CS 8o g\)ec‘tm\ Sro\\ﬂ\ ‘tkeorg . g\)r‘mg 2018, Waterloo.

Lecture 3¢ Ckecger's 7ne%m(3'tj

We.  whll S‘tw}\g Ckugu's m%mxha which telates  the  secomd eTgwmlm o{ “tho Lo\?[auo\n matyix v the

Ceombinatsaial ) Qxpansion o{ a grqPL

G(Q'D\,‘ 2xpansion

Recall that N.=o T{ ond m\[a I{f +tha 3raFL\ ' dieconnected .

C\r\u&zrfs \\vxaacmkt%a Wil thow  that >\l s “SI’V\KH// \\{ and oM\a 1% the g{a?k G i< Telose” o drsconnected.

Ficst, ek as make  precise what 1t yweans f@r a X\'G\Plx o be Clhse 1o discomnectad |
There  ave oH{th drﬁn\l“ﬂws T measue  how  well o &“‘FL 1S Connecked

The 2xpansion GWL o %mw e dg{%nu\ Qs @(@:: min i(s) L whete §(g):: 15\“? ,
S

gi\/,\g\é\\/l/z

Ha ratio BJY +lo umbec s’ﬂ* Ld\gég cut to  the numbecr o')[ verticeS  In the el

QH'\Q Conduncton o’% SN gTQ?L\ 1S d&fﬂv\ad\ [2N8S QﬁLC’O = W‘\'" \ (i)(&) , \,\/LJUQ 4)(5)-’1 {&(9\ NN

Qev, voll$)¢ & vol (§)

volQ)= \ES 0’\2&(\1\ , tle votio DJY the number o\( Ldgzg cat to the tota| MKFQL in the set .
These  definitions ace bag?cq(l% e%u?v»\(aﬁ when  the im?ks are d\rmgdqr C d(H= o\(b(&)}

In nmn’rggum( 3”‘?“‘ we wll ezlate  4ha %(‘QP]/\ Conchuctonce  to  the Secund Cfgznva(mv

We 80‘3 o 3(5\?1,\ s o ngm\d\w %rAPk \1‘% Cb(&) < lﬁ(fz (1& 4)((1}20\\\) . And  we 20\8 Ty

o Sparse cut K{ D) s small. Note that 0L ¢ <L for szu(»] Cey.

Bsth Cor\@'ﬁs axe Vuvv(\ \ASL{\AL . An (Z\L?O\rwu( 3MFL\ with  lingac  number o{ zdlgz& 'S an .@*ﬁc?aanf Objed‘
with NSDH%MM\\L apphicstions ond we roy also ga that #L&‘é Can be used n Oko(andm\nazﬂfm\,

T‘mdjnz a SPRB‘L et 8 ugeful in das\gvﬁng dideLAand~ch%utr M&ur‘ﬂc%ms , and  have aPpl‘;m‘timg Th

Tmage Saxmﬁmﬁom d.ata, Lmumg, cOmmm‘Hrg detection in godal netwovks , VLST daﬁ\JgnA@tc.

The gp e al Eggﬂ\‘\ov\\ng &\goﬁt\l\m

A Pm?u\a(‘ heueiste  in {ﬂ\\d\\g o QPMSL LAl n pmaﬁ& D A fo\\aw‘m& ng\m\ \)Mﬁﬁmg O\\KE‘D(\.{\I\W\_

@ CMV\AYL the Qetowmd Q\\&Qn\/@c}cor X 9'{ i C tle sL\\ng/u*ror W(L‘S?M\\A& o Fle Sewmd \o.(glsk ZTSMVMM\>

@ Covt tla vertices Qo that X\2¥X52 . 2 Y (wheee n=WJl s the numbec eq[ v«rﬁcu)
@ g;p».»% § enhs
T3 1t \\>”/\
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Q) e g ) b ek
T SRS SR LY

Retuen  min § 6 S

T\\m\[g +\e Q\SUY{ t\"”"“

TRt tlee Toan olwost e fme olgerithe (o tatmg of  numbec of adges)  to eompute  the
Setond oigenveckor of the adjacency matix . T IS keown ac the Doower method U which W
\N\w\/t VS cus s #Uou,:) Co , tle whole q\gu((ﬂnw\ Coan bo MF\emu\tu\ ™ neac linead Bme %uﬁ&
2083y L@gma\\a v Pow st some matlemadicol ge—%twma (e MaTLAR ) This T¢ one  Teason
thot this hewrictic  1¢ povu\\ar,

Brothec vesson Yo that Tt pac{wms very well T Vaciows fxp?\:uﬁm ,Lstc?aun in RMR&JL EQ&YWEV\)I\A‘HW\
O c\ms*er‘xng , ank L was considerzd o b{mkﬂ'\vv\&\/\ Tn mage Segmentation  abost 20 s ago -

The p(uo‘( af QLmsgev[g ‘mzqﬁuo&ﬁa woull ?xw\m Jomae \)Qr{wmano&, gmrm&ez OIY +hig Qliuﬁtkm.

Nor ma\?)&J\ motcices

— w 1,
lo <tute Ckez&u/s \me%wmé n"\cd% ,owe Wl nse the nu(w\r&u\ Lo\?\o\dm wethd , which odlowsus

o veweve fha dkapwokwug o e Mok ruw O\Q&me of the SMFL\

L
Given  on Mx&mcav\o\a Mt X A/ (et o= DiﬁD be  the v\cfmal‘\ged\ md}mav\o\é oty and (ol

ii 1‘54/ \DQ -H\ﬂ_ Y\ofmm(x\gaz)\ LO\’E\DA\\DJ\ i 5 \A)\'\Q(Q D s f}\Q d\\&gaﬂm\ matix whose -t J?,\'\'t,\/\a RS

- =Y L Y
the d\Q&er o‘% vertox V. Note that L = T-A= D (D’F\BD = D*LD*®

Lok N2z 2o, be tle a‘\&@vx\m\us o{ \74/, and ot NSM S S hn be the {fgew\/u\\wcs e% i

Clawm V=0l 20, 2 - YN ED N S

M W e prove the vewmll —go( v\ofmm\?ggd\ adSQcaww/A ,and the Yesoult fw mwmgw LQFMC‘\am '{;JHWS Qaﬂa.

3 > -3 % P 5D
Note tlot O < on Qigenvm\ma ‘gof i, as i(D i) Z<D LD )(D f)j D L1 =0

To prove )\\10 o owe Wil show that i s o })usiﬁva SQM\\d\L{ﬁW\W(L matrix .
. 2
T - T _ g \% RIE - S T LY ;h\l - 3 oY >
\0 Qee \_t P Obg@f\lt tLQ«t X ik = X D LD X = QEEX D LQ -D RS Q—:\‘S(”E K @ &Ijj - 0 >

Whetd o= bebg  That we defined last time  Cie. LQ:; ,\[J} for =1y Y.

TR implies that T F o , ond thae A EL.
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whete  Lg= \Delf’e‘ Tlot  wa &Q\CM@J\ last time Gee. LQ:J‘L\_U -@ur Q—J}‘ﬁ

This ?m?\?as that T-H F0 , oand  thug SRS

X3 ¥ . -
. - < _ T Ay _ il talt \> = S RIS
Abo. we can wiite X (Trd)x = x X4 2ok 2= e\:& \T Q_J\ N m‘d =Tk &\W\ 3 7o
ond  this N\fV\‘i)lDLS that T+ H % D, and thus An 2z -1, and hence )\vw ==, € 2. a
C_}\Q!LJPQr'S ‘lne%ua(?“’% . \T‘%x S d)(&) S W} whete  Ae 15 the gecond  Smallest a?gv\\/m\\m c% L.
For q?mPhcifﬂ _ we  ossume  the 3{9\\% NS d\_(lgquP L in Which case i:\TﬂL . The %emzro\\ Cate 1S  Similac.

The 4est ?V\Q%b\ar\f‘a S Called  the eagy dicectmn , and the <elmd M‘l%uﬂﬁb Yo called the hard oicaction .

Qo,noﬁ?wo\k\a we Wil prove  the easy direction frest.

Cossu "”\"‘A’ dqu\gm(ars

NA
One nice ﬂ\‘m& obowt  fle LaquE\W\ ratcix s that we know that the wc‘\mt eTsenve&af S the allone veder

Cunlike \Csv &d\}o\u,v\u\g, matyix ), ond b% the Cbro\dm\%mﬁw of‘ >\1 us‘mg Raﬁ(atﬁﬁ\ %uot?ent,

we  have
Xy = mm o XX o ey XTLX e e ()
Nk WUy T Ty T Sd\%i X
eV
>
Qo , %o wppec bound Ay, W jv_sf need to Lnd o veckor X 11 ahd c,rrdeL e Rmug\x}g\\ %mﬁgﬁp
%e(“ Soma Intuikion. let S oy PLEY= (D and sl = n/a
We  consider te O bw\mvd 7 colwtipn N xnxf eS
’ I N S
V-g
> S
Ctnee (<l= V\/l 5 S X)) =0 . ooand thus L 1. -1
Teév *+
N
Than Ay < M = ﬂﬂ - 1/\%@ = 2B . eath edge in &) ot ibutes &
N . LNV Al
Te\V X\
< R 2 3 €S
Foc %»zr\aral S, we considec the \med Colulon = % o= \
T A
-l
> S NIV Loy
Then X LT, and Ay £ome CXTM ) u| (RatTm) S MWL e
’ == =
A2 X d(Vehr g + vl \Jﬁs\l\) A-tsl-v-s)
eV

This onvu tle mg% oy action .
To Qummar\;QsL, T& tlerts 8 o spacse cut, then >\1 ¢ small.

A OS\(\&QQE&A,Q,W(,L ' that I{' >\L is \M&L, then we know  that Q—( has oo pase cut .

TS direction T ML&M n determinstie  Constructon 0,§L expander %raPM.

T™e Hath Direction @ Intuttion

DY
> <~ YT N 1 N
In  the Ymmwsumnv\ ?(n\:\gm min ‘\y’v‘:(y‘ L) 5 T'Q we Can OV‘\A seacch ‘FN BTmﬂg Coluwliomg
= 2

v
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TN T\A{ VAt QCLAIDYY ~ antution

Py
.S VA R . .
In the Wﬂn?m\\sqﬁnv\ E)(n\:kzm min ‘\}éE(Y‘ Xl) , K{ wao Can OV\\A <eacch ‘FN \\oir\mﬂl GoluBong |
¥

v

theow wo oo QSSanﬁaH% o?ﬁm‘\gw‘r\g over +the  conductances

U“&Nw“mda‘ we are DVHMSMS oveC oo wuh  (argec doveadn  (otlerwice 4o Prevem T nof %mma golvable ),

awdh there could be  Sewme very mmJon\a golutions (ver\a S emooth” \;mcfor); \Crrr which 1t i

not  clear how to {\M a %{Pa(% (YA ‘(\HSW\ Eay

To ge& Seme Je%\‘\\&; Supprte we ale &i\/@m o 3(0\Y¥\ ke @ @

Tn this Case . Tt g wot gom +o “SPM " the verSas in a C“QWL , becawse there are <o many efkgu

Withn 1T Qo wa would QXPQLJ( that the valuee n ¢ach C_lf%w, afae \Jru\a Simdlac > while €he two

=
Cﬁ%ues would  havs JC\%U“\T Jalwes ¢ that x 11 Hence » we ex?u’t Lhat  the M\\v\‘wﬁ%,w would

Loo\e \/uz) Aimilar ty a bmma vector . andkh we can ec\g?(z {Z‘m:k o &Dot)\ Wt WAth (pcg) N
Now , guwosz we  afe ST\/;U\ o %(m?‘n (ke o—o—o—0—0—0—0 Lo +tho W\KV\?W\TEC‘( Con o ymuch botter
\mé W\an\ﬂ& Qouch Qd\gL very ghort , whitle the valwes  Aecreage gmvoﬂ\h& J%rom A1 o -, ™

which  Casce >\L << ¢ g) .

The kea b% C\f\m&u}s \\AQOGAMKTﬁa ¢ Yo show that >\L canot bz mwih Smallec  than Ef)(('()

In othec words, 3+ Ay s small , than we can extrack o Somewhat Sparte  Cut ~Fruw\ e &:ngutw.

W can thank ef the  Optimiyes pwmbads £ha &mPL\ ™Mo a e 5 While  moct RAgs O Shov .

Then T showld be the case  +that Somz  threshold QYues a g&)a(sa cut (;z;&» Yow  and  Column ar&\mwwt3

The Hard Dicectiim : Proof

The %:rﬁ ShLF s to Preprodss the Second efjenuzcter o that off moest ]ﬂo\l’f’ the entriec avre NENR2CD .

e woald quarantee  flot the eutpd ed S gelsfies Is) € WA

Thye QTLLP RSN S\\\YUL.

Withemt (o5 D’& 3enemh‘€a WL ossume.  there are {ewzr Posiﬁvc entrec Th X *than vxmg»\h‘vm entries.

Conavder  tla -%;\\swtv\& vector VA‘- \6‘ :% Xy \‘8 X120
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Lermma

Vv

\ N “d

----

Denote the Rc\%\qlgk imot?ev\t bg R(xD:= XT£X/XT

Cloam Rtaﬁ < QW) .

g@roei Tor all 1 with \{)‘WD S <£\/{D‘ e . : JEN) j.—f\“ 2 C& x\;
T\r\wqcorL; \ATi\g = ?G\j %: : <ZE\ \20“‘ <3 >\ X = i\ Ay %i

= \3; BES %5 < ¥X- bt

B t\a(j>o ’ ?h’b\l\\'\& the clovm. O

There ¢ & Vm& z\v_gmd: Mgw«av\f o make e Aoyt ™twifiew

P”LGQL B :SVLSIE \)TLK o ondom theeshotd |

de¢ g\APF(a) Quelh  tlet @QS) < \SIQK\QD )

G{van O‘“A \/A S Tlere 2wl a Subsel

\NL\_ML
Q\AP\)L\aj :? A \ \6(_\\3‘%‘0,7] .

Yoo We can astume  tlak

Qé\i\‘\fl for el T \;\a
Chosen um{wk ot  Coankeom -

IR SN s
Wao owalgge the oxpeted value  of

E{(\ELS@\} B {%E KZF\)\" ( e @L&L Tj s nt )}

&Qa\;v\% Y I Mugsoma .
ler telo) he

Lot §t~ Qt ¢ Supp CVAB \o\g congtruction |

\%Qgtﬂ ond  tle SL%PLG‘LA volue o{— LSl

\0\3 \n uﬁha 6—& L\cPeckﬂﬂM

A L CR ]
E T?e& \u\&;z - \jjl\
:E&E DR U TR

: Jf Cyrmgs V] o Caerty T By ContipShomen St < il bl
<J§ Cy - m)jls Cyiey )
= Jgﬁ; R
= \}1&&\@ &0\*\?\; Lj?)
Rlisa) = 3, PO oyitd =gy

T%an_{crv_ . T [ \ %&St>\ ] <

Thie

Hence , there exists ¢

Tl alstl]

maans  tlat E*[ \%Lgt\\ - \SlQh&) \d\-\gt\l < o

Such  that lsCeer o ll({u&>
oh- Lsg) '
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Cm\a?niw& the claim  and the lemma proves Qhu\gu's ‘me%mlﬁa

And  the P(oﬁ thows  that +the Q?mcﬁa( ?o\vﬁﬂor\‘u\é a(\gwrthm ochigues  tla '\)Lr%ﬂ»’v\.avxu. %\Agrwﬂ"m/

because tha output A gt 18 o thrzthold 7 get that tle C\\!&b\/\\t\/\m has  Searched ‘Fur_

Discutniong

® Tha ?roo{\ Can  be Jereralized to maig%fd\ nn-repular grq?hs with  Suitoble  woedtfications.

@ Both sides o‘f Ckxzzgzrls N\f\e%uo&([‘fg ave ‘t\\g]ﬁ) 2ven The Congtents  are JchL\Jt.

To 8¢  an Rxample Where the hard  direction s (almost) T\gﬁ > Concider o cxado_ of lanx%k n.

One  can Compuite He §?1dwwn of tle U&da UMH?]' but  we wel do t here.

N T
Recal tat o = mw XA
XL )(TX

, %o to 31\/2 an uppec bound  on )ﬁ/ L e jms‘f need  t demmstyate sne vech.

N x \ 1
ConSidec Y= (l,"iﬁ R, Tw B Sl sl e, 0w 1>-

- 7 J .

~

Then 2, € F) GGV o(n&%i}: o (L)

2T x>
L X

On the otlec kand , b s Qasy o \/w(fa that the ixPahsTon wf o c/(:]c(m Te JL(%)
Thecafore L in this oxample,  $(6) = LIN,).

You Wa 4wk tlat TS an arti{iaal JmePlg n whidh the Qecond a?gev\\/aiw(, duﬂa undere $0 mette

e @(Pm\s\m , but et eontider  tha {v“ow“w\g 1 eloted iXamF(ev

Two cﬁc\u 9{ (eniﬂx n o, ank tae 1S a Par{a& W\&\'\‘D[ﬁhg botween  the Twe Oﬂdﬂj _ wheece  2ach ex}\g@

. N ‘“1“’* L& walght 1
has \/\/G,L(&Lnb loe/ . 4 v
: "—<<—/ \«/ngkt Ao
3

o

C/M—“(\‘af the 0\7*%'“&\ Spacse cut e +le Far{a& Mq%dﬁhg , with tﬁ(é{j: O(ﬁl>.
On tle other hoawa -

one can  Show that  dhe <econd xz‘»gzh\/ad\w would  still be tle Seme ac
the %L\Q— Lxample ( with two wodas in tlo \)m{ut vv\m%cln\m(% Tdentifted o< ene node )
Thetefore , A ¢ s8I 005)  and te vale Y covect |, but tle optimal cut s lost andk

2very 4lresheldl cul s bad .

“Thece KZXGMP\QA Chow  how Cko_age,r,_( Thg%tmﬁfa gaJ( chootad both “\n termg :rf +Ho Wlee and 3n

’ﬁﬂ(w\& a{» tle actual  cut ceturaed .
A
@ Ckm%u’s ?v\z%/.&hha %?vu an OLW13<QY‘)(OXN\M*\M o\\go(]ﬂ\m 40( mem\w\\g ¢LCT> when Ny ¢ \a(gl,
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then Tt ¢ a P\'mﬁ\g &905\_ m\:?(ox\\m\w% . But >\1 towldh be oas Swall Qg O&AVS) ,  andk So

Tt ulh he an Q- D\\)\)(Ux;mﬁvh X o\a@svit %WQ uFlam the &Wx Pm““ n ?mch‘u.

Theve oafe Seme vecent Bszru[CBQ\LIbn that  addcossed  thic %mgkim‘

The Qocond oQenvalue Vs c(wz(ba vilotod to the w\‘xx‘mg Hme e{ Candom  walks  and ¢ kagar's The%mktreg

Pfov\\dﬁ_& o Cembinatoned q?pvcmc‘« > bound tle W\\)A\mg Time wWwhich  we will Qee loter

Tha Proo{' Can be Muok‘\fwi o chow Hut any vacter it R%KQ\LSM %ueﬁm\t % N, could bo  uled

+ ?\'de\uu a  Sparse ot ef conductane.  OLIN). te. 1t doQSh)f, have t be an a‘/gzwufvv,

This Po‘m‘t 18 MSL{:M in Some othay P(co‘gﬁ.

Ri‘sl‘“’-h(ls Cource  neteg of Don gvidmm\ and  Luca Trewvisan
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