CS Lo gyadm\ Sro\?h 'tkeorg ) g\mng 2018, Waterloo.

Lectuce 2 Graph Spectrum

First | we start with Stwkxj‘mg the e?gznvﬂws of  the o\r}\:\o\(eh% mateix  of  gome Simple 3(4FLS.
Then, we Gntodue the  Laplasian metix  of a graph and  see some of IS propecties -

Finally, we Show & c]f\a(zxctulgat‘mn of e?&e\«\/mkues M?v\g Ranle?gk %Mf‘vint.

Ao\‘\‘o\cmc\a et ©ix

Gilven on  undirected 3(0\?1\ G with \/(Gﬂ:gh.»,h}, the mﬂmehcz matix  ACE) g an vin wmatyix
Wwith Q;ito\j;:l o ‘\“351£C€Q , othecwice a3} = 037 =0 i RS&E(G)

The adjocancy  matrix of an undicecked graph s Symmetric.

So, btg the Spectral thesrem ‘Fw Ceal Snmm&rm motriees.  the Qd&mamé mat e x has  &n  orthonormal basis
of  @guvertors  with  reel  etpenvalues,

Apriori. it s not cleac that  these  <igenvalues  ghould  provide any information  about  the graph  propeeties,
but &\\eu\\ do . and Sur?r\\g‘mgh{\ mwch ‘m{wmatlon can be obtaned -Frum them.

Let's <tort with  Sowme examP\m and. umef{ ~their SPedmw\s.

Q@mg\t’(ﬂ. g”‘?k whaedt T the s\ﬂd\mm w% o (‘/m\P\atL %ro\\s\f\ ka3
1% G Toa complete gredh tden  ACY) = T-T | whee T danstes +le all-ome  wakvix.
Any  vector  Te o an 2T genvector of T with eigenvalue 1.
Hene the ;L‘\gzmmkwu Sf A ore one legs  than  thet 0—% 3.
Qe T ¢ b& vonk. 1, tlere are n-l {:Sewo\mu SJV o .
The all-one vador i on eTg»zv\\/thof o% T wth mgewmkm n .

e, A has one 2igenvelue e{ n-L. andk N @gewa\us sf -1

This s an qxaM?\:z, with  the lovigest  2igenyolue §2p botwean  thae \Mgu‘t ILgQY\U&\\AL ond  tha second lqrguf.

Comi\b\ﬁk b\\?m““t %fn:?L wWhat w e §Pa®mw\ v'% o C/sw?\e,h bI?mﬁt{ %rw\;\f\ [ 2@

Tha D\Aﬂgmcar\ca oty X 9—§ K, v Looks  \tka  fhig: M%[@%

1t i< of tank 2, go tlee are mem gxgumtm or% 9 and two non-3¢io m&gmw\ku\u Aoy
n4w
Pe I M = awld=0 | welwe A=-Xy.  Let thy value be K

o
T - N AN NN A
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Ae ;?,\ Ay = troee (A\): O , we hewa >\l:f>\l. let this  value be X

\vwvvx L nAMmM->

Thus | (‘}\@’CLKI/A\ > )

To determine K, we wse tle (u;\ams?m) Aelinttion gf detecminant @'ﬁ

ntm-"r
AV\V& Tetm  that  contributes o \ waust howve  nAme) O‘L‘\Q&nna( evtvey
ond. tThe mym‘m‘m% Two entries vwst  be —0\;3 oA o '&\r AN \\,3,

Thave  arce Mm\\\g min Swehh Terme ol e QQS\,‘ s—& gackh Torm TC =\

o K mn , owd thwe k= tﬁYV\V\

7

\rﬁ Concluda s Fhere QAxe nim-) Q\&{v\vo&v&s e/& O , and One g?genvo\lu a'f S , owA  One S‘E *SWTV\

B‘\p‘o.('ﬁ\'v. 8‘19.\‘)\\5 We con Q\,\Mo\d\gl b‘\\mrﬁ‘m &mP\/\s \o\% o gyag\\mw\s;

Clocvna I—% C: o oa \J\Twﬁw, gra?\/\ and A TS an uﬁ\\ng\VD\.\\AJL o—% ALY with MM(HP[{CI\H} 'S
then ~A 3¢ aw eigenvalue of  A(G) with rnigliaty e

P (Dai 1—& CT = o \'a\ﬁ\)ﬁ(ﬁﬁtz g{av\,\J “lew we can ‘JEVW\»&L e fows  and  columns a—f AC(F\) To

ebtoin The /gwm A(_GO3 QO_‘ ® >
R

0O

g\/\.gvgy Az KX j ¢ an RQ\\&LV\\/L(,*'Df 6’& P&(_é{) \/\f\‘U’\ JZ,TSQV\\/DLKULL >\ .
o B X X -
>~ N Rt Ve \ = Q -
TThan (BT O}K\’Q K\&\ whieh nplies R x Ay ok By = Ak

This mmobies et (;T i} QXVA\ - <Zﬁ?;\ - @2\ . 4@@ ,

X
okt hae vad\ T¢ an e?genvadm/ @+ A(Gﬂ with &Tg@wva\v\l -\,
k k"\r\/&b\r\\a \lr\d\uezné‘am‘t Q\Sevx\ltdou with &T%&znv%_\m >\ o sl &iv(, k Unxm\r% \”\DKLPQH{XEJ\,T

with m&zvxvmku ‘k) hewee  the clamm . o

The above (eswlt  shows that +le ﬂ:?adwmm ejy a b\\vaﬁﬁm &YO\?L\ 1S %\Avmm*mi ovound  tha crig‘m.

We Wnow prove ot tle muete V¢ alce  true .

Clovinn XJY tle NENYe( O sz?gmwo&wu sy N \3@\(5 >\;,>\:X witlh N:f}\’l,tkm\ CT NS \o{?arﬁﬁ.

oo Lk & be oan 6dd viumbis .

n ©
Than E‘ >\§ = O . 17L,gr the Sxﬂmmqf‘ra o{— the SPQCNum,
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¥
Note +tlat >\\K, Xf,\”/ >\,\k ove ‘e Q?&Jov\\/qkwas 9{’ A, becowse T—§ Auv=dw  *lom AK\A:/\KU\.

Qo \we Wawe Trace ( AK\ = :?\ }\\K - 0.

Obsevve tlat P&\“u} Ve the  numbec  of length K ok %M T 4o Jin CT QL’{] \\ndmﬁm‘}
1—§ G hos on odd cycle of Lehgﬂ\ o Fham A\?I e \%( Sowm \ and, taw (A°) >0

Co, Snee traw (A)Y=0 , & nmuwst have no  edd Lﬂdu ond  Fhus \o‘\?m&ﬁb 0

To  conclude o Sm\?k s biparfite 1{ and Dh[n {f +he %gec’((uw\ frf +hae azﬂmema matyix ¢ Sﬂmw\a%rk

oround the ov?j?r\.

| aplacian Madnces
is ochafined os DQ&\—A((Q, where

Gﬁ\/{v\ on wndivacted &Ymv\\ GTJ +\ LA?\Q{,\\QV\ oA Y L(_GT)

A,

DLG\} = ( Od\li"odv\\ V¢ o C}x?&\&ﬂm\ ey i vt d\‘\i d\Q&Yu O% \/u&zLx 3 ™ G,\“
A

whan & oo \'m&wkw %m?\“ lon DDK odd?b owd L= O-/ . AV\VA 3Qemyector s'% A wAth

N &_‘\&m“vukw o{ L vtk QI&L\«\/&\M with {T&m\nvk\u\x C}r/\, o Ui verga.

-Q_\\iﬂ,\/\wx\mk N V¢
Co  Tn thic caw +lo Spechinmg QJY the mdﬁmumua i x A tle Lo\?\u\m\ o IR ave \’JAS?(J{\\U}‘

Q%m\\/aupﬁt Cbwr owhon & = \/\uv\\(z&\dcw it W\Wa not be QO\SLA to valate tlaov Q,T%[,\A\/M\NL&.

an

2

A o convention 1%\(\2\ to Yelevve tl hame AT o RT%U\\/atws c\( tle LQP(MTW\ atyi v

wie e noame oy {T}\( e -tk Qﬁge‘n\/a&v\x for o Okd&@(jn(‘,a matyix.,

A\Sm) as the \Qr&e&f Q‘\jewﬁ(% Of tle o\djquznga maty Y (,Df(rzs?m\rks H He Smallect QTSM\/MM 01[ the
tle Q‘\&QWAM& D‘f +tho

¢l Shn et

Lopladan  tocteix (e (%m&vko« Ome;L\s\‘ L ¢ notuml to ocder

o\d\‘\gaczhca matix  as o\ Ioly T2 Ry while w%\mg the  Yeverwe  order >\\5>\\,

La?\ar.\m\ ety VX QDJ lole e on . wlan T Sox\a the <Second Lb\/ \<~ﬂ\> J@TK&W\M(M e'E Qa &(Q\DK‘

T waan “H\JL Qe ongh \arga&% JL\\SJ\A\M\U«L OJV Ruy O»dx:}!)\ur\(,/\a WtV X oy the  Second Srablect
Q\\%u\vmhuv D’& tle La?\ﬂdm\ matyix.

%r\g o understond wane abowk -l g?ec%(uwv\ 9—% tho \‘QEKDW‘(M\ watAices .

Lot'e
)
checked tlat L1 = O .

BN
et 1 be the oll-one vector. Then Tt caw s -Q"‘S‘\{(Lj

go L L\as O o an e‘\&emm\u& .
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Covw L have o Swaller SLT&@V\\/&L\A& 25
call +ws Lo

LJL% &173 be on SUX&Q n GT \\A

1

-1

J by
Then Tt can be veirfed thar LG = LU;:”-V‘&L ’\& = L(G-e)xle = L(G-2) +i‘M[ .
3 e
Lot o=3]. Lot by be tho colume vacdw withe vha T-th positha =61 ond the Joth past T oL, ok O chanse
QD\JA ™duckion , we Qan  wiite L(CF\ = QEE Le = X \DQ\)I.

inse(,\
let R = K\ ( k \ be Yo matvix whote columns  are 5:5% lee ]] Then [ = \%BT.

bbb,
| \

TS Shows +that L g Pu%?ﬁ\/l S‘em}daf‘mﬁ& , and thue O s the Smallest Q&\SQY\\/O\LMQ_.

Connect 2d necs

Cloow A %{o\?\/\ Ig Connected Tf an Dn\\a ‘\J\l ) Te an Q\\\SSQV\VD\\ML o{‘ LL&)  woth muﬂpl?c&g 1.

Yoo T% (‘X o olis connected , then the virtex cet com Lo \)o\rﬁﬂunm\ into dwo  <ets Q\ and S~

Cuch that Hhera ore wo Q,o\&gs bebweon thom . Thew LIG) = QLLG‘D Li 3\ ok St
0 Gy

\

0
(‘o\ ande &?j ave both &?gmvad\wg eJY LR with Qigewva\m O, henw mwlﬁ})hd%\g 272,

\

\ T T - =
I G TC comectad , Considec X Lx = Xl@g L%X = XT(&@\\DQ\’@)X »k‘};% Ga) 20

1% X TS aw J?,Tgev\\/?,ctof with u@&mua\m o, thew Ly =0 and thus XT LY=o .

Tor 'L :&}\\E@\ Q%»\'Y:)\jl =0 , we muwt  have Xj :X\\& —%N avery 2dge \\?\QE'
Since G\ 1S wavwcf@\) Ny MP\T@.& ot X = C'f ’%Y gome Cyiie. a W\Mﬁ?h D{ i

Hence |, the Q‘\S@v\\/qm@ O hag mmlﬁ&:\\dﬁt\a one .

(\CX\MA\\\A, e P(oﬂf Can Yo wnsedh  to P\(O\/t T \Co\leme Qz(uc\m\).
CKO\\‘M T\I\L L_&\?KD\L\\ an ‘(\/\o\—%(\\x LLG‘\ 1'\&5 O as \&s Q\&vaa\v& wjt\/\ W\V\\B?\\d% K \\’g ana bnl% \vf

The %ra({s\/\ G has & Cewnacted m?ov\evﬁf&

Robust ?‘ehuoxl}gaﬁvns

go 'Rjo\r we have Qv&‘% wsad  the %raFL\ SPQC&\MM o deduce  geme SIN\P[L Pro\mzrt\‘zg o{* +hae 3“‘?%’ Such Qg
b‘\?actkzv\zsg oF Connectednass » Which are emg to daeduce \OA otac  rethods U&. B?Ssﬁ\

Buf tle wice %Hr\g obout  These QP@,d{a\ U\Mmdz(\go&‘mn; s that Jﬂ\rza tan  be &LMMU%U}\ h\mﬁ?v‘,qHa

- )\2 o Yomall 7 ‘\{f e 3(0\?% 1o “clore” 4o discommected (e exictenc of o \\gPAFSQH it ).
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- >\K iS \\§MaHl’ \\4% +he &m?\r\ g o deggu ‘o L\[AVW\% k' cmanectod Cm?mzh‘h L‘\,o,. k Obsjb\mf \\S\)M&L” (/\,f(g)
- o, ¢ \\dumv to ~ol, (ad}qumé matyin ) \y{{» +tha gra?l\ has a CDNPDN’.V\T “elo e + b?fnrﬁ&.

Wo will digcuse  the<e  yvesulte  in the next lectures.

Ro.\é‘ lgigh Quofient

The o tool n Yz\o&‘w\& Ql%zwum\ms ok QT&q“vaﬁwg To  Optimiation \)(n\omw\s s tha Ragiytgk %mﬁ\tﬁ,

whidh = Oke,{{nu\ as o _ E;/O‘EL

XX S ¥

LaX A be & veal S\/&Mma,tv‘\g et IR Wikl Q‘\Sar\vo\\v\gg AN 22 M, and orthonormal Q‘\Sev\vzcﬁﬂ ViV, e, Vine

<
Claiw. Aoz omow X A

* X%
oo Lef W= Quit Guuat %0V, B Ui, un form o basis

T
T\’\Q/‘f\ XTA\( = (C\\/\t~r*ch\/w\ A (C\\/\*‘“‘+Cv\\/h\

SR VTSI VR T (R D WAVAE S R NV chxnv“j

n L
= E\ SN (becawnse V... ,va are orthonoemal )
T S oF
g‘\w\‘&a(\\a / Yy = (C\\/‘f”‘+cv\\lh\ Lew +..+ ) = 2 (G
< S“ ‘IX >\ n G
o, ¥ AX - 2O < L2 G SN
¥x S e 2 o
= S

Qince v, ctbtane the  wowmum, tle  clatm {U\vas. 0

Thi¢ can be extended Yo e\mro\ctu?ga othey exgm&ms

Lol Ty be the ok of vedors  that ove ovthogonal T ViU, Ve

.
Clodw Ao = Mo % Ay
' i
xe (e YTy
(00 Let e T, Wt X = QU t .0+t ChVn.
Recall tlot iz <xu> 0 Sinee xe T, we have C=Ci=.0=C 20 .
X 2 e S or
\Y\(\ew, A% - Bk AL < >\L ;:KCI - /\\<
X = or 3 e
T=w e v
. Vv, AV
e Ve € Lo O ﬁ: Ne . tle cladm {o&kms. 0
1 4

The olsove Yegwlt Qives o chmmdulsaﬁm\ of Ny, but ot (ea{ui\ru tlo \<vxow\-ao\&m a§ the va\‘ms QT&U\\,LL(\”S_
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The vesult below Qives o clnarmtm}&aﬁw without knm‘mg e z?gevweﬂms , ond 16 wmove \Agmf\«\ ™ g\\f\\n& bounde en e‘\gama\ms.

Courart - Tischer Theorem Ae

- WMax WA XT AX - W WMax XT Ax
geR" e T SeRn xel | oty
A (= s XX Aim ()7 n-k 4 S X

M \WJa ‘E\YS( Conerder the mox-win “eom .

Lot S¢ be tle k-dimensonal gm\osgwﬂ S’&)o\vmaé\ b\a Ve Vy e i\( \ = Cuivat vy

fw Some ., .,C\(?] .
T £ x s 2

< S0 N z

e ™ xe Sy, X CovienxGued AL+ Gy o = KC\ al z )K:wc‘ = Ry
% (e = QK\/KET(C\VL&., + OV S Q? > Q—\i :

Tt =y
gb WX Wi XTA)( min XTA‘I
S cer < T 2 2 Ny,
damisy € KH Xedw v

To prove That  tle moximum Cannct be gYde et >\y\ , obcerve that oy k- dhinenaional S\AES?M must

intersedd tle  wkt)  dimenSional %m&symu TK

S\)rxm\d\ ‘oa “{VK,VM\,»~,VV\1}.

— n *

\ .
Tov omy ve T, XAx . 2. 8N A

KT % 2 o
T= ¢
-

ga W\m‘: " % Ax . S T Ay < A

) Se we < < - SR eS0T < N k.

domn (DY X% dm):k, voOAX

One Consequanca o+ the  Coutant - Ficcher  theosrem

¢ the Q‘w&’ewo\\uz h\f@ﬂo@mi theovrem -

We i\l g‘cw}wé l\thuQLulL '\V\‘%ar\kdng ‘mﬁlv\g‘.vﬂ\a i tle last ‘Paﬁ B‘f the Course

Tigenvalus  Infeclacing  Theorom
Ny Q

Lol A be an nvn S\AW\W\LJ\\(\‘C ek and et R b o Pf‘\v\c1y\t Submadrix
o& Aimension n-y (e, B 1 obtawmed Hrom A \m\ﬂ dqm\ﬁ& tle sawme (ow  and

X 2B 222 B% 2 R 2

colomn {ww\ (\\‘ Then
$M2mw)

wWhen O, 2%y 22

2

&, are Yo QTSeMK\m s& A ond P\Zﬁll. ZFM are the QTng\\}L\\\MLS s{

R
D W N T A
Y 0o Tkt ghodd bo dear tlat N;Z%‘ , becawsn Xz vmex vt X Ax 2 Wy win X AX
l—# ' ge R xes T T SR el T Ty
A (S)= 1 PR T
= g\co‘;_\ K RY - %\
c =2 NE
damiey ES X x

gTW\?\ud put . becanse tle Seacch gpace {m« B 3¢ Largw tlan tlat ‘Fw‘ B.

Next . we prove 3%7>0(m. Tor S Qe with dmE) =111 , ts  vestickien A tha {\rst

wl Coscdivates Gl SORTT Dt of dimension ot leade

Yo, ‘mfww\\\?,\\f tlore s o Qood (HO* dimensional QmLsPaq v A, then thee is a gbeo{
- Amensional Subspace for B, and %o £ coan do 6S wel as oy
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Meve {wrv\a\hﬁ, ot g“ Yo tle Set tlat attaing maximum "Eﬂ Ayl

T - T i
Than, W= Wh XRY  omin XA g M i XA L W e WBX g
! ' neg® T oXe ¢t TOSeR Ye ToSeR xes - ﬁ‘ )
X Tx ¢ xx vOXES gy " *Tx
Ao (D= dom Y= a

Ficst -E‘\t\?‘er\\ml\u__

leC A be e M&AQ@WL\% ot % of on undivectodh &m?\m Let o) be 3is \m&mt :zTgav\va\ua.
Clawm o € hmax L white dimaw denctel e wosdnum okagru ™ G
Emu& Lot v, be ow m&av\vmdw with izTgev\vo\\wl A,
Lt} be the vertax with V) 2 Vv G) el T
N N - S G < S Q) = e G VDY) € e VG
0(‘\/‘&5\ U\\J,\()) ey v, (D et v p £4 3D A VY, \\) .

Theretoa , & € dpue. g

Th ’gmc‘v , \\"% X \\~ dwy , then e alowe ]Y\Q%(AD\\\\ Yag st hold o Z%&p\h ey Lo \/\G\;\/\KS ) gs\' Q_\/ua
V\JZTXL\BW Ny s% 3 and okaiqp = Npak - TE \\M?\‘ZS that  when G( te Comnacted  and. A= dpax . then GY
wmust  be d\mm~v¢%h\o\( ank  tle qai&m\fc,\ug A, & BJX it \p\wc:&xa 1, gmee the Q,‘\*&Ln\/a_gmx %/ A et be

of thae ’{:nrw\ Q»TY fw oW (JS\ASYO\V\{” C.

Txerdsie s Prove  that ol 2 d\wg o whece d\MS denstes  the average o’wzfrw D—g the SraP‘ﬂ.

Mora guv\uo\\\é, P ove +thak >\\ e ot least the O\VQ(ASL d&&mL B'& “he  donsest  Tmduwcgd S\:&Srav\f\_

Home work = Prove that the maximum e?&mm/a\lAL OWL the D\A]mehcg oy i x Oqt o Tree With  maximum  odepree

d T8 ak mest 2\:6«(.

The Perfov\ - Feobermus theocom —Eo( vwor\/hzxad?w watices tall s move aboowt  the {\\(s‘t g‘\gzv\\m\w;-

Theorewm Lot G be o connected  undirecteh gVQ?\I\- Then

@ the {T(s* —QR&U\\JQ\\AL XS e& w\wlkT?\lcTJﬁa ohe
O, DS N, f‘” all

@ oll ewlcies of Hle {T(S‘t QTgew\/eﬁDf oxe wonzefo andh have the Soama $ign.-

We vl we Pm\/&/ o here NS C\\D\VVEV 2.b OJV EQR} ’E‘V( Pkoss

Ma_ Lot we Mgk\\gkr Seme lqﬁ pounte {w Fubwre (q‘uu\od‘
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- B gn\:&)h R \o\?@ﬁ‘\‘tq Tff ‘o S?afw\zm bJY e o\rﬂmmaud modyix 12 %\jwmtﬂg acound  the nrig‘m.
We wee  an N Quumerct about tle Taw o Prove . ok we will See khis a(imwd a&a\n

- 2
Remembee The {%Uw‘\% ?m\mrﬁes o\[ tlx La‘\?lo\do\n matix = Lo , L= ;EE Lo , and XTL X = IJZGE LXTKX\Q_

The Rﬁg\g\j\n %«Aﬁ\uﬁ( ond 7t wees In Ck\mc\du\%‘mg /Q\\glu\\mlma&-

= The Pecton- Teoboning Hlesvam Wil be uged wohen we Qﬁmi\% tonoom Wwalks

gﬁ&r_&n& [E{R’J A\%EBB’A\{C Gﬂm?l\ Tka@l\ﬁ, \cka C(o&s‘\k and Roakg.
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