CS 198 - Cor\\/u‘\‘tg and OFtim‘lgoctim\ . Winter 2017 . Waterloo

Lecture 20+ Measure cComcentyatiom
We will  discuss Tgu?u?mmﬂc inz%mﬁﬁzs oand  then vaa two Cencentyation Me%mhm;

Cone in the Gauscion gztﬁrf,

one In the ephace Qetﬁv\g ). The prosfs Wil nvelve  Pruna-Minkowskl ?v\e%wa[ﬁ'\a ond ?m{kc\)o\« Leindler \lwe?m(‘kn,

-_\:Sayer‘.m‘t‘(‘lc in e%ua“ﬁts { Ball locture 9]

In L% we have Seen the classical TSOPE(TM&%\«\\L ine%m@c\é in R

Tee ¢ach ;pb‘m% ﬁ(éwkh , et d\b(,(\) 2 mip S;\lX—glll \tﬁeA& be tle oistance from X o A .
Lot A€'>%X€W\h L d\(‘ﬂ/ﬁlgil be 4l thxa?&\,\bw}med\ B\C A . Note that fe= H%QE:. _' i
Leom {Ball]

The  Brume- Minkowski ihagmbﬁa Sheus thot- ¥ B 1s an Euclideon  ball of e Qame volume

as AL than we have vel(fg) 2 uol (Be ) -

So, in o <ame ., *the EBucideon balls are the (east L\QK’PMMJUY\X// cets in R undec Hha Lzhasgu Meo Sule .

We can osk the Same %wes’ﬁw wheneuer  we  have o distonce funchien A ond o ?mbabmg measuce  yol .

We will discuss Hwo  impevtant examples  n the "§o(\m‘m£ and  see thelr  probabilistic implications.

ngam Let the domain be the @F‘Mm " e K
The distonc ‘?\Anb‘ﬁvﬂ A s etther +he Seodzg\yg distance or  tle Fuclidean distance nheriked Arome R”
The  itume  maacece Wl be the votaBenalsivvacart probebliny e g™,
Lé\/\g \ymmo\ that the (east L\LPWMRX Cets n this gztﬁhg are  the SPMrTcM Coaps
1{ o subsek B of tle gphere has the some measure as  a Cap C of vadius 1 .

{Rall)
than vol (fre) 2 vol CC) . where Cp 35 o aap of (adius v,

Qjmss‘:m\ The demain s T?\h o with  the distonce ’E:\H\LHD‘A d bz?né tle Tuclidean gistance .

il /o

-0
The volume maasuce T the standacd CTWA;QM Przvba‘o‘,[ﬁz measuie on R'\ with otzuH'\g /)’bor(zﬁ)j Q€ .

Borel) beoved thal +he loagt axpand‘m% eets 4 thic Sdﬁn% aTe  tha L\a[‘? spaces

Tn pocticdar , AR ond vl )=F | then vel (k) 2 vellHe) whee ot tle halfspac {xeR |x,<0}

Probabiligtic  implications
A}

T the Sphece s@rﬁrxs o Ruppese A has the meature of o hemisphere H, which s wovmalined  go that ol ()~
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Et& LQ\;:{; Ysopecimatvie thooven, we have Vol (A 2 vol(HD) 2 |- <" ich we dedved in LIS,

So fo omy sttt A with half the meaSuce. olmost the entice Sphoce [Tes within  distance ¢ of A.

We can vephrae Tt in a Punctional Sefting that 15 closer to the  Concowtvation negualities Hhat we usmm(a N
Quppose {lzg“k*gw\ o a funeon on tha sphee that Ts L-Lipschia L Tel \fO0-£0y] <Lyl

There oists ot laagt sne Vumber M cuch that the cets Qf M) and Q%Z}/ﬂ have measure ot laast helf
8?)«@.{ s QPL\\?S(—L\T‘tl, foa pownt X has  distance &t mest @ {\(s‘m 5:= (r?SM} , then Lo ¢ Mg

E\:S tha ?so«fg(‘\me)\\(\c Tr\a%mtﬁ-\& , T’KY Wwa p?ck o Yondom Fn‘mf on  the QFMNL (q&. us‘n\S +lo Sampl\h& aljori%\qm In UE’«\)J,

n

then er(wﬂupwm I = ol Ay € e*“ii.

This \w?\?@s Hot  wth ‘m\usl\ P(ubak\w\ﬁb the —gw\c:ﬁ:m value 15 clese to tha median volue .

&

A similac Comelugion  tan be dawn in The Gaussdan gemh§t o ovelw=L | then vol(B)) 21—
These are guem\ condiims o S\m{wﬁmz measuce  Comcawtvation . and have  vorious opplicatine Ta di{fecont Lrelds

Next Bme o wa will Sep ome QpPl\\CqﬁG\r\ Tn o Cembinotrnal P{ob\lm, d\?SCrﬂ-Po\r\ua M\\V\TMTiaﬁm.

_Plan

We Wil ot prove  the Tsopedimetvic  Tnegualifies . which are hardec o prove -

\/ev\:{s tlasvem Can e F{o\/y_o\ ‘o%\ o dolveated Sjmmahiswﬁn\ fouw\@wf.

Tt s InhaBue that He tuwe Hesems afe C[Mb velabed . ac the Gauwsstian measuce should  cowcentyote &
tle SP\\Q(t b’g vadinse  In L, oand I '\CO\LT Rovalls \Prbn’{\ wses qu&/s thesrem .

Instead . wa will d\‘\ruﬂg prove Thase “a?me\\maJm” TSo?zr]wﬁ\\c | Concentration ?r\e%mv\‘\ﬁzs o which  follbw

Lesm  Brunn- Minkowski  omd Prekopa- Leindler ?nz%hmhﬁm QLZSO\V\%[\A‘

CTawsgn‘an Concentyaiom i(\({%uul:'(-g L Rall, lecture €73

To wotivate the statemest - et us %mx\ck(&a (eview hwnd Some %;MPLE ComCentyotion angwmﬁu ol o \:rovao’\ .
& X~”\”%X‘ N N ¢ 3 babili =+ - th b -4 Vo Ux7 =
et =R, X Where 2ac Xy te ) with Fro o utma S and | we \noba \kmg S, %o thoat orX) =1 .
X
To  ghow that Y 35 Concenbabod around QO ., the Stondard O«?Pfom% e o bound E[Q ] ‘%‘w el )

tx + ,
Wheee Ta this Sztﬁng one Can Qhoew that EIQ ji e /2 (e [Ball.loctuce 7]3

E[ th ]/Qtl < Q/t/l .

IN

‘t 2
Then _ by Markws ineguality Pr(%x=2t) = Pele'se")

In the Goncsion Sm{'t‘mg o owe Wil alge bound EiQJCX] whece X s a Cf{o\mSS\IO\V\ vondem  Variable .
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Theovem Lot ASR” be weasuroble ond et » be the Standacd Ganssian  meosute  om R

Cx, )74 L : 2
“Tl\tr\ g Qd\x ) (K)k < /.A(A) L where  the mﬁ_g(m[ is :'v;}*{ Al ) /4] )

The Tv\a%mhhg {—akkms feom  an opplicaton of Pm{koFQ“LQTnd\[LF Tna%mlﬁg'

with )\: % O\V\A
Alx By /a4
with {00: Q /

Y, &Lﬂ: ApD YO whice  Xp0=1 T{ xefh and O ow., and mOOzY(x).

Then ﬂﬁn Loy = g\c d“(x’m/[*d\},\ gmh 3(@: /A(M and fw mbd = 4

Prove  can be wiitten  ag Qj:k:/\(x))l > (f?&" —F(x)}( L’,\n 3(x)> .

L 4 "
%\3 tha Prékc§q~Lz‘mz)\ur \\V\Q%M&Hb) thic Wil hold T{ W\LQﬂp/l) z \CCX)S%) %v all y‘:g R

and <o the rne%mmg +o

Q. to prove e “\nq%mmn CTE Yemons o check +hat ‘m((xuaﬁ/v»\) z fu«)gulp for all yd\a R
S Y
Recall that ¥O= (2m) * ¢ -

i %&A,%L&r\ 8(3\:0 and  thew s noﬂ?ng o check.

Hente . wa  atsume

neA/ and  this implies Hott A b)) < k\xrﬂlkl.
ACLRY /4 B s

Ss., %ng%) = & Cm " <

~2 Ay
(2m "<

< Qzﬁjn m?( L\x/nt(i/q ~ M\:/l ’“‘3“;/1 } = (1\*\)4“ 2%p (w[xwu: /&) = m(m@/ﬂl.

Therefme W\Quﬂd) /1\13{%»03(37 zx\wmf holds and  ~the Ynz%mxﬁ‘hg %(Lm& ‘fwm P\”ikogmr Letndloe ?ng%uo\ﬁ‘hﬂ

e

Corollary Tf almy =% . tlen  plag) 2 127"

<

J2 < Tuly T2

<t Al Y, r
roef.  Buery pont xk Ao hes dloB) e and so C1- plh) e <J R

Rao\(rmj\‘nj ST\/u tho QUYOHD\(U\ o

Tl’\\VS S a Shgk“n weanker  bound (with the eomstant n ho Q\L?nher\'t ELT»\S 4 instead of{— )/3 .o bt this males

no  diffeconce  in msst ay{;l\‘mﬁmﬁ

Concentvatiom of the sphece [ Barvinok. lactue 28]

It Tc poscible to decive 4he following  vesult ms“\j the provsw result obout Graussians but tle Proaqﬁ s

%Lﬁto/ \”\‘\"Z(LSHY\S and. It coan be oxtended to  other g%\m‘cﬂg Convex qu@ac“,

Thestem. Lot S:= Sml . et ><§ C be a cubset with vb\(ﬂ/\m\ﬁﬂ 3%

Then, 4w ony 17 €50, we have vol (M) [uol(8) 2\ - 1Q~hi/‘¥»

|ot \/::ineg \ 4.0y, %) 2] whare Aoy = layl, T the Buchdenn distane 1 R
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Tor Ony e X and @6\/ . we have J{\lwc\jt\l - \lg\\ll‘{l”x”ﬂml ad go L*{‘i\\ < 1u% and thut Hﬁﬁ#“ < - 5?

Conaidar ;(: Qw\/g Xus\e%g ond \\7: awi\/oéoﬂ where )z and ? ore the emes wWith X and ¥ as surfaces .

Lot iéi ond ie? o XT ax fov DAL and Xexl ondh s\m‘\loma E:Fn “fw Oé%ﬂ and “eY
|28, = by

S Ay o dl, < w (B o g

Then S W aleo  have S S5

}\)bw,WQ O\?PL\/A o %Yur\v\»H\r\waSk\‘ RY\E%MUT\IA o i ond ?

The above Colculations  ghpy  thot the Minkowski  Sum (X“\Y)/l 1S oeboined v 4l ball (\*%)Bl.

TMM@NQ, ( \_%)"‘ \Jb\(\%:) 2 ve Q@*YB/Q
L

4 _
> vol b?)’ vol () \n}ﬁ the mmlﬁ?\koﬁﬁvsu Brunn- Minkowskd w‘ne%mtﬁ’é

n

_ r\?}/q
o

Vol (XD

Honw, 1 - vol (X)) _ VD\KQj\mMT{) P R\~£ >N yel (B _ (\‘i—;f vel () & 1(\/i—ifh < 5o
g

vl (S ol () vol (B 3 vol (%)

Tt s pet dffBalt & axtend 1T o gﬁv‘\dt\a Cenvax S\Ar{‘o\u_ 5 Sae EE&Y\/?M\cj

Re g&(Q'\Cls ¢ [Rall . lecture @ —X .

- Raxvinek . Math Tlo: Meature concentyotiom - loctuwie 285, 2007 .
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