CS 8¢o gyec‘cm\ Sro\?h 'tkeorg . g?rir\g 2018, Waterloo.

Lecture 6&: Random walks

We g’mzikg Tandem Walks on 3{@;%3 and mmhﬁz “the m’\x?ng £ime mg[hg eigenvalues.

Ovevrview
Griven o &mpk, & Toandom \walk Sturis {(w o vartex , at cach time atep the walk moves o a uni{ormla

Y andom r\z‘\gmmr 0\C tU_ aftent vertex . and W_Puxt

Come c{» the basie  mathematical %v\zsﬁrms o

@) What is the [Sm\‘f‘m& A gyl bution s-f tla rondsm walk 3 Qgto\ﬁm\o\ra d?gﬁ?bmﬁm)

) How [w& does 1t take bqao*m the  walk QPPromcku tha L\mib‘ndz olvstribution 3 (mx?ng ﬁrv\t)

(2) gtmﬁv\é from a vetex <o what s the axpected numbec of sleps to ﬁrst Ceach t3 (!mft‘m(g Hme)

? Ceover ﬁmt}

N

(&) How LDV\& does 1t twke v Yeoch JZ\JL(xa verfer at  least once

There are two  wain appoaches v quastions (1) and () , 6nue 1s probabilistic  and wses the  iden of

“CouF\Tv\g Y o Yandom Procsses . another i€ gyadm\ and uses the e{Szv\vas cf +the mol]o\unua PN

We  wil g’mdk& the gpect(ml appro ach in this course.

Questimme (3 angd. () ore bast  onswered b\ﬂ \/\aw‘m& the ngk ng on  electrical notwork L oonndl e WAl alse

Qﬁd\\a this view Pu‘mjr lotec 'n this  course.

Tod\m& we Wil waia %megﬁohs (VDY and (2)  and  dlscnst Some O\PPUCmﬁohs.

Matkov Chain

The &l‘(\fl(kl PbelQm of Coandtm welk on o  directed ngL\

We O\.Y\(h\\agl
\/eq
AN T s Yy
@{ 2och vertex erasPonJ\A N oo stwle
1)
£V 1% Yty 0w ofc C/f\r\fas?mou o tle tyansiBien Prs\q. %m ¢tute 1 o shtmj,

®
v)

Ve

We can  algo ]Cmmw(afe the Prublzm as o mabix P{ob\em

o \ 2 2
0 o ‘/4\_ o 3/11,
{ T R N V2N .
> 0 o | o . e, P\j = froandtion Pm\p ‘frw State 1 1o Sfabg\)‘
2 o A Yy &
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(v Xt be the State at time T.

Let  ptd ba the probability of L;mi at  state 1 at time t.

>

Tor exampla Pa:( 1,6,..0) 1f the walk stocts at ctate D at time O
= 1
o \)z\‘(%,lfj .,7) \\’]C '&L\( \«Jmui Rtarts O\t o Yandom gtat o ot time 0.
n-|
E\a the d\&{?r\\\‘h\bn . Lk fu[(ms that F&“(j} = ,E Ffm) ?\j HJ and We an  White T C_OMFa\cf(g
> = R
oS ﬁﬂ: P P oand mere SMUML& Piam = P{P _ Wwheve  the vectrrs  are  vow vectors.
This  vondom process s aalled o Markou chain  becawse 1t fwsas about the ?asf/{.a.
Pe C Xt: Qg \ X%ﬂ‘at*\ th:“e—i oo Xy E o, Xb:o‘o3 = Pl Xﬁiaﬁ\ Xgoy :O\t»\> = Pa{~1th'
Stoites
We will astume  all Mackou choing are  Finite in this  Course.
A Moarkoy chain is _irreducible f  tha Undeclying - directed graph 15 Strongly comnected | ie thew s
o directed \)qtl\ 'F('U\'v\ v +o :) on J%(ww\ \) +to ‘E\w Q\/Qrg Po‘\\r D—% Verthces \1,‘36\/.
Tn other worde | ’ew QVU\A \\,\j , the  oxiste SL Such that Py ¢ Xtﬂ: g:) \ Xh:§;> > 0.
N N R t 7)
The Eer\od\ o—g o gtata \ S o(n&%naz* oS O\(SI§ = Sct‘k‘{ t \ P\“{ >0 )
A stoate s O\EQrIod\\\L ;‘g ACsd =1,
0
A Mackovy choin %S cﬂfgﬁadﬁc ‘qﬁ all  states ave QFerach 5 otherwise Tt ¢ Putod\tc‘ 7x s waod?c‘
S %
Ter QXD\M?LIL > tondmw Walks on  a \o?vmt\ﬁi 3“?1\ IS apecdodic  as Asd =2 e .
We  Wwse N\(de\uf\\f\\"ﬁ\g ond. O\’Eir\oddc\l‘hé +o gz,& +he ‘?D[Lm‘vng F(onr‘ha,
Thesrem R ony LBate . Arredudible - ond a?e\r\ook:c Markoy chain,  theve Rxiste | < oo Such that
4 v -
U> ):,‘5 >0 fox any b\ {w MZS t 2T,
> P
A swxmw% distibubem of o Hackoy Chain i a ?mmmz&g distibutien T swch that T =1P,
N J = >
xh‘gwwmus . 7%1“ oa Sbmoha /@Su\(}bv\mm | Fixed Pu‘vnt} gstate . ag W= T\)Pt Ao ony t=2o.
Entu‘m‘va\ﬂ . Siuzv\ ony —%Y\‘LJ{L, Tereducible . ond aprriodic Markoy chain a{%uﬁ we  Yun \bni QM“KL’

then  we Wil (‘,S\mvkztd\a '{:u\rgef

Given  wo ?robab?kﬁ—\g Atstvibutims

L06 Page 2

obout  the

>
Plpipaipnd

-

and ﬂ:(?“%"”

,ctﬂ

V\RHWA anok \Qm\vu&&l Yo the  same  distyibution .

the _totel varledion distanw



ot g and ; ts defined  as o{WLP‘ﬁ) = Ji 2 \?;wﬁ;\,

W 2 303 that S’c Converges ‘o i 7& Ht“_;“w A‘T\) C ;f; (%> = O,

One  vmore d\e’ﬁ‘n‘\*\‘:b\(\ 2 the HH‘W\S 1 me J%rm T 1o \ XS d\i&—‘maé\ as H‘/‘ = in .{ t21 \ Xt:Sj L Y= g;}

The _xpocted \AWHY\S time s dz%nm 0g hys o= E[H;/j],

i

The —%Uam‘\ns thesrewm 18 known  ag¢ the fund\aman‘%m\ theorem o‘f Mavkou Chaing.
Theorem Tor any %n\‘t{ . deredudble | omd ayu\od‘xc HMackou choon | the {lotknw‘mgs hold .
=
® There 25t a S%o\ﬁwarg Aistyl bution -
= ) N -~ . -
@ The distvibuRon ?t will C,DV\VQ(&L to T ag t>m o o pmatter whot s the Tnmtlal izt bution PD .
® There s o um QUL Sfaﬁ\c‘narg Mstvibution .

= lim ¢ N o
@ mo= b PO o=

We Wil <ee aq §\>ecﬂak Proaf of  this theorem  foc  undirected gra{)l'\g\

Matcix  Formulation

e &‘&V»E\ be o unditeded &(a?\'\-

ot \)t"’ US> R be the F(a\oa\{\\i&g A ehbwion  oftec T Shz'gs L Nea. ?{L\QZD oo \E\] \Am‘v\.

The ntial  distabultion s Po »2k '&‘E we stael ot vertex 1, then Po Yo e Ttk Stondacd wnt vecter
Conaider  the candsm walk  Where  in 2ach Step Tt mevas to o W\ZE\WM\B Yondom nighlsor of ¢he F(amﬁ ol .

Then Pt&@:iw Vv\WD'ﬁ) ool €20 Whees Ay derstes ohagra of V-

Lot A be tHeo wk:xaumua makeix 9& 6\ ard. D be tla d\‘mghml matdx  wheee the  i-th okta&m\ zmtra s AGY.

-\ -\t
Then  the  above qq(m&lo»\s Can Ve wrtten Qaumg%\a as P = AD Pt s ond taus '\% z U\DJ Po

gfn‘\\wo«\é Distibuwtion

AN vcnhm\oik(‘r\a Actdowtion T 18 o %ﬁ\iww% Atsteibulion \\ﬁ = (ﬁﬁ\)T\ o R, bnte we reach o
Qﬁﬁmv\& Advstbution Wt g%mas as a %%cﬁ\\mv\a AR buion fn%vu_ ( Note tlat Tt % Commen to

wake  the P(ohqbr\:k«a Aetribiion as o Yow wvecter, .Q\& T:T\(D*\@Q, bul we wate W as o Column )

Tn wndiicect e &‘(O\F\r\g , there S oo woctweoa) SW\‘\MM\% Aistibulion  bosed on the l)\l&\'ee of  wveekless.
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et ww) = W) - W) Lk & be tle vedor with the it awtry boing ). Then e
2, ) 2m 2

) - Al 5
Tt 15 sasy fo chet that W= (AT as (ADDT= (AODA . = L (AT) = & =T,
2

2w

5’ ‘9\/

Lo X0 the wnigue shafioary  dscbribution 3 Wil we aluaye teach o stationary ki steiloukion

Not v\eusgmi\\g Toc @xaw\?\kl T{» o Sm'\)‘r\ s Aiscomnacted ; tlan the  distibubon m—gtu o s{-a?g
Aopends on the initial distobation  (ag. which Comoet does tha etorting verter balongs o )|

Acfw\l(%, quen 1 the %FA?L\ Is ommnected  Wwe may not Yeach o Q*mﬁm«g Astrbvion . Cengder oo Connected
\oi?mrm Qraph + LE the Starting  vertex TS 6n the left side then vl wak WL b on Fle left

SYde on Luen time %%L\\>s L while s n??osiﬂ_ ‘xf tle Sfoﬂﬂr\a verkex Y4 on the r?gkf side .

But it durng osut that thee are the omha obstacles.

Theorom. E\/Utg connected Y\or\—b??arfﬁe_ undirected ifa?li\ has o uwf{%ui S(‘Aﬁonarg Al stributivg

and 1 Wil be Ceached (‘QSq(oLLQQS o+ the Jartal disteibution .

The  non-bipacttteness  condition 35 to  enswre  that  the  Mackoy chain  is  operiodic.

Thete s o S‘JmPlz modification  of the fandom Walks  So that we can tvemove thic o\SSumPﬁOm

Consider the i% Yandom walk where 1n each StzF we Sh\ﬂ at +he Some vertex with Fro\:abth% (/1,
T e TR LI Py (> ;LTD

In wmotrix /‘gorw\ . wae  hove Pt = (:le+ J{Ab’\y?a

We wreite W= J{I +\§AD>\ as  the ({aﬁ) Candom  Woalk mafrix

Bé of\o‘mg the [0\3\3 randsm walk., we mmake +ha grm?\,\ homb‘l};qrﬁm . ondk the above  theoram  TmpRes
that +he (agu& Candow  Walk  of ony Comnectad 3MP1\ Convecpes +o  the W\T%ua gmmwg Avstribution

(&Sarddag& of the Tnmitial 'P\’D\OQJDL\(H‘L& AAistel bution Po-

Analysis foc  veqular graphs
Q Jd J T

We ficst assume  the 3(«@ G[ Vs d*raxw\q( . Gnd F\'OVL thot there T8 a uv\‘lw L\mﬂn‘»\g A st b uwhs 17[
G s connected and  non- ‘oTFMJﬁtz . ond tlen QY\OLK&SSQ the Convarience rale .

Then, we will j)(Fla‘m how o gzh-érahsz +o Y\Oh»(egmlm undire cted j(qfl\g, ound {Fna\(? mention the dicected case

. A
TFor d\»(egu(w gr’a\FL\s, +the Yandom walk mateix W s ngF/L& L,\J:F:% , the norw\mh‘sw{ m{jmucg matrix,
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ond the [ng Canddm  walle matddx g W= %I*%%: = %1% é%

-
R i . . .
Tor - (QS(AM 3(@%&, +the Lu\\{orwx Avstribution n 'S a %tzxﬁoharé distribution.

=

Our Soo\\ is o F(o\/@ ‘H’\w‘{f _E;V\w \/\)TFQ = \(ﬂjo\ro{(e&s D{ the nittal istribution PO , as (DV\S ag

tha XMP\W is  Connected and won—[olPa.rtiw_. or we de the {0‘53 fanoltm  walk en  a csnnected SfaFL\_

SEQL‘HVLM

To Compute WJCP" PR G very weeful  to  Know the spettruwm of  the matrix.

|_et oy 2 hy 7. 2% be  the elpenvalues © S and vy, ,Un  be the correspendin eigeny ectors.
§ 1 P 3 S

e H s Symmetric, we know from Lol -that all ergummax are veal and the Q?jenvz(im(s

’FD\’N\ an  ortho normal bagis -
7
- We know that o=1 ond Vi=To

~Recall feom Lo2 that &G ¢ comected T and w\% gy < 1.

- Tucthermove , G 1 non-bipartite 14 and m\l% [ Chomework.) .

Tt Wil fuen st A<V ond ody>-\ are the hecessary and Quffictent Conditions Hfor wnique
l\w\‘\ﬁng Aistibutions .

?oktaw‘mg %row\ the above combinatorial Qha\radzrtgaﬁons trf Ay ondh o - This will Show  that
randow walkS  on & Connetted  non-bipartite 3({1{»\ have o unigue [TmT{‘mg aisteibution .

Tn the Tﬁgu&o\( Cole , the I“Wvﬂﬁr\g Aistribution Vs the UH\N‘FDTM Aicteibution.

For lagy vondom walk. the Spectum of the walk matrix W TS HORL) 2 a4,
This \\mP\Teﬁ that the ¢mallest mgzwama is ot leatt D 2-1. and so +tle Same P(O(’\L

wov kS |

This s how the \Qg\a wooelk ollows wS to  yvembue the homvbipar{‘ﬂm\ass QgSqu\\aJpTon_

Un?%ugnass

let W  be the walk watadix  and l=A,2 M 2002 ke be Tis Ugeh\/o\(ues with xtjzhuutorg Vo, Up
I £ 7
N _ t = 3
Claim 1 A<l and Aol dhen L WP = for¢ ony  pe
Y 09 Since  4ha Q\xgu\va&urs _E_“DYM on  Orthonoymal basis _ \we Can waite PD =V, T Y ChUn wheve

Q{:<\>°;\/r> for 1=l ¢n.

~ n n
Then . \,\)%?O = \,\)t(:z\a;\/;y = 2 o IWARVER ?E (’,;%:JC\/‘
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The ossumgtion A<l and Xa>-l implies That Ihil<l for 2¢7sn .

n
Um = - Um EEUUIE VI,
Mence . ww?“ o _E\ Ci Ay V3 eV, .
B 7 n 1
_ 3 ~ R N e —— N
Thn the Ylgu\ar Cate | w2 have V‘f—W s and thus Cl«<x>o,f(,n> ey ?Z:‘ Pold = §  as po IS o

PYQ\J:L\J(HWS d\iSTrT‘o\;&IOr\ -

=
Tt ALollowe +that ié‘{) W po = Q= v = C

M?x?ng time
TFicst,  we %uam‘}{% how —?a&’t Pt Convergas +to  the Hm?i“mg Aty bution .

Given  two P(o\aak?(?ﬁa Aistributton P oand % +he _“totoal variation dlickance T¢  defined os

d\—\'\/ L"),Qs\ = i \P‘\/%‘ll = \??*%”i

=1

Tha Qrofo\l v aiotion ) m?xin% time 1s defined &g the ¢mallest T cuch that d\-w(?,{?)ﬂ) 5‘@ p

>
1
whece T denote< -the Um\tf?ng Arsteibution Cin the Faguloﬂf case , TW="7).
To bound the miding Time . we we  the Same approach  ond 1t showld  be  clear that A, ond 1AL
l

choutd  be  beunded awfxg FProm one ’?W >\,)C Converges b 2ece %M\ckha Tor 2 <T0<n.

Define A= mia 2 T-X, 1fl)\nl?] as  the Cpectral 97 of W,

Cloam The h’\\\\(\\V\& time s D(“_i’;_h/) .
t 1 S e
oo Reeall from +the previows claim that Wpe = 7n 7 EIC:%; v,
>
t 1 n iy +
gb/ d—w C \,\)f\)o/ W} = H W fu -y H1 = H %7_ S >\.\JQ\/TH1 < \S_h_ H Tj:l QI)V’ V‘Hm l’)g CO“*CL‘%f gLL\WD“ri'
n 2 n > 2T n
g?y\ct Vi ore OrH\oY\BTmﬂ" we l’mve, ” :Z C;)\’f\/;” = ; (‘.—‘l )\;Jt < (l*)\) ?: C,‘l b §Pecfml P
(=2 2 1= 122 k& 3 F
n > 2 2 2 t ~zt
Note that 2 el ¢ 267 =lp il <Hply =1, and thu  dy W, T € J8 G € Saa™™

1
T%are{wx, bn Sefﬁng t= 0C 'Q;V‘ ), We have d\TV (\,\)tPo,Tl’j < “}'{, (Cin fact < Pa\aln) 3 o

Yor \m}% tondom walks Tecall that Anzo  ond 2o A s cimpha I S

We  know -\Crnm C}\mage/r}\s ]ﬁé%lﬂdﬂ‘a that /\ =2 0OC CPCG{)L) > and Tt "Fouowﬁ +hot f}\a }’w\zx7r\§ 1 me

ot tha {Aig Yandom walk i DQQ%:\ 7

Thic %‘wu WS o Combinatocial Condition Thot 3uarm\tus {Aﬁ mWK‘mj.
Tn  pacticulac fur expander :Smqug Ge. dD@O=0l0)) ., +tha wﬁx‘mS time Ts Olfnn) . Ye. oafter on[%

@(Kegr@ Q#QSJ the  random  wWalk  Ceaches an  almost \Ay\\\{ormha Yandom vertex .
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Thig Ts very useful  Sn o(zsign?ng Coandom gamPL‘mJ algnﬂt\w\s.
Tor  the  purpose of  (untform) Candom SW\F{I,\&, the analysic Tor cegular SM‘FM s «Asm(lé inouSR,

as  we Can d\&ﬁxn the Mackov chain (pnsgikha adai:ng S@,(%u(@o};S) to make tThe U\Y\dtzrg\mg gw\?k WSMLM‘

Analysis for  genecal undicecked  Qraphs
= J <>

N —\ =1
The yvondom walk mateix ‘fc{ &g“grm\ gm\)ks 1< AD ORd the \o\s\a walk matvix i W= ‘;\1 + J{AD,

The  wan dﬁﬁfam\m Ts that these wabices are not hgcgsso\d% g\ﬁmmdﬂc ond so the Qpectrum

thesrem 1n Lol doet not D\P?]\é J\Tcadhy

ggzdrum

?ortwmﬂ/(%, W s Similay Yo o Sj)v\mdrk matrix . whee wWe Smg o6 matcix X is Qimilar to  onethes
matix Y o there zxste o Y\m\rg“w\gm\mr matrix B Ss that K= @YE“ (se that the
the |intoc Jtrgms{»grma\ﬁons ou{‘\nzo( bg N and \/ afe the <Soame \/LP <o QL\D\Y\SJL 04 basig E)
—~ | - L) S P R | | -4
In our cose , W= TSI+ S AD = DT (ZT+DTADT)D =D (EIJV'{W)D L ond 2o
Woole @imilac o J}"i*‘l{ # . Which ¢ a SL:SMMQ,%(TL matrix |
Tt i< known that  <imilar mateices  have +the Some Spectrum . Ohe \/m% tv Qe Tt s that Tt\ag have
1 _
the Some Characteaistic Fo\anfom\w\ls Lo det (AT-X) = det (AT-RYR ) = det (R(x-)g [) = det(xr-Y).
et the Ugu\va[mu o{ A be oL, Ay, ond VLV, us ba  the CM({LS?DV\AMS otthonormal  basis o{ afgmecm&
- L . < N N ] R
Then  D>v; ic on elgenvector of W with eigewvalue 5 Citdyd for legy vondom walk  and %5 Afor VW“JQSBJ

A -+ iy L 1
s for instanca  WDT U= D (ETHEAITT () = DE(Lre Lt v = Lwad (o)

A
>

L .
Note that D*v,,.... D Vn are Ur\go\(ha Tné\n?andﬂnf’ 08 Vi, .V, are LTr\erha 1r\dU‘>Qr\Aar\t oundk
D s non- s‘mgmlar Cac the Qraph 1 connected and <o Vndo 9 5 ‘
Therefoce , N2ZA 2o Xa Ofe the z\»gehvaLu_ai o+ W, then A= 1—1( +0;)  for \055 Condom  Lualkc

and A = oy For hm\Jo\gLA Coandom  walks-

ij
i
(v

vk

And -the Intttal  olisteibution Po  can be written o¢

7

With +his setup-  the mma‘m‘mg ww{ ic Simlar to that In the Cogular case | \with Luitable  modifications.

Tt wonld  be good to ctop  hete and  work out “the oetails on Your  own -

Un’ng wanegs

et W  be the walk wotddx  and l=A, 2 2.2 A be s 2igenvalues  with );:l;(\wh).
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Un‘.3 waneCs

et W be the walk watadx and =X, 2 M2o02 ks be s 2igenvalues  with A= l;( eds)

=N
Claim I*{; X< 4 and An 21 +then bm Wt S $oc an N j N he ol
_Claim | 2 n ) e Po B, 51 Pu . whoee 'S the o ree.

—; ~
vector  with dx(\ﬁ:O&L&Q) oand m 1< the hnumber 0{“ ngzg 'n tha grqw‘_

Proof We wike o = E

L N
)C:D1V; where  V,L....Uny are the orthonormal basig a{ nger\\/ufars af 5%’

+ n A
L t,n n s A oL vt + i
hen e (BT T (Zeshur) - enb (S kadve = B oernh (AL Fur - T ooty
L
QYY\LQ, >\1<\ ond >\r\>'\1 w e L\Ov\/a_ L\m \,\)P = Q‘Dl\/"
N g -1 L
TFor the r\orm;\iwgnd OLO‘\]QCQ)M;% et nix \9§\, nete  thot F( D”L) “(D AD >(JD ’J) Ai =D?%d = D1,
L L > L5 B
and L0 DIT TS an Eij\\mLh(‘ with -E_T(gu\\/qlb\a_ i‘ ond  thus V, = Dll /H Djj_ Hi = Dll /S?M .
n IR -1 n
To umFmL ¢, . note +hat F" %‘ SEVERVE TMF\\\U Fhot D?-PO: E\C?\/;
- \ —L L5
Sinc X\/,,._.,Uﬂ; s an orthonormal basis, we have ¢, = <D’P°)Vt>ijM<D1P”’D L>= Gom
=
N + _ 4 Ak 1> S B .
Thecefore . i\;\m W pe = DV = 5 P ( DU/ $m) = SmPL = SR

M?xins time

Dofine A 2= mia 2 -\, 1*1)\,1[?] a¢  The Spectial

39‘? of W .
N N . Inn
Claim The m(x‘w& Time s 0 (‘—rﬁ .
>
Pre 6& et T = o be the um‘\%wa L‘wmt‘mg Aistribution .

N
From the Proo{ obove \/\JtPQZ o+ Zl AT D2v; L ond we wowd ke o bound \,\)%\)(TTH\

As in —the fzguto\( Coase . w2 Bbund Hwﬁt?ehﬂul < In \,\)tPo* H1 bka Camckﬂ~gckwmz‘

To bound |l \/\JTPofTTH, .

we ‘take o\o{\/mﬁagt o{— the br‘thov\w‘malﬁg of Vo oV, L ond bound

1D (e

1

n n N 2 )t- n o
P2 axtull =2 o Y Gt R e
=2 =

> =2

n
Note +hat X o5 <

I~

7 Mo

5 ~1 2 ‘Lll > ‘
of = IOER L < TRl € G

wheee  dpin denstes +he  minimum o&lgru,

Note also thot v~ \A)P(, O, = \\5&\\ \\\A)t\)rv\lj 2 \(/O\— \\\/\Jtpo~T\H1 L owheee gy I8 max szru.

Qwh‘\mg . we have U\AJJTPD~WT[11 < Jn | \«)%?O~TTH\L < in Jd, | 5 wapoﬂﬂl\i < n \_dmay M_mt

min

E\g gefﬁr\g t= D(ﬂ;—) . we  have d\T\)Lw-tPo/ TT) & ‘%

The  Spactral approach  Can be  extended To PY ovs the Ffundamental  theorem Aor dicected 3ﬁa?l\s ol

well . but Tt s more Thvelved  and rz%u\ru +he  Perror- Teobenius theorem  and  Jerckan normal ‘F”M'
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Rondom San(ihg(

Bn \mPcrtmﬁv Q?\)l\\cmﬁw of condom  walks s In Yoandowm So\mf{:z?v\S

Congider the P{OLOLZM D{‘ Sanﬂfnﬁné

o (ondom Spanning Tree of an  undicected 3“\91\.

The 'go(low‘mj Te a SIMP\L O\W&eﬁﬂxw\ :

~ Wae tart {(ew\ on Mkrtrﬁf\g %\?am‘mg teee (o -

- TIn each %‘%QP 120 . wo fm\dnm\\g delete on {d\KL o —me T andk ﬁmdom(\a add on zdgz -E that

connetts the +weo

comporents  of - | ond  sel T, s Ti-e+f.

- Retuen Te Hor o \argg QnoMjL\ t.

To am%y “thig o\\gorrﬂw, o Q%w\/a\wf ‘v m\a[%mé) the Yandom walk on o

L\\AXQ W %\)mm\ng tCeo

Zxckm\ge %rq?k “ in which “there s & vertex \0@\» Qach §\)ﬂhm\1r\g “roe and Two  veeticat  hoave oo
edge L the C,mr(ngovxo{‘ms “trees T omd T,  Can b obtained \Cwm a leal o\nrof\om (e,
_T\ = Ty- 4_4{ “fo(‘ Lome szgu Q,{‘ in the in{)m‘ﬁ %MPL\ \ .
. n
It +the or\\g‘mo\l gyaFl\ has n wvertices. +his szckomga SYm«[a]r\ could  hove SN ™) verticas-

To prove thot 1= OQ?oLuALh)} wowld  Lyork to

(eturn  on  &|mott \M\I{Drm Yandowm @me‘vx%

tree , WL wmust prove that  the vandom walk  In the m&z graplq mixe¢ in Time lﬁ%m(t\nmig

in the kvgm Srq?l\ Size

TL\D»% 1S, we need  to P{ova ‘hot tha S’Pc\m\}ng Tree anl\anga 31’&}71’\ Ts an Qx?cmo(lf Bro\?l\_

Tt g mSMqHué o diffienlt task |

Thave are  diffocent O\PP{DKLL\LS o Prove fast MTXMSJ one 1s  called the CouPlihS method . and

onsther 1s  callad  the Cononical \)ML\ Cor rv\uHTcmmv\ooLi“na 4(ow> method .

We  wont discuss these in this Course . buwt we will seon  See A pethod  based on L\YXR Aimensisna

zx?a_ns‘mn, which  will cS‘\\/Q a \)(oof( “‘That Hho Sjeanh\l)\g Troe exckomgz SKQP\\ 'S an Q)(Po\r\d(z(‘

Ra&uu\ug [Hq%oz] TFinte. Harkoy chaing  ond al&oﬁt%m\c O\F?k\\cﬂu\t\}vd) \95 H&KKSW'M , 2olu.

T LPw ogj Maclov chains and

W\‘\x‘m& Bmas bﬂ Levin, Pacas and Wilmer | Nood .
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