CS 138 - Cor\vzx‘\‘t&a and OFtim]Sortim\ . \Winter 2017 . Waterloo

Lecture 1R : TIntroduction 40 convex Sume{-rg

We  will S?\/L an oduecview  of  tha topies thot we will cover ?nc\mi‘miz Beunn- Hinkowski  and ico Qriwdﬁc]nagm(yﬁas.

We will alge qe 'Hl\fDlAKL\ the basice n Cm?m\wﬁ volumes . that Wil underlie the ?anum\ c{ measu{e  Comcertrahion .

Overview

Tn \/mefx\a’s nstee ., ther ore ‘{ou( basic  ¢htructural Agmh aboukt  Convex bodiec

@ Qay«ofﬁm\ i Tov 0 Cenvey \gooha K and ana ?o‘mt tek, thare 1t a \'\\j?zr\)tma s’zPamfmg k. and X.
We have seen thic in L03_ and  Wsed 1t -+ derive d\ml‘\iné Thascems In Lo&-0T . which in +turn  have
applicotions @\/qrnw‘v\qm quﬂxwgk ws havent Soen mony opplications  in this  course ) |
We used, dwﬂﬁ\a 1o deriva  Johns Qu\‘?w\\d\ thesiam n Lob, and alse  1n d\Qr{v‘mg tha O\prox‘\mﬂfm, Carp\t‘l\go(‘kzrrnl\(

thesvam n LUV and also tn the a\gw‘\wm Lo ?0\\6‘\‘0?2 Intecsection 1n Lib, but there are much move .

@ gm\d\w\‘dﬁng /row\ak?vug : AMIA Cenvex baok\a Con b awmx\w\c&;wk \32 o STmPlL Convex \pad5<
Given  two Covex bedtas K, and Ky L we Say kX% an o«—rwuhcle\S of  ky TF

thete 2dsts a Ccontec) powd % Tn K| swch that K € K, o xr d(k-x)
T rom KD\M\/S thosvam in Lok, ’%b\( ““6 ConVax \ondv& Le®® thace ¢ an D_(l\lFSD\\DL which 1S o h/\fuw\o(‘mé b{ .
This o o basic vequt Tn functinal analydc at T oallews wS o appy oxi moite any nem ‘05 a Quadratic nevm,
Alse , i Lob. we e that the Diin ellipedid ( Hestan of o covex funchion ot o pont ) is o good

&?Prux\wmqﬁw 0‘{- +lo demain , ond this s Im\Dmh}ﬁ n the QV\MSS?S cqf intefipy Pn‘mt Al&oﬁtlam; anol

ol tha {%s%agt cmﬁin% Vlmxe a\gcr‘\t\nms,

(3 Brum- Hinkowsk iheguality This Y o Fundamental rvesult about  the volume distdbution of o tmuex body
We will explain the Statemedt latec  ofter  Compiing come  Volumas -
Trom  Beunn- Minkowskl | man3 \\r\’tl(‘u‘ﬂy\j cesulte can be decived Mmm&%& the Grinboums thomem that
we usad In The centec of Srmﬁ*ﬂa method  n LIT . and  aleo YSoFm\\mfw‘\c Me%mkth\zs thet
afte cructal  in dar‘wmg the measure Concentyation esultc Tn P\"bbo\\,;ﬁ‘ha qum\g o that  heve

Tn%@(msﬁnﬁ Q?F\Mqﬁms Q\fartgw‘vxifﬁw

@ Concertroion / isoparimetyic [ expansion > Tt ¢ a P\'\anmznmﬂ abvuk how ymase Ts disgthbubed in o Cewmvex \oo&ﬂ,
T T
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Tov onmyla, we Wil Seom See Thot  MoesT  mace of & Sphere s clocz to  tha cquatoe <qu\m~SL\ a

%\;L\ar‘(’, s not o Cenvex Seﬁ) ., omd this hag ‘m\?me\f Im?\icab‘ms S Frbbab\‘ﬁ%a +L\“Y:\f

One \/Ug MFMMV mlﬁmt\w\c mem e efferent gamF[?nj of a fondem f'o\\r\'t Tn o Ctnuex \oObe,

whose m\mlbsh e based on the TSOFer‘\mszC/Mpmst Pm?m‘c\‘m of @ Cmuex \Ouokﬂ»

I{ time parmits. Wwe  will algso cee  thy D\Ppmx‘\mﬁb canter o‘{‘ jmvihﬂ Cp&ﬁmj lez method , anol

the Tnertia e(hrmm that s o gam rouv\oUnS o{, o Cenvex baokﬂ.

P!Qn : \Wa have m\\’cm&a Coan @ ond @ and. oduc ?\an s 1o See @ ond @

The focus Wil shift  ‘owards  tha Prubah?ﬁsﬁc FmFl\‘oa‘ﬁms . move than The b?ﬁmiso\ﬁm Jm?(§<a+7ns

that we have Szan  in much o% the Course 3o ~90\(_

We will see the PTD'&{S D\C Brunn- Minkowskd . é(rﬁv\]omqu ond. Stva \\SoFar‘\mL{Y\xc Yn@%/mﬁﬁls.

We  showld  al<o See  Ssme Algoﬁ“(flﬂms ’&v rtond e Sam?“hg Thn  Cewve¥  bediles.

We may e othor qwlicwn‘ws cuch ag appyoimate  center of Sxo\\ﬁ% method ., Inertia QHrFsonig

ond  on ‘wﬁa(ujﬁkg veselt In Cosmbinatenal ) oﬁscrquncg lm\\vx\uhv\\sqﬁm \ASTV\S Csmvaex jzcﬂmat\rﬁ;

Gausan distibutioms | Rose)

As 4his ?m% of the Course Wil be mwa absut ?roba\o‘\ﬁﬁaj o gued o recall Lome ‘wm?w/mnt facti.

La SWA +hat X s o novemal  Yandem Vaciable. or mwwa“n Aistibuted . \With Pamm%us /J\ and o 77[

+the fimgH\J of ¥ ie XMH \03 Q%x—/ﬂ/xr

__\
{SU?%W fm —~R <X < op
We denete  that X is hwmo\llg ATt Youte A \aL& X NT\\(/LA,Q“I). from [Ross)
The okm\g&n %An(‘,ﬁw s oa \selt»sl\a\u&\ curve  that ¢ gnwf\dﬁc about ok
“Xl 1 1 1
The ?“\(‘K\A(L Shows the d\lni?\'a {lvvwﬁm £CX3;‘{%‘Q A’%w M@)\)- 3 2 4 2 3

Sowne  bosic facts about nevmal  vondew vaciobles -

0 8 ,1/)
- J—w ‘Q(:O dx = 14 PEER I T{ I -N onbabﬂﬁ’\a Alstvibution .Q.K; j‘#w QX d\X = EW

- Elx]- J2 ook Nor [X] = s

T Yo NG and Y~N(}M,@§> ond XY are Tndependert . then X+~ Nwﬁ}h,@?m}),

Tt <« a gnuo{ exerclse to Wk t out . Thete facts oare also ImPchYJr in the caleulations ‘fw volumes  later .

Concentroion  of  measure
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The Goaussion  distibubion ?lo\as o cevitval role in \)mbo&)?mﬁ H\Qmés becawse of  the comdval Uit theveem
which Says that YL XL Y e Independent  vondom vatiablee  with mean Mo ond VorTanc s,
then  the distribuBion of  thelr  um 1‘%1 X3 Qm\/szrizs v N nu, h@l) AS h>D.

Thys holds —ﬁ's\( oy ‘\d\mﬁwﬁ\a disthbuted  randew Voariables X ., 6r even non-tdhentcal Fondem Vaviablet under

oL GSSumptisns

This Sx‘vzs ws & Reed Vdea that the sum of a \w&t Numbee of  Tandom vardiableS Tt Cowcantrated
oxound. tg mean , os the Goaussian vandsm yarieble s Comeentvated  around TS mean .

L e “Xta
Lot XMoo,  and PYQKZ%)ZQ’EK{ < X

\ -, A -t
Aol atimde s thee (ETE) TR € 0 SPe00O € T e

o, whan £ s lacge - Pr cw«)%%e'“z

L omd S e PY%\OD&;T\I'\'\Q that  +he Sum 3¢ t  sTondagro
2
doviation far Awoy s Qwamx\o\l\g okqg(;ms?hj with t.
Wa should kzg? This  bound. in mind  when we  dVscuss  abouk  meoguie  Covcentratiem .

The prosk of the octimake s ms‘mg the Ack that (1-374) Prix=x) < Pr (R=x) S(\*iﬂ Pr (X=x )

but the LRHS ond BWS Can b QMY\KUK ws‘mg Tr\h_grom‘:m b\a th Q%omi execcise ) -

Ro‘hdm umt  vectoyvs

Hete s a g}mP\q Way o Szmmﬁw a  voandom unmt  vecter .

Let \(:Ly“m‘)(,\\)eﬂ{n b o vecke  whae Locdh Javdw\a S on Ind\LPm\dbw% N(b,1) vahable.

: \ i I AT A AN L Y
The OUY\Q‘ha ’fw\dtm f” oS 3:‘ \Vq_ﬂ L{ - (ET\\) TR - (\T{ﬂ) B —

!

Note that thw Mns?ﬂa Function rm[\éL depencds o e distanc. of tha point +o the ng?rm

Tkmﬁw, tle dishibution of v ¢ QP}\M?UJ(\?} Qymmetric e, V/nrn 4 Yandew unt vedhr.

\}O\umz YEQH . lectuce 1)

Hm‘mg on u“ziugfmxd‘m\g of the volumes of g?m?\:@ oh‘lacts will 3]\/9_ we gooc}\ it iens abouwt K)fo\w\ﬁﬁ{x.

>

Let’s stact with cm\mﬁr\g the volumes of o wnit ol E: ‘»:i xeR” \ Ixh, < 1-6 and

2

o umt g?\r\ut S““=5{ X ep” \ WXl :iﬁﬁj in  theic C2¢pettive  dimension.

2

Cona The two volumes are c(ow_\\g velated Jcmmsk the Cnf\uv% of A cone-
- Prom [Ball])

Civen @« Comvex \mma R of dimensiom m-1 . & Cene a‘F bose,. B s

simolu the amuvex hall  of n  nale pant  and B
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Glven & Cconvex body B of dimensiom n-l . & Cone of bose B s
simply  the convex hull of @ mg(g_ pont and B
LE tha poiat is of hzigkt so2 oabove thae base , then  usl(ome) = g\u LﬂM\M(&) At = ‘7\ vol (B)
Tf He pomt 35 of hagt b, then  uslloome)= Sovelle). Lrow Teall)
Now, fem the pickures . ue sze thet vol(BI) = vel (77, by

d\\\/ld‘mg the boall nte  cones.

EQ\\ LQ’(’S \GOU&S o~ the Volume o% the wunit bm\( now Adenske d \;\a Vn -

We comstder Intapration  wgin olar  Cosvdinates .
t AN

W

In gu\ﬂ(&\ ) 33\/&“ o function T ROR, J‘n f J‘r;c Ssn-n £ re) - "y de Cwhere A5 is the volume measute

of +the SFL\@(@ , ond the ”fadw o Appeacs  as the Q?L\arz of tadius * hag volume ¥ a Hmes  that of Qwﬂll
R
\L’g the VF\/W\C‘HSV\ % 1S ‘lr\\/D\fTD\V\t under Yb%mt‘m/\ . %l\gn S\W\h 4? = NVy S‘V‘;“ "F(V-}' e B Ay .

We Wl we  the ‘F\Ar\CﬁW\ {Cﬂ: QK?(E\X?) o owhich g invaniant  under votatism  omd TS alge

2asy ™~ ‘w\JViircd;L d\ra.dka as  the variables orxe T“dQEQHOLEHt-

" _\*l n. o« _;{;‘ "
On one hand, Ewa”c = ETR" A toax o= T LQ < dy; = AT
°0 *(‘1 n-\
On the other hand . - . o ¢ e
" < «r ar E-\ /gl nv g\‘(‘:0
= Inu |7 S dt Chy letting £=v)
> " =0 < LZS o ”\S =Y

US\I\'\E "\ﬁ‘igmﬁw \03 \pudi B jd: QJt T,k it = kg": QchJCk_\de

Yo
S

- L
The bosz Cages ave gﬁ Qt dt = 1 and Ei e t>dt =

LQt TQK) = (K‘D YQK*Q ba 'H’\LL %wvxmb\ ’Euhtﬁm\ \N\tﬂn T(D:\ ow\rk T(L}\: %
Then T = Spd o= Env, TURY = v TS

H\]V\ers:g‘b“l, NV = (bﬂ}-’{
TE+0 .
/ n n
US\nS gf\(\imjs approamation  that e Jan (B L we have v, R (&31

w

\\—l'\\\s 1S ijequ‘t\\ mU\,A Smm\\fz( ’t\r\ou\ (08 C,L/\\Ql D‘g [D,['l“ .

- } N
In ?arﬁcdqr , —Fw a bal t haw velume 1L, Tts Codiut heeds o be v o -

Slhice Lat's Compule  the wVolume of o slice neac  the e%wx‘mw o{» o ball of volume 4.

-1 _/
The  condral shice g on  (naD) - dinenSional  ball D& Coadiug r;\/hh , Shhe T"\/hzi |

~n-9 | |
n

T\r\q_ Volume n{” +he sz\{\(%\ sleg 1< Voo Y = \}“ﬂ\ \/n \ III ]
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T\f\e_ Volurma o{” the centval  shee is Ny Y = V, Vo

n-{ A(“_‘L
Q& > L\‘ n
2l ) ( 2Me

nel
i({’\\jﬂ o Je when ndee  as  Um LHLHY\:Q

NI

22

Tor o shice which ¢ ot oistanc ¥ %m the  center . b vodins 3 S‘JZXI ond vH¢ volume s

- - 2 2 - 2 -t - n-1
V- Qf&f‘a@) = Nnny 7 Q_—MBM ~ Je &\,YTLY\; &R \/}“%3“1 \«s“w\& o S/ETTQ
Y

34

44

\v axp (~W&><l D) \As‘m(g 1~ % g{x Aov small %

Thus, 7 we Project the macs distribwbion  of the ball of volume 1 vt a S;“S(L dicecion - e
et o distibution That I approwimately Gawsslen with  varlane = o

Absit 9T of tle moss T witkin fwe  atandacd  dedivabioas which  ltec i e slab Xx\—%ﬁ%\ﬁjgﬁ

Note thot +the Yadiws s ‘(cug\ka g:”—m and o re,atha most o the wmass 1S cloje e the 2guatox .

The volume of the ball concentrates clote Ao any QU\L}SPMQ of dimension  n-l, buat that does wet mean +hat

the Uolume Conmcontvotes near +the Contee, as 1€ 1€ ngé oo thot mst  mags s wnear the Sm\cauh

Co, the mass Aistibubion in WEL Aimensisn 1c not censistent  wikh  oue IntWitien Tn lew  dimension -

Cg¥s gcmnr\j back *  a ball of radius ome . the  fraction n{ mMmass  Wwith X, 2 §x 1< Yuugk(a e%ml

T the  probakivty that PriXzc) o Yoo . which G about o e = o5 we ectimated.
i ‘ L

So, o we (&h&mha pek o untt vectsr then  Pr( %, 2 ﬁ\) ¢ Tk

1% D\LSD \MElTIL that ‘Huo Yondew veeksys W,V are almost SYHW&;W\&\ : %\8 {bfkﬁm«a[ ‘W\var\w\n(z, we  Qon

L -

C C
agsume  that w=¢, . and thus Py (< VOO Fh ) = Pr {\/VZE) 3 e .
Thig s alco  an upver sbund\ c{ [eN Spker“\m\ tap * fov o Lived wnit vedw v o, & gpkgr?m\ cop

Cle,u) is defined at K welk” \ <unD 223

2,

hn
Bkg the abtve esBimate | we havae \/OKLC(E,\/>> s at west o o T ’%\f«k(ﬁm’\ of vol (8 0.

There Yo alds a  wice mo\\a tv  Qee thit yers c)f\rJuH\&. \\\'\
/ § 3 I
" _@ | 0 x III i)
Trom 4he plotuce ,  _wol(CCeu)) | volleome) o et Ve TR !. it |
ol g“;\) Vi Vn p / y

~ N - B — - o t
“This Q(gumﬂvx‘\’ TS Swilayr e the ar\guw\aﬁ wsed i ges\mqh“c descont S fr Bal]

A ~
and. m\ha holds when 2 € 3, <o that +the vertcal sida X nob ghovter than  he }\w‘\gm\to\l side .
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Brunn- Minkowsk: inequality and  isepecimetyic inequ‘d} [Ball. lectuce §) ) J ) K
—3- r4) — v l /
/

This i¢ o Pfev?ew 0{ +ho JmPks Tn the mext Coutal& lectures -

[EIAH]
k3
Let kKR ool VO be the \JU\XH\ 0* the Une with +a st oy dinate ) —
/ E E ‘ v(r)
\:Q‘mg %, then VbOVS lag\& T gee thatt VS Cencave owm ate Suwwt- i i |
This & not tvue In 2-dimension , as the atea of a cma’s sechion ineveages with <
Brum Proved that  +his s tha wwst case (ag 1t ¥¢ the wmeck “xxPam‘m&” caw ). [ CRall]

Thesyam CBrunn) L et \( b a Conveyx \aDd\\a in (\Rr\, Lot méﬂ(h ., and {w 2ach YelR -
|t He ba the }\n?—?r?lmt %xéﬂ’\h \ <, 0D :Y,Zj_

1
Then Tthe Tunction > vl kn He) ™ s eoncave om  Tts 2upport.

Minkowski come up with a very wseful e formulation .
The Minkowskl sum of twv ke A, R s defined os A*E‘-:y\ o\‘r\v\ﬂké!\,bél@?}

Ova \,JDWA fo think of T T b add o ca?\& o{' 2 {a\( 2och Pc?nt 0'5‘- A - —

| J—
(Fa) | =777

Tov Brunys thesvam. 7€ B¢ and Ap ore twe slices of a cowvex body (<

o ml\a ?lrwu we  used cm\/u‘&n Wob oentwe that  (-MYA L 4 AAL Sk

So Minkowsk Y@jtmwmb&a. Rrunn's thoorem, as  Follows.

Thesren (Bruna-Minkowskd rne%mrw £ A and R are Pmempty  Compact subsets of R then

-+ + +
Vol CO-MNYAFAR) " 2 ChaA) vol (A)T N wel (BD .

et See on Vmmediate awl?uﬁm n{/ Minkowsky’s fmmumw‘m\ o prove & clagsieal T:O\zen‘mz‘w?c Y\\UKLU\LH‘B.

Thesrem Gso?llf‘\md\(\c \\V\Q%\Lmk\\h:s} mewg bodies of a g?vnr\ volume , TEuclidean balls  heve least Eqrfa\cz acea.

Qfsnﬁ let C ke a c,o\m?m,t et W R” Whewe Voluma 1S le v that ef E)\

3 -

The surfoce ovea s{ e can ba Wiithea ac  yol(RC) = ({;‘\;‘ Vo LC+£E:3 - vollc) |
© <

A

+ )‘; n " n
B\IA Brunn- Minkows ko \‘ﬁe‘g‘«m\u’n, VO\LC%G_E:)V\ ZQT"OVU\Q%} + 2\10\(@1) :VDKCY%"*i\WKBxY\

oL
Se , wl(R3)y bim Cusleey™+ vl (B7))"- woltd)

¢>o %
el .
> lim vol(e) + hguu\cc)"" Vo l(B3) "~ vol (o)
RS ¢
-l ‘&, “ Aa)
= n \/m\(‘_C) h\/wl(%:j = n\[a\(@lﬁ as \IqLLC)?\/nL(%;)_
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= Wl (2BD) \Oéﬁ the esne o\(gumedr‘ o

With +the Yso?emmﬁc {r\g%@(\&k; , tng  Can \“md\\\t& we tThem +hy dorive Cwncentyabion VnQWLTHM in Proha\a\\ﬁn'

The  Brunn-Minkowsk?  thesvem vl be  useful In those o\wﬁmﬁws, which will be desoribed  \ovter.

P\Qﬁk(q_\ggs - U%z:\l\ slecture A, lecture S Lﬁgl\\a acommend 2 d, .
Ho\)cro%%lkahnmn4 Found afions a% dota <clonce |, Q,L\aF%Q( .

= Ross, A first oowee 3n '\)\'b‘bab\\t\\h&.
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