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Lecture 13 : Linear \)rogfamm'm%
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To golve Hhe  uncomglrained qub(am \Ag‘m} Newtsw's method - we need o Cmv‘?\ifk +he 3rm}\Iu\T and. Hession of .

o= > i avoq

Note that 0600 = 3 TF 0 and V40O = F oo
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thug Vi = ke - Em ond VEG = T 40 .
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Recall that %w tzlﬁ) then wWo ’?ro\/u—é\ that <c,xi> £ de,x> + ¢ | so our Sam\ s b osoelvae \C%
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Thn the outer Tteration , lost tme we wieske £ & (1)t v seme d >0, while this Bme we
Wite on additive  increase | I Wil be  clear +haf Se > dt Tor some A >0 and  wa

P
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Invaciant : At each s‘ﬂ_?, wa mointein the thvariankt that

XIS an q?wb\c\\mnﬁda oPt\(mql Solwhon *h{t,
The \;ru?s& measuce T8 o wse the Neawton daecrement - \\ Q%{cx)\\ V\*'fto&fl ¢$ %sv some &

< ool
lo %TMPR{\} notation, wa wse x as thr  Currenkt

terate I:x—%ﬁﬁtdsv%ﬁu\ ac the wnext Vterate,

Aleo, we uwse W 4o donobe Qi%ttx)  ond 1 tv danobae Wl‘G-tLi>.

Also t =t 4¢.
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Wwae want o ?Yo\/o_ that \1’§‘ I V—gt ol W/ <4 , then I\ V—E{ OQ\\ vl <4 .
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This  will Q\/m\t\z\m\\% \\W\P\\,d Thot

(R &\\\W <.

tzlegdt.
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after we establish a fj\nook Tnitial levee bound s Dy
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Sukuﬁ,\:w ‘o {‘h'
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7% ‘E‘ s Sﬂwg\a Convex  Ond \\V'EL‘/‘)“; is Small . then x ¢ clowe to the o?timf/\\ Solwbien.
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Thner teration
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Ith( \\'{‘QFO\’HW\

The proef has  two Sh,?g; The st thep 15 fo ghow that the (bg—ban?er function  Satisfies o Hessian
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To do this, 3t s ZV\G\ASL\ 1o thew Ahat (G;wbrfﬁf (c\;‘\\:\\‘oﬁl whan H\&'NH <5
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O GaTx-by) i (aly -k~

g\\m\\[aclal W e \(\D.\IL \JTH\J 2 Llfﬁlﬁ \/T\—{La\) an A we af{e done. o

oy -l -1 _ -\ N
Note that “+le Ffbvzrt\} %Lgo \\W\P\:ILS Thoat L\*%) VTHKA\/ < \)TH\J < (l'ﬁ} > \JTHE\/ {‘D\f all ve R .
N

Ter $ < ool we  have e H% iu3 QNH\A and PR TRt

f\]an we  wSao

tho (Na\?uha 4o Shtw  the  deccroce 9{’ tha Newton

S*rcﬁg\rﬁ{wwq(d\ Qq\cmlqt\\m\ .

decrewment | which i<

a

Lewma  TL  Ux-xlly= I 9feoolljr €4 oo, then | 94N g < fﬁ [IVRTRES] I

rob By the property. wa have Uvﬂ@ﬁ\;#‘ A Vﬂ@\\lm
= el v Cy- H'lv{i(x))\\lm \eg Newtow  step .
We wse Taylns theovem = ucite O L - W 9f00) = V) - Vlf“? H‘logtcx), Whara
W3S Soma point betwaan X and Y.
So_ I\ O (- H’lvﬁum\; = | C1- H%H’thm\\:«.

%

We  wowld ke bound the RRS

bk& \\Q’F’%LX>\\\—\;I > Ow\d wa are S\Lgt 30\”\5 + Q_XFG\Y\d\ ;’t

. 2
Ond  show that |l K1~H2\Hﬁ>vl\u~\ < ot vl 9 vel”.
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possible  while  mntanng | Vg COlp <5
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p \
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Refove  +hat - we ficst

Toos$om
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| < $60 | Wl ¢
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in tHhee
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and

of

Hs O = T 460
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et ?ew\w be the vactor with  thle T-th QM\(% %S o\;TXJO; ond  S= d\no\%@)) be  the  mym MA&DV\M

maty ik whece the K\\“\\]—J(L\ {nt\/ka ‘Ol‘mg QFY "\;T
Then T hu) = ATSE and B= A'SH

2

o, 1 vdwlt = 9T H vge) = TCen) (Feeny ()T .

Nete +hat  TT=Csa)CACSM (ATS) is a  projection wmabix  as T =Tl

So, 190G = 27T = 2T = (3L € 1T =m .
L emma \/HQHH»W z t/(é’% D ﬁ/lm.
roo lell,o = % I vlico - gooll o < - \Wﬂm\\m + %g logool o < %gl\vﬂu)l\m + 4 logooll,t

US\\Y\S ‘H\D. ‘\Y\\/D\\'\VP\V\.{_ HQ{‘&U)\\\,{\ < S and \\Wq}(%ﬂl}{\ =m , \Wwa hava \\(‘_L[H" s _\fQé‘LW) o

_ el R R —
Theore m I+ +take¢ at woct O ( {m log (m < > Bj 1Lecoations ‘go\( = W\T) whe(ao
2
H= 4,060 and X is tle imtial soletion and  to 1S such thot Hvﬁuum\q;% L <5
‘Ebd'oj
- R . R 1
{00 Th JL\JD,(\A ouber Tecalon . we Con ncremiz L E(uj 2ol el \md the %\rgt \evam o .

t

— \
TThig g at least o0 S by te setomd lmma , and 3o £ 2 t( 1+ Zoomm ) .

1k
I—Q wr  do the  outer  eration ktd  times . then t =2 :L:},MH_\ e %Ds‘m} . EZ& m"m& o

additive  bound —RN +ho \C‘\\'s{ e cotiom

and  tlen Ul ke mm?um‘m bound & times.

™m \ X nn
o 4 ge T2 ., we W€ ko that #Q\\Luw (X Googn) 2 "o

3

200 el 200 llellitm
TE Aakes at wegsh L“& L“Do—ej‘“mav/(ogﬁpr Tht&}} < Qoolm log (—’—H"—

s > = 0(§m \0&<m 1\;\@}> \

whare +he Tr\a%mu“*ﬁa Aollows  Acom U;SUJ()Q B2 % e 0<XSL,

Note that uCuH—l = HCH Vlg-touuil whece Xp 1¢ the initlal PD‘H\T ond  To Ts Cuch that <le Invariant ]f\nkokS.D

En d\n%

We are  olmost Lhace :

We need t Had o &ooi Sfarﬁng poinl and  Wwe need b Show that  we  are

close 4 an oyﬁmmi Solutiem  When W2 @hP. Heve we addiess +he latter issue .

There  ae two skops . Lot X*t be the bfﬁ‘mo\l solution o ch,

Fiost L owe show that if 190l <€, than X 05 cloe d %
Lomma 14 I VJ;fu) \\Hﬂ $¢ ¢owl , then I\X"YQWHS 24,
Yoo We will prove that 3f [ofeeollict te gmall |, then hcxm;{tm o Uil \ar&x‘ and,
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Neok , we show that  +ha

Thus \\Xfxi\lH mwst be  Cmall.

By Taglov's thesvam , L oo = L0 v (e D %L\fvi&ua) Voowkat Y s betwasn X and ¥+

P —?t (x) -~ HW\Ct(ﬂ “H*\ H\J“H + “\f_ Wt Q"_?JCUA)\/ \Ang& oD 2 —\\u(\g\l[\g\\H‘\% :'H“HH“\lLuH

Since || \/e;x\\H < lvlly opply the propecty in the Taner Ttaratien Sectiow . \we have (\f\\\mH}LHg A H 4 Uﬂ\vﬂ@l Hn
Therefere

Y5 ¢ | - 3 11\/1\&
Pet) 2 Loo0 - Sl + Ty VI RY = f00 = SINIg Y T L

Tor v owith vl = 36, we have ¥JC(><%\/> > jﬁtbﬂ .

¥ *
Therefoe . sinee L0y €400 we wuet have Il —xlly €3%. 4

obia[,ﬁvm value  of % ¢ chse o the D&JJ\QU{?;VL Valwa O\C Xt*.

_Lewma IF N ofeoolyr € $ <ol then x-C * <

gvogfy CTX~CT_><J?1 <C)X~y§> < Alell

“FN\Y\DMU, we Can

{ oo

Tx- I € w3

H;‘ H X'X{*H H \AS‘W\& &U\NMTS&X Cauc\aaf Schwarz  and H “KLH* = ” ‘7‘\[ H*(.

BLQ the tetomd lamma n the outec TTocabion  Section el

, ! < -—\g ($+ W} ., and. thug k)\s;ng thae Pm\f\w-s (2mma

A G S S T P T,

bound the digtane 1o OPﬁMD‘HZ] when e %ﬁ)P.

Theovem IXC \\Y)J;t bQHHﬂ €§ <ou0) fw t= % +thon % - QTX% < 2%
T * #
- et = Ix- OxF e Sy - T
m
< QTX— (‘,TX€gé + Y

B% the claim  in Canitval Poﬁ]n n o LI12 .

< \LJE Cma (Q*ﬂ\)%%ﬁ \;\6 tle P(Ufmuj (emm o,

Ms?r\g

Ctact

We

One

This ?b\ﬂnt— ¢ called  the O\V\ALJHCQL Conter of

For Some  combinatyial Prouzms, Ttois QO\SA + \CTAOK on U\V\D»[kaﬁﬁﬂk

One wnice ,QXQW\F{E_ s the undivedad  moax{low \D(O\OUM, which con bo \wetthten

‘/\QEC)\ ‘h ‘?‘ir\&‘\

an  mitial PD\MT X, that Js clbte ™ the centyal ’PMH\ Yo chart the algér\\ﬂnm.

nofural  Such Fo\mt is the oPﬁmaf Solution Xae whea T=0 . le. X015 the minimier b‘E —FOCX): (P(x)

the Fm\\ah\ﬂ) ¢ we have ¢een in Lob anok HwL.

contec.

SN

- >
Max X o s.t. Byx=o _ -1 $€x ¢ 1
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ITh this case . -the anql\aﬁc Conter s SLA;JC tho GVTSW\AAI» which  1T¢ also Frowsible .
One coan check thal chviﬂxm)"\ = O(po{\gtmﬂ ,ooand by the theorem in tle ouker 1Tecation Section |

el ~
the numbec of Tteraiome to CMV\&@, an Q»Q\Janx7mafL moxc-flow T8 D(Im \OSGYL\;HLD? D(@hg%}.

Te
Backwacd 4o onalybeal  center %\\

In %ewom\/ to1e not 2oty o find o poiat clote b the &na(nh‘m\ conter. Yy,

TL\Q Theo T¢ &> nse  the Owntecisy \)c\mf metho i \ﬁsul% ‘o 'GT{\(* fL\l c\wutnfﬁio\{ center .
gk,\?\)ch wi have o <;tm\cﬂa {ngl\au oluti om UD Cwhich o be “]Co\( Away TQ’W‘ the Centval Fm‘h ‘E\N {5
The observafion  T¢ +hat Yo s on +the centval ?DLU\ {ov  the oLo]\zch\\/z Puncty on ~V¢Lhc) Lo L=( .

That Vo, comsider *le problom Geip= T EUUY) Y+ bly) L then ye 3¢ the optimizer of 9o o botouse

b Qatiches the b\gf\mmﬁﬁg cond T O= v Qalyd = - V#)UAOB* VCPU:Q,
MDKAJ,"CL\L YAhea V¢ o 'Qhkkm tha Can‘trtxl Yod‘l« —gw 2 ;M)\J—Q‘_(_é&_ ) (mel,\ fk@d &Aatbﬁ(lm\ Centec .

-\ \
Tn JZ\JQYLA &fz? WS u?&qfa + <« t (1t QLDSTV\} ~ 4+C1- %b&—ﬂ) o decreass t o agpvmd’\ 3ero but

otheguwise uslmg Q\mcﬂa 4le Same  intenoy ?0\\!\% a\gcv?t\nm,

Numbee of itecations in  bockwacd contval path

The plan is 4o compute w oo that l\vgt(%d\lﬂéi\ﬁ Fov a mall 2nouth T, and Tthen we
st e wifal point o for the contval path of b ke oy

The question  TC how  Small we nesd o et £ e be , as Tt offecte the nuwbe of Ttecations  of
tha  bockwacd intecior point m\gaathm.

Suppose wo set %omY when £ be omes Very Small . ond use %o as an ogproximately  optimal - solction o f,.

Then I 9g Jaally = vl ¢ 17Evdu r odl ok v gl g

= Mogeplg + €l vbul o

R C -
< = +tlod kjn\\leé _
| < \ .
W nead to set ko= % : 1ol o that HV%U‘,)UH;\“ <{ and we Con we Tt el th gwmr\g ?wﬁ-

CTQ‘(\E(Q\L\Z) Spmt‘m&q o the ?D\\QJWQL s comtained  Tn a ball 0{‘ ramsenable  Yadiwe , thow We Knbw that
-
£he maximum »?_‘\gu\\m\wL s{“ Hxn s bounded L os the Din 2\\\‘?50\&\ Is Cowtoinzd in  thae \omm‘mg ball
Algo,TrQ we can fRnd o \)o‘mt kjh such thoat Tt {¢ wet to clote to tle  boundaries .

than U‘QMW\\L wowld  not he tos };\\8‘
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“H\SLV\ ”thﬁbr&\h would  wot he 1ve b\\z(:)

And  an

N

\\V@%Q\LH: S quswqbk\% wppar bound and WL ds\«/t Need 4o do <o mm\a Ttecations

n the backwoyd conty al PDJHI\ QLKO\'\\{TL\M.

Thi¢ e Sabisfied  in all nedwcal })(ab\szms n o Combinatovial e\)ﬁmi%qb‘m L with \LQ@(%O)HWL:?J%U\)M),
Ko

()
T gznem\, however HVC{)QSO)\\H;‘ could be as

O
kung as R)ohakh\» 2. N where L ts the
=t CMP\HJ(% OWL the \)rale\em- That wwld take

S (L)

Tterations.
The worst cose ts when the \)o\\amFg Us Very wide Tn

Setme. direBon  and \/ma narrow tn  $ome  othacks.

Flr\m\\ﬂl WOt vs net 2asy + ’gir\d\ o ﬁ\(\scﬂa {ﬁfmstblq

\)D»\V\f
ond  Salve the Prolokem E

she Can  add  an &uv?(?arg variable <
N
min S sf. Ax+si 2L

Wg can et Y=o and \a(g@ W\Dm\g% 1 ebtoin o HY\CHZ} ‘\on\g‘\%\o, ¢ oluliona

, and then W@ Can WS
JCLQ, QBDV{ methsd o

selue this LP wetil we findl  the obfective o be e gative

Refecances

\<‘m Tat LQQ_,

Fe(gsy\@k Ctvv\w\\w\\\ oﬁf‘\b\qé .

Nestecoy | Iv\ﬁud\udv\«\a lectures o Convex oyﬁmﬁgo\ﬁw B Q‘f\a?tq( 4
\}fs\/\nu\\/

A minl-Cowrse  &n Cemwex pptimization . chapter 2
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