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Lectuce 14

Se ‘{ - Concsrdant  barriers

inteciov poi nt vmethods.

\We discuss  the Jd\aﬁ\r\& of- Self-conesrdant bacriecs  in So\mng CBnvex ?V‘OS(G\MS msw\v\g

and  also  diswmss  deas  hwe to g0 \an:)br\d\ the  O(Iw) Ttecation bond  for Sm\vTvg linear prograns.

RQCGP

Lot 4ime . we Sea thae amhngy‘s o{ ntecier Pm‘,y\’t method Ty lincar Pfoarc\mmwg.

We use tha Lngk‘oa(du Tunchions , (hich make +ha cmi)udodn‘ws ‘m\/nlv?ng the Srac)ﬁeﬁ and  the Heseion
LxpRCt ., ond this allous ws 4o derive  <owme propecties t  astablish  the Cowuer pence regulte
But other than that. the amlnsis S dilta geneﬁx\ o which m\ka maéjmm two  abstract FW?WTTQS 0{

“lo  bacfier «\mecﬁmsz

—o0.|

Smooth e Hx% = Hx 3 QO\\ H} I KAJ(“ Hy < g

whan

r&/qm&x

. %
2t )

QO
@

I%hoﬁng the Inflal tarm and <o cewsTant L thase weould \)M?L\a thoat

The Hassian D\L the baccier ‘{‘VJ\LHW IS

The %mdﬁm& vjr the  baceler Fm\cﬁm\ 1o bounded ¢l Q(?(X)“H"SFF (F?W\ ftrr\ng%mwh&

ondk 'fl\k

PR - .
number of Tteration s bounded lou& OCJE*\_) itecalions .
Likewwe . we  havent  wsed.  much  absut  lineac ?(bg(amm\mg ,Qumft that 1/\1[?20\ W e oestablish  The

?royzrﬁms o{ the XTQ&:Lml(“ ond. the Hecsian ( o¢ we hava axplicit ’%D\rmuﬂq&}‘

Plan

Tmo&an, we  will %tuok% bme move  abstract olqﬁb\‘,ﬁmg that  would ‘m,\?l% the  two kag Pro?zrﬁks

we \want %rsw\ a  boccier ’funcﬁs\r\ , ooand This alllws  ws v wse  Fle  intecley Po‘mt methed o
Qolua  Convax ?\(bg(&\rﬂ&‘

Moo we will disents  how o improve  the patameters of-  the  bacrize  funchions L to obtain  faster
C_SY\\JQVXU'\(,Q e wlts ‘f\w inear FYD&(O\W\MW\V\X~

St ructuce

The fest \)rapuf\a relatee o +ha (%uq&mﬁc) Qwvo.r&er\u. O\C Nawton's  method  Tn Inner  tecatiows.

The <oend propecty velates  how \o\(gL Wo Can nCreste © in the  oulec ecations

Wae will addeecs  thewe twe peoperties Qe?um\gl twe  in Qach  sectow.
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Self ~comeovdance  functiong

R‘“‘S\‘% Speaking . Celf - comeovdant  functinns 15 a  class of funchions  In which  Le  Can prove &
Soéc?%fyadcn\% QWVQTSM\LL feswlt Aor Newboms method .

Recall the tradiBenal omaknsTs of Convacqence of  Wawtows wethod n L1Z = To Prove  the %mmﬂaﬁa
Comvargence Yosulte-  the  assumption s that I VLQOO»V%%LBME Ml\wg(ﬂl

This 16 not o good assumption  for 4o ‘Fnu‘fw"mg Ceasons + Teeall thot  Mawtens mathed ¢ of fine
invaciont - bt khe  Smesthness  patametec M s wot . Sel it s very uhgaﬁsﬂnhé that we olent
have an affine invadant  assumption  for  the Convecgence vesult

Aleo, £ muc pucpose . £his  assumption U5 ot Satished  for bacder functing which blw wp In the  boundacy.

What we ore Lmkﬁng\ for o an affine Thvanant o\sgumPJﬁm +hat  also Rncwpp(qi‘ag baccter f\moﬁﬂ\s
and. alse implec the furst propecty  that  wa want .

We etact \a\a Owg\xd\a(‘w\& {\md‘\mg cf o S\w\gm variable .

3
.m_ p\ Csnvex {\AV\L‘HB‘V\ ‘F 3R9R s 9{['€~ con esydant T{ l{wﬁ\)l < ')_«glb(] h N

Sewme  obseruations [ Temarks  befre  we P o

= Tt ¢ about  hwa the  Cetemd dherivobive,  would QL'\C\V\SQ/ Qven the  Current  Setomd  derivafiva .
This To o clte o what  we went  in the Nest propecty  and wo wil elabsrate meve bt thic latec
Tt allows  a jcur\d?m 4o blow up ( +o Incrrpsvate bacriec —Q\A“d{mﬂ} but  net so otrmsﬁc@[(g«

= The Costant 2 s mot o dmpwtont.  If a4 fuscton £ cabispes 10| < k{f"m%‘ than

the Scalad funchion {Nm: %%u) s SeH —emescdant  Ccheck)

T B selfoconcerdant  funchion I afhae invadant . Suppote Q) = flayab) = o0

Then g 15 Geif-coardet 3 and mly L 3. To 2ee Ahis g’nﬁv: af o0 3”%): o400,

'

» w w y 3 » 32
%’/u&}: O\g'ﬁ ), and  So \% up\: ko\zf (x)\ < 10%%(7()1 = 13&3)’,

Definttion A covex functim 2 RTSR is self ~comeovdant T Tt s celf - eoncevdant a(wg avery line, le.

the  function 3u3txcb<vtvﬁ 1S Sef ~concovdant  for 2vey X omd V.

3
" 2 - 2 3 2
E%quku’ﬂ\z\ oo fudhen TSR s SeHf - concovdant T{ \W jC <) (\/,\/,U]\ < 1(\)l <7 {(x) \/) = ﬂl\'uvl{m Y x v
2 32 2
Wwhe e AV, ‘EOO 1s the 2-tensor with (’OE{LK)}}‘]X = ‘fggﬁk ondh V'?OQ[\/,\)‘\/] = %)K (V%{(x)\lj/k Ny U\\) Vi -

2
Sin Vjc(*) 3s Q\AMW\L—H\\() W ocan be Fra\uz.rk that thic 35 e%\[\\m\anf +o
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{vg{m Ev\,v,,uﬂk < 2 v o\

vl{w V»fu)\\ z“ T RGN
mi Wa will it cee 3ome %‘wm@\e SLXam?lu, ok  Then Some  pom—tivial XXO.W\E\QS later
‘{“OO;;LOSX TS setf-emniordant This s w\\& +the constant T 2.
W
%Lx\‘~§\ \USUauo\ x ) AIS ge\f-wacwmwt . 6s the Sum of  Conwvolant functisne T Concordant and

tla cm\;us‘\ﬁm u'{ a{—ﬁnz ‘t\(ﬂnsf‘s‘fmodfw PYesetyes Sa({»cmcwdmna,

o the \D&—bwn‘p_( functisn  Ts Self-epcrrdant .

*F(X\t/lbgokb‘t)( RS Qa(f~cmca\mkom+ SN d\aw\-g‘_ SQ \ma \’LE’HTC’OW\X on a line (XkerLTSrL).
This s the barder Auncbon  wied  for  Semidefinite ngmmmnop

Pvo 3

- svdan ncti

There.  are W\m\a nice \)ra\m(ﬁzs a{f ?eif¥0m\cwoﬁanu uncbiond . but  We ‘Fow& om o(erlv%g the AFV(&t F(oP@r‘ﬂa

To deté, how +the  Hosotan C"\Gr\gu, +he kza & eonider  the \cﬂ(m‘w\g 'Ew\cﬁsm:

_
P = 1

\) WL Gty I "”Hvau\Lt\Q .

%
P -~ Ve [y, w,
Pska the self- concovdanc oSlimptitn,  we have \”\(/(ﬂ\: = VHuralewd

< 1 vt
2 KU\T Vl{uﬁ@ « 3 .

Tor oo Fo\n{‘s 3(,\} o owe Would ke to  geo how the Hedan nyrm C,L\av\geg.

[ U
We Coan  get w= Y=x . %e that (1) = “‘2\"‘\@(\3) and  Plo) = ofoo
Supposa l\\ﬁ(u Proo < 1. *hen ) > 1, Gnd ag W](t)\é 1, we haye yti) ym 1.
~ B 3 | > | _ < N \ + lu -l = H "XU vszg
LTL\\& \mk)t 2s that u‘ﬁ"(ud’{ynn) z \\U\)«\(lIQ‘Lgm 1, whick NS 244 Valent o \\3 X\Q \Q[\a) g Wy afey

V= ly -x\ SFe

We arg now r{mdté 4o derive  the  Hesslan  Imoothness Prcperﬁﬂ.

Theore m If [[L:ry([ oo € 1 then 1~UU~5&X\\V@MYWI\C(X3 2 VL{LBB 2 —\l%~yl\q‘{:ugklvaﬁt>«).

F(of\ We wouwld ke Ao Cea  how  thae %um&m‘r\\c Lovem d\arxﬁu when  wae  mvve {«(w X %\3

We emmsidecr  The LuncBom qCH = W Wl\cbut(u\\-x)}v\ So that  3(8)= Wofeou and 3(13:fq73}(&3w

et %T: X+ fbﬂ»)() be an Anterwmediote Po\m‘f‘

Tl\IZ. Coite B’f Qk&h&g \%L’ﬁ l {L Lﬂ’cﬁ E\ﬂ X, w V‘}\ < 1“2&'—XHWL,F(5%3 u\/\ll Qz{u\jt) bla SZ%‘CWQNDWU\(L
- % (\ \jﬁﬂxuwl—guﬁg\ %(f) \O\A o\q‘%\m\)ﬁm o{~ \Qf
&__\KM} \;LA Aiswssion  abovl the thm.
Y- X\v{m
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~xll =
< 2 &1\ t Hv S } %LJC) \o\a Aisassion aboual the thm.

\ - \\\i%ﬂ(ﬂ Vl{(ﬂ
= _2lymdletey g
-t \1\a~x\l TEw)

Thig ‘\mpl?eg that “1“1“)‘“&7?0@ ¢ g)('t) ¢ 1“!”““7?&)
S byl Gpey ) Ls byl gy

J )
= lﬂn(wtuwn@m) ¢ an(q®) ¢ =2 in( xuv%)

Ir\’mgmﬁr\g in £t feem o 4 1 2 An(- “‘(’}"X]lvl{m) < n U&(lﬂ*ﬂr\k%(b)) < =2 nlt- \\kfx\\vﬁcuh

-2

EXYWE vt OL*CTV\S LW XUC \a x| Q{Lx)\ _2?_3 - illa» XH QX_{‘U\\) B winch TmF Ree ke Hhesvom. -
Another 1 nTQ(Es‘HV\S P\’ o?erh& Vg that the et "Y \3 e [Rh } I Y-~ x|l Ulrf @ <71 5 s CenlTained Ih  odom f .

This s o 3\1wm\‘\3mw oJ( o statement abwt  Dikin Mn?som ve o eebtained  Tn o tha m\nhgaJ

which s o %\)ecm\ cace Wwhen  the "Sur\cﬁ\mwc o the \ojﬁgo\rrier %Av\cﬁmh

Ug‘mz +he  thesvem , ®Sme  can prove +he Wmﬁc Convergence of- Neowtont method fm %{({»Cm\cwo(mﬁf

{w\c‘h‘b\«\s Csee  Theovem 4114 of Nestocou ) -

Tov owy Purpose , WL Con Wie e thesvem 1o prova 4le lemma n the Taner Ttecatiom n L2, and

\tk&{" NS \I\/L\O\-t (Wi V\/LL&\ ’Eb\( “Fhs N\V\“t'ﬂfjnv Po]r\‘t" wethod “+o \A)WL(

gt\{ eoncovdant bo(ﬁers

Consdacr o Convev  Pro Ero\w\ Min %,(ﬂ

k. xe Q whece Q¢ a4 comvex get.

Without (o< of X{nqra\}g L, wao  n  assume  that \Cctﬂ: (e, x> , ot othorwita o can jmg’c eonsioke ¢

! ~
i ot st. X €& Q/ wheig A= QOn \g—?cb@ < o(] which s sl esnvax .

USIV\S tle Tntecior PD‘\r\'t method . we need o bacdiec —g\,«ndﬁ\m Cb(ﬂ st (t)b():w for xR,

the \aob\v\d&\(} v{* A and  alo 'm{%&-{% outaide Q.

I{i ts Sol\—]cvca‘f\co\/ dant _ Ten  Newtowt ymethod would woevk .

Now  wae '&10(/\/\,3 o~ the Seiend PvnPerﬁg) 4 bound “V’\Ctﬂuvlfm“\ Y X

W) e Sag tots a ﬁ¢§€[~F—£mcmoﬁayﬂ‘ barrier H[

D;g{jmt]m et f be a Sa%/chwd@mt "Fb\ndﬁb‘w.
St«? [ 1<V\QQ<) uD - \A Q—F(x)u\]

weR"

MV\X\W‘I\T%‘\V\& w wnll %\vm I\ Q?Lﬂ“ qifm" 5% S owhach g szacﬂa wWhat e wanted | ba OW{\\G{IWL
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Bv& Sa%k‘mg w wth  dw  and w\o\yim?)h*u\% the RS, thae definition s e%o{.valznf Yo
> T2 . N 2 A \J
Cfon,ud) ¢ % w Uwﬁum o Which can be  wrrtten o I ¢ e Q46 chbO .

o ofre we d&\n?.%

Wo  have oklﬁmzd\ what  we wanted |

There s one  rmove Plaoz, tat we wied Ha iﬂch‘w\( ?ro?ar'{‘\é of lvgfloqrn\ar ‘F\md{m\s_ n Q(Su?»\g +at

S .

Lxey-<exX> < when T 2%

Lot {»&U)i:f@X*?U) whet b TS @ @fsd{»cwu(&m\t bacrier .

—\L\QWDN\
— * x, < P
Then e, xg D -<e,x 2 T
Yoo B\a e D?ﬁma\ﬁ\a Condition | X: go\ﬁgﬁeg Vqﬁtpx):{g+v¢u):o.
Qo Lo, XY= D = (o, xX-0> = Fodbndy, x>

show Thal 4 V(?DO 5 \3~><> <$ —%s\( Q\r\La x,ﬂ‘

To QMF\LJUL the \3(00—\[1 we

Congider the functim  gqLed = ¢ Vglx vsyod) L yx ) for S€loa],

Wa \,\Jbv\ké\ l‘\kq “kﬂ ‘PTO\/L S(D) < §>

Ascume 3L®>O Qs otherwise wq  hove mﬂ‘mj o prove .

Then 3'(5) = L\1~~UT Wlté (x4 SU&AH) L\:rx)
\
> e CTPUs-0) L y-x " by the sguvalent definition of  f-celf- cocordance
= JE; . 8(5\1 )
Thig mQan 8(&) A ‘,y\uaqg\y\g ond  in Pwﬁmm 3(3}) 3(0) > 0.
N ( +
A\Su/ Intaofotin 3(5) > A {5 Sé[%t] L, Wwa have o + A > —
ntaf S SQSY = WC a PTESIARETS 5

Omd the cefove gu) < % for Gy telo, ) , and  henc 3(03<$. o

*
Ansthec ‘mfuuﬁng projacty s that I X—XQLLleALél% Contains dom . where Xac T A

Dikin Q_UIES({\(}\

Minimizer of CPOQ. This ¢ a j{nuqlfsqﬁm of the result  we have Seen in Lob  n the g?za\m( case

{w the [og»bm(tw ‘F‘”‘Cﬁ"“' Tlﬂs '¢ another  intuiten —ﬁw the Interier Fu\wn't— method o (,m\\/erig n O(j?) gﬁfy;.

Conclusion
T think  thig QWPWWS +he P(DD\L of Lhe ntecior ?u\nt method  fov any ConuaX ?rn&)rmv\ usMg

we have @ FﬁSz[f»Ccho(md— barrier jcow-

the Soame PYD'O’&‘ ase in last leckuie . and mSSmwﬂng

+the convex tet Q , ¢v that tle ?rovzrb‘g& that  we naeded "mex the booacler f\n\d{n\ oo Qoxﬁsﬁz&\,
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Then. fSannS +lo  Tarm Qwruvhnoﬁwg o te Wwitial Fo\\n‘(, £l numbe ¢ fo Hocatioms 1 O ( S>

N

aryYy
How o construct a googx bacler {Mv\cﬁm —ED‘( o Convex %t o} 2_
Tor SDP.  ove can ucz  HCX)= 'LOSOLK (X)) which s an n-self-comesvoant baccior o Xe SQA

Tn Semm\, ot e difieut question

Univecsal  baciiec

Neskerov ond  Nemicousk: vaad +hat 2urry  ComEX bod\é QR has o Oln) -~self-comcovdant  bacrier,
Given  on Antecier posat xe @ , let \)Qﬂzgseﬂ’\h\ <y, \3~X5 <1 Q%GQ} be the Fulm st

O’g tho ConVe \oot;\a Cenlered ot %,

Thesvam There are absolute Cowstorts ¢ omd co  Such that C#Lﬂ? ¢, Un \/o\hu)ba)} Soa

Ceun)- Qdff —tomcrydant  boarcier.

For |inear programs. this ?mFl\‘rzs o boeriec with om\\a 6(37\) TTaratimnc.

The \ern‘c\ﬂm, however | ¢ +hot C{)Lﬂ) XS QX?QAGVQ +v QM\»&Q-

It s at least as hacd as So\\m\g the Ceavax PregrAW\ Teself™ L, amd se Tt s el ez ful for qlfbrithmtc Purpeses -

EEN %Chﬂﬁh\/ Tt o?tirv\o\l ond 1T 8 a vug imFm*vw\T cesultt in emuaex oFﬁmTSa\ﬁm,

4\10 lumetvic \oorrier

The _g’\“(ﬁ result  that SO bonmx Tha \mg~barrTar \G\w Nnear profram s b% \/edg(ao\,
A wape problem of  the ngf bacrioc funcfion ¢ that It puts  2gual m]gb& o =ach cmstraint
PN \\% A Censtyaint Tg ‘(O.\DULVQIX MLW\Z] imes Naw c\%%ad‘& +hae QQ_V\J\YW\ Faﬁ\’l’\ )

One Fdea i1 T 3NL uagm o the emgtvaints  so that c:»mg o total \,AI&L\T olV no1¢ 3‘Nu\,

Thae volumebic  barrier s defined  os \VAC - J{ log et ( Ul@éug Whera  6&) s He Lb\g‘bar(ﬁ?ﬂ

Note Hat V) Coawn be CM\)\:\—QK Th ewe  detlrminanl C,DV\F\,C?&*‘\\W.

m o oza!
>

2.
Recall that Vobx) = v Caexb)

Lot €, be the o(?aguy\a\ matyix  with 6’0;;\1—0\’?{(’;5 ond Ay = SXA.

Then Y00 = AL Ay
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To  chedk 4hat 1t

T o good bacriec *?umﬁmJ we need Ao QMF»&Q vty grad?lnT and  He¢stan .

.
T -
ol v 0K g;
Gradient VW) = A; Sy where Oxa = “T”
N > T
Hesan AVAVICS VR D SO

where ix XN ddo\gwa\ rmaty X with @Q

LT Oy

Tt W owet Attt check  that

™
Txzy S 9T ond \\i_‘ Qyy =n.
Re, We Can intecpret +tle Hasclon oy a WWLTgk't‘\hg o,{L 4l oemstaints Qo that  tle  tetal watglﬂ‘ s
For example:
vepet mtimes gy nrey!sf mlime
1 TE ) ‘
cy «ﬁ\ = [ % (from ‘mTat)
< = ) N
< i -
(< ﬁ -
o u " ’@/ Volumetric Barrier
LIHtR  some  calewl atisne ,  ome

Con  prove thal
[ SVl gyt €N

4 2 2
- Tf | x—%{] ey S om T then T Vo & TV

The \Cirs% part s goeok but  the Seisnd Part s et gaad\ L oondl wwe dent 3&‘\“ O\v\nﬂq(n& n&zt.

Thae pavt Tdea TS to

wse o Combination of the Yo bacciecs NICOR -~ ICN

OWn) and \kx—ﬁﬂgﬂ,m < (%\;4 hon vl\/m%vlwtp_
Co. (g> o) and $= Ql\;jﬁhl and  thys TMPLTes

Then I 9veol et T

o) (Qv\n\#j ecativns .

Tohn  ellipsoid  baccier

Lee ond  dford ﬁzc;znﬂa Qava & SCn)- ge[f, eonesvdant  bacier  wWhidh ¢ ales JLHﬁder\TLa cmymwlz_
Thelr itial Tdasx s o Yecurse  om Voidya's idea .

N ( N S R =~ R (X
Call \/wohazxs b acrier \Cuncho\/\ \j\bO = 5 Ku&&z% Y ‘{SU) + o)

TL\E\J ConSidac

R0, Jtl\ma \LQQ? ﬁz%v\\n& o wngkT wetil o Bxed Pn'wﬁv-

R\g that Timo , vl\/dab() \oQWV\(S tha Tohm QH‘\FSDWA ef kx": K 0 ()(*k) ,
\,\)\v\\cL\

DS

a %\aw\w\z&;c \?DL\J“")Q ond —\71\/wb<) o In- t\FProx\mm\‘m,

(from Y Tat )

Wwhact H\ma do 15 o Compute VI\J\DSU\)(X) , which s O\\fma a DWR)- qwrox?w\q%m,
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The  moun Prablam ¢t deal With the Smosthness  jssue

whese \}D\\LG‘\\:\O\/S Volumebic  bactiee  alss  hag
ond  what t\\ma do ¢ to odd  Sowma h/\aS?co.( Smeothener  Terms  tv  establish the Hosoan  Smovthnese .
/%mash\&hs, these w[\gl«ﬂ Con bho CS\(V\?\AX—QJ\ ia near Unear Wme \Mh\g Yand.om S&m}:(h\(f and

\heav Q%mhﬁm Solvers |, where ﬁxf Min-Co ¢t WC(M those are Lq?ladaw Q%Mdﬁws as we Saw in LI12
As o Co“re\\wﬂ this ?mP\?u oo ©lmin) sxact o\\foﬁﬂm ftw Wmih-cott f(m ,

TmpPraving  the State of the oact s alassiaal  emmbinatoval voblem
proving P

R(EQ‘QY\CQ&

\K/TV\ Tak LQQ,)

Flrswa\ CommUh) e ong .

Nestecoy |

Iv&\(nd\\@w\«\a lectures o Conuex U\)ﬁ‘!\\\vgo\ﬁw , qu?tu( G4
- \)t\S\/\Y\U\\/

N mint -Course  sw Cnvex bpﬁm?gqh‘w . ngmr 4

- [®y 9.4) B fBu\oQLk,QL\A\fm( Q]
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