CS 860 Qp@c‘cm\ Sfo\?h 't]'\eorg ) Q?r‘mg 2018, Waterloo.

Lecture 1 : Introduction

We Wil stact with the course ‘mformaﬁw\, and ~then on overview of the technical content vt the cowrse

ond —F\r\o\l\% a review of <Some linear a\geb{a for the course.

Course informafion

Course hwv\lpagt : P\ﬁ?s-// s, wwaterloo- ca / NMF&I [ cs 8o
Th this cowrse ., we  will learn how +o wie e"\gemm\weg oand, Qrgenvutorg o o\egign a\ﬁoriﬁ\ms and

\><ovm theorems , ond  more bmad\(% tv uge  lineac o\\gebroﬁa and continuous *ukn‘\%ﬂ; ‘o g%ud%

combinatoriol prob\ems .

This is @ recearch oriented  coucse . Our qcocu; Wil b on du'mg active yecearth in S\azd\m\ %fq?‘;\ tb\abw’\:}_

Courtse ‘(Q%u\nf‘lmeﬂ(: G0, clags Parﬂd?fﬁ?bn and homewsrk

bo%lo . cource ?rojaﬁr,

You oce expected to 'Pa\{‘r\‘c‘l?cﬁg

In o clags  discusSions . "Mc\mi‘mg askinz anad o\nswar‘mg %urzs*\?om n lectuees .

d\’\scusSMS Coulse  material and  open P(gb\kms n P\\o\zze‘, and oUsu,\gs“mS homework  Solublons  in Px\aiza.

There Wil be Two *o thyee howmeworks W total.

The  moan canenan% s Tthe CGourte P\fcject/ which ncludes Ywo ?(uenfm“wm\g and &  written ‘('QPDTJC'

Th +4ho PYoject - the fows Ys on —g\\f\dT\'\g Tw’taru‘n‘wz Pro‘g\lw\; B fﬁo\d?n& the colevant  iteratuce

- ﬂm&

\mo‘kh«g Some or?g‘mm\ Progress To  +the ?Cobkum.

The fhesk precentation 1s The project propoSal . Q‘y?\a‘m‘mg w‘wa You find the P(auém im%zw_gh‘ng and Oﬂzstr‘\h\‘n;

the velatad (terotare and wowe plan . This

Wi be oo week  around  midterm .

The <etond ?VESQM”(MT\)Y\. ang the witten (QPurT Wil be  about the P(oguss that AOLA hove pnade -

Thic will be at the end o,§ the Term .

Pram%u‘\sﬁgg . 3om bmkgrow\ok n [neat algtha) p(u\”b{l}ha o Calewlus qlgudﬂ\ms‘ Al screte  ypnathematics.

This Course s }v\c\f}\amoxﬁcqlt\g orvented . with lots o{ P(oo{g and  Calculation

Make sure to allocate enough time WEoYyow decdide o take this  cowree  ac 1t moy b quite okzzmmx‘ng-

LO01 Page 1



RL’{‘zrzmqg : Notet will be p(ov?dld\. No taxtbooks,

Taks o look ot The course netes —€0r cg 198 n Fall 2018 Yo Eaf o gced\ Ydhea about the Content.

Course Overview

There ave <Some  Yecent bmakﬂxmmglﬂs n m‘mg Theas and *u%rﬁ%ws ’{(Om %Fecf\m\ SMY]“ *H\e,cr%
~+o o\u?g»\ Q\gw?ﬂnms and Prove  wnew theorame —for Combinatociol \)ronmg,

Tn this course . we aim *o g%m{% thete now Jrzzc\m?%wu ohdl  NeW  Cohpettions . &nd *r\é to  make

oM progress n ?ms%?ng +hem furﬂ«?h

g@ad(mk Sm?k ﬂ\eur\g i< mt o new hopic. In the §6¢. an Tm?aﬁmﬁv Connection  wal made  botween
the e oma (O\(SLer L\guum(mz of the ad]munc% matyix and  the “l\((;()hgfbr\” of & 3MFL.

This  Connectlon made 19\3 C}xuguis ‘me%m(h‘? i wseful  Tn differant  aceas -

- Conskruction o'% Qx?m\riw SrmPL\& Qigarm ond  well-tonnecked ) . With  vacious Q??\?caﬁm\s ‘n TCS.
AV\O\\VAST& O\L vvmdr\& time Df randsm Wwalke . weeful  n vandom gD\MFth and D\PP(W]MMQ (om‘{\nj‘

- Gr(m?\(\ \)mﬁﬁw?ns, +ha S’de"(m\ Pc\ct]ﬁon?ag method  Ts o Pol)mlﬁ.r heuristve  Tn Pmcﬁm

Recently - thera oce o few genam(\‘imﬁ‘cm od Clneagcr’s Tnz%mlttg Ustn g the kth (wﬁuf ek\géhua(u)
2.9. to Portition dhe gm};h inte  k parts us?ng the first K elenvectors

We Wil itmrzh,g these In tha Bag‘mn?ng D% the Course.

Then . we S&urx% candom Walks on gquM . the connection  befiwsen  Second QTgu\uaLwL and mv‘yms Time.
We Wil alss  cee how 40 wse Yandom woalks o d\u?gn “local ¥ algcn\ﬂms wa SVQ};L\ ?o\\"t\\f\‘nn‘m\{\

N

We  wll %k\m}xud\ “@(Pand\zr S(c\?\ﬂg 7 in detadle L the gm?\,\g on Whith  Tandowm walks mix %MCHSA

“Then ,  we Wl Q%MA% a \/Q(\% Cecant  ackive  Yecaarch areo orbouwt W L\(X\'\*O\TMEY\S\\DV\Al Jl\(?ar\d\er ”

This Y weed to w“\ﬂﬁl Condom  walke on sim?\?c\\o\\ QMP&X Z (e et gkﬂsﬁm closed  undec
“%o»k‘w\(ﬁ gm\:SﬂTS> ond To  ancwer & ltmg Efmmi?ng open P(obuw\ n fandom SamFlM{g
called  the  matroio 2xponsion Ccr\:)e(fbwt (‘W\cm\;ﬂg SQMPWMS Condom s’panm‘hg trees ag <pecial case ).
This is an 2xcting new  component  In this edition of the Coucse.

“This s ‘(D\A.&\I\KZ tha %?(S# Q\O\(El(\ \f\oﬂ{ o—% the Course .

Alftoc this  we will have the Lirst  oréiet dDresentations -
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T‘womg\ﬁ the gmé\u(\ of  tondom walks o Wil Come across  the Vdoa o‘f ?M’Q(Pmﬁné the
grq?‘f\ as  on eledical nebwedk L gk 1o used Yo om\ﬂgq }\Rﬁhg et o{ Yandeom \ualks -

Thic Ydea has j[ou‘r\d\ Q\A(Pr?s‘m& (xwllcﬂ‘\ws YQUMHS' One divection ¢ To use thase uncqﬂts
Lor qroph  spacsification , where the Spectval perspettiva proved T be the Oght woy $o look @t this.

Another direetion T¢ 1o we thecw Cm\(xzfrs n Combingtorial / convex oPJ@MSaJﬁw, which WL wont have

time to discucs .

Tﬁmm\j/ e g{wmg o mc‘&‘m% hew TMM%WL Coled e wmethod of 'mﬂrkmng ?D%nowﬁals.

This Vs o wew Yrobab\hs“\‘tc wethad §kwfmg the Sxistene of 3000’\ Combinatovial nbj‘aﬁts o lowt
4l Pmmg—s Involye  Some  proctheama t col Qw\u,?ﬁ euch  as  (eal = atable \?nl%mmalg_

Thic method s weed o ymake  Some brmktk(m&ks n o Cewstructing Rxpandec gra?kg (Rarv\mqjm
&mr\ﬁ&) and Parﬁt\m‘m& Snto expoander gmyks ( the kadisen- Qm\vr FmUw),

We vl alse  diswuge  an onaRing  ovpplication of tlese fdaod 1w d\mﬁgn‘vnj anx‘xw\aﬁm oxfgmh%m
Lot asymmetric wma‘m& galesman  problom |

The Ydaos heveloped n grq?l« QPQ\”S‘\“E\\CD&\\OY\ Ceg. barcier ar&umv&) ¢ also

A kﬁ\g WW?WEW+

Yo thas lagt \)mrT of +he councrse.

Therr are Some TMVDWAM ﬁ?‘\cs +that  oare  net covecrd | Such  as Qsznva\(ng ef Tomplsm  watrices .

Youw can tuke a look at the roject ape or  Yeferenwes  sn a (Ut of  intecssting topies .
project poy §

Eigenvalues and  eipenvectors
9 IR

Given  an nXn  makrix A . o nonzero veckor v is  an €igenvector D’f A T-F fuz- v Ffor tome scalar A,
which s called an ﬁ?gchva(ma associabed  with  the elfewedw V-
The set of 2lgenvalues  of A s 37V£v\ b\é the set of solutions 1o et (A A1) =0 , the charactecistic Pb(\ljhumr‘o.{.

Tor an A With d\pfc(AvXI}:o . av\\a vector v k0O in the kernel /V\Mf{gpaCL ML A=A 55 an /S0 ated V-EKU\/QLJ@(.

Real symmetyic  matyicog
J

Ouc %to\rﬁrxg point o‘{’ spectval graph *Huabra T the \Cc((uwtnf spectral theorem fvw real %mmd\/}c materices

Thescem lel A be an nvn real QSMMU\\/TC matvix.  Thea there 15 an  orthenormal  basic o{- Rh
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g . . - 1

Qoh@Sﬁv\& o{ e‘nger\vedors MC A, and the Corrageor\wn& a?yavwoimu are  Yeal  numbers.

We will mmdude o ?‘(00{’ n{ 4his  theorem 1n next  Qection -
The above theorem applias +to  the 0\0!5(11:2/\&:] Mot e ¢ DJY undirected Svaf)\s L o but vt 'ﬁw dicected ifalslxs
Th i< the main feason  that SFutxq( X(QFT-\ tl,uz,on(,& S muwch more dave(aPeA /EW- unokirected 3m?k;.

Tt has been an open Aicection to d\zvdoF Q?@d\w\\ 3ra[>k ’H\uu‘r’\g wcor Airected SMPL\&' k‘i\Pﬂjm?M’ ete

n

leT V, Vssovn € R bo  the orthonormal basis  of @\‘j;e,huemﬁw& Juaf anteed bé the above Spectval theorem .
with Correngnd[ng elgenvalues ) VN

Ll
Lg,ﬁ \ be +the hyn matrix with the 1-th  eolumn 1oa_‘w\j Vp L f.2. \J= LV 'V"‘k_

. A

LS IS n 1afona Mmatyix Wi IR L= en ein N Voo p 2,
let D by 4he  nx diag { N Tth the  (LD-th  entry L;‘J X, D o
X
Then the Conditiong A\/[: ANv; N1<ign can  ba Cum?QcH(j wiidten  ag AV=VUD.
[

Cinee  the columns Tn V' Form an  orthonormal basic. e have \J'T\/:l ond thuS J =V .

I —vn—

- T N =V —
QDJ we  can Cewrite Av=VyD oS A=UDJ = VDU = [\E‘ .. \(/,\1[ 1[ ]
1 An

_]LW\\S TLF(”\SQ’\X—D\HBV\ T& \ley\g Cum\/zw?»?vrf fn Qoum‘f%ﬁbv\s .

Powe [» of matrices

k T £ T -
To compite A", we obseve that it s Just A5 = (Vou" ) = ouDuouD - luou™D = upyT e VueT

k
A A

Cince D s o d\Iagmml metix, DS i ey o compute LT D:I Xa. } , DK:I Af._}\k}_

. %

T
This is \/zvn msvﬁv\, in Ana(ns‘mx randowm walks | as P 35 the tvensition  ynadvix nfr the voandom  walk c«ﬁar
T ogteps  whace P ¥ the transition matyix in one tep.

We will wse the e}gzv\\m\uu u+ the tYonsiton matix o bownd Tthe VVU\Kir\g time  later.

E\Qen - decomprsion

n
Siace \VASRSAVN ‘Fowm on O thonoymal basis | o\ma XéR coan b wiitten oS QU+ Cug t. 4+ Sh
Bt{x orflr\nnormm((‘f% o Axuud = <C\\/\*“‘*Cw\/n; N U S22 N R VISV O T S AN VAV B O

T\AMU@«@L ;o XUVt Kxouy PVt A a2 Yy,

T
\

il

T T
VAV, KR Voug Xk Vv X

of

T T T
R A EA R VAVA ) x
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Thie v true for all ¥, and  hence \/\UT%\jl\/:}—’( oot vV = T
MW[HK}[\G\\/\& both sydaes \Ot\ A , we gﬁ,’(
By = K K\/N?* \/L\I;[ X dvavm ) X
<>\\v\v\T* VIR DA VIR VAR B
Thue, A = X, ViUl¥ ot ANVavn
Y‘\m\\a ,owe claim tlat (L\‘\: %\TV‘V\T t Ly\»wm\/j oot \T\h\/”‘\/‘j ‘\,E A %0 .EO\( oll 3.
becouse ()\\\/\\/T 4ot }\v\\/w\/,\T) (\T\\/\U\T + »./rlxw\/“v;r) = \/\\/\T VU &

Loter on » WwWe Wil wee  thig  Ydes o C)\a,g-‘mt Tha “’qu\)\,&u*\\\ueriz "

A T¢ ot e% ’\ﬁ\/\k\ Can k.

af o matnix A} whan

Positive  Semidefinite  matrices

This s on TMPDvTom‘t dx{\‘n\\ﬁm\ . an ommluj o‘f a  matyix ‘oe‘mg ‘(\DV\~V\'Ljofﬁ\/lv

_Toct et A be o Yedl SﬂW\MUD’\\C metrix . The {a&nw\wg stotements oave Q%uiw(zm

© A ic pesitive emdefinite

,ota. all a‘x&emvamu s% A are mn—nzgo\fi\/z.

.
@ For angy xe[Kh, we have X AXZo . le  all %uzx&raﬁc forms  are hon»r\flgmﬁva,

@ A=0'U for tome matix  UER™

Voo Racoall that o ral

ORI®

Sﬂvmv\dﬁa oty A can be weitten og \)DUT,

. . e 3T L
Rince  all Q\SQV\\/O\LM) afe honnegative , \or Can  wiike A:@D YDV ) where D* is the

nxn d\iqgoho\\ motix with Dy = S

A
T}\lra%wa, \D\ﬂ \L’t’ﬂr\:& U=\UD* . e 3See fthat A Coan o wirttaen 0 s UUT

@ > Q) LAY = xT00% = <U%uTxD = %, 2 0 Hor any xeR.

@ = @ We Prove the Quﬁ\'o\};ogit‘\va FREIOESERION

2
b v an @iqenvedtor with negative igenvalue. then Viav = AWV = Nl < 0

We will  wse the notation AGo Tor A i a positive Semidefinite.  matyix.

This i¢ tha basic of \\Sqw\td\e‘ﬁn\\ft Proyro\mm\nj ”, o Powu’ﬁn\ gzn{rc\(quﬁm\ 0{‘ [ingar Proj)mmm}nj.

Uh{orfw\ahtn, we will not bz able to cee Tt In Thit  coucse .

Trace = Sum 9‘( 2\Qanvalug s
\ \

Toct Lot >\,,>\1,.,., An be  tle Q?&@m\m\wu 0*& A grl'\’u’\, \E >\\ = '\7“@-(}*3 whove  fvace 3&

L01 Page 5



(AN d\t%‘mmk as tle  Sum c{— d\?aguv\al entries g’{ AN
(oo Constder Okt [ AT-A) |

1&5 (Dﬂn Y ¢ JC\J\ J/\\ia,\/\\/f’»kbuc& B/E A ’ ano <o det L}\’LrA 3 = (>\'>\JQ>\~>\\)(/\*>\W\)

Not& %L&;t tL.P, OOO:{‘@‘CIO/VLR 94{ >\V\7\ = - T, ./\\\

M, O Ayn
On the othor ol | ek (?\1/9\\ = det &QT) Ao . RSN 5

Oinr Qua ~ o A-G.

%\6 'H\SL LQ_XF(R el 5‘!\) dl&‘Tr\\\H on D‘e the deter mt r\mn’t / —+he_ o L’%‘%C\‘ umt 9% >\V\/\ mk\a O\’Y? ears ™

#M

AT

to torm 7V TN S I Ch-ann) | which i -

_Y\\u:ﬁ\%«:“ \\S‘: A== O3y = tvoue (A) a

Execclse = Coan You  2xprese det (8D ms?ns Tt eiganmm@s?

&Qc’t{al theorem for Yeal Symmetric matcicoe  ( folbw the presentation of (GRY) )

Thewvom [t A be a real g\émw\efw\\c e n o onatdx o Than thare 3¢ an oy thonormel basye

@% RV\ C/ov\g“\gﬁn% o& @?&z“\;actcrs Q% Q y And tle LurrastA\y\g @\L&mvo\(v&s are (oal numbers.
Tt we \WOW thot thece g o Yeal Q?&m\/o&u&»

Clooim | et N e oo vas) g\dmh\d\RL X -

1% w oand UV Qre QT&{W&QJ{M& wATh o&\ﬁmﬁ Q;Sm\,gm; , then w and Vv ace orﬂmjom(_

M loX B andk Av:@v whiiz &#ﬁ.
Thew VAW = VIAD = VUToiw = i <v,uwy
T
On the other hand. N Aw = QVTA\\A = E\/TU\ = %<v)v\7 . becawse A i Qnmmﬂr‘xc,

Now &X<v,ud = {3<V;V\> and DU%% mplies that  <u,vd = D ac voguived 5

Claaw 2 The &\&&vx\/&\m};& ng o Yeal g\gv\/\mbb&c Mma i T{ etk , ave (el numbecs.
(oo Lot Am: /\\,\ . %\a ’\_G\\L“\g “the COMFRQX (‘_cr\&\,\&a{—t S we %ﬁ.t A?}x = ;\C\

go ‘w s also  an e?g{r\vzﬁor 0‘6 A

QW\CL U‘TR >0 v \0\& C&QM Vo >\ a,v\o\ A Cannet be bﬂf d;d‘mcf VO\tMs/and so X IS Ym[.m

Cinee  det (A-X1) = © o»\wowls has  a golute , Cloam implies  that e 18 a Yeal efgenvalue
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Now we wodd ke Ho use JInduction To {\f\YSL\ e PYDU{ .

To do this , we Ccmsider tle vectore m%\/\o&m\ o the Rl(‘\sﬁn% sz?&avwc,db\r& , Ond Show  that Ylere T

O &\%M\VM/JYU( Tn Aol gubset v{ vectors.

We S;Oxva o %\«\os?aw U % A-twoviant T—{ Ak ¢V fw\f lew\a we U ,SL%r \x{ U = the

g\h\’)SPQ(A gav\uoﬁuk \o\a Q)&g“vutorg then J s (\’TWVQ{\\QWJC

A

1{ U s oan A-twacdant %u\as?qw, tlen U

M Lot A be o (eal Q\AW\W\QWC Mot

Te also Awarawt | whete U;:-’K N \ Lv,uvzo \y u\eU”B s tle et @& veckors mt\m&om[ Tt vectors

™ U
N N = V'wz o whee wel .

\?(ooi \._,Q/t Vv € ULD\V\(‘}\ \AGU —ﬂ\ﬂw\ JAw = v (A\/\)~
+lact (\/TA\\/\ =D ,{@, all \/&U”L and el

T alge maans

So VA % m U L all veu
e A T4 Symmetic, ¢ Teaplias tat Av e ui \Qy« oM ve U

A

A

A N N
Hene. U i also A- Dvanant |, as YJZ%&MVU)\, 5

Clow &4 Letl A he o veal St ¢ metrix IWC J 3¢ a nonzero A= Tnvan ont Cm\aseacv\/

then U Contonns a  Yeal QTSQV\\/QL{‘DY— o&‘ A .

an  oxthonovmal  boels O{ 0.

&O_Of_ Let B e oo modwix whote  Columns  Form
Thew AR:R% {D\’ Some Q%\&(L mabrx @)

DJV tho  calumng s{» R .

e 2ach  Column sf AR Vs a linear combination

Then  RIAR = B, Whidh wphes Alat R W Sy mmetic .
T]mara{o&, tlae  exigts w o Such tHat Buwes Aw

This ‘ww?\?zs that ARW= RBw = ARuw .

Nete that Ru %0 ’?‘W wk 0D becawe the columns §JY R asa \\\/\@f\\g NdL‘Mv\JQMJD

Thug Ruw e U e An &Igavxvuhr contained In U . o

Now we  Coaw {misl’\ the )'K)Yooqt ‘0\3 induction .

(ot n{ WU, _,,/uxm/]j be oan orthonormal et qu Q‘(gehvecfnm OJT A where < m<n

et U be tle Q\A\@g?o\u, that H\eu(\ %u\amh. Then U T¢ A-dwoaniant .

i

Ru Clovn 2 L) T aleo A —invoatant .
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Bkg clam L&, Ui et o Q{gey\\/uﬁr, omd hence rzyzqt‘mé “‘hig a(guw\zv‘f will WC‘mH\ the P(oo{.

Refe(encng L&RY A‘tiabvo\\\c graPL\ J(kzmj, b\ﬂ Godall  and Rog[a.-
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