CS 198 - Cor\vzx‘l‘(n and OFtim]Soctirm . \Winter 20l . Waterloo
Lecture >3 :  Randsm gam‘:l‘mz in  Convex bod«a
We  study the method of  vandom SamPl?hg in Convax bodie¢ by yandom walks, and  disewss eme  applieation in

O\P\;(OXTMQ&&L(\A CMFMHAS thae \/DLMV‘/\Q

Ranodvm Sompling bn& rondowm  welkg
The P(o\:kew\ that we Sﬁri\j Jmima s o Sgng(qh, oY k«n?fwmta rondom Po‘m“r frm a  Convex Set .
Tor Simple Dbja&& Such as  Cubeids ,  balls z!l“?so‘\ds and S?»,F(Tcos _ we know how te jav\zrahz. a tandim

})o‘m‘t 0\\1(2(_%\6, TNA thase ouf  and we Wil wse the  ball case (ater,

Fov \70\%“?&& . we Ao net Khow  how  To Senmﬁm A vondpm Pmt d?ruth(\.

S\LPPDCL we knw @ Eow\i‘\ng Hall o—% t he poh&w?z. One S?MP{Q Q’P\jroad\ ic To l&ane(o\fL a  Yondem Fq\\nt in
the ball and  check f 1t 1S o the PD(LAWPQ, Tt shoud be clear that Gny point  in the Pu(:jhpq, i< E%M[[g
\:u\n, but tha Xe(\sLuM i< that  we ng need QKPDWL»&RM(B w\m\z\ go\w\F\as Gn the dimension) \(?JL{“"L SD(MF”V\]S
o8 Fo\nt in the Polxﬂ’@\eg (z,g, o ball ojg Yadius Jn  that contoins  tle  cube [»\)HY‘ 7

N
Trom Hw?  we kasw how o fnd a  Oln )*rom\dir\g L[[?WDT(X b-{ any Convex boAn‘

These Vdaas, odttmuﬂ\ not o{\ruﬂ& applicable . il Q\JEV\‘{)&»H& be Wncovpovatad in fandem SamF[Ian and me?m:mom‘nj volume.

To Sarmple from a Ccomplicated et a 3zv\em\ approach is ts do  Yandom walks.
We ttart from  an O\fhﬂ\(oﬂ’kg FB\\r\t\_‘ define  Q g‘wFle M]gkbmkmok of- the wurrent \)o‘\:\t‘ move © o (andom

PSint In Tha naigtbsrhesd . ond topeat fv o lacge Crvgh number of steps and then vaturn tle final poat.
This approach is \/Q(tg 3ev\f2(a\ and  wsrkS Tn many &Q%Hn&s "mdud‘ug ¢ ombinatoral Frobumg (x_j. {andem Sme?nJ troes).
Tn the case of SM?\TAS random poiafs Tn Convex  bodies KER® | the follownp ace Some pecific m&o«:rm:
© Eidcwalk P T o Smedl humber {50 At the Cant vent \jo‘\r\‘\‘ xeK , cheose & Tandom  covrdinate Véﬁ‘tﬂ\, ,,*—thé

and. Censider  the Po‘mt an\L v . T_{ ki\eK> Qe Y to be tle cyevent \;b‘u\t; otherwise | S+Ql<] at X.

© Ballmwalk * Fix a smoll number §>0 . At the oafcent \)o‘m‘c xeK _ cheose o tandom Pa‘.n‘c ve B, whoce B,
is the unit ball . 1{ i: xtéu e K et 3 to be the wurrent Fn‘wnt 5 otharwise sfqa ot x.
 HM-oandovun 00 Piek o wniform vandem line 8 ‘Hwougk tha current  point % Go + a wﬁﬁwm Cand om k:a‘wﬁt oM

The chord  nk .

The Hest Poh&mmm Hme olgortﬂm fm Yandom %mm\)hni and volume Cs‘w\lmt‘aﬁw ]ag\ D\AQ()?N‘D_JL and Kannoan
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wses ‘&Y\\(im\,\m»\k) which  has many tedhical Issuee due to Tts  disceete  noectuce .
Hit-and=run 1s  “fact and fun” Co paper }:\A Lovdsz and \]Q_MFQKD\.S o bt the iheas are %&th o(‘\—gfgmﬁ and. move adyanad,

We will 'fomg on  the am&acjs of the ball-walk , with +le {vuvmh& assawa‘st

Wa have o membership ovacle e k. Given  v. the ovacle vetuens “\3"’50 oxek and v’ Tf gk
. En e K< RE,, . Thic ¢ tle Same as  tha oniSl/L‘m[)HDYL in e p,“\\PSDTOL method | that +4lo Qe Yoo

nok S’LAPEV thin  1n  Some Oh(‘ztﬁtrvx ond ot %bPl( lbv\j tn Seme  ANCecBon,

Sjcuﬁmw\( Aistibution and (m\vurgenu cate

There ace  ~wo bas'c Fuestiong aboutt the vamdom wolks that we need 4o addvess .

Dre ¢ whethee  the k\m‘\ﬁng Astvioution  1s  the w\‘.fwm Avstibubion - onothee o tle Convas gene Yoty o
+ha L“\M\mg Al st buwtion |

We will a{mcth& Ceview  these %wzsﬁ‘ms in the disceete g:ﬁb\r\g and  Tthen Alccwts +lo iznzm\isaﬁws 4ot

Coninudus Sg{»ﬁ‘ng .

Randowm walks om Sm?ks

Th +the discrebe ga&ﬁng ., wWe Aare ST\/M\ an  undirected ngk &:L\I,E> . and the  random walk stavts ot an

O\r\::\\l\/&‘(ls vartaw Vo , ord In 2ach step mouves b o (m?fwmlé Yondem hﬂT&L\LW;

MIx V|

et W el br  tla  vondewm  walk  modox with \/\J‘\,j =

\ N e ' [N
ou&u) ‘J& ‘\\éh t dewote The Avansibm FrnLaL\LH(U

‘?‘rw vertex U b Voetax 3 and  zeco  ovkecwise . Note |hat we Can have Zd\c—(obFS.

A ?(D\omb\.&‘w& 15t butim P(:U{M $oa st ‘mw% distribubiom BS PTN:FT . such that  tle Pm,aba;mé
distribution Yemaint the Same q{ur one gkl\y bjL vordswm alk -
: Vit N t A ~ sttty
Tt s Sﬂmjh fwwm&\ X chede  tha ]P; = ToTEd S a Stadjmmxs distibution .

Tn Fmt{w\o\() Tt the X{QPL\ i< ﬂz&ulo\( (zvukﬂ vertex ha¢ the 3ame ()\Q&{LQ/) L tlen +the Mn‘\{v«m Ars vt buty m

— 1< o Qi‘o\ﬁmo\m& distribubow, .

l{ He waiderm distibution 18 eur torpet  dishibubion |, o con add gz(—f—(snps o the gm?l\ o make rggmr,

Limity “33 AL stvi bution

I& wo g@t v a STodw‘wana A sthbuton . Flen T Wl Sw‘mg oand 1t it Umine  dighvibution - but 7s 1t
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vm‘\%uz ond YAUGE Wi &a% +hece ?

The ET&M\VD\LWQS ot *he  rondem  wolk etk hold the key v the omswer.

Assume  the grmpk e cegulac , oso 2 e on Qigenvertor o Woowith gigehvaJuL 1.

Th s net A ffRelt to checlkk tlhat oll eTgéhva(M& c% W ooare betweenw -1 and 41

T’WC '1) Y e m\ﬁ 2ig enve (e with 2\\gev\\/&[w- of  abwlute valuw 1 . +hen a s\wxpla gpetival amljsTs Wil Show
+hat €l w\‘\%«/m At bution Wil be  the w\%u lim:‘c‘u\& st ibutisn (Lf&rokless 'D—E +le %er%‘r\x vertoy.

What qraphs  will catisfy i P”’?M\gz let 22X2h, 2.0 2Xk.2-1 be <he el punvalues of .

L the gra?k Ve nom-bipactite . then Ap > -1

A standacd way o achieve non-bipacBleness 18 o do a Kq%g fandsm _walk , Such that g‘mﬂg Tn the game yortex
with ?YnEaE\LH"La L oA weres B a random neighbor  with the mw\thj Pvcbqb\‘li‘rg.

This modification Wil Slow down the Yandow walks by o facter 3£ 2, but WML quarantse bhat Mzo.

1—( + ke &rmPl\ TS cowvnected | “then )\1<’i . and Y6 tha l%% fondov wallks  muct Cs\/\ul\’ﬁe to  tle lxm,\{zﬂm

distiulion  3f the g(a?k Ts vzgw[q( Cperhaps  aftec Oxddihf 3@({-(%{95).

_Convergence  roke

We  measure  +ha C)s‘a\/;w‘gLV\uL (ot \aﬂ how close T8 Ha  cwrcent  Astribubm b tle \\wv\\dw\n& Ais M bubon .

M

Gven o \)ra\ak\m‘ti%\g Avs A bution P,%eTRh ., e dotal vertaBmel  gistane is o(sz{—\‘nﬂo\ o \\Pf%uw’—‘- \\P“‘?\'

Toe o Subset  Celn) . let p(S)= \ES Py, then an 1%@\/&\“% ckmmfoasm‘w of H?‘%“W:’%Q\;‘Xﬂ \\Xi)f%@ﬂ_

AsSuma +lo &mp% S ragm\ar o our Som[ s e bound (\ Pt'/h—“Tv whore Pt is tle Arctibution QJYH( + SJW_PS,

=

We S&\'A T s *he M \\‘{’ \\P{/%HTV 2 %{' .

N lnh
A <tondacdh S?u&ra( C\r\ﬂ(\(gg\\& Shows thot  the wﬁx‘mg B me 0% tle lo\sx& Canolom walk TS OK \»A)H,
&

1
The  +etal  vadighonal  distane Can by decceoced  to H?J{TNTV < e in

Inn/e
( \-Xo j %+LFS‘

Conductanc
LWhat gfqvl'\s wonld  have V=P \q(iL 6 that the M‘\x\mg Bme s S‘movuz,

It turne owl  4hak Y% 1€ c(njebg related o tle Cm\omdrmm/gx}mnsiw sf a jquL‘

Qi\/zn NEAV L +the Volume n% < . danoted 1g\é \]a\(,g)l 1s dﬂ'fihl{}\ as vol (8): = ZS d\lXCT).
The Lonductane o*{ Sev s 0(51’6'\!1‘;\ as (P[S\::‘L&L where  $(8) I8 tho et o gd\fes with  nae

Wi ol (8, usl (-5}

and.potat in  $ and ene endpoiat  In V-G
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The conductance  of & s odefined ac  P@=TR GO

[ g9V

Ih{mmquﬂ) EPCQ() S [arga HC szna eubset  has o b\rgt Haction  of ;zo\fu Xo\yr\cg out .

X,
Ckuiz('s ‘mzq(wov\‘ma stotes  thet ! 5 < @(éﬂ < m .

. In W
This ‘\m«?\(qs thot the M‘\xTnS Hme o{ the quz rond om walk 1S D(Wd

N gmp\« ¢ called an 2xpondec gm{z% P TS oa comstanl L in which cace  tle mbdng tme s oG,
which 1% {ogm?‘chm‘\c in teems b"% “he SVQF% STSQ.
|
Tt can alke bo  2hown  that Q( Cﬁ)(m) Vs oa lower bound o the w\\xw\S Mo - ag ‘\nh\”ﬁ\/d(j o sat

of  small esmductance Wil '\MPRA & Slow mmg Rme |

g\AYV\MQ\(ﬁ

_Lg W dwo \0\5\/& Condom walks s a vzimmr EYD?RJ +lo V““\‘f""’"’\ drstibuhon 18 the Lmﬁ%@ hm\\J\T\r\j A st bubom,
The QSV\\NL(gehLe_ rate i< %uahﬁ\ﬁvd\a e%m\um o thle cemductance n{ tha gm?\a/ So wo need o

DS

ectablich o lewee bound o the onductance o prove that the mx‘m& Nee  is %mall | which

YL%L,[\\&A +  eoncude that  tHa «%an vectex U a close 4o un?{v"mfa Yandem vertex .

Randow  wolks  In  comts nuous gpace

A Mackey chaln s defined wsnp a g-algebra (K& whes Kois the Stete Spac and S is e set of
subsets of K that 15 closed  wndec Cowplements  and  Countable  wnismg

Tor each 2lament w of K | we have o ?m\oab?tﬁn maosucl Py e (K, @) ™ daeseribe  Mle  dishibubion

odfec ome-step of vondom welk fymn o, which is spedfied by Pull) fov zach Aegh. +lo probabilrty hmg in A

The teiple (e & P wek])  and o Fhacting - dishibution Q, defines a  Marker chatn, whete w, i<

Chosen from Qo , ond then Su\;sewnﬂﬁ Wiy 18 chosen  frowm P %N 120 .

Giuan  the currant distobation Qp L Qew s defined ac B, (M= Sk Puld) Qg W .

A Ristibubion Q1< called _Stafiome o oang Aed, [ R dowo= Q)

The zrgodic flow  of  gubset A with respect to the distibution Qs defined oS §(m:i PLLKAR) d By,

“+le Vrn\aa\gTLH\a b oleave A OL'H‘JU\ R SbLF a{’ (oandom  wanlk \\f we gtart —ern a  Coandow Pa\n\t n AL

The &oum,img claim ¢ ‘%vfth Satwtive L, 06 otherwise Tl ANthibutom s het “otable kat.

Claim A distibation Qs @%Ddﬂsmana 7{ and &'\[\3 \\f i(A): §<K\A3 UAé%.

brook BN -FCRAAY= 1. PoCKUAN 406G = lon BulA) 4G = [ (1o Pu(AN) dBuo = Tors Puln) d B
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= Q- SK Pul®) 4B
TI‘\L _CSV\quC’tAY\UL 0% oo Subset A 3¢ d\Lﬂ—?V\J\A a s d)(AB—‘:_,@)__’ ,  ank +le  Covnductance c{ “+he
win TRA), BB}
Markoy choin ig defined s q)LK)i: W&” CF(A) Cowhece . Qe 4 S\Lmﬁwara Arstvibulion .

A STD\*O\MMVA diskibetivn QU 15 oftow\»;&m_ \\f thare 18 ne wek  with &({XS)>0

The 40\\w‘mg thosem 1s onalogous o +he Cowvergonc thesvam  In the  disceete ngﬁng.

Thosvem  ( Lovssz- S3momovits ) gu\west “+he XWM [0\5\3 Mackov chain  hag an atom-fag S"l‘o\ﬁm\qm(\ At bt Q.
Lek M= s QM / 6 . Then e suy pest, 10 -aml < 3w (1- S
A

log M
This \m\?l?zs that +ha W\‘\x‘mg Hwe 0{» the Markou chain 1< O(‘Z\F\

The Prbojg u’% Lovagz~ Simenovite d\](o,dﬂué nsee  Ceonductante Yo bound tle m?xlnj Bma . mnsteac n*f jg?ni f%romj;k z?gamm\(us.

Undef  our 0sump o, “that BASK S RBy | we tan Skact From o u\n\l{wmlj vondsm  points n B, L and thig
L n lbp R
\\m?\Tes +hat M < QB /Gugh) < ’l/ 127‘ = R , ond <o the rw‘xmi Bme Yy O (-"—f;f)
The kzg “+o O\V\ﬂ\LnSq’ +Ha m?x{nj Bwe T to understond  the Canductane of  tle Mackov chain.

Ball  walk

In the Markov Chaln {M ball walk Ya o Conwvex bcok\é K, the stote Space o kK H s the set ofr all

measurabole  Subcets o—{— K . and PK(XL,\?}j = 1 - MM\D

vol (6B

ond Pulf) = _woll MEM%E’«? Eougfedt  and Pu®= PocaMud) 4 P 5d) i wehedt
\JDL W*%En

\IU\(A)

Tt 35 pot O fPawlt 4o see that  the unifevw distvibibion 15 o &.To\%\‘w\c\r% st bution QQM:W\

17

One Way 1¢ to obsecvi that +le Mackou Chain 16 Hima-revarsible’ | or that It 1s \\V’lgmlqr-

2

{
One can olso do o direct  Colculohon: Tn +the L/w\\\’{v\«rv\ Aty tbowtism A&y = \;nl(,@m and  the Pru\amlg\\ﬁ'z) who £ i
|
Smé(& ?WQX\AYD AQ ) + EWEA g\/é ko Batd Jo\ (6B AQW) dw (the @iond *arm s From V‘Q?gu}ﬁ& of w m\)

vol LK 0 Bg))

_ vol (ke n Betud) - -
e O 70t Ao 4, TS dew = D dtw < o),

Us\u\g +he Lovase— Simmwoutts thesam,  Lge jwsf neeoh o bound  the  comductane a§ the ball-wenlk  Mackey hain.

Local condwctance

\IO\L kn (L"‘L SBQ)

Lot Ay = 2- Puud) = T wal(ery b2 the bieal cenductone ot weK.
APtor  a  mrmaut of Lhanmk in €oals  that  +ho lneal cmdicbanse Could b oxdementall. Qmeall I
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v vensy

NLIVNL Y
Lot Ay s= 2-PUud) = W be  tle lscal cenductonce ot wek.
A‘FTI&( o Mmoment 0{‘ JJ\WSWT, we \"Qm\?st that  the local condudbance could ba ,Q,\\PWHV\'HG\LB Small
24 o point  rrac the opex of a ol and thin come.

Sin local  tonductance T v gpacial Case  of (SIDEQD Conductome . 1t ghows that the conductance  GLK) could be

LXPWW\'HO\H\J ¢mall . ank  the ball wolk n K i1 net w\»x‘mg n Po\ﬂnm‘m[ Gn n)  Hma .

K
Theew 35 o fix b this problem. y
We esnsider K= K+ aB,  for seme oz $3n . See tle pictun .
/
This TmFrovzs the (ocal Cconductana  of every Fo\nf in K.
. 4 .
C loim W 2 5§ Ry 2ty point e K
M For Query  point: Wek . there TS o point wek sweh tlat We wt oB, C k.
Ve atsume  without (os¢  that  w ts the c{‘\g]r\q( andh o= 4{n . and W= de, .
el CBaw n Bew) ,
We  would Wke o o que that wol € B4 ¢ud) z &€ and thig C(U(léﬁ implizs tho caim  ghen Byl ck’.
, 5
wWe claim that all the Po‘m‘ts n %504) with ¥y, € R EQ(MSS + Balw .
, 2 n > 3 f 2 2 51
To seae s, all povits n BQ’U\) s»d—‘ng;a C X\ - o) RS £4 Qo.f x.¢ SN +lan T;‘X; < g -
N § N . 2el$
Se. Q\Iﬂ“ﬁ Quth Pn‘mt wil havae }ﬂ\(;} < (k- K‘;)lw{\i:;(; < o - 3= —*_Jv; +gzv17\ < O{l Lxs\mg - {5

Think of By ag a unit ball , then the above caludoRon Shows that all the glides \uk&uv\d\
1 ’
X, W \oz\m\& + k.
Recall fvomm 118 that €he shice area distibubec Gke o Gawssion vondsw vacteble with  Stomdacd  derivation :glf

Co. tlew afe ot loagt % odb 2 g roction of  the {-ball n K/. o

7

|
This ¢ S\Aarmﬁrus that  the local Comductonee  of 2usry \)e‘mt n & s ot least g

Co_ the notuet Ydea o 4o do The ball walk in K tnstead but  we natd 4o oddceSS hvo  ssusc.

7

® To do the ball welk tn K, we nusd o mambieshlp  ovacle for K
We Just have a0 membacship svace for k.oand we naed b defermiee whether e potat is of ot € 4o K.
I we had a Sepacation ocacle for kK tlan we can odoterming  this M:hg the aHlFSDTd method (as done in L3>) .
An important and deep veswlt by Tudin and Newicovski  Csen TGLS 43))  shwws that one can alo optimize

with @\h{s a W\am‘omgk}? ovacle ms‘mg the e\lr?s{;‘\dk method -
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Qo we can uwse  Yudin-Newirouskis o\\jmﬁ\nm P bwld a w\am\guskl? srace Hov K ws?»\j that of K and +he

.z“‘\];smi r~ethed . Co, thic VYssue can be Lxed . with  seme dkm? vasult ond  Seme  Hme cmxflulﬁa ovechead.

@ When  we iﬁ\) Hae vandom  walk In K/, we  may S%J\? at a Pu‘\f\f n k/\k and. this T3 et M(l{‘\,\l fﬂ{ WS-

A LK) p
Tha f%mﬂwl FH\DR&TL‘\M that +this kawzu is 1“m§ ; a\sswvx“r\j we have a uniform SAW\Q\L £ k.

Sihee We assume  BekK o we have that ktaR, & Ql+radk , and so tha -{‘—D\NWL \;voLALTRJrA To at mest

B R (15 B
T vl Ckra) T Towl (1 4a)
Qs W we chosse ™ <iﬁ L then the foiluwie ?rnlcph\ﬁt'\%\,& T¢oat mest 1 'lz L, s (\*(75 Se.

Cince  wa need Yo cheoce &2 8IR S Sal the local emductana - we ore dorcad Yo choowe $ <>

This vestvicts ws v do e ball walk with \/an6 Small S*ha[us o and  thut ncreaces tle (umn‘u\j Hme -

Ah\ﬂwgn,7—§ wo Just oace about ?D\ﬁ(\bw\\\hl tme Solubims . +the above fx and tla Cmru?ohd?ng m‘od?{“cd{w;
would  Wwovrk s \\t Wk\a Qrkﬁvt‘o/l a ?b\\@'\bm\\o\k {L‘\L{'W L[MMF

There Yo a wsva @{agaht ond  effdent L1y by [k%mn»LouZ\nf%imwa\fyﬁ] wing the LWLLP% o{* avacape Cm ductane -

Bourding  Conductane
9

By wodking ow k' we ¥nmo that the local Cenduckane i %M . but dees 1t mm tlat the Conductante rsgbna?,
This 1S o nontyivial question | but the answic furne out o be Yes -

The  heact of the Praafy S an i sopecimetic ?ne%wnt\*r\& fov any Convex \ouo\\A.

Thesrem et ..S,,8; ba a \?mﬁﬁm\ Ints weasSaroable  Sets o‘% o CEnvex ‘ooaka K ojr Mometer D .

S, <, R .
“Than. \/ougg) > L'Di w\mg\/akcgj,\mlﬁgﬂyj L whete dgg‘/glyi wu\iuwnu \ XGS,}B&S\)H“

Thic s o nontvivial  theoram | Wao  will St\,uk\a Tte \Dvon{ oandh  ATSuSS S %qu\gﬂ\gnsz next HSme .
We will assume this theovem and dadive o tower bound on +the Conductonw  of  ball walk in k.

We alke masd e meve tachnical |emma fw the comductane  lwet bound -

¢
Lowma Lr wv e swh that Jwvll¢ T and L), Q) 2 0.

Than WPl £ 1- -

This (emma Sovys that 3§ w,u avae close meﬁ%, tlon there i< o0 ngu ovumP in thelr one-step olistyibubim.

RAEY Rasy ‘o prove vf both BSLQC_K and Be () EL/\/ , a8 this dmplize that o [argg cap of each ball
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16 in the InbecsetBon a¢ n the ono% of tle (ocal Conductance claim.
We ales weed 4o handle the cose when not both balls are centomed 1n K 5 we will do the proef (ater i time permits.

Let’s ‘p\'o\/L o lower bound  tm tle eomductance oﬂ‘ tle bl walk o\sg%m‘mj +lese  yvesults .

_Theotam ot k be a Comvew bodxa 0‘§ Aameter D ¢o  thak {w Q\/M\a ?c\n'f w o Ko otle loce] emdubane

O% le  ball walk with %%rue SISQ, { ¢ ot least L. TL\QV\ ¢ Z% .

Y 0 | ot K: Q.0 Sl be N ‘\’)m(ﬁﬁw b'{" K Tato  two measurable Lets |

L .
Our goal 15+ pova that ES‘ Pe(S) dx 2 e v £ volcs, voltsd ]

Consider the Fc\w\t! that ove o\oag TaYdke  lece  sets .
Lot S Jue Sl Basn < %7) and Q= SxeS, ngg]w—é [
Lot Seoi= k\SING, -

TE ol (ST sl [, Hhan SS\ Px(S,) Ay 2 %Wm@l\s(s 2 %vms)), ond we afe deme

SO, Wi ASSumL \JO\(§]/3>/ \Jo((@,)/‘)_ and \/o[(gwj\) 2 \/o\(31>/‘),_

T\:v‘w( Omva we g,/ and. VE g; , nofe  that (l P\A/P\/{(T\/ 2\ - P\A‘CS))HP\J LQJ (\\{ both don't Cross.
Lhen no QVQH&\? D)

L

Cf

7 7 %
1%% te lomma ,  we et that va\l?% L oand thws  A(S5,.8) 2 5.

win § ol ovel G0 )

Béﬁ Ll thesrem, \/o\LS;) > Séb in gVo\(SA),VQlLSLSS 2 1SFD

T]’\Q/{L{V\(QJ _g‘g\ PyCCL) dx :%SS\ Pr(s,) dw + Ligsl P (8 dx as the untferm  distibutisn 18 Sﬁd‘;maré

/ (% .
Z ;li VO\(S3\)% > ga_ﬁb ™Min XVQ\( S“>J \IO\(&;)’%
Time csw\g\u\'ha
~3 \
Recall that wa cheose :L& ok $= n X ¢ ¢ =0 & ).

n InR S
PJZ) +la Lovdez- Simonounts  thesyem , +le V‘MKTA& Nme ¢ DQ‘%) = OC n & ) = 0 ( n pinR >
Eé Hw2 Bl . e ecan find in ?“L”\x“m’“““ Rma on e,m?mo\ @< KS nre .
3
\We can  do o Unear was&mmoi\‘vv\ A eo that RB<eA € n> R .
3 2. ~ 6.
Therefsve, e Can assume that ©<2n> omd REN?, and Thue +le w\}\[\n& Hme ¢ Oln )

Dun‘t {ngt tle mQW\\b,z(SL\\? o acle WQN K , Uhich ‘(‘l%./f\('ﬁs the Ymd1n~wﬂm\r0vikn Q,LKDVT‘H/\W\ owhich  blows wp

e Astal e Qm?kw\\\—\g b%\ anothae Po\snom‘\ ol ‘&ngtw.
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APPI OX\\maC\‘\\ng volume

A P(‘\V\mr\g motivotion ‘f\w Condlovn Sqw\Pl?nS In Comvex bodkies < b osBimate 4o volume o{' A Comvaex laud\ﬂ

This 15 o tack that Cannt be golued L.;n deterministbc o\[for\“rhmg.
“Theorem I'{ the determiaisk o q\gwit%m sv\ha calls +he w\@mbzrski? ovacle mw Bmei. then Tthore ae  two

Convex bodies K, and  k, that ore tencigtent ith tha antwers but vl (kD /vo\(kl) 23n/m.

\Emﬁ An aa\vz(sara can  ansug( “L&u" it ke query poiet GE;\‘

%\A??n&z Xi o, Xm€ ‘3: . Let ko= E: ond  K,= cm«uhw.,x.ﬂ) .

- Xy
Yor  each X‘,GT?\“, cmider  the ball E; with Canter S, Qnde adins \\X}H/z

el (3
We will arg\/\q that X

towu { e Am ) € \B‘ Bl L and thuw vollemmviN, o ymd) € Wmvol (B €

ond tThie  Luould \\M‘FL\A tle thesvam.

Wae  dam that \\‘Q any Pu‘mf N in ke ling S.z&wawf oF X5 and 3(3 . the oall

™
E\a c B‘\ V) BJ E\O ‘mimﬁm\‘ OMZ\ Po‘mf in tle Govvex L\wu ¢ In U B

A=a

V.

We  loave 3t 4t tle (radec o Prove Yo clavm. p

Tn Sl\c\(\; Contrast . ome can wie +he vandem Sam?l?hg alguriﬂm +o o\wmx?mc;m the volume of K wp +o

O\VBH\(DLYTL\@ %Tgl\ accuracy - The dﬁ{ﬁﬂzhu; 1o that tle Advur&qﬁ Olmagv& knnw the ‘%wzra ?b\m'TS Eg{\w}\md\

~Thesyem “There ¢ o \Dohymlal Bme (amkm\gzo\ a\fo({fl«m P esbmate  vollk) Wp ™~ )iF multiplieative —fmhw.

(ob \We  oassume that we Con gev\arrﬂn uyﬁ\%wv\ Y andsm smh?lu of K

The Ydaa ¢ %Wv@ stondacd Vn O\Fme}mo&L QD\H\‘HA&, ughg @ mml%‘»p}\%e Monte - Carlo Q\Sum‘t%m.

Oue essumpBion 10 that RN ¢k ¢ R@:.

N =

Vo o«

Consider ko= kKn G2 B ) Lov 1<3¢< nlog R o thure are mi=nloy R th‘
ol LB RARVIN( =) \

Note thot ol \\—,\\ wol L3 L oand also  vollky) < 2wellkiy ).

Wae  edimate sach  tavm vol (ki) /uollly) O\QLM(O&QLU(& . and  then MMLHFK:X +lem to jet on approw metion of vo [LK).

To  estimate  yollki D /velCk) . we Sample  randem P-c‘mfs from Ky and wee the Araction  of Po‘mﬁ

{’muing Tn Kyﬂ as oan estimatae o{ wvol Lkrﬁ\)/\ro\(k;) . wp l’PJanm)
M

Sinte vl (k) € 2volC ki) \3\6 Ckarv\wﬁg bound . e WL\A need OQ%} Sam?\gs +o gd an  12€ approximdio.

To g,ﬁ on \i% approximation of \/OIUD:)/\N\LK), we o oset 2:% So that 6&%3 YD\M\?\& are  needed

~ ~ 2 (o'R
in each phase , and the ftal nunkee of samgles 15 8CTE) = FCTSED
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™
The approvimation vabs e (1EEY w o 1Ep. |

ne-ste Lo mm

W would (Tlee 4o prove that  f uwuls% then volC ko (B o gw)) 2 ;&; min ) vol (& ﬂ‘?gcw),wt(kw%@ﬁ_

vol Ck 0 CBge) nBgtud)) vol (ko Byow) L
S Y S - I ,
This  wdl \mPha that ”P“ P"HT\/ =) ol (B o) [l ol () | PR s tha [2mma
My~ R
We astume  that W= ff/ﬁz\ and. v = “{éﬁgﬂ . ~
h " R y
tet €= CurdBl) nlved®, ) be the ntersecton v de two $-bals. v
Co‘f\s\w)nl( *\’]r\.l “YV\OOV\S,/ HL«Z (U\-%&EZB\QV*QR;\\) and HV:LV+SR2\\(M+$@:>. B\k
Moo let Ru= M 0D Cau+C) aadk Ry = Mynavtc). B,

<>
L ) . HeRen
Wz would Bke o prove  volCk0C) 2 oy w{m(kﬂ(w‘%m),vu\LkawS@Jﬁ,
Wa do this by ermpacing  vellkne) o vol Ckn (M-RD)  and Vol (k aRY).
We wil Show © @D welCkne) 2 o wlCka(He-R))  and
@ usl Ckad) 2 win % vel (k nRy) )\/D\Q\U\P\UHE v
Note  that vol (ka®y) = vol (kam) - vel (K alMarD) = vol Ckn CurdB)) = vol (kae) = voll ko (MG\RSY)
2 vel LK 0 Gt $BIY) - yol Ckn @) = (2-1) ol Ckne) by (O,
Thorofere . ))Z\® L wellene) 2 min b vel (kg ,w\&\(f\?vﬂ
2 i g vol Ck ané@:ﬂ)w\Kkn(v%E;‘ﬂﬁ — avol (xad) .

Thig Proves tle  lemmao .

Tt vemains o pove @ and @)

We $iest  comadarc @ and  Show Hat T Tollows from +la Buan- Minkowsk: ‘r\!&%wl(?ﬁj\
Note +hat Re= M b (rutd) © knued)  ond gim\x[c\rl\g Ruo e ka(avrd).
Observe  that _\iKK n (quvQ\B + \{K kn Q1v+C\\) ¢ Kac ol WE-V L
A 3 3
TL\JQHL’{@‘Q, \/a((kﬂ{} > \/b\( 1&\((\(1\«{Q}>»\—{:Lk[\(lvk—c)>> z Mo\(knbkﬁch \Ic\Lk(\K‘LV*Lﬂ \ma Brunn- Minkouw sky

4 A
2 Wol CkoRD vollkor,)” 5 and () follows,
|

To prove (D, we Wil show +hot S we bl wp C by o factey of  VF 7, e b Wl eentaia MU\RG

Thic vl mply That Vol C kn (MARYD ) ¢ L ﬁ)“w\k\mc) ¢ gl lkne) proving OF
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Let pe M\Rw  and wate P Cutw whers Wi .

2 2%

Dha pe ur %%: L wr have {3 “\)—mlll =\ G- kw\lz = LC»le\lut\z Htw\\i,

Qma P ¥ VSR L ws haw & lpadlt = lpaadl = 1 Ceanurwlly = CemTuud e tull
Stne b ERu . we have & < Uponll = et wly - Con) Wl A ol

These \\W\?h& thot Cey) > cchl ond Ccml>c<:-ml, and  thug % <c < 3{ ‘

We want Yo shew that dP«wl\i

N

§” {m me o close o L and this wowld KMFKJ ua\m& up e \’“A \7 would

)

Note that  Iap—ulll = W aprul] N

\ (cmﬂmwwkki = Cumﬂm\i + &l

< (camy wl + o 47— o ol twlls wsing pewt $B, .
- ( () (e + \w}) By + o8

2

¢ (Ot Ga-D) ) + & ¢” \’5\"8 ¢ <

< ) (2 Q)_g; Py 3 wall, <&
< (Q o o - an wixn(g > 3

- %l(QanhDD\L}‘:D(—\\ )

2 N 1 2
<4 W e choo = V-7

| ~
Then A % V- e ond  thut we \‘\\szr vieed Ao blew wp C \:% o {%ctm 0‘% Lox w2

AR 4nty

do .

Rflﬁuuus : Y—VQW\FA\A B Q,\r\o?lifl( Cv(;j

\[mw\?o\(q, Geopmetrie  vondow  walks : a Survey
N
Kannan , Lovasz, Simenoutts . Random walks and  an O(r\§> Volume a\&)ur}thm —65{ Cswey opodies .

— lovasz ., Simemewits ,  Romdom walke i a Convex \)od% ond an ]umvmd\ Wolume fxlgbrit‘r\w\.
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