CS 86o g‘?u‘tfn\ Sro\?h ‘tkeorg . g\)r'mg 2013, Waterloo.
Lecture & - Tmproved Cl«eeju s inequality
We will  on Mu&g the ?{r{:o rmance 3v_qrm\fu o{ Cb\eegzrii (o«mok‘mg LAang Mghar z?genv alues .

This Fro\/\d\es o better Q&Flnnoﬁtton of Tts Success  Ja Prmﬁce\

Analysis o*[' Spectral  partitioning
Jd v [(]

"

leegcfls The%m\\‘(é states that %; FCG) € J2h, . and the P(oof Showe that +he S?mFm

\\gWQJL‘F}/ o\Kgo{HcL\\m on the <Cecond {Fxghuztfbf Wil "F‘mz{ a et Ssgy  with ¢<S>5\§5\L with (Sl = Wl/a.
This implies that qnu)saﬁf@ Cas A, €29(6)) , ond thus the spectral pactitioning algonfw

|
Too - AFP(OXUMQHM\ a[gorl%%m For the ijpln conductance Proloizm.

s a
But  0C§) could be as gmall as ﬁ for o simple graph . and g0 the worst cace  approximation
Catio  could be as lo?g at ) .

This dwoes not give o S(x”(?vfmtwﬂ QxPlanp\Jﬁow ojr THe Quccess  1h practical applications .

Tt would be Sood T{ Wl Can rokenﬁ{g a Pfﬂ?ﬁr*‘g L which 1s mSuq((% cotisfied Th @ p{amcd inctance,
ond  under whWich  we can prove o %T(Ohfer Per{—orw\m\ta Sw\rmﬂ‘ze 0{ +he SFQUC(Q\ Pmt?{]on?ng a\govithm\

In ‘)mm&z Segmentation | the instances uswally  hove only & Afew oMsmnding objectc  that are Lasf(y
Teco pniged 102 humans . and  we Just want the Compute o find  tham aute matically .

T 4he gra\)k hag cn\% one \\Ouﬁsfm\om\g” ¢parse cut . Can we prove that  the gPecer Far%?ﬁen?ng

alyorlf%m pecform better How +o Lormulate «his aSSMm?“ﬂﬂm?

@uwggl O (&) is Small  but ¢3CG) is larga, Then there 10 a good Way ‘o cut +he Krafk into
FTwe pleces  but there 3¢ no qood Way to cut  the Smpl\ inte three pieces. In  this Cose.
the 3(m\:\,\ ghould (ool (ke a  Sparse cul gl?maﬂng Two 2xpandecs . @‘!@

Then, irtuitively the Qecond mgwe&w ghouwld  [ok more ke a \a“ma«n Solution 1 with

vertices  on dhe side ]’\o\\fmg Rimilar  valueg

Con we prove  that  spectral pactitioning wovks better  when  , (&) s [a(gc?.

The higher order Cheeger’s Tn@%bﬁhf? Says that 6.(&) s large H and onlg HeoAg s locpe.

Can we  prove  that spectyal Partitioning worke  better  \when Dy s \a(gQ%

_Thesrem LkiloT 3] Yor any kzy the S‘Pedral ?acﬁﬂw?ns a\gur‘\t%m ompwts a set Q with dp(&):o(%;%l}
K
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_Thesrem Lkilol 13]  Yor any k22 the ?Pedml ?acﬁﬁoﬁws a\gorit%m mpm a set QO with CJ?(S):O(%}
K

k)\l
).

Theovrem LkLL [b]  For any £z2. the Spectral ?acﬁﬁon‘mﬁ a\gor‘\t%m outpute 4 Set 2 with Heg) = O( be

Co, \hen XK of d)k s o ceonstant -Ew Some ConStont k, Then the %Pec“(ro\\ ?mﬁﬁm‘mg ngmﬁhm IS O
constant  factor opproximation mljoﬂk%m Hor 3(&\}71« conoluctonce .
This &gsvm?ﬂm 1< LAS\AOL“(A satigfizd  In practical  Instances of ima&k sajmnnTMTOn onol data dms\"u]ws,

and So thig \)rov‘\ows o better QXP\GHD\T\\DY\ w‘n\a Tt owereks 2o el e P(o\d“l\ﬂﬁ‘

Note +that +there oare grmvks in which  the Tne%ua\if% is ﬁglﬁ Lor all kK, Q‘K' cﬂc\eﬁA

We  wil] prove the f{rsf rvesult thﬁ‘
We follow the ntuition  andk prove that 71[ M Vs lmgz, thea +he <econd Q\‘Szhuzdor‘ looks (ke

o k~§%z? —Fw\cﬂcn ( that tokes ko odistinct \JMM&) L and that would allow ws o do better (‘Omnﬂkv\hj‘

Lomma | (lkggtgP o@woximaﬂun) Tor any vector  XeR"  with Ixi=l . thece i a  wvector %eﬂin wWith

RC
only 2k distindd values  Quch  that HX»%l\1 < O(%}

Lemmo 2 ( 2k~ %{1{; (ommi‘mgj) Let we” ond =] ond gAeﬂ{“ be o vector With m\la 2k distinet  values.

The g?ztf(o\\ pmﬁﬂm‘mz Q\Smww opplied on % Will Yeturn a et £ with ) < O kRO 1<§F<x) ng(l),

Comg:mg the two  [emmas With a vector x with R =0(A)  will prove the theorem, becaute

$co) € O Kt D yl) € 0( kN, 4 kL) = oC 11% )

As Jn Lo3. we will astume that x i< a non-negative  vector with RGO €Ay, and Usuppto | €nfa

mg‘\r\g the Lruncation ariumu\f.

2k - step  apploximation
\J T

We need to Prove that Wf >\K s lmrgl) then the Second Q‘\Szhvufo( looks ke o 11«“@(; {lur\d\mr\—
We  wi prove “+he Contlapositive : 1{ the Second ewxm\\/utor NI '€o\r —me omg 1\<~<‘,%2F ’\Duy\(jft\oy\ .

then Ay T gmall.
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Ihjtuﬁ‘wdi,), KJY The cecond eTgehvzﬁbr X s Por from any lk—ﬁzP fw\dim\, 4hen T loeks Lke o
= Qmooth Fun cion \

To prove that  Xe 7o cmall . we Wil use  the Y omooth 7 {Mmrm X to  comstruct 2k s Joirtly
Lupported functions W Vso o Ny € R Quch  that REY:D s not wuch biyger than R&) .

The —@olkmﬂ‘mg elaim s o0 generalfjm‘\‘zm nf the eas% dice ction o{ k(g%ar orodec Ckuierls ™ 4%@(&9 .

w hosae Proaf ic left ac a homework Ffoblzm.

Clom  Tf VoVas P € R are veckors  with disjownt  Supprt | then Ap €2 mae RO

1S <k

CT\“\/M a vector x  that 3¢ \\%‘moo{'%bJ we Wil Construct —Grnm Tt k d\ig]u\r\ﬂ% Sug?or*m& Vectore

Voo Ve s @ach with RO net mwch Lm’gzr Than RO - and wie the claim  to bound A .

To 32’? the Jdea, lot'se consider the cose when k=73

We  will ?\\(k two  threshold values f\ >ty and PM{\\“\W the wveetices Into  three §roups -

£, —X I_-""\- %
/ N
— A
b — \’ ! 1"""—__ W,

N s - YT"tL h T
Ead\ ’\PQ 18 o yvector with guwo\«{ in QL gkgf‘med o< —FD{(Dwst /\l/[LLO? ™ 'UX, t\\;L }5 T{ IESR‘

! otherw! se

We want to show that if % ¢ S Swmoeoth” | then R(f\hﬁ 1S net  wmuch \oiigel’ than RO ©

We  will wse o term-by-term  analyss to  compare  RY) and RGO

%\6 owC  construckion of Py L It dc cleac that 1 G- (] <Six=x31 Viv), ond go the numerdfor
of  RGY) s not larger than that  of RGN,

Tor the denominator . the 1dea i 4hat 3L x is smosth, then 1ue can Chooe t,.t, Such that the
denominator  of  REAY) is not tos Small compaced to the denominator of RGO

To do this. we choe +,, 1, Such that the denominators of A, ace +the Same . i L=l = s l= C

r

Then, RL’I}/@ = ‘E:;\ 1/\4’1(‘0‘/@17})\) < M C \o\zX construction VVQU)~/\1LKL\P\ < \X;wXJ\)
A YN aC
Ny« Al Na

- T = 3 L‘oka OLQS\AW\PJHOV\ \\Xl\:/_\w

3
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Vavé e daim, This ‘wmyhzs that Ls \g\ R(,%) < Aa 5 andh  thug C < >’>>\\L
> <2 C 3
Now , notice that ™ we wse €, and ty as a two SﬂF O\\iprax‘w\mﬂw\ W e}L X,
g z
2
o Ntull = 21 .
n Lal\ 0=y WQ\\ N % . L_\
IS
= 3C < \
. /\
proving Lomman L in thiS  case . .
— > P —
T we Follow the Same ariumenf ‘Gor C&qnuo\\ k lan we wie k=1 thresholde &, ... th_l to
Partition the wvertices inte & Jrowps ond defrne Yy in the tame W -
< 2>\1 kN Eiz\i
The fame O\(g\uv\amf woul 4 Tw\?‘\} that € = Ae ? b this eml\a ‘\MP(Tes thot \\\('\AH:RQ £ M
with  an additional Tactor k QomParedl +o  Lemma |-
To  Yemovz this  extio ’f‘mdor K, we use o 'sm\?la trick +that g also ULSZ{‘&,J Ain mjhe( order Ckengerk Tr\@%mttfﬂ
We wee 2k~ thrasholds JC[ZJEﬁ/w >’%1k-\ To divide the vertex cet b Tk Ji‘(vuvs , anwd o Chooge
Llase dheatholds  cuch  Hat H%Hz: C {V( all 15&é 2k .
o2 o 2 . 2
Lot ws  Sovl +ls /1#2 10\3 the numerator 2o that ;\X’LS U ’\I/,‘L(I)*“{/i%)u < \’%J H’Y,LG)»'\%,L\DH Sg\ﬁ)H f\;@*(‘x)*(ylk(j)w
~k <+ .
The Fo‘mf T dhat E\ ;} H”\P&UV“PKLSN\ < »E.) \lX‘\fX\‘S\\ ) ( 4hink about  eoch eukge's contrbution >
‘ X1 0 )(1(;\0 0
nd AN 2 Sl ol e S ol < )e :
o “ ok Ny - | < = \‘“E\M Gl kel o, G\XS
D=, B Tl L odux” o
TL\QUL{NL/ %cr 1<9¢k, R(f\%ﬁ = ) | f‘%’ik' AJ’Z \]>\ ¢ 3k ;N\\\XT“J\\ - & - s
= C
o, (- ok de e
Hence, & < Mmax R(/\h} < A~ ,oand thuag C < As
> 1¢9< ke 2k k Ak
> 2 2> < 1>\z
I‘l( ‘{“cuows “f?lr\c\f \\X/\gu = 21 H /L{ZEH = lkc -~ >\p . ?(o\/\\r\g L,QW\W\DL i
2k-step row\o\‘m%
Ydeal Case
Tt 38 TnStructive ‘o Wwork out the ideal case when X i on axact 1‘&“2? J%deﬂ\m 1.2 .
Alece  aca :m\\,A Sk oobisbinct volues X\?le . Z2X >0 n Y.
Nof(wo\l\ag, we Wkae To  wd  in places  whecw X[ -¥ii s \o\rgz 3
as  the edges C(GES‘\V\S must be L\mz . and 20 there cont he oo mmr\é Such edju.
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Lk Sp= {0 x5 o

2k
W  oul ?MT gy\ \,\,[ﬂ/\ Frb\oﬂ\b\t”ﬂa CYL” X/Ur\}

, e\sﬁum‘w\g Z\ (’(gthﬂli 1 bﬂ SCO‘““j
We Wil Qhow Tthat E[\%(Sﬂ] < kR®) oand  conclude  that  ~there <dste X ikl Cb(gg\\ < KR(X>
T ldlst)
— i_jl 2 — 2+ O<“\<J v W Q—]}\JL{(j—é(o«\-\,,%C}l
ECW) = % Priiy s mﬂ:m =y s ‘?ﬁ‘jwi/\(? e ]
£ 47 5 ) N
Eldlsly = Yev Peliin Q} - lev 4 Ei (\(17\(“0
2
7 o\E\/ LQ(Q'%H\\*(XM\"YUL\*-~*(Xlk”OD (Cmdﬂa Sepuars saye
=
¢ c D oE v
. RN 2@“?)&)
X*y =\
= é\ ‘E\JT@ -
2
Tharefore | EEM@)D < %‘Lk*‘(n ~ 2k R \)YO\I\‘P\% lemma 2 in 4his Vdeal caso -
ELdigl) A3 o«
Y=av) S e

canefal  C

Tn The ganem\ case  , wi ale or\\\é

%‘wvzr\ oo vaoctor ¥ that

e “close Y ‘o o '1k~3*el> ve ctor Lj
Thore s & nice oy ‘o SQAQFO\ITSL +he. above c\rgumzvﬁq, probability distribution
We  pick t  with YTD\mm\pilﬁ‘vg ?Yn?ort‘mnk[ to ﬂf_‘tg\ﬂ . t,

S ESN S
&‘m words, the distance to Tthe cloest TL\fzzsL\c(d\>, ond E
~_ t,
outpul S :)1\1 \ X;thj _
Without  (o6¢, we 0<sume  thece ’P(oha]:t(ﬁ\‘es Sum to one \mﬁ gtmﬁnj-
Let's analyse BTSN, Y o clsest step b 3 J
X5
Tl lseol) = % ?((‘\3 Ts ol
(twis Xs worst VMQQML: 1\’% thare Xj
< \i- aceal A‘l:}) Yo anothuc threshold in tle wddle
Voo
)

thew The orsoe 1S g )

Aha o Small ‘\\(\Ahg\u on the sidec
v N

ke 2
3 —14( A ks(;f\(:)H “{3"\3}1\3 - —5 (X-9Y) - /l{ ij»\ﬁpi

\ﬁ\j:cmlst %%ET&\: Uoa 3
g odanple
by §

¥

—

In

\‘Eﬂ % [ e+ 2 eon) (et 4 XS‘WN

{4

% R - F}\\m\l +’%E\\X:~YS\ &\Xc*‘{\(\«t \YS‘%S\y

£ RO dll” + < mj‘iﬂ (”f“j\\\“ﬁ/\jmm

I

A

2

£
an ROO & Ixil +

CA\&L\«\\} vgdr\wc\rl
S —

2 > > S 2>
;1 RO Al \\ E‘\ &10\__\3_‘\ N lb{:&‘kﬁp ) Lath) € 2o+l
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N Ay YT STy e o

j )
S
_ * 2 2 2 A
= 20 RGO dxC % RGO d X Ej b“‘““ﬁ‘” 2 OG-y > Cath) € xor+2h
=+ RGO T+ L W T 24 (- ‘\1
- Lf X by RO~ Nev | \3\
d o

S A TReo -yl
£ L] = 5% Pe (i 9

= oo below X;\J

Tev

1k -,
22-&(*:*?}\ S *&(Jﬁrf@ﬂ\

ey ﬁl:&
ke E\/ "\q ( @;H&S>+(*S‘&}H\ X+ L‘%lp\‘JCIK»Jv(fIK\ O\\ /Z‘L }9\6 QQU\LL\AA g&two\(z
= = ‘\io“\la&?ﬂq‘}/k
= \i _,X’\‘. = 1 \o\a oue o\gmeﬂon \\Y\\ZL v
AV Sk

Thecafore ,  EL 14l ) < kRO =+ 45 K YR eyl pvov‘\vxg Loamma 2 .
TLals\)

Rdferences

TKLLoT (2] IMPTW&A lezjg(/s Iﬂe%ul‘\fﬂ: W\Mﬂs\'s of Spectral ?mt‘vﬁon“mj H\rougk \q‘ﬁskﬂf oroer g})acfm] 3ap-
\bk,a Kwok, Low. Lee , Ovels Ghaton , Teevisan, 2013

Cxee (6] Trmproved Chegper’s Tnz%malﬁg and thu\xs‘«s ofr (o cal <Srayh Pmt?t?on‘mg (A%\vxj vertex 1\<'k>o\ns?on

on “Q_,K?QHSTDV\ ?(oﬂfﬂe B b\g kwolk . Lau. lLee . ZQ[L .
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