '\r\a%(mhha stotes  that a Sm?\\ has o I(MKV. sgufm\ Qap i ohd anh(,j \\{» it E/dnsq, ix*ng\on s {MSL,

And we have seen Tn Lot that lagy  Tandom walke  wix g cely v oand wl? if  the spectcal gap s Lorge

Acma%) Complete Srzx\aks are  the best Q)(?ar\o{(( SquL\; n each of the oboye definitions but we are

Infecestzd in spacce  evpander  graphs with lineac number of edpes . <. o-vequloc gra?}ns for congtant ol

It con e ghown  that o Candem d-ragu[a( graxv‘ﬂ 1S an expandec 3”‘?1’\ with M%L P(n\ﬂlﬁlﬁg L«g‘mj

the combinatocial  definition \mé Standascd &U.W\}%ues C Checnoff bound and  wnisn bound ).

?UMFS Surpisingly . while  almost Quecy  graph 1S an  expander 3(0\%, wtoTs very difficult €o  Come up

with o deteemimetic  Construction of expander Srths_

Tn C,DnSfru('Hr\% ,Qy\ymxokar gro\?lasJ 1t tums  owl  that +he ﬁfedrw\ dafﬂn‘\ﬁoh

's  easier  to Work with.

\Jo. will use  the /?ouow'w\(% QT(‘DV\&Q( g{)eﬁro\l omfin‘ﬁn‘m

Defintion Lot @1 ba «a d\r(qgwmr &WXP\'\ Lot o= 2oy 2 20y 2-d be tle ;L‘\gzv\m\was D% Tt o\d:lcuam(ﬂ mat (ix.

We Cay Q ¢ an Qh,ok}g)—gm)vl\ ‘\\C Tt hat N Vectlces, oLMgu\m* and, MQXQM;,KB{N\—B < ¢d

“The Qrantity o= a ol 10,1 ] Te called the spectral  Yodius  of  the 3m}>k

The Smaller is the g\;edral fadius . The St‘rm\gzr tThe %raFL\ s as  an emeo{Lr.
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induced mbgrAPk close to @ bIPartIM Component.

Comb\mo&or\cdln, [l V¢ Small TF omd only i ther s mo
Prob@bmsﬁmus, o s Small 1f and mtg i the mon-lagy Yondom walke  mix %mcktn
Tt con ba ghown that the %Fedra\ radius o+ a  Yondom d»rzguto\( 3(QF\/\ i< OQE@ Wl’\? (<ea [HLW])
and W2 oce ntecested in deterministic  Consteuctions  of h-regular <jraPL\s with Small  epectral  radivs.
_Deterministic  constructions
afe Qk?av\d\e( 3(q\3ks, it 3¢ countecintuitive  that ™ s hoard to

Whilee  almost  all O\f‘(‘qu\ﬁ{“ 3(5\?1'\3

Consfruct QX\)ar\d/Lr 3rqpks O’\EW(m\m]S*TmHLG‘
have 1«?3\«\ d\uu‘x\aﬁnr\ Lom\)[ax‘\#n, While 'n determnistic

Or\@ POSS\\\QLD_ Qy‘)\qr\aﬁon s t}\o\'t oandom SfA?L\S
in a  Succinct way .

the 3(‘a];}\5 con be  degent bed

consteuctions
d-regulac  expander 3“‘\’“’ most of them are algebra]c_

Constfuctiong o-{‘

“Thare ave, RSome JZX?UC‘\t
The vertexr et i< V=2,%x 2,

8- regulac %(QPL\S G Aor QVQ(S Th’\‘egu ™
(H\ﬁ,\s), -y 47, Uy, Yo, Gy-xd, QAL Y, (Y \ﬁ), (x. WHO, Loy =x41)

- A rﬁzo\m“n c{
The mm?g\abvrs o vertex LX’“@ is

additions  ave modulo ™.

wheee  all
‘(V\D.D\Yv\mﬁ that +the hz?gk]ooﬂ o\ﬁ o Vvevrfew s very 2y o Compute,

Note that this %M“B is \/U:) egpliat
is \/U% mSe{m\ In applications such og \)romerLi%\g OLMP[‘\‘F\\CP\T\\DY\‘
g of THLW]

and  this
amx(ﬂms 5 see d\q?hr

The F(oo{ wies Founec

proved that o< 85 <§ .

Grobber and  Galil
S \/:2F 5 and O

The wvectex <ot

- A '\co\m\g ot 2f(zgmlo\( Pu\/ert‘zx %mPL\ ‘Euf evar% \)f‘xmz P
vertex  x 1s  connected to x4l ¥l ond i1t mu(ty‘?\w‘mﬁ\/e inverse X (for vertex 0 Tts laverse s O>,
Some  deep results  In numbec theory.

the additions ore  modalo P The proof wses

\W }\Gre_
oz fined, b% groups.

< ls‘ot() orfe

= The moain Sowrer  of explicet determimstic  is  Arom Co\\:)(mé %\’O\Phg, which are %raPL\;
Coma e{» the S%rohgast expanders called Ro\rvw\r\m]b\w grmF\ns with Q})ad’(m\ rodius
£ om Cm%k% graphs and  the proofc Tequire Sophisticoted  mathematical tools

Ih the last pouct of- the coutsr, we wWill Stuo’u& o0 new wory to ¢how the 2vistaence af Ramo\nMSAn

wmethods | Jﬁ\rou\gk Tm'fl(‘[!&dhj ’f&m”% O—E ];)u(\gmuw\mls_

Combinatocial  and P{OE&\;T(TST‘\C

3( a?\\s us?ng

L08 Page 2



We will \)raSU\‘( oo Combinatorial ConStruction O{— e¥ponder 3(0\?%5, known as the 1Tg~zq:§ };fooﬁud‘, Whose

\)rmo—% is %)mP\u ond  pre  Tntuitive > but Tt Tc les yplictd o the abbue (onStructions.

Combinatorial  Congtructions

The genecol ldea  of Tthe combinatorial Conctructions 15 tTo  Construct o \o?%g@( Q¥pandec 3MPL {rom
Smaller  expandar q cophs .

The boase case g weually  Just o consTant  eiye Complete  graph.

Let & be an Onkoed-graph  and H o be  an Ckod, ) qraph.

A natual  product  GOH  of the ftwo qraphs G and M 15 called the replacement  product.

The vertex et of the product  1s V@O VH) |, the Coartesian onduﬁr-

Eoch vectex Vv in G (o{— &\egm:c ) is (Q?LmLad\ \rzn o Copy a% H  and 2acdh Q(AXL incvdent on v

is Incdewt on o diffecent vertex of H L 2-%. VX W Q N N »
o
?0‘(‘ sz_xaw\?[k ) W ¢ Q andk CT [N @ s {LJZV\ C—{@H vS

N\
cloud ?

Trtwitively . GOH s an expander 7 G and H ace.

Consider o cebt SeVCGOH),

Iﬂg S ha¢ <either \a(ga of  Small intersection  with each “Uouz)\h, then S showld have largz “xpansion becoause
o4 the \Qfgﬂ expansion of & (e o Q is ke a et in GO

I{— S has  wedium infecsectlons with many “clowds” L then £ showld  have \arjxt 2xponsion becauss  The
locge axpansion of  H iz Many  CYosSing edfes  within €och eloud )

Howevee . V& 15 not clear how to  moke his  Intuition pcecise . as there seems  to b ne Clean way
to dewmpese o Qt's  contrbution  inte its  Comtaibution from G and it conteibution frem  H.

Inoaway.  the  Spectrol proot  That we are going to 2 Scon Com be thaght of as o lineac

q\gzbm‘yc A?Pccaak\ to Carcy ouwkt  this tdeo In o more izhzral QQ%MS.

2iq-2a¢  Ddroduct
9 J v
The oactuwal  construction That  we WAl m\alL&zL i< S[\‘KHLZ} ot Complicaled .

The z?g»zo\g P(ndmd o{ G oand H _ denoted bna CT@H . hoas the Some vertex Skt VEY X VIHY o

the  replacement \)fod\uﬁr-
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The 2dges of  the 2ig-zap product s obtained  from o \eng%‘f\ three walk  in the veplacement product:
there ¢ an {dxs& (UL~ Lus,ovs) in G @OH i oond bhl\a H thee exists W Such that
Ca,o v = (ww) L Cupud = Cusyd> L ( ui,@—(ul,\/g are edges In the replacement  procuct Cron,
where (U — (u,)\ﬁv s the Unigue Q(ASL incident on (u,w) oing out  the cloud of w, in the
Ceplacoment pro Auct .
Th othee  words. 2ach edpe in GOH cortespondks to o length three walk  in GoOH , whee the ficst <tep
& within o elowd . the Cecond ghz? s (the uni gue Woual acrost two cClouds ,  ond the thicd Q\HAF 7<

within - (4he econd )  clouwd .

Tov -Q/XQ\N\P\A/T{ G s a gvi& and B¢ the L%C\Adrz , then GOW -

where +the uzo\gzs in G(@H are te ek zdgu .

The ntuition  that  the 238710\& Pvpoku_cf s an  expandec 3(&]% is frsm Candom  walks.

Toad *dge \n C‘( e covresponds T o Yandow lrlk in H, o determiaistic Step in G, and o, comolom SJDL? in WL

W can think of the F:(st two SJ@ZPS as So‘mg 4+o o (Candom magk‘mr cloud , andt the thick S\LSL? Cnrrufondxﬁ
‘o mw‘ms to o Candom nL?%\\\,o( within  the  Setond)  cloud

Since both G ond H  are ewpanders  and <o fost w\‘m‘m& , aftec o few steps of  randem walks e G oH,
we wont know  which clowd  we ace In onmd  also wonl  know  the location  Within the clowd . and

<o CT@H ic  alse ?as’t rw?x‘mg ond. hence an exFamo\e( ij?lx\‘

Theocem QZWX—MS prom&3 et & be an (Y\/k,%l\r%(a?\q omnd H be on QK,d\,%Q~<Sra?%.

Then GOH 1 on (nk,o\l/i,%il+€§3ﬁ3raFL\_

Bofore we Se the proof of the theomm. let's ficst sea  how it can be uced to Comsteuct higgec
and  biggac  onitant degree  2xpondal  glaphe .

A notucal graph opecation to improwe  tha o epecdal radiuc T8 the  graph pousring  operation .

The  k-tk power &Ki QU,E,) s o %(a\s\\ on the Same vertex as & omd e add  an kdgg Cwu)
in F r?o( Query path (not necessacily simple)  of  length meﬂa Kk in G from w te v.

Note that The adjacensy matrix of (xk e AS whae A Ts the ad}a[“"‘“g matrix o{ (:( L?Qr}\ai;s

thic chould be wsed a¢  the definition of GKB
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Qo, \‘{ Qy S an CV\,o\,i)—i(a?h, then C\—K ¢ an (Y\,(}\K, €k§~<jra\>l\.

Wwhle the ngCrra\ Yodivt  has ?mFrovzﬁ\ %?Kh}—{vaanﬂﬂ, the da&ret also  ncfeoses g?j;yﬁf:@\,&\\(j_

Thae idea s *o ute the 1‘\&”2&5; product to decceoce the (Azgru_ while  not \os'mf zyFans?on much
let H be a (dq, A, %éﬁﬂgrm?k. We Can prove it existence hbﬁ Prahakrhgﬁc method . Since o
s  a tonstant . we can Lind 3t bg Lxhawstive  gearfch Tn Constant time.
Using  the bullding block  H. we nductiely  defime G, by G=t ond Go= G @OH.
We claim that G, ove oo (dT o l/cﬁfgm?k for all nz
The bose case s True | Q\emrk\a.
> an

A ssume (:y“ s« (dtm/ dxl/ /4 ‘S(D‘PL“ then G\n s o Cd )d\%) %é)~%(a?\h , ownd

TOH e e (A AT Vad cqraph by the 2ip-zag theorem -
n §rep ja §=2S

Proof of 'z\g'ug thesvem

Tt e net diffictt to check that G OH  has nk vertices and s d vegulac.

Tiest, we write down the walk wmatrix 2 of  the 7_T§~wi product.

Lt B be tle walk wabdx of B and B be n coples of B on the dingeal .

The matcix B Correspond o the movemenls withm the cloudg

The g%q.gzs bovwean Clowde are dalterministic @ We viove jcrcm & Vertex (Vi) T the unique vertex (u,j) with  v=w.

The walk matcix foc this step s a permufation  matnix Pt P(v,‘z))(m,j):l Sfovr each “axternal” Ldga
0Nk 2900 otherwioe .

EKA the defintion of the z?Sqo«g ?(Oduf . we Thave 2= g?%l

The 2”‘?1’\ GO®H ¢ Cogulac , and to Tnk s &n Qfgenve&or of 2 with ZTguym[ue ong .

— 2 2 -
(o prove the ngrzag Prod\mcf theorem , we Wil prove that \ﬁerEK/\\f\\ S g g, ey —gor al "fL Tk that ic

The Ro\gju?gh %moﬁen‘v ( wuith vespect to 2> is  Small £or ol vectors orthogom\r to the ficst eipenvedtor.

e d\auﬂv\'\)cgav WC to two wvectors ‘o appha the (esults n GT and H.
K
This ¢ wherm  the  powec of  linear alpebro  Comes from , ac h the largec  domain of R™ thee X o
notural overmﬁoh for  the d\!&bm?a@tiom while in the combmatorial domain T s not clear how to duomFogx

|
Define Te s the average of f on cluds. fe. fgoui) = J\Z 25_:1%(&53 , So that tus verticet in the Some
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cloud have the <Same value in ‘F‘[T.
K
DQ\CTr\Q {Hirg’u{&, Note that —FH Qums To 2Zero in Lach cloud PRI SE:"FHQX)p:O ‘{:of €QLL XGCT_
Rougkha g?l&bhg sowe Wl e the C«Ssuw?‘c?m in &G to ghow that \Wﬁﬁjziﬁﬁ\ < Q\\\{%Ui ond  wse  the

[kf;éu\w\?%‘\on \n H to arng thect HCQZ’FH\ < Q,_H’FHH:

Note that €728 = HTEPBRT = | (fg+ £ BPE (f440] < W;EVM%\ + 2] fq BrE gl ¢ LA BRES,
Since Bfk:i o 1t Lollows  that ﬁ{ﬁ = fe s vaerticet in the Same cloud have the some Value

So, 724\ € VfIPfg) + 2 [ LIPBR I+ VELEPE R L

We will use  the ASSumption  ow 0 to bound the first term | the os¢umption o H To bound the TtThird tarm,

anch o g\‘m?\a bound 'Fo( the Second term.

Ticet, we bound the thicd teem.

S

Since  the Spectral  Coadiug of B i %, we have Bl < ¢, ¥ ‘Fo( mg XL 1y . To gee this , weite
K
X = E) iV Where  vi are the orthonormal €lgenvectors of B with @Tjo\wa(ms Ay Nete that  cpzo
= > > %f 2.2 > { 2 2 kN
as  Vi=1/Je and xLT . Than, el Lz c\\,j\ =1\ ic wvill, = 2 A € TG =g

This mplies that | AE/'fH\\ < o, Myl as the sum of 2ach clowd in Py T 2o
TL\IVL‘%MJZA the thicd tam i< L?Jél?g {EH l £ H é/‘ﬁ: HiH PEJ‘FH H1 b\d C&uaha/gdﬂwhfz
= H%%HUZ as IPxll =l since P i5 o peemutat ion modrix

AR
S:M:LMM . the Cecond torm S 1&{&?@4“ < mw&u IWP€§H\\ = 1\\{&\\ \]gﬂ\\\ < e, H&n RSN

We will prove Tn the folloving clam that 1144 P el < el fell”
This wodd twply that  1{T2f ) € g Mg 1 + 26, Wfoh Myl + exn gl
<o Ml L (I I8+ e Wbl € (e vt e IRND | Whare the last
inequality  holds  becawse g1 fy and o WfI7- Dfe+ PPN N0l and so Ufgl il and UL 14N,

This Wl complete the proo-f Tt camont o plove the '@o[low\xnj claim .

2
Clam | P Ee) € g ifel
ro0 Tn short, the LHS 75 2qual fo the Quadcatic form of the walk watdv of G

To  work with \’?éf PLeT L we Seontract 7 cach  clowd to o ginple vactew.
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Detine céi VG >R as Sw) = JK <F<T ) - Note +hat H?\H’l = H'F&\\;L_
Note ale that {Q P{—% = XTwi where W is the walk matvix of & , os each ugg Luf\)%v)]) Contributes
WCCTUA,D”FG(U,P <o J\CQTP\C% while the Cavres'{;md?ng ngc VEEVARREN GT Contributes
(5 f5 ) (T fewd) = faun faw]d o gTuwg.
T 2 5
Therefoce . £g Pfe /1 I = gy /g
%rr\& ?Jf/ we have —F% Lf ond tThug gif .

As & 1< an nk.e)- gro\pl\ ., Wwe have \DQT?\C(T /H'F&Hi = gTWB/H%HL < ¢ . p

Peopectiec of  expandec  Qraphs
+ ] —0 T
A Useful property of expander %ra?kg ¢ that it behaves like Yondom gm?}\;_
Lt BT = § L)+ wes, vel, weEH whate an edge wikh W€ SOT and VeCNT i¢ Counted twice.
Trn o fondom &TD\"J\\ wheee  eadh 2dge ?Msmﬂ with ?roknb‘wl&g d/h, we axpect that IE(S/TN 1s close to %KSHT!.

The z\ufamker m?yih& lemma %o\ﬁs thol n an Q‘APG\V\AG( Smxﬂn \E(S_[)\ T close to this number.

Theot2m (EYPande( w\‘.xin% lemma) Lot G=(uE) be a &»vagu\ar &(AY\/\ with %\)zc*\‘w\\ Vadiu, .

[ ALLI g o Jtsiirl

Then for oy SEV and Tev, [ 1EGD)
N oo Lot % ond % be ‘the chacactedstic vectors of Coand T, la. XcD=4 W Te & and PRIE otherwise -

-~
et Ui Vs, ., Ve bz on ovthonormal bass of e:gzwvu‘m&. Recall that v, = 1/& and o= A .

> 2 (Tl
Write g = Z 00V and M= bivio Sooag= <¥gv e %\; andk b, =<nq, v, V2 T
Note tat 1E(T] = %A X =© E\ k= d\\é\\ﬂ/w + “2,1 *;oaihy
Qo , \ IE(S,“\)] - L\‘E\T\/ \ < \ ?Zl M:O\:E;\ N 127,1 locs\fas bl ¢ o %L Lo th; bxé g?gctw\\ Cading
S A \\ (A“ 1\ \o\\ \’>\a CWML\MA* gtkumrv_

= wlixall = o Jswl

Independent gotc and  chromatic numboc

Lot XSV bo an "\V\d\me\Mvﬁ cet e, there 1§ no ngQ betieen O\mé Pofw( of vertices of X.
EZX defnition , | B OO = o
By the xpondar windng lemma  with C2T=Y, we hew M n & P ad hus X € B/l

For Qraphs with  d<ed . thic Tmplies  that the moximum size of an Tadependent <eT 75 <en
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and 4 fellws That +the Mmintmum  Chromatlic  number 9% Such SraFkC 18

o~

D\amt'ter

We claim that the dlametec of 0n

exponder (g(o\?% XS OLJ—%%V‘?)
%Z\ CL\QQgQ(/_S TT\Q%M\\TJY?/ (b(i) > L’; _ d\ﬁ(xl

= —17}\— \/d](\l(q, )\L

B {lcr 3(9\?%& with SFQ&M\ voadiue $ ¢ d.

T8 the <econd Jejguvalu a+ the mrmah‘gg{x Lqplmc?m
matiix  and A5 35 the  Recond

La(ngf e?gzhummz o{ AL
This  implies that 1$¢5)) Aoty

> A-eh
L5 7 =4 2

PN

and  thuw L6l 2 (A=) ollsl Lor all

N "\/1 .

\

‘et T\ILS)::%\ ISAVERN \ \'V\} ”(%DT Some “}c—§§ be  The Y\QTg\,\L;u( Cet h% S

Then el 2 BN/ 2 (BE)Lsl for all € with isfe g
et v be a wvertex and By, := { LeV | st L) s 0] be the ball of rodius v ooround v

Then ‘the obove  gtotemedt impliec that  B(yu,¢) 2 (H%) Blvc-1) > . > (WS i) Blv,1) = (\’*l ke
log lo
I‘{L we lef hA=i-g be the spect(al 3ap- then Blwr) > l\{ Lo Y= 0( \Z&R-ﬂ\)s = Ok%ﬁ .

This lmP\\Qg that The distonce betwoen 1)7\3 Pm‘w o—f verticed 1S at mett v L henwe the ddlemeter Te © E%

This s wot Surprising abt oll . since we know thal the Vm)dng time 3¢

Lob .
Vevrtex expangion

One con %\ve o bound on the wvartex QxPanston ‘Hf\\(‘ou\g)\ ngg expansiom  as Wi A above .
Here we prove O

S‘Yror\gg( bound oag +the Tamnec’s theorem.

M&Tawha() et & be o obfe%m(o\r

Sro\?‘(\ Wwith  gpectral Tadius < ¢d.

> \/(CK Yr ) for Slzen  Wlaw 0<c<E i oa onstant.

Coo et CeV with (Sl=en, Xs be the chavacfecishc vector 9]( C/and A be the adjeenty makex of &
with ‘@T&X’r\u{x\mag ol 7 oky

Then NI/

2

\I\Jf.\il ’XS: :\371\ AN, o, \,\)\1\’1 \/\: /i/\]—)'\ andl O = <FXS)\/3 = Lg\/»W'\
Concrdec l\(\xsk\: Let W0ST:= NCOHU S

Oa one hand \\A’XS\\Z =

2z
, \SANM\ /
VeNrs)

2
(Bwcoy 1o meal) / (Bea ) vy oy Sets

<)/ sy
On +the other ](\omé\, \\ A \\L =

2, 7\1
sily = N3 e N\/\\ a‘\lo‘il < Lm - o T ol

- a, = — + Dﬁi&\\'Xg\\i” QT)
LY L e (eretioo)).

l

1 .
- st *(_Qr}\)(\
n
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P4

Qom\;\n"\n&/ wa Sd d\LCw Isl /i\lLﬁ1 < O)\LCV\(C+ Q}CFC,)) D \N(QH/\S\ m> O

TE chows that when  C<et  then INISII/ICL 2

which impliee  that INEST con be much b\r&wr +hon S|

when (SU 3 gmall er\ovgk.

(!mm&

Converse of 2xponde( m\xins

ﬂregbngxﬂ) Rilu and Linial pvoved o.  CohvecSe o{- the exPo\r\o{er rv\\w?nf% lemma Sl«mw?nj thal 7t comes

close n O,M(mc{u‘vs“mg gm?‘n& with  Small  epedtral  radius.

Theorem let & bhe o d\—rtguko\r %{m?h on n vertices.

gup\’)nsl that  foc any L, T evlfg) with SaT=0¢

i ohelde that  |lEcemi- AT <o Flauel

Then all but the lacgest 2iQenvalue of G ore bounded - Tn absolife value by OQM(HLDS%})

The Proa% s based on the {ze[Lowzr\g lemma

_lLawmma Lot A be an  nyn  veal symmetcic  matrix Such that' the f-norm of each vow in A 15 at

Mmost b, ond all dx(q&onm\ erteies of A ace Tn abSolute value O(X(ug(d/mﬁﬁw)

-+
Actume That ‘gw any Lwo Vectors . W, v €{OJ\3Y\ with guPp(m{\%\APPLv)tCP {t holds tThat MLS ol

Jwll vt
Then the  gpectal cadivs of A T OC dlog (d/ad+1).

The thesvem Polbws Leom the lemmo \o«a mmg A= A(&?“%T L Where KRGE) s the oui:)aczv\(,a mort K D\C CT

g?ed‘(v\\ C‘MP

How Hv&ﬂ Can  +he ﬁ;uﬁm[ qap he 2
o w= W\o\\;g\um\,\dn\h where  o; T8 the Ti-th \A(gest e?gznvmlu@ of the D\dJ\O\LQ(\Cg AT X .

Thete  oce gm?\ng) Called Rammhm\lav\ ifap\wg , that oo ¢ 1&7??1»

This T¢ Qggqn-t}p\\ha ﬁ&‘nt . ous  the \Cutkow:n% theorem \'_)\a Alon ond  Roppana  Showed -

- RECE
Theovem. oy 2 2Jd0 - o (SoTy )

Aam (&Y~ &

The theseam ‘\M\;\\‘es that f we have o ”]Qmm}l 91( constant ALKWLL j(q?l«s 2och has A <o, then ©o32 151[;

We %TVQ, on QO\X\& F(Uo’g‘ that x> \SE Cl— On(D) .
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\We Know tThat nd< JWM,LLAl), 6¢ eoch edjm, conteibulel one +o dvoace (Alﬁ,

n
On the ofther hand, we know that +trace (&) = E\ 0(:l < d7x (a0,

Tkzw_&bu{/ d\i+ ()X 2 ndk ond this 5 2 din-d) /QV\AQ oand  henco ® 2 JL nod

n-\

Rano\om walks  in zv‘Pomo(e( Sralpks

Lot (}\:KVJ¥3 be o dv\'m&m\_m gm?% Lells assume o=cd  and ESMO. Let XSV with D<\é\\/l/ﬁ)D
et Vo be the initial fondom wertex , and V)V, e,V be The  Vectices Produced b\a the € Q\'e?s of Condom  Lalk.

let Q= §\ 3 :\/;GX”B - We cheee vy ool o W\r{om\a rondom wertex . fach vertex DJY ?fohabtkwa I/

Thester DeCS1otR) €« ()

Ficet, we set up The mataix for mulation of  The Fro\oum\

The Tnitiel distdbution ic¢ Tz 1 /.

Let %y and XX be the Chacadeastic Vedors 9& X oand X p wher X = V=X,

Lot Ty ba the zA?qg.moJ matrix with a1 i tle -tk o{ia&uwx\ mg W ieX, and Y\M\\Rr\\% 13

ot P be o Pmbo\‘o{l{‘r\a distnbution .  Then Iyxp s the Pro\:mb\‘mg Vector on X .

Then %: \/\)1*"“ 1s +the Pro\mh‘\tﬁa vector whare  the Inttial vrandom vertex 35 in § , where W = A/J\,
Then, the Pra\aa\o\\l\\a thot  the walk ¢ in X at ?‘“”‘\Q the time  steps in AR

‘ilegN 12&\\’\\1@,1\}\)“- I, W IZ\\:\J“ > Where 25 =X ]% el and Z;:;Z 7* ig S

We  wuitl plove That thig Fro\a;\\ﬁkﬁ-% s at most: ((/QE\S\.
This will TMF\V(\ thot ?f(\g\ >i([l> < \37%11 Pf( the walk s in X o4 P(Lcige,ha the times in S) b% whion boundk

il .
< .Z’c-o\(l/g> 3 - (7-/&\ -l

Recall that 1Ml = "“%X HM‘&”/”‘SH = "‘;" %TM%/\QT% ’%or gk\ymmeﬁ‘xc M.
We con check that BTyl =1 Igl =NTwll=\
Wa  will plove that [ TywW €1/ €0 and this would TmFla “hat +the obove Probo\b\‘tﬁg ¢ ot mett U/g)tﬂ.
ST 7
T[) See 'ﬁl’\‘\gj ,f ’th\’\s 11&»\\'0 ~- 121\/\} 1ZL\/\5T\: 1(—XZ(W)&12(4\'\)> . L—.\LZL\:\J>(‘IZ\\I\J>T—\
< \\?LT \\ U(XZ{\’\J> KX“L{»\\’\J) &KlleK.Kz\w) T\\\ Cmuc%%~galﬂwo\(z
t
T\\@L\nz;w\\ym\\

f\\:l)w\\ U/qu \\T\\\ as WTwll ¢ Ve 7{ 2:= X and

U

=
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1 Towll € W T Mlwl =1 3 2= X

< ag WTTHETn ana Ul V.

Tt (gmans  to pr ove that || Ty Wl e L/

Lot \% be any  nonzecs vector  ond Wit %: CVy*ot v,y whaie vz ’17/5’; and C\:<lg,\/\7: T%T/ﬁ where

Vi,..,Uax oave the orthonormal wvectorg o{r W with g{genvmku_as \= >\\ 2 X% >,>\,\ > -l

2 2 kN

Ty 1= 0 LW Cewne el € 1T 3 envell <o)l Tye vl 1,5 el

R

DIVIES 2 2 ”
$all Ty (DT 2, vl
= 2! ( l\,\é\LY *2.\2—/1 ey \\1 \D\S D"’H’\“&W\»\\H\a

2
sux\-Mn? Wesny ;\\L b

Couchy Schwartz

as (2yYe(2y)(20)

Thas UTywyl € % \\a\\l, Bnishing e prost

A‘)pl‘\ca\t‘nn‘- Probo\b?hhﬁ ampli{icmf?on

%mWUgL we hove o ‘({)né\w:sej\ o\\gwiklw with 2906 ?ro‘ou‘m‘\({wg oo b\ﬁ rwim(f n fondewm bike.
This wneans thot Amonp ho S ey g’w\\\{; , (IML\/A 1“/\00 are had” Sﬁ‘m&s.
To aw\?\?f\a the Cuccesy E}w‘m\\u}\‘\ha, ong Can \)Tc\( ¢ voandem  n-hig Qh‘msj , than e evroy Prohk{h{'\a NS
0k mosk (\/\w)k \As\h& kn  Tondsm  bits.
We shay how to axporentially decraau the meror \’”BMW while nsng g nt ek bits fre o constnt
Comttunct o docepular oxgandec graph with 27 vickius and VAN
Tn the fovst step, we wet an n-bit Condem 2t with geoor ?rmb;m\a < 1 /i
In the Su\]se%wm steps o Instead ef ptuk‘w\g ‘mo(a?e“o{zv\t bt sﬁ‘mgs . oW do @ u-\\sm\; Comtlem  walk  and  wse
the s&mg& wras’?m\&w& to 4l vehus M the condem walk as  Clomhon n-bit Sk\ﬁv\&&
A&V—r we vy ek “vandem g’w‘m&;, we wie Tha ma‘ym‘k\a ANSWOr QS OWC  QnSwel .
What 1o the oxtr probabiliy of this alpmithn &

We owkput the \/\/(VV\& Answ oy IJ[ the WEng - answed NS N mo\"\)w?*\a.

giv\m, the number e—& bad %&r\r\gé 1€ at motl 1w/\00 , the  arroer \)fﬂu‘oﬂ[k\a ¢ at wmst (1/\Y§>K \r)xg \lcﬁih&

K to be tle et o% bad S*ﬂ'm\gs_
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The numbec 9& tandom bBits wied ¢ nx K\"D\"Sxd\ Sinte  goch Candom htTgL\Lw can b choten with \9&10\\ bits .

Note that 1 woetks for two-adeh ervov Mv\&\w‘mbuk a\&w\k\nm as well.

This s “lwsk one JLXQ\M?“_, zx\)andw &\'a&)\«s have W\ﬁvwa awl(m‘vm ™ otamv\dxmi&qﬁm > Sex CHLWT.

Appl cation : Cms&mc\-\\r\g -E{_{"\dh\'( Os\octs

One caw thank frf " o}vm&m\ar uwmr ngL\ a o veva Q»H\"L?NT oL‘)La‘( , as oY mn\\a has very %L\,\/ u\SLs but

1t achever \/Q(\& L\Ig\n b\wwuﬁv\%-

TE s not Q\Ay‘)(\sing that m\;mm( %YD\?L\S o weful Ta cwstmd\mz L{ﬁdem Communicatidvn  Netyerks .

One zxamfu 16 the Concvuchion e& Q\A’PJ).(CAW\CJMT(D\NS, which are  difactead %mp\mg with  w “\v\Y\,ﬁr nohet T and w

bvd?\,dv nodes , Qnd gaﬁg{\amg the SJmM& mwuﬁ\/ﬁ\?\ Fruw('&\/a Pt  thee ofe b verkex d\is"lo\m& Paﬂ\s {v,

o\vwé k ‘\nwt nodes and MVA k U\A”k\w\t nodeld  oand fn« mw(\ kén.
Tor tetrnee , o WY\Q't( \a"\vmf\n &mv\« gdﬁ;f;u Thig \Wn\)u&\a L buwt T has CICW) Q,ASLQ;
VKS'M& zy\;m«)\u Sm?\z\s e Can  Cemstruet & ‘;\A?uoww\,\*wcm( with the ‘Fvl\uw%& ?\'o?z(ﬁz& :

- it has O(W) nedes Quecy node s of constowt okzgru , ond thus T has O(n) Q,J\&LS.

A S\AYQMNum‘waw Caw be Wied a$  an Q_Hm‘amk %w?hk?n& rebwovk . Beades , Wt can be wsed o Aag}gm {‘nsh_(

Oul&g\,\ﬁw\j ‘ﬁw Cbmpmﬁr\g network Cnding ond. C,OMFM’THS matix vank

A nothos '{*mw\ms y“\mw‘?\l e,& M“i m‘awum &m?\,\; 7S o Construct on optimal Sbr'ﬁng networ k., with w[g

OU\Lo&v\B edges avdh with Mw\n O(lo& nw).

Av‘e\ér_o:*‘\m; Und Cected cwnu-ﬁv‘-f\a n lo& spae

OV\i ‘\mpu("’fﬁ\r\+ O«ppl?caﬁar\ DJY the 7_\g~7,6\g PYOMCJY s To Solus tle -t bemnacﬁ\/?{‘\a Fralaum Th {ug ?PQUL .

e. T determine :W( tlere s g Pqﬂ\ ‘FYM 2 v ot in an undivected &MFL\ v\s\ng o | SFC\LL.

A we will see lMerr/ ot mg\a to Qolve the P(obum I—% we are  allowed to wse
d“°]“g condom  \yalks {:O\’ D(Y\%) g&a?g would  do .

There 16 a Simple detecministic “lﬂ"‘““"‘ msCr\S O((OJDZH) S’Pq&.

Qelngold discoveredh o determinishic algcr‘\tlam using DUBXU Spae Mg‘mg 27g_lqg \srodwﬁ

We ‘oﬁa\qa disass the %Tgh \evel 1deas hace

Yondmmness

Qumvose  *the  oradlk I o A-veoular  kxpandar 9rvarkh o a  constant A . Than & has Tameter
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Ty o B\ = N AR 31 ! ) i

Then Wi Can Lhumarate o) Poths  of \,u\&tk OQ\a& n)  in OUo&hﬁ pace - sinca the ngl\ i< Of
Censtant d\x&vm\

The  1dea n{ Rz‘(v\jom’s oﬁfurlwm te b Transform any gY&FL\ CT into ol conStont o‘\ﬂ?(QL lk?ﬂhdﬂf
grath - suek that St are  Comected tn & HE T acre commeted in H.

We tan Yveduee & inte o Constant o\z&(u Kmﬁ bvd vnp\qc‘mg gach vartex  of 1«‘\%1:\ d\ugru ba Stwe.  low
Qe ox gm?\f\, g’ms o. Cycle ¢ an expender _ Just (ke wWhat  wa otk Tk tle v eplacemaent Pvukud".

To \meuz the <=xpansion , Wz construct  the i(qk Q{Q_@H , and b can be Shewa tlat tls
Qpe chvel R houbles  Tn tle Cagulting SYa\al\.

Co, wn Just nesd fo Cprat thic constraction DLLOSQ Fimes to ge’r Constant  Spectval JOAF/
o< miﬁauvd the Spectral §ap  is at least # S whith holdes for any Connected gm?k_
Now, wa Cun The =xhanstive <earch O\\KDerm on  this (2 utting Constant  olegree upander %MPL;

Note ~+hot wa donT Construct thig gmﬁx comPlehz[?r » as Tt (equices ‘oo much  Spoce .

We  Just compute  each €dge on Ademand ~ The observatisw 8 that Hace are th% OUO}/\)
vecucsion levels for the ConStruction | and  In Roch level g \‘Juyf need  canstont  Space <incg
thece oare Onha theee  S¥eps ond  the dzﬁu‘a s constant .

Co.+o compute eoch eder . we only nee d Dﬂogn) Spate n totol , and wWe dont need o stofe

the  actual Qo(gzs jﬁa( tle  exhawstive Search [ e st need +o  Store the  current \/Mhzxﬁ) ond

L

the Tnokex” a& the edgs In e path se \Co\r . where each t™dex can be 2tored  In Constont
g\EO\CL, (0NS ‘the 5(9\PL\ VS (;-F C/DV\S-{\O\Y\T d\ngD_Q )

The “+otal pace ra%mr(o& 1S thus bUm&h%

1t s oPon whetler tlae s & OUO&V\)~§PRLL o\\Km:Jchm jcor AMractad < CDW\ZCUV\\@&‘

Ezfcrzncv. Evl(kgﬂ'ﬁhﬁ Can ba ’Icc\mok in the eoxcellent Sww% © QXPW\M( S““F\"S and. thaic O\PPLTCD\TTDM//

\0\% Hou(v\\, Lintal and L\jigolc_fiw\ CHLW .
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