CS 8o g?@t‘t(h\ gro\?h ‘tkeorg ) g\w‘mg 2018, Waterloo.
Lecture 1: Local Sra?h ?a(-ﬁtion‘mj
We  ghow that vandem walks can be wused o Find  Small Sparse cuts , with performance Juarantes

Qimilac o that of the spectral ’Par&‘\‘t‘mn‘mg o\\godthm, while  the (um?ng time could be  qublinear.

Sma\\ pacse Cuts

We ate Tatecesked in findinga small gpacse et Laoa et @ owith Gl gmall and ISl small.
Given o Jm&n’r e tn (whee & could be o gmoll Constarnt . or Could depend on n Eo\é ‘\1(’;) onol
o vertew v, we weuld Bke to find o Set C with 1slSén whidh  containe v and ﬁ?(%) Small |
This P\*DUZW\ 1S natweel  and hoe aW\‘\cqﬁoy\s sy n {mi‘mg a Small Cmmwﬂﬁa Wooa QoGal netuwsrk.
Often tha graph 7¢ very B . and Tt would ke useful to have an algecithm  with curning Fime
only depends  on  the output $iye C move F{u‘\mv&, depends  on 1Sl and ?e\»d(n& U\fﬂ), So

that TtS Twn‘mg time s Sublinear when €] Y¢ small. We call sach Mgor?“c%ms ycal ” ql\guﬁﬂvms,

The Sde”rM Po\r’t‘vﬁon‘mg algor?thm con be Tm?lemerﬁrad Ta near Unear  Time . bat tlece X ne centrsl
over  the QT)D;L of the wﬁ)m’v Sel.
Wa Wil ghow & Yoandom Walk o\\gmﬁhm with  *Twilar qu{wmm\m gmm»&u_ as gpectval Pmﬁﬁw}ndp Cwith

Qome  control ovey the Q\l)aL n{ the onCFtﬁf cet. ond vwag’ Yun n o Sublnear Heme .

Intuition
QKAWUSQ wWe  Want o d‘(d‘?rxgu‘\sk between  the folkow‘mg two Cases
® Therw ds o gt § 0wtk D)<, and S| <én.

@ rEuszv\a Qef C Wit lg\ < 2én hasg q}(Q 2G> o

Tn the st case, § we St o vondem walk from  on vartax n € Hun we Rypect  that
The vondom walk Wil stay in C with high probability |, while in the cewmd case . wa
Sxpect the yandom Walk v wnix %mcu% o oat least for sets wp b Si3e 24N

To (ﬂsﬁnguﬁﬂ«\ +he Two cages. wo comm@ \/\)tf)q for an am)m?ﬁpd*ua chosen T, Whete W T8 the
loye. wolk wetix  and Xy eRD s the Vector with one  In i-th pesitim  ond 2ero otherwise.

\We ook ot e Sum S‘f e $n ko\(gagf onties In \/Jt/X\* S, ol KRS Quww QSh
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In the first case, T{ ie €, ton wae Lxpect ot C% ¢ cloe t 2, ac¢ most Fmbabtkrﬁu
SJWM&QA\ o S
Th tho Qecond Cace ., fLoc evecy vertex 1 In the gm?%/ we expect that C%V\ TS of west Lz, because

the \)fo\oqbi\ité would  have %?(m& I@vu\% \noot least  2%n  Vectices -

QPM\W\M\ v d. Teng [$Tol) dmg‘xgnui the \C%rsk local gva\;h ?mﬁf{mty\g Mﬁoﬁﬂw\ \Af\\«g Yandom wualke,
and their \vroﬁﬁ s boaged on  the Wik e% Lovdsz ond  Simmovits . who developed o Combinatorial
approach  to gmd% mxmj Time u»§57\<§ (Small- set) expansion, which can make +the absue inbuition rcgoram»

Lovacz and imomovits  method s ‘w\husﬁr\% and con be wsed to S\LVL on oaltecnative F(oof of (’J\ezgar&

Ine%m{ﬁ% o But we Will et diswss TE in this Course 3 refec to the ?ﬂ'):}ec"(‘ poge {or references

ggedml appro ach

Wa will present o more SF@&(&\ opproach ’Eor (ocal %rmPL\ Farﬁﬁoﬁag, cloter to what oo have 22gn SB‘FD\(

The idea i< baged on  the work DJF Avora, Barak and Steuwcer [AES(O]) which wae Wil discuss  loter.

We aS¢ume  the %t’mﬁ)l« 1< ok—(z&l«\o\(, ASAM\.
Bk’é +he O\no\(ﬂg‘\s o—? le\ugzrls ir\e%u\c&:fﬁ, we know tThat HC WL oafe %‘v\/zn o vector er\n > Yhen we con

{ind o parse cut S uppld = I X3 % 0} with 0D < J)RLD where RGO = X'&X _ CRON

K AT x?
eV

o, F we con Lind o vector X wikh meu)\ $on omd RGO small. then we can wuse It

To find a <Small sSparse  cut -

We call o vedtor X with lguwu)‘ < én a comhinmfwmﬂ% - Sparse vactor

This  Combinatorial  condition ¢ wot 2asy o work. with o&:ruﬂ:\.

One 1dem in LABS1o) i fo yelox €his conditton , So that 1€ s easiec to werk With and
has eggentTa\\a the Same effect.

BS C,O\\/\L(/\J\QCL\WN’I, o @M\o\f\&hﬂ&“\é é»iym&i vattor X Satisfec \\X\\,L < &;« (U

We all o vector % M&%—MS—% Wy < 56 Wl

Tt Wl tuen out that i we find on analyveally  Cparse vertor with small Rayleifh  gustient
then we Con £ind o cbm‘pmo&orim(lé <parse  vector with  ¢mall Raglu‘gk c)gm%rznf,

And we will cee tlat T s much 2asier t  vaassn  abeut o\v\odnﬁm\ Q?ars\utﬁj.
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A\&WTHAW\ ouckline

The a\gork\nm Vs very Simple - So lats stete Tt ‘m\cormmk[ﬂ £iest - Without Specifying the pewtameters.

A
Let \WJ:= JilJv S % be the kas\g Yondom \walk vateix.

®¥w each vertex \18\/, Com?v&@ \,\)t%\\ {or Lome O\?pro?r\‘o&L JC

@ * Truncate ” \/\JtO(T to o velfor with Somall” Q\APPDrf

@ Ap?ha U\zager (oWok?nZ ‘o the Ttruncated Vvector +o obtaln o Small gparse  cut.

Aho\\ggq‘\s putling

Tor O we wall prove  that the vectore \AJt’X; Wwould  have  ¢mall Raamgk %wuﬁar\%,wﬂof all TeV.

The O\\r\ouh,ss\s in s gﬁg\; XS vecy Similac o the O\Y\o\\\OSTS c{— +the P ower methed In CDMF\A‘TV\S JLTgChVZL’foS;

Tof @, we Wi

| prove that T{l there s o Small spocse. cut S . there exists Some vertwx 1€ S

A" N R
Quch  that WKy T av\o\\ﬁf\ut\‘% Spacse . Turthecmore om Qna\b&bu\\\a é;gPo‘(u Vvector con be
Truncoted to o Qomb?r\m‘ovml(% ©>($)~§Po\rge vector  with  Similec Ro\g(a?gl«\ guotient .
Tor ®, once Wwe have o vattoy With Small Ragmgk qiauﬁen% ond Small g“??‘”f' then Ckuger rounokmg

would P(cd\mcz o <mall Sparse cuwl - and  this Pact Should be clear bé now .

Power method

Now we oﬂ(ra ot +le avxalﬁ{»g a{ +la ‘F\rgf Stm\bJ o chow +that o RQ\QKQESL\ %mﬁght o{ W"L‘X{

e gomall  wlen £ oTs \o\(&L Qv\mSL\,

Thie chould rolt Lo Sw\;(\\g‘mg L becouse we Know  thatl \,\)t%"‘ = T =

N

Cwkan (5 3¢ ok~mz&wkm~))
ond Qo tla RO\\GLL}&L\ gswi‘xe,ﬁ Tendg  +o Rere when t> .

Whot 16 Tmpertant Te e pracise  Comvergence  rate L 05 in Hua Setond Stap  we cannel  afford
to ¢t Aeo lacge 5 and this is the tension  for the correct choice o f t .

T]r\fL ﬂ“wh&q\s ¢ Umilar O\v\mhas‘\g ”{‘ He powi € mathod . Which Ys  a Woy to CM?wTQ the_

1o\cgut g\\gu\\/gabor B& o mal i,

A

.
Lemma 1 ROWER) € 2= alwionl,t , wlare RGO = X&X
X
_P{LELL ot +the e\tgzr\voluu;s e‘g WJ bae A=, 2Ky .. 2d.2 6
Note bt W=t1+tw= T-3(3-A) = -5,
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Therefece, R(wﬁ’)ﬁ):: (’X‘wt?i(\/\)*%\) = 5 0 0< W 7\/\)(\1\)’% }
KN iy ol
"
Witke ;= 2 QwVvy o, where v, v, are the 2igenvectors

e% W) with QTSQV\VO\LLALS o, ., 0
S n 2t
Than, Wi = 3 @ Vi, and IWtlUe 2Ty

n 2, >t 4
Hence, FX;\Jc \A)(\A)t’xﬂ - ‘\i ¢ Ky

NS a0 5 R

Now. we want to (XPPL% the Powar Mean S Tr\t%mﬁ‘h&, which Stetes that

n A
and W3iZo YU then K\Zﬂw\\ Vﬁ)‘? 2 (7

n n
Nt Bt Q{Leo VU and ﬁ CS\ = <\E (GNVE \E

5% é\wi:\ %>4f Lor P2y

o, we Can o\PpLu(\ e \)c\/\mr means \\mzangﬁf? b\g Sxﬁ‘mg Wi = C‘\l

L S L
&2 C O(\mt%\)z{u > (E\ 3 0(‘\7:6) >t

n L 1 A
I n 5 2t T 2\ 3
This tmplies Hhet Z G & > &\E el o >1 = Kl\ Wl > R VAN
x > -

and Yy = oL o &ef

Therefore . we hove KQM)JC(X\& < 1—1\1\,\)t%‘\\%€‘

To get o €z¢king of what T gives we o first obgecve  that \\\J“%lu > L

>
22 - which T¢ m\nﬁm\sd when \,\J‘t’X\\ :%_

Q ?\(%\)< (1 L%):l(\, gjé\aah/t} o Loh/ (g X\ ox Ror gmall X )

o, Wy ) S - X r/t Cince R X

Therefore i we Qe £ = logn C then A \Aft%\\) < >\

7

\
and TE we set ks 0, then  RQWEA) € A logn

wWe  will evzntm\tl\a hoose

Qt)(iw) onok O\\JPL% the <2etondh  bound , ond Pofznﬁo\\l\é Tn the

\/\umémor le

\SDW wall awkvd the f\rﬁ bound -

Combinatorically gparse vectors from analytically
4 : d 3

Sparse  vectogs

Tn our Pxfoh\z\m, Wa  Consiokey

RQo, W W e

yondom walk VecTors e% the ‘Gorw\ \/\) X; ., which s a \)ro\ambtkﬁé Asstribution
é»am\vjvmué Spacte | Hen < Wt X3 \ ﬁ R %l

The S%d‘ news 1§ thal Tf \/\)t'X] hag  emall

and  thug Uwfx h 'ém-

Rmshzi&\w %wﬁzv& and lo\r&Q Levvrm . thefe ¢ q

g‘\MPlL operation to Turn 7L Anto a tom};\mokw\tﬂu\a parse  Vecdor with  Small RQ%LLTSR %mohw\t

Lomma 2 Let xeR

bae o Y\Dh—h(&s\t\\vt vedtor  with UXU1\4 SV\HXHLL

Then <here exists o vedor kaek“ wath \QMPP(%)\S 44 oA R(LEO < 2RO
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Too The  proof s \9\6 a  Slmple  truncation  oxgument,
2
BL’A 350‘17'\5/ Wwe Con AScUme that HXHI = s‘(\ ana \\an < gh

\etr \z&éﬁ’\n be  the vertor with \Q‘: mMax {X(”lq/ 073 :

Thon, 1t s cleac  That lgumaug)l < 4l , as  othecwise \\\A 24w

We Sm&t need to Compara

Ru(p»:ﬁ_gf M with RGO = My_

AT

Ticst, notice  that  for eack \(:]GE/ we  have (\37*33‘)1 S (y\fy‘ﬁl, as druncation wont make om LJ\&L Lbh.&lf,

Q:o, Lle numeratey o—% \1\

& nel \qrgef thon the numerotor, and ik (emelns 4o compare the A2nominators

Note thot 47 2 3= 5%, e s TYY 2 T - LT = Sn-Tén = S =W,
Qomls‘m‘w\g . we have Rua) = ‘\E} (n\\“: \]f/ < M = 1RLX> -
AT U d TG/

With this fruncation lemme . Tt suffices —Gcr ws o {l‘mo\ oo vector  utth  gmall 'Rohgkg‘(gk %Moﬁzvﬁ ond

LQ(RQ Y-norm,  Gnd Then Wwe coan Truncoete

Tt to obtain a vedor with gmall 'Ko\&hﬂ@\ ngﬁcw(f and,

moll Smwwf, ond  then we con a\ﬂa\ka Cku&zr cowwhms o /F‘stl\ the ?Yoo]&‘

Hencetorth - we focus on bwmmf the 2-norm of o Yondom walk vector.

Av\a\\z\)f\ml\‘é‘ S?Q(SL vector  Lrom ctaying  probability
) A g

The Tdaa ¢ thatt S s & Small gparce  ul, Then wWhen we Stert o Yondom walk Prom  a

vertex Ye S . the walk will %Tma Within < With o Yeasonable ?robo\btk‘ﬁrn . oamdk o the

entrles  Tn W K: Corresponding to the Vertiams in $ Wil have {arge values | and thu Uw%q\[ large.

So_ leth W to analye the Probzﬁ:\ﬁ% that the Yondom walk Stoys within S Hor ¢ steps .

Clam Lot po =

ano ?I = \,\)‘FD , “then \1263 'PJCW) z -t q>[g>
E(DQE W e prove N b\a [N @‘xm?kz Wnductiva CKSUJV\IU\’ .

\Wo  lower ound \?e& ?t(\ﬁ B\a tle Prabq\o‘\k\d\a thet 4l Candeom walk Stmas withn € 0 all 4 stst,

E%ﬁdt\laLanﬂj, We Uppac bound The Prbbq\o?h‘ﬁa thet the vandom Walk go outsida 9‘% C in ah\a ai‘ these sf&?s\
We stact  with Po v the  wnmiform  dictetbution in € ) where eadh Vertex  in 0 hag P(oba\ﬁmﬂa

Since the qu?b\ IKS d\»(agﬂm(‘) 2ach Q(Xga_ gu\\v\g oul nf C will Csxr\'vé, R\E\ Fru%ml;?ﬂﬁa ot D\L Q

Sos Ha total Probmb?ﬁha esao\\)\ng out n’f S XS (e d\\& = (i)(S} Tn the \CTrST SJ(QE.
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Wae would ke to acgue  that  tHe totwnl esmy‘mog Pmmmuﬁa at  each Sb;_F s at  megt C%(S)
and. thus the wtotal eccaping Frc‘ea\ﬁkﬁa 1< at most T-d(s),  and thus The sﬁﬂwng
Probabitby ¢ at least L=t $(S) . and this would imply  the claim.

To finish the proof - we juet need to obsecve  the invariant  thet tle Pmm:ma at cadh vertex

and thus the <gome calewlotion helds.

A L
“The observation Hollows Trom the € quation P (V) = J{ Prlw) 1&\2Mv\>{(“‘j < N
we s

n S ot each time &f:z@ 1S ot mest »%EL ’

D

Vel S that T peay then 2 PelD) 2 - £-40).

Corollmrg There ©xiste o vectex

<X ~
Y 00 We use the Foct that \s&( s o Convex Combination  of x: - e S
t (X au t 4
el P = WX and P4,m = W T;x : Note that \sl ?Ses WY = W (TSS\ _
S, 92 2 Y o= =P l ~ t- tle clam .
191 5eg Yeg Tea @ %S Pow () 2z 1= t-pls) by Clavm
Thetedore , thore  oxiste a vertex v with ]Es Pt,\/ L\P >\ - t‘q)(Q o

7

CD”“““E% Therw  2xisk e ¢ Witk ISz 18\/1 Sucdh  that T Po= Xy {1( ve O,
then :zs P O 2 - 2t ).
J&

Yoo The Oxerage  28caping ?Yom\g?(ﬁa s T-¢(s). So, There are at mest hatf  the

Verticas  with f_sc(»\;mg X;fo%a\at\‘ﬁwa at least 14\“#U>, hence the (,ora((afa,

Now, we con  bound the 2-norm of the Yondom Walk vectoes.

Lemmon % There axiste S8 Lith [1=2lsl /2 cuch that for ve 8
> L >
then |l \/\))Y 80 U » 7 s) (1=t C{>CS>}
Yoo C hopsa o vectax  ted  that s %mmm&muk \OZ the e omd U)ro((ma,

> o2 + \*
“than 0 wt%ul > ]Ees (w*%ﬂ [}5 > t\ (‘?es L\,o x;\J Cp} \“6 chl«a—scmqn

> 5 (k) 5

Approximation aLgo( ithm

We are mwku(\ —+to me?\ku The  analysis

B |
Qe € = ——%

Ry Lomma 3, thore owiske weebex T with W qc\]kl;, 275 -

4 — 0 (2)180) - 4D
By Lemma 1,  ROWw)e 2(1-mfml,®) € > (- =T s o s 42y = o 4 0sD)

N
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\3\6 Lemma L,  thece 2xists Y with 'P\k\@ = D(Cb(QQhUSO) ond \suPPLﬂ)\ = ols1)-
, .
B% Cheegec ‘(ou\m}\}ﬂg n Lod. we findk o <l S Witk dgcsl): th(sxzh(tsx) and 1ST=0Us\).

We prove Fhe \en\hw}ng biepteria O\??‘{DX\\MO\X—IO\/\ vesylt.

3
Thevrem TE there Tsoo 2t S it dp(Sx):Cb and |\ S¥=6n , then we can find  in \ablgnumlmk

time o set §  with CWS‘:D(WO andk 1512 0OLén) .

Local al %or'ltkms

One ad\\/an‘mga 0{ the vondom walk o\\%or‘mt\nm 7s that it can be Tmp\emuﬁeéx [am\(kd without

QXF\OY‘\"% the whole SYAPLy-

Tha tdhes Ts that e can bruncate e andom walk vector in gvary Step ,E\A Catting very
\!QN(/S Small entries to 20co0.
Bg do‘mg o one Can <till prove thot the rzgu(ﬁnj vector V¢ o XBO(L Q\F?rox‘\mﬁor\ ot +tha OVTK\H\O\]
vedtor , and. the Same ano\(dstg wi ll ]e t\ﬂrwjk.
B% truncation , we can asqume the vectorS ame of Small Supprt , and one can Show that the
Cunsing e S O (d-Isl- poogls) / 4T ), wokich s sublimear Tf ok and sl are Small.
The detoils are sfrmgm{om“m but tedions ond are  omitted (Seo EKLLLM),
There  are  ether (ocal Qroph  partitioning alporithmg sing  Pagecank vectsrs and eueling sets (See project P“E“)
In Tkieob) o 1t 15 Showa  that thete local graph pactitioning algorithms  ako  pecform letter  when

}\K or 49{ ace la(gz . with o Similac Per{o{momu, gumrzmw,e os  the TmProuLd Ckmaga((& {nz%um(rtj<

Higher eigenvalues  and  gwmall sparse  cuts
A J T

Tﬂ‘nm(hg/ We See  the or‘zg\mml QP?(MCL‘ in LABRSI®]  which uces Ngku ’tij\/o&u5 o Show the exigtence
of a Small Sparse cut.

wa\tg S\)eo\k‘mg, ﬂ\zé showed that for \wga enough (z.g. k=n""y , the axists  a tet 8 with
She % T with G ¥ S

This  result can be derived msing the game Promawork

The  key s to prove o lower bound on (AR wsing highe eigenvalues .

gu??ogz the QTSQV\\/O\WU of £ Scd—fg‘fg O=X, SA o €A €N,

Reeall that W= t1+Lg = L+ 5(s-2)=1-22 . Call the eigenvalues of L #2hT.L Zola
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Our assumptlon That M €A Translotess o ol =2 ‘L.

2
n A n - xt _ 2t
Noke thot 2 luffgl, = 2 WKy = Te (w
=\ =1\
AL 2t
= EJ A3 ($nce trace = Sum of 2iqen alues >
A =t
2 L<<\*—{j C EU& bur G\SSMMFHW R 2 1-%\ .
2 1t
Therefore . there existe  a  vertex T with I\ wtf\é;\\i 2 %Q\“%\ bg txvzmg?nfg‘

14 Hut%ll\i ZJ% . then we can el o St of 3L O(%) b}j Lemma 2 and 2 . and thats ideal,

We melt %L{\%Q do that . but we will vagl to ng gnw\a‘clﬂ‘mg close ., Qo that +he et g?gz ol bo
n
O(TC) for  <Come absolute constant b<a<| .

Tor %imp\Tcﬁrﬁ, lets \jm& oim  Lor c= +

> -
Lk,
To do this. we gt t = :\4\
— nk
™ K 2t k Xt K Ink Tk
T)’\QV\, H\/\J/XSU,) 7‘\(\'(1%2\{:3 %*’r_\"-Q = TQ > i’T,

£ e e~ e
By Lewma L R(Wi) < LoalluwtalE < aoa (7\—)* Sl W) K»—) Ik 1ﬁ1(‘ﬁ>ﬂ“k

» n
—Adnn
T 2AL -

= 0 - 2e Ink < QJ\Q“ LKAQ)\% <X 1-y).

Therefoce. msTnS this cholce of t . we coan O‘P?l‘é Lemmoa 2 and 2 o gd‘ o wt € uwith

lci= o(%\ and  pCsd= o %RQ:\: ).

Theorem  TARSI)  For k2 n™F, thee is a set € with 1gl=0(n'®)  ond ¢ ) = O<SL§7.

This  <esult g Impnrfm\% in o\rzs‘ngmz o guhexFunehﬁm time ngor?t%w “For The untque Qames Pro\;um,
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