CS 198 - Cb“vl\(]‘(ﬂ and OFtim‘%a\‘tim\ ., Winter 2017 . Waterloo
lecture 1§ : Brunn- Minkowsk: ]ne%ualihz
We Wil gee o \)Yoo% n{ Brunn- Minkowsk: \\r\é%ma\ﬁﬁ% l:g Ffov\mg Fhe  meve SUUD»\ Priko?c\»LeMzk\e( Int%b_n\ﬁb.

Wae Wil thken S22 an a??lim&w‘m o{ RBeunn- Minkowskt Fr\fz%m[?% in P”‘MS +ho (jr@mbmm's thesvam .

Multiplicative  Brunn- Minkowski Tne%ua\.‘-i';a

Tiest , tecall the Brunn- HMinkowsk: ‘me%mtr%.
Thesvam (Ryvunn- Minkows ki ?n@%wl?ﬁgﬁ 1—? A oand B are Y\Wam?*‘g Lqucf subsets of R” then

+ & K
Vol CO-MYA+ARD) 7 2 (=) vol (A)™ 4+ N wel (BD .

“é\g An-GH ?nwﬁmﬁﬁa “thact -\ a< Ab 2 q” b { o any ab?0 and 0< A<l (see Lov),

—lh Jv: (\"&/\'\ \)\/“
we howge CEND) ol () ™ + A vel (BY™ 2 yol (&) Vol(®) ond  tha {auwznj Cwo[(ar\&‘

Cow\\o\vg Qmukﬂv\imﬁvb Bunn- Minkowsks ‘\(\4%@&&:%) 1—@ A and B ave LwFac{“ subsets of R" then

-A
\JO\KU‘)\\A‘\’/\EB 2 \Jb\(ﬁ)\ \/ou%f}%v

Tor 3Ivm ARN, the YV\&A(J‘TT'\)DQQ?H\/L Vepsion Vs weaker than the m?&)fv\al version . but  we will goom  see

that  the muUﬁPleﬁ\/L Ve r$ion, L—GN all A,E,X} mchml[g\ \\n,\‘ahu tlo ng'maJ veesion .

_Ronocks:
D Recall the Setting of Brunns theovem® lot K be o convex ‘oaol% T RT et wel” L and fov 2och velR
let By be the V\awrp\m\a, {Xéﬂih | cxu>= rﬁ.
=
Brunns thoovem says that  the Funcion > \/olQK(\HHM TS Comcove tn (ts Suppurt.
The MMH?RCM‘NL Brunn-Minkowskt \ml%uauﬁg Smjs +hat Vel Logvok&k(\\—\rﬁ V¢ Cpncave , s¥ in Othepr

wivds ~ the  FuncBon 03 vl Lk 0HL) s Lngﬁcu\r\(avz, a coneept thet s Tm?m’mﬁf (oter .

@ Ona o\olvm\ivo\gg of the unlﬁ?ﬁcwﬁva Vergism T that wo ol ra%a‘\w. that A omd B are nmfszfJ
Tn the m\\g\mtﬂ Vergion ,  the hm»szwqﬁ'\a ASS“M?HW IS needed as A*fi) = ¢
N
Th Brunn's Sp,tﬁ»\SJ the funchrm ¥ vol (KaH)™ i E\ALU Cencave om ks Qm?ow . ond,  tha agsum@jm
dhat A owd B are V‘W—KLMPJC\/A ansure  thal H\Lg Cn\(rquﬁm( o $llces In the Quwﬂt.

Qﬂ_mov\\nj +lo v\m,zmvt‘anu; &&SMM?‘HF\\ mokes  the  multiplicative versien  Qadiec b we,
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@ There s no dimension  n the TV\Q%U&ALH’\J, which  also makes it cloanec.

@ As we chall gee Soon. the P(ikoPorLaTv\oUz( Tr\a%m_a[HB s« ‘F‘uy\oﬁw\m[ 34ntzmhsqﬁc\n of tle MM[HP[TQaﬁVE

version , which s o mwve wseful and  alse g[m‘?ler to prove .

-7

BL‘%WL we  Sea ?(&m\m»u‘m(ﬂmr YAQ%WLLWU, we St see that tla MWL{W‘PHQ@H\/L \VLE BN < @gm\/atan'f +

+ha cr‘lg‘w\al Veggion |

The \)von% neee o tedck @imilar o the ovme T Lol yn Pmm& Hsloter's \mn%u»ﬁ-ba ﬂﬁm -G+ (‘nx%nwt[{n_

bropocition . The Brumn- Minkowski Tneguality TS €quivalest bt maliipliestive  Brunn- Minkowsks Tneguality
(o0 We  heve a\uo\dwé Ceen eme divechiom, 8o wa foeus v the sther  direcBon .
Ascume  +lo multiplieative  Brunn- Minkowsk! m%wma holde for all A,B, and 0<SXSL,  ue wouldh \ike
do prove thet the  erigial  Brumn- Minkousks \mqimuha holde £ ol AL B and 0ch<1.
%uwogz Vol (A) =0 or wvol(B)=o Ceg. K consish of ome pownt) . tlen the ‘\V\nggfﬂh holds tr?\/\muﬂ.

go, ossume Vol (A)>0 and vol(B)>0  and “H\a\a axe  Subsefs n R

, N , 5 . __dey®
We define A= A/ vollA)S B= B/wl@)” . and AT GoowelnF 1 b vl (B)S -
AWIB‘MX the mmt&??hcﬂﬁve_ Brunn- Minkowsl: KAQ%MLHZ on A’,@) and /\ 37\/ag
, . RN , N
\JO\K U/X]#\j AB l) = gl (=) h +)\gj > woll ) wel (@) = 1
(=N vol (ATF + AwolCRY™

A LA\"
“Thig ‘\m?\‘vu +het vol &UJ\EA + )\\%3 2 KQ\QO vel ()™ %Vck(%)h> . the GY\LK\MM Erum\»ﬂtnkbwskla

Honaforth.  we Locws o \Dmv‘\ﬂcg the mmlﬁ?NmﬁvL By unn- Minkowslx ‘mg%kq[ﬁa‘

P[n’.kb;‘;g- Leindlec ‘mgqggg‘.ia

Pedkopa - Leindler ineguality  qeneraltze  the  Brunn: Minkowsk:  inegually  do the funchim  setting.

To motivate Tt , (et %X,M be the charadedstc functions of AL B, AATCI-N)EB respectialy . 12
£(>Q=i HoxeA  and rpﬁx):o TEOXEA L omd S"m«‘\twha ‘\Ca\( \ and m .

Then, the Volumes of AL B and (I-MA+AB ace Ql\mFl\a jn + . Y[Rn § . and f[?g m mstm\mJ

The eemclugion of the  Brunn- Minkowsks Ineguality s that gw >(§ @PX (H)k.

Obuiowsly Tt Ts ot true fov ary  three function g

Tn the Brunn-Minkowskt cetfing  if xeh and yeB. then  (MDX+dy e (-AVALAR
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Trmg\ad%ng in the charactecishc ’{*umd{w M{—an . Tf f(ﬂ:i ond j(ﬂ):l , then

mC () x +/\\£0t'l
One woy to

- A
(G x ALA) z {m‘ 4 §04 g0 that
“+tho \ma%«wtﬁn sl holds H we ccale —?,X,w\ LDZl e game foctor.

weite 10 In the ~Guncﬁc\«\m\ EeHﬁnS XY

Trom this oistussion , e T8 clear that Brunn- Minkowskd an;{{mﬁg 8 q S‘PQL?A[ cose of the Fo/{omf thesyom

Theoeem.  ( Prekopa-Lewdler Tne%mt(ﬁ(,]} Lot ’\Cﬂwx be m“nzﬁaﬁ\/z measucable  funchms  on R".

Tor ony Ae(o) 1 e all x,geﬂin, Tt holds thatt w0 GNx4 Ny 2 wﬁml/%j%) i
1-) A
then SRH m ZGK WC} <Jn<“33 :

Em{{ W hem Kﬁom See

o Smwo\\ Stotoment 18

CosieC Yo prove Thon o S’Pedm\ case

czoson 16 thok  the meve ggnzm\ shructnce s gasier o Prove \)A Ihouchim

One ‘\‘zw\vcm(

CVhich Yo tle coge here,
Trst. we start with the  one dimenciomal  Brumn- Minkowsk) Tne%w,m\:ﬁ (Cnot Prlkayq—umdmr 3153/ as wl be
wsed n e swo— dimensional \?riku\m« Leind\ec Tne%makiha.

Coven two sete AR 2R _ mote that  uol [AYR Y = uol (ax (EJ«O) wheee  B4e 1g a\jsk?ﬁ]u{ R 5:] celR
\DQCMSL Yhere 1S

o \a‘xi\uﬁw Yohweon ke \Dc‘wﬁ& n AYR andl A1 (Bic),

So, withould  Loss 0% gzr\u(m\H\J, W Conm  OSGume L%ﬁ SL\\QH»\SE that  thae moximum ?o‘mt n{ A ¢ 2eco _

and  ales £ho mintmum Pn‘mJt o& R

~

' 220, %o that A and B are (alwmest) Aot sets,

Than  A¥B  cottains A (as A%RDB:{\) and B, ond thic \mx\;tus Pat  vol ( AHBD) 2 vel(8) + usl(R).

N, we prove the

one—d T mensiona)

case 0% -Pfé‘\mka* Leindler ;hﬂ%um“ﬁ&.
W Moy AsSume thot + and g ore  bounded , at othecwite the stotament  holdg
o0
E\a TFubin’s Hthesram . we  eon  write j{lm&x—— S\O \MKQ{Z@)&& as {: TS Mmhzjq‘h‘\/t) and s‘m,‘farta {W g -

whece  we  Lse

(£21) + demote the <ot §oxer | —%L@z&%

E\A ol AQS:LA»\?%EMJ T’Q ’6(5{)2‘& Oondh S(A)OZJCJ *H\Qr\ 2% ( U’>\>>(+>\\a>2t,

(mzt) 2 () E0 + M%zt).

Tkava{wo_ . SW\ m o= S:) \m\((MZH)&(

(E\:& Tubin's 'H\asmm>
[7 0l COMED +xp0) df

This Implies that

N

C %o\LwS f\(m our o\ssmth‘my

W

@ ©
go vol Q-0 (f?f))d& * S‘n \/O\{}\Q3>/f)> At (bn ot ~himenstonal  Brunn- Minkowskt )

Ul

(-0 7 wel(fot)ae + A 7 vel ((qat) at

(vl e

i

v (m Q (L. T—.\wane )

AN nern
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i

G- 7 wotl@t)at + N [7

el £ 40 Teq Uby Fubidts +heorerm )
@r\z@m (S"\K 3Y\

Vs\(&3ztn At

tf

W

Kba AM- &M ?r\z%mttﬁé\)
We

oce Y‘Qm}né +o Prove ?Y‘é?ukk’LPf\noUE( Tnawlﬁ'\a \OJ n ducBen

The ldee T 4o veduce 4o thg Cn-D-diimengiona|  Case \ona ‘(‘(Coré&nf e volume o"% each e 0l Th ke
DFT&M\A\ Statement o—% Reunn's  thesvim

Mn) we wiite Fz: SW -@2(7\) oAx

T»\Qy\

Fox Jg/izm and zel | we wite {;TY\MQP\ as gzbﬂz ’EC?.,X) ch\éd?\M and S‘wﬂar\\a <o % and w
as e Dbkal cum’ o\(’ % whew  tha 'FTVY% coovdinate ¢

Hxed ™ 2.
[[hN )\ o0 oo - o )\
SW m 2 ij ilj KJ‘VC’ 3> Con by Couciten as E_m M,d= 2 j'm T. d\ZB (S’H@szo&lv
This whll —?o\\m %w e one- dimencisnal P‘(ﬂ(opaﬂ Londlec ?Y\thff\a I][ M (e il 2 (?DJ\ A (Q\))k \do\,Léﬁ)
which  we wiall argue below that Tt ollowe ’g\’m The nduchon ‘r\&\;oﬂ\u\\g and.  ouf mggmm?ﬁm‘
-
n- N
Tor all Wy e R sur Ossumption Tmplles that  m( N axdbh | Cod)x s X\p Z% Q%x)} C 3%/335 , ond
R -\ X
thics  meane  that MUJ\BOAX\: ( (10 + Ng} Z K‘&:o\ (Y)\ Qa\}i\ﬁ) .

[ESY A
Sinee %gm are (n=D-dimencional \o\a the nducim L\n\vo%‘v\ask . we have Sn{“" M) ain 2 @TF\"‘\ WQWB (SW\“*\ 3]‘5
1N A N
ond  thug H([»X)o\+)\\, 2 (?D\\ (GT\Q ‘Gw any D\,Ee@/ ond +his ch\ei‘u +he Frnef Q

Tvan Jc\\ougk we wla Wonted to \)vo\/L

Riunn - Minkowsk? Tr\fz%u.o\mj b uwse  indwbon | we need e knq{; Aack
S/% +hlo  volumaes o+ the ¢lWcos

and 4hig m%mu ws Tt

?r\Q%vua\\ﬁﬂA

wee tla  the—dlimensional

?{L?o\zo\—\,z\“c)\\zr
( gee i%mk\, e ctuse. g})

Thaee Y an otermalive Pmaf v{” RBrunn~ M3 nkowsk? insz%«AALT*\a v\s\w\& cubotds , wWhidh T8 2agiee de yndecstand
( see E&\”D\Mr,c\nqﬁu%] ond [\jamfa\o\,d\mﬁu )])

Tha SYT&‘W\M ?mrr% o% Brunn  wes a sjmuuayﬁm argmmant

(see [ Gruber CL\GLFW( ?}>
We Wil wse 4l ?\"Q?Okﬂx~LQ‘\ndk_@r Tng%wﬂﬁwa noxt Bme  oand

o we Pn{'u s G\W\'wd\ H Bruwn-Minkowsk)
Gunbaums  thevrem

R(CQH Grvtinbaums theovam that wo wsed n thae  contaf bf Kfo\v?na wethod n LIT .

TThesvem  ( Greien b )

let K be o contrceh  Comuex St | e gxek ¥ d¥ =D
Tov ony veR" With vio we hoave vol C K n ?\Xew\h\ U, xD2 6 > 2 J5\/0\(\@,
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We 2on how prove it (/LS\"\S Brunn- Monkows kY Inquuama.
Wikhout st lots  asseme  thoat  v=e, .

et k be o  cowtered.  cewvex el .

. (o aube With *wo Cwu}
We Wil de  Qeme Wanifﬁa\(m&“ﬁm& D-Q K wibl the thesvem briuswes claac .

Lot ke Rh ba Yhe b\r\gﬂw\l cantered Comvex <et .

Wa veplace each slice of K lag an (n-D-dimensisnal - ball  with the Same volume .

Mvore ?(msa\jj for 9adh 2eR. Lt K, be ixd%“ | xek and \(1:25 be the shice of kK at =2

Then K 1S cometvucted T Stch O woy +hat UOHKQ:VOKK;) Ao all 2¢Re and K; Ve an (n-D- oimengmal ball.

Obviowsly. K’ vs =til centerad . Lass obtouddy. we acque that Kt Comuax by the Brunn-Minkouskl Tneguality

Claim Kl TS Convey -

%Yooi Since  2ach gl 18 an (n-N-dimenSiomal ball , v Show that K ts Cevex L it s Qthk +o  2stabligh

thet  v(D= vadiws (K.) s comcave  Crocall The Brunns thesvem in the YL-okimensiswal cose ).

Nete that r(zjw-\/M = vel(K)  where v, s the voluma of  the (-0 -dimensiomal unit ball.

So, Y@= Q“sz)/\/nﬂh’i? .

.
%\3 Brumn's thesvem | vol (kD™ s a comcave Punction | and o s 0 (2), P(ov‘mg the clam. g

CDY\Q

/

Wo now tvawsferm KT Inb a0 e C

—T\r\e_ Conter $WNee g% \</ arnd C Wil by e R (V\“>~<}\\mu§m«m\ ball .
Wa choese o Pv“mf P <o +hot  the omvox el @{‘ +the cantyal slice ?h\g p s o Ome  \with the

)P

Some volume o f\ x cR" \ X e K’ and x‘sog _ e vl ( l<;03 = ol <C5<>
Wa axtend  €his esmz T the f?gm s that we alee have el (K;ﬂQ = el Qsz\J whefe
/ n / 7/

Wi dhefyned Kéo\ = ; X elR \ xek oand Xlio\’B and S?m‘((artxa dtﬁna K;q
B%} okn\mS o we claiwm thoat the mag ol k' hae CW\L\J mwove to tle (eft.
_Clam  For oy K with  vol K ) = uol (Ceo) and \,n((k;c):\,o\LCM,),

wi have \Inl(K:F\):O and, VUKQK;\DS \/U\QCSQ {ﬁ,\( Al 2 Th the %u‘;?m% D‘F C.

guﬁ;n&e, we  Scan ’%M — D “{‘O o \Qr&a%t 2 Such {L\QT \IOLQC15>D-
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Lot b b o \>D‘MY Swdn  that vol C K/g\:)7 \)D\QQS\QDA
We will acque thot  sudh a \>o‘w\t b cves not  exiit and  thig c(ud% M\P\?as the claim.

g\/\wom bZ] contradiclen  that b<o. Then +here gyicts \;/ <b <o such that ol (k \0’3 > \Io\(Cg>‘

Ela Brumns thesvawm , (2 = Yodius Qk;) Vs Covicave.  ond Qe ol ( \(IO\> > wl CDD {D\( b<a<o,

but Ahis Ivplies that ol ( k/éoﬁ‘— vol Qk/gLﬂ + ol (K/H,,{)ﬂ <@

\o/\ o
> VokLc/Q\B3+Uo\<C[\D/@3) kthj"]

\/o\Qqu\) ) Qrvdvacktbb‘v\& our  AttumpBion thatt \/c\L1</s031 \JO\QQSQ3
QAAWDSQ ‘Oa coibveadBion  that  b>6 .  Than

thare  odsts 0 < \;7 b queh that  vol (KDY > Vol LQL’ )

/
A&a‘ml \:\3 Ryunns thesvem, sinee K e emuex . v (D= vadins (K,) s cencave , ande this

Lovees that ol C K,§O> <val (e (see ?Tcﬁ»\m} . LW‘\\(RG{TCﬁhg LY AsSumption .

Q Ko © ‘b/
(o The Pme% o\C Grvinboum's thesvem ’gu\\ms Yeottheo mg?ha ’fch\ here .
/
Wao. hova wol (Ko o vol (Ko sine the st transfoymation Praservas Volumes on  beth Sides
volCk) wol C KD
- vol CCeo ) Qine. the wwwk tronsfoy mabion Praservas Volumes ow  beth Sidec
Vol LD
> vl Ce) \"‘3 e cloam above whoce o 15 Ahe cewtec u& STM\\*\A n{ C
wel CO) (as The mage has ov»l\é movad \eft . go cowkec of SJM\/HB 5\15 Wova o L@{f)
" 0
= (TJ(\) e wa Wil ST bolew
iy as (1+kY <o

TIT vemans  Av m(gum that the smaller L\a[f DXQ the cone cunt \0\3 e center b\C i(O\\/Hﬁa e at \mf ‘%’:%&c’h\m

Without  loss , we assume fhat  the o s of kuglﬂt e with  the tip at the m\gﬁh

and o bose ¢ B .

— \
Then, ¥, = ——— g

%~ (x)ﬂk‘uo\(@) dy = — as

Vol CCane) = \lo\(@)/n.
volleond) ) ¢ N\

AN Vi
Thus, the left gide of the tome s of

Volume &:ﬂ}“ froction O'E the whole e .

It s clear fvem che \)ftm% thot Brlhbaum's thesrem s '\%&L\Y omd tle werst ease X

o Coa [ which
1< algo  the st Coce o—g— B‘(\u\n]s theorem .

RQ&Qrences : L Rall, lechue €.

\/QV\'\PALO\_, A\gaﬂ{\/\m\vq Cowwex gtma’t\(\a , Qka"\ﬁ‘gc DN

Grubee . Cowvex and  Discrete Geometvu . chaptee 3 C Bruim-Minkowskd) , chaptec 9 LSMmMz‘wI;a‘ﬁm\ﬁ_
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