CS 198 - Cor\vm(‘\‘(n and OFtim}gortim\ ., Winter 2017 . Waterloo

lectuce R Minimum cut

One qool of the course i 4o oo vecont dovelopmertc in algocithm Aosipn  wsing  comverity .

demé we Wil Ceo the \C‘wst QM\MPM, L«g:r\g Srm:m ohesenl Qahng with  Laplacion Solver ) o o&&{wjr\
new  algocithms T the winimum et cuk problem, o classical  problem In combinatonal - optimijoition

The matecial In this lectwre ¢ axtacted fven o paper \33 le2 . Rao , Seivastava  LLRSY Hfvom 2613%.

PYn\aQLt.\N
W Wil Shact with  Cowme bmk%mumk knm\zd&Q bz{h{q, ?rv_ﬁenﬁng He new o\l&bﬁﬂw.

Tust. et wg  stact with pw\)uﬁw nto o S\a\?ﬂ)‘lm Sc R

Bv(\ projection . i would Uke 4o Construct  om  operator PeR™ Quih ot Wfovel ) tln Pu=v
Q\’\J\ "\{ \ é{: S p Jtun P\/ S S

Q
Note thot Cudn an operator will Soﬁt?&{”\% P =P.

Ther  ara Mony WAy o define  cudn an quw&w‘ but ?erk&\:s tle most natucal woy i to d!z&%mz,

Py a6 +he closest Po‘m't C‘§ v in O . Py = O\\'&w\\m l\X»\/Hl,

% e

This 35 ales  the opefoation thot wao newded 3n \Era\&a&ﬂ\ grdezn)Y descant . when the {“ng\\b\m St
18 o %m\gg\;o‘q. Wae  wall %Ut hock to thig <oon.

How do we Csnstvuct +the G?E(Q'h)f P Such  Hat Puv = qrgm\v\ [ x-vil, ?n

e S

gmﬁﬂ)n(l +the Subspo.ce AN o% Amension £ awnd (g m?w_gev&(u\ os  Tthe Immgz of an nxk webix f,
Yoo S= TmlA) | whece e Columns o—? A "Fv{rv\ o (ot necessarily W%Mc&wa\) bagis OJV g.

Given v, fov we Tmlp) to V\A\\V\;MT%L Nu-wlly L we must hawe Q\%wﬁ Lim(R) |, ae  otlacutca

Y

\Y
. Tl
wooig not the  clocest \>9‘w& o Vv ((recal the Pro:>{~ in tle SaPmoﬁr\w theoem LQ7>>_

Thic Ts 2guvalent o Lv-wf{% =0 =y Av= Atw.
Sincee we Tm(AY, 1% can be woitten ac  w= Ax %g\/ Stme Y, And the above T¢ 'Ugm\va[zwt to P\T\/ ?ATAX ,
Ty LT T v AT
ond thus  x= (NA) AV, ond hene w = Ax= ARNA)Y A V.
L P = 4\({\76‘\\*1%7 ve o the ?w\xuﬁ@r\ kX

Note thot  when o colmns ’v{ A ace orthsnwmal. tlon AA=T , and %o P 3 quyk\% aAl . this cew

Peeudo-inverse
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When  the  columns cql A Qe wot l\(\mrké\ th\lk)de\Qm“b) tle  matyix /—\TF\ T wnol Oqﬁ Ll rank grd RS
Thvese  doks wet  oxiSE , ¢ thleer  Qca many vectws with He Some ‘wv\a&z‘

Toe army wabix M, vecal Bt ker ()= {xiMv=o] T e kemel lov mullspe) of M.

let QU b2 a  veol LA T VI uglwmmwgﬂm Q= é Avivy! (soma As could be 3zm)

The bseudo -invecse Qf of Q15 defined  ac QJV:: ;}RMJK’VN;\'

Note  that dQ\/ ERVER any VL kec(Q) | e \”n%‘kﬂdﬁ‘v\g o the cubpace pecpandicaloc I ec(Q),
the maqying of Qs one-toene and we can define te  lnvede operation -

Cnmwg boack 4o ths FYDSGLW Wkt ix L whan {\TPV X not of Al conk, o P= AU\TPQJTAT To the \)(ﬂadﬁ,
as Tre (AV) A \(QrU\T{\\ = \oc () Plaace checke .

While tla pseudoinverse Ty o v\xd‘m\ QWULP% . ’&:\/ the meo&e 0{ +his  courge (v af laast NOUUA )

wo  Can S\AST \)m‘@u\m Heat Hoov ke dnvece . Withowt Sauﬁc\‘dr\g our mno&er&fmd\\ng much .

Gradient  descent with Q%ualﬁ(h) (omstyointe
Conaiders the D?%?migmﬁw ?{DL\QW\ Min {(x)

™

st Ax=b wece AR fov men | weR" . peR

To pancple. we can alwayt fadue Th b an uneschained  optimiyation problem bZ] a U\GV\SQ, of- Va(iablel.
The b I xlax=b | = %tlec(A) whew % i ong ol selation 4y Ax=b.

let M be o wabtix whete columas  fovm  a besis of  ker () Seu HGRMK.

Then the sk S xX1Ax=b ) = § ¥e+Mz |2er"Y.

o, the Pm\g\gm min o o) st A=l e%@\m\ant +o Min 10 (Yo+ M2) ¢4, 2eRE

Then. we con \SMJY ko grmﬁent deccont b ol e uncemslvaingd P(OMQW\.

The 8{AJ\§QAT 0{' o unconSireined \)(o\:\ﬂm NI M V’F(Yu+ MZX-

Projected  equationg

We Wil uwee  this teducon n tle S?y_da\ case  when A ¢ Q P(D\]“HW matrix P
Then O\o\l‘\o\xs\bé we  Should  hoave Pb=b L 0¢ otheanise tlec Wil be  no olubion T the g\éfmm‘
2
Check alse  tlat Kee (P) = %\m{}?}] as P-P)= P-P =0 by the dafintion ot prejection mate X

o wmin Lo sk Px=b is Q%«A\va\mﬁv + min £ Cbe(-PIx ) et xeRD
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At o ’%Qm‘\%\z po‘mf Y cuch tet Pxi\z/ -kl %Varihsz in e wneenstraine 4 ?rUL)L.@m

N
V<

@“\MP\A (T-P) OF (b (TP = (T-P) v,
The  Swesthnets  ConsTunt \é bopwes Tl Winimum %g uch that \1 (1-PYofw - (I—Pﬁvgtnﬁll é%é \\rb\\ .

%VA gdﬁ‘\ng ¥ = X ~4/1L?L~P)vf(\x) . owe st haw X h;z‘mg %ms“‘oh,

Qo ke o\\gm‘\t%m Can ba \\V\nv\.ﬂmﬂnfﬂ.& ok‘\(zc’tha in the tw?&‘ma\ congtyained gﬂ‘h‘hf»

start  With o {ZmasTHJL Solution Yo la. PX‘,ixo
\”szszT Xpg, = Xe — JF“(“I»Pﬁ V&:(XJC)

On +tha otler Wond . gine  the o\\gov\%\nm mestM +v tle %mé@evﬁf Aescont q\ghﬁ\f\/\m A Tl

Unlom styained S‘eﬂtﬁr\& Ha Qha\\:)gig n tle P(JLV\WL \ecture sl \r\DLaLS,QK- O(‘%> e rahtmS,

Accelerated gfmdtehf destent

T Al mine ke m\&bﬁ‘c\nm e CA\WT&%{%VLJ W wnSe Nestecou's  accelecatad qLSo{\\Jclqm

Thesyem C Nestecov) Lot Eigx\\?xzbﬁ anak &1 be o Cewex Tunttion - Given ﬁmﬁni Pa‘mf Xc(“g)

G S&XNXTQV\'\J syac\e (1-» VWC(@‘ tlo  accalorated q\gmﬂw Pmo‘mms a  golufin At with

—%u@ ‘—?Ly*) < in T= OQE \ \(Dﬂ(*(\l) Treotiont  where F ¢ groothngs e s’? (T.*P) Q][L&)

Lincar  Drogtom
\ R

The mimmum st cuf on\o\p_m can b fmmmkatu as  a Pc\dx‘wkwla 8\“»\?\1 Lineer Pfogmw

Recall Hlat  +lo win F ek P{O\o\gw\ v a g {uums B 3\\\/0){\ an  undirected X“rq?l\ G:(\),Tz)

0nd two SPLCT%Q(}» Verhige % e/ . ‘g?hd\ o} Minmem et o‘g‘ Zdjks ?ET@ guch tlst

N 1
L ana T oore discownoctrd  hen W vameve Tt fyom Cq °

\
N N -
Tov  eoch vertex  vell o we have  an  ndicatsr Vadiable Xvego,ﬂl. P

The —?o\kw‘w\g RV\TJL&JZF ineac PyogYaW\ s an sxact ’Fsvmm(a‘ﬁm a-% the min et cul Pro\o\am.

Yman i kXU\.( >(\/\

WJEE

ok Ae=l . xt=0, and Xy€lon] Lor vel,

E\sz\ "m{ﬂu\{(o\\ olutiom defines  a cut \ma P“Tb\“g Varfaes With  Velue 4 on owe stde  and

VErBces with 0 sw He obec vde. Then the OL\){L‘H\/L 1< co\u\fmg tle Q(‘OSUY\& UXKLS.

AP ‘\r\hzig( \\near ?{og{o\m TS mot Lenvax |, Gnde % NP-hard o 2ole i &xv\u(q\‘

We can  wite e %oLLowTv\x \Ineqr \’)Y‘Dg‘fo\w\m\v‘ng Celoxathon b{» the onl«alem?
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min \AE\JQE \XUL‘X\/\

¢t Xg— Xt =

- will ghow s clagg
2
D‘(a\:\, s st @ linear progra T this D, but  we Can rewrte Tt Al a linear PYDSMM (exerdse ),

This s &55@\'*\“3“3 Hae Soame Program but  with e ir\ﬁigrak Constramnts  removed .

Pev\mps mrw?i?ng\\& , there s <Al DLL\A/Q\/\\S on Tr\i‘gjral O?ﬁ”“’”\ Solubon o this mear PYDXYQW\.

Cloim T +le b\o}\uﬁvc value s P then we can fHrd  on ot el wWith al st LFJ Qrigu in OCIED) He.
roo For 0 cfev. Wi cmaidec et e O—F ~the ’R(M gﬂ* g v \ Xv>/9\7j L othe Tlevel Szfsul
We claim ot thor 3¢ ot laagt s L swdh tet  the ik ( N \)-QD has o most LP§ xzo(&u )

To ste s, mte that L?l/é o \\rm—cn\w‘m\o ﬁr&uﬂ@"\\t» tle O[oieLﬁ\/L Vodue  Cenm bl pouditten  al

”

\E&E Lxm’xv\ z g‘tlﬁiiﬁ\d& . whare é<g@ denctes the N o& Mgu “Cross‘w\g gg\,

as 2ol eoL&L ts Bl counted ot laest [N X\,\ ih tle RHS.

1831 b

In the Dicdtuce. L aw {\f\y«\g to Show ot +Hhe LHS TS cmn»Jn‘nS Lb QK/M/\W\\H\S e [QHSH,\ V‘T‘°
0.2 ; 0%

4 oo

of  tle u\"’\’&,// ond  the RHS i Cmud"\“é Laﬂ gumm‘m& te numbec u-{~ ldgéj in wach “column . o A
S, by Cosbiadiction that 19(S)15 Ll Ao all £, Than the RHS Wl be Jreater than p_ - costiadicting

e acbumption that e [HS g Q%‘““l o P
It s oan @xeraise by check thet QUMCL\:"S %}\f all Qi com be dwme n OUED HBme .

(Foople often Just pick a vandom ¢ ond arpue tlat +lo oxpected valie s P-) &

With +he clawm, we knew That we 2an solue min ot cut \ma So\\fm& thig near P(u Yam_ bt Tt V¢

not gamﬁcmv\i that %rgduv& descent ¢ SMJ\ at .

Grodient  degcont

Recall that the problem now s v Solua  win Eo Wex! sk xe-xe =1

T lovke Simpla but  when wou wike Yt oae o Yread” LPL we heed ™ Onvedwct  f¥tva variables  ond  gome
\me%mﬂka‘ha emGvaintt  om 2ach edee , and this 18 pet :LMYLZ\ handlek  in the Svad?ﬂd‘ descont fmmewzwb

W e oy aleo %vz\ o o gmdun\* e scont dimcﬂg . but the o\ajzdi\u; funchion 18 not otrfbeczitiable .

Aocosl  tdea of TRGY 16 T approximate the obJective function by a smooth funetion .

Consdder \Ca(tm‘w\s r;@\c\wmu(a{w‘w min ?\,e\a \Jml | \hare » oo \)amme%u

n b }).a\,y\ ¢ )) ML )
2t Xg=%g =1 (th O‘{ M § o Small mumber
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There are  two advmn‘m&e < o\L ug?néf Tho how ok\& zchve ‘f\mcﬁmg :
O It ¢ new diffecentiable  andh tha  gmorthnex Pmmwﬁr Con b2 LMFM—M\ .
@ The Opp roxmation  eryosy Can be QO\L\\L\A anolyed.

A we will Sea. Hhis s pot  owe «F\W\a\ Foomuletion , but ot me 2lobsvate  on e Sewmd P%\m‘{‘ ‘FTFS{‘

Evver leas‘us
Note ot Ixe-x,! € .juk—mﬂ;ﬁ < M-l t g

?u?posq, 6 Mintmum cwkt  has R edges . Then | thic Cn\ru%\;w&; ™ a Soluben  with oLl‘u%\‘m Vaur F

Setsnde

ke linear program , ank by the above egualiby  the Same Solukin has objedive Vale ot ot
¥+/A‘\;\ mgiwg “he rew ohyuﬁve Sunction -

QuEPoSL we e grqamﬁr Aescant 4o Solue 4la hew Prc%\nm wp T on additive ¢ ervor.

Than  we  Can  find oo Colubiea Witk sblecive  value at wmost T—*}A\E[ 15, ond thi Ejr “the
above. First \\V\G%MALH\& this %‘NL& ws a  Solwbon X with Eg: I =Xyl < F+/ME\+% S and

Wi knvw “?wi\ a P&\/\\m claim  that we can  adadt from X an ¢t owet with ¢ FJr/m[Eva ongu.

o, Swppole e wwlde Bke ™ fird o et cut With ab wosk ()T ’w{f“ .2 O (Hﬂvkomeimmﬁm.

-

We could  Cet f": %E\ and = 9;; So that ?*‘}'\LE\ +4 = (qu‘

Rumfu\ao e estimats

Lot's do o qiick  omd. d\‘wta vun-Hm o th&ﬂg\ts~

To ackive  addibue & exwor.  Negterou's a\lgumm Tequices O( F% UYQ—W‘M} Vtacations .

The srwsthnese pacamiter Wil dgand e po Lels say gm0 We il Jubfy 3 ek
?lm%yng NS g and $= =  we wnerd @(%\\xrx*ug e abions .

T oot heve o good bound on M=l Lot Jwt ouwse o crede bownd Wl TV

Then, the humber of  Afecotione ¢ thus O (m\ /(ﬂ:j}_

LT
Tack Ttecation  vegires a XYM\U&»\*\’ Compuwlation  an ok needs O(ED) Hme , sv il kam‘\nj Bme 1< Oﬁmgp\wﬁ

We g{f watmh&, hult m ¥ V“\E\ CWTL\H‘%\‘\MJ ¢ wa knt Cawbinatowal a\gm‘\ﬂws go\\/\\wg +lo P(@L}(l‘/\’\

Q\(fx(ﬁ\\a Tn O \E\[K) time

E\LS‘
Hove . even =l o, the unring Hme 16 Syl D(Lg— Y.
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Notice , hewaver , the %mokuvﬁ( Aescent Al;&nvﬁ\nm hat +he iv\ﬂus*ﬁng PYoFgct\é Heat 1t rune faghr whan

o %Pf\rvxm value T+ 1¢ \3\‘&&“» This % dz&‘m:ﬁd\a ot tvue *&( &ugmewﬁvg FAJY\\ GL[KM\\H\W\L

Chanqing  Space
d 0 '
The crudial ddea in TLRS) is b do a cha“&L of  the varichles | So Hat wae optimie over Tha
R \©{ WL
edge Spac  in 8 tnstead of  over the vertex spac RO
E(xs?m\bd, H mrans that we Wil wee  a new  Varieble Ye o vplac X;—\(\g for Q:\\S,

et E be  thao \E\Xk\)\ MaNIX Qudh that the T-th rew erzs‘&:m«d\s + +le -tk zdfa C et 4o

V1
Tt xzokia be @=uu . Then the T-th vow of B i MX-%y whare Xw s tha vectow n R
a ab\u{
8 V-
T . 3 e " Sco N )
wit ome Tn the w-th \Des\t\w andt 286 ptharwise b 3\ . B = ; \\71]
% < 4 Lo
TL\am L ol o\ﬂzu{\\/k \Eﬂ: lxm"\(\l\ Con bo 2 oo ot (l BX\\Q‘ a4 s b
E S N M| =1
I{— WL W \AGTK T denste BX S then the Wo‘o\zW\ mn S w~ Xy st Xs~¥+ =1 Con
be  veweittin  ac Win ;EE \jL\ et . \A:Ex for Qema X such that Ag=%g =71

EVinﬁw\LVé4 v went N ceweite the consivaint ( W= B for gm0 such thet Xo-wg=1 ) as a
gy st of  Bneoc e%mhﬁas P\E\ =L Wheew P ¢ @ Projection  matvix , So thelt  we Can  wee
e &md\\%‘% de<ent m\gor?ﬂw with eQuan L‘\%-j Con et dUScussed  above,

To o thic, we hneed o Rttle detour o Tntroduce Lq\a[adm\ At el |

LQ?\QGM\ matyix

The LML marix L defined by B'® %5 called the Laplacion metix of- tha fraph.

TE can bo written o L = E‘a Q’Xw’Xﬂ(’Xw’XﬂT L 6 oY Q»«PLTG\L\A as DA wher Do tle dﬁagmp\\ G/\JMS(‘UL
wmavix (. D\,N:d\ugkmﬁ ond A T tle N{JMMA matrix of  the S\’AFL Cle. Agy=1 of weE ) .

The all-1 vVedbw s in the kemel of A

When +he &MF% VS eonnacted | Fhe karmel s st the  tme—climensional Ipat Spanned L’“ﬂ\ thae al-1 vecbr.

So, the Ps udda~invacse LY con vt omy  Vech tat i perpemadiwdar tv tle all-ene v cter.

A \/zna ;MPWTM\* Yetant esult  To Hat Elo can bo Wlved T~ near Unear HBime 6(1\20, whers

+tha % notabien  hides  Sema Pohalog foactor |

Thesvam (LO\’DlaLTRY\ Selver (‘m{wmmw Lx=b Can ba Solved in 5UEO Hme
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T\'\‘\s i '\\r\’gmmo\,\ becounse  tha (v\mﬂng Hime GI\Z\)U\(}\S o the aveor L, but we E\As% \j‘dlﬁr\d\ Hat & ¢ ,O(ad"_)
Theve & o [W& and Inhruﬁr\g ﬁw»& o—§ +his result. \Wo may discuss moya d\mr?wg clags.
T+ s ﬁ%«glvalzn\‘ ‘o Qme%ng electical flow In & vesdor netwsrk | byt wa dont nead this VWVUPfLWﬁM J‘““‘U

SEQ_ L13 o& ¢319% in 20% ‘fw he Pruo{» , and the Course \Dro]uf Paj)e_ flm Insy g rl‘fuu\ugj

Dan QFia\man Wil ceme v Watecloo 1n late Harch &S‘wn o d?sﬁnémshei lecture  abot LaPlacTah S’n\vﬂr‘.

COhJﬁnu‘mq chanqing Ipace
§ U ;

Recall Hhod  we wont ™ Ceweite  the  tonshain® (u&: Bx \Cw goma X cuch that Y- = 1> as a

gv\&gﬂm o{» [T e?mums P\a:\o wWheeee P ¢ @ nguﬁw madviX
T}ﬂ& Constraint \j: Bx \Qw Seme X s saﬂhﬂ that %eim(B} , andk wa Coh Wk [N Frn)‘u%w j[%« R

Recall that TT:= EU@TE\\*ET s a Frniuﬂw into Im(R) .

b, LaeLWLE) can be 2xpressed og T\%::} . oy J@%p\vqtenﬂ\a (I~\T\h&:o»

Wz have the addiBemal YK%\A‘,MMM that %: By v gome X swch that <\<)W<S~Mt>:i.

IT{ B ic oan invertible mabiv L we Can precs TH o (EX,E‘L(’XSJXQB =1 & (\:}JE/\(O(SJXQ>:’L.

But B s et ewn o S%@Vrm motiX |, S el need v cho Sweﬂﬂng o lithle move CMPlﬁcafmr

<x,myut>:i = <X BTB(\{T%\JTWS—(Xgﬁ:l SN Ag-%e LA and 1

3o Coan be Tnwacted L& L
O  Cx, Be M (xe-udd =1

& aw, Bl (xex)d=1

IS TNY Lj Yer > =1 whare  we  dencte ggf:%ﬁ@xyk@.

So, €ha  tonshaint (\/&i Bx {w gomas X such that XS~3%11> Con  how be  vewciten o

LIuT\}\é: 0 and. <\j,\3gt>>ﬂ_ ~ %ﬂ”m“\a eliminated % {Yw the (enghaml.

Chock ok “V\Lsgfl Yot ond %o (I-M Yse =0, e st Vs syf\wjmal +o tha S‘\Abs?qm o+ I-T.

T
Hene . +lo o eowstvaints  Gan bo.  Combined  ag Pu=b whars P= (IATB + S%—%“l ond b= Jse 5
4 Iyl Nyl
Av\\a colwtion %o\ﬁsf\ﬁ}»\g P\A:\j rmuet b of  the o \\\é\;w+ z where (1~T¥)z:o and  Yst Y 2 .
FYL\Qm.ij ?\zt\\l ¢ the  goluflon PQ:L with e minimum  2mnovm . TRS X a0 crudal Fack tatec,

SD, we have gmuzgsiﬁm\% Wy itten Qvuxﬁ%\q\n% Iin tarmg b{ bl

Final '{:lﬁrmulaﬁw

TThe w?gim\ program is min \3@5 =%
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%Jt- Xs*X&‘lv

Afte Q\\ang‘mg Space with all thke obove derivetion . the program be Lomes -

S|

M Jen %{\

- - (1 s e _ s
4. V\/A s wWhaese P (1 “} 4+ H\AS—\'Hl ond b= “\3*\\1,

This 3¢ of *he form where we know how + do gmdtovﬁ descant with Frogufw e%(mLCJnS Constraints .

We odd the tvick o{— %wmtrH\ng Ho ot;]uﬁw; {umﬁm ard  obtain our f\\mﬂ ngmw\
Y E A\ﬁel'F}/\l

2ew

i, \7% =l

A lgor“\thm and__analysis

\We Sugt oo the X(D\J\\\av& Aescont o\\&DvIT\AM with PVOSQL{_\\W e%/(«g_lfhﬂ constraint.

( check Hlat 1t 3¢ feasible )

whees %L\/AE: EE\; \égw‘)«l s the objechive Func o

_ “ 1y . Mo
Tatial ani‘ \\%k\\l .
— Do Srogﬁzm* descent wWith Mfedben QX‘P) V) %k‘gy
T s

T T T
Yo Ast _ Yse Yse B TNk T Yot Yst
ot -P-= - -7 -~ = + = + = =
Notk l\o\, - T Q T 1 + \\\:]Su\ 3 oW 28 ( 'S @j g Ukﬁgt‘\l E Hnst\\)’ .

fl Yoll

Grodient . Heslon, mnothngg

The grm{?mt V%L@ s J;awé +o c‘w\mtk
D .2 TS5 - 9 V..~ Yo
g 197 S & eyt 7 g hwie - e

4

Lyl }Ej}i Cyos 0> Cyer JO)

viw

d

QQ%@ZSQ\TQZF\ - R T

T

M [

Note ot the Hestlan  moatvin ¢ Smﬁ o d\tmgwm\ motvix with  ewbvieg Co*r 1% SWL,; = T
iy ) W= N

Qo, tle  woendimum J@ngmwﬂu af% e Hesglan 15 at et J/Q , and o the  Shoothnes Faramefer i< JT«

R\Anvﬂr\g time of <@och Tfetativg

Ci-p) valy) =

<
[L %L+BT) A LA??::\\_L\} val\a) Can bg_ bm?mt‘lq n

Onte  we have +he %fm}\rb& ~N %UA)

neat  linear Wme.

To gea this , BTYJ%U\P can oo meﬁn& in O(R) time , Sinte B hag mnta 2|E| hmsuc 2rties

One %TV%US? v Qm?\,&zd\) L+<ETQKL@\ Can Yo Cm?\ﬁ(@z}\ in naar linear Bme \O\a %\ﬂW\g Lw= ET\’/%%)

ond  The eolution X:\j(ETﬂgtﬂﬂ, H‘v’w\q\hg] By Can be dwme n DE) tme oe B ¢ Sparse.

Qo, ea  teration Con  he \LMPULM@V\TLJ\ n %(\E\) fime . Thic s an Iw.\)svtm»‘r Pc\r‘\‘ oaboct  He Lf‘ﬁ(jeh(,n‘
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_Aralygic

Us\‘ng Nestocov's  occelrrated 2md‘\m‘r destent . T Ye%m\mu O( E [l \éfk\{‘“i} Vtecations o oachleve  § @rrov.

Ag befove . we Cet p= %\ and. & = er

So that we %Lt the OLSQL‘F\\/L volue ¢ F +)ME\ +4 = (w)F.

Cine y=BL , we can et hack  x= L+\§T% s and than obfain from 3t om st et with < (T edgec.

The Umoothness povometer E <

L/& LS SAWS jus{’ le%lm%&d -

E\/erhﬂ‘mg loskes the come a8 hefore  we chonped  Space.  new  tewmes  tle YRason  of ckmsim& Space.

Recall +hat /\Aﬁ—* s e

\\\ﬂs’fl\ solution to ?\A:\o With 4l minimum nivym |

Tt T e \)ru‘jz&}w\ of  the OV gin ™ othe  olwbm spact -

& \\\ao~\:\¥u 4 = H P‘(DS &0) - \7“\3 (\f) \\, whaere \')VO\B ( \&j T ZMSV‘\';M S‘\ I ‘g“a/ “1 \ ?\’A:\DB 1S the prn}uﬁw Yo Colubin SPML»
< \o- \f Ul
= JF

e PYDSLLﬁV\/\ \mv& Increase  distanc ( chack ‘H{\S\

Sk optimal Solutions have T adgs

Thic 1 o drashic improvemet  Over the previons bound  bafere we cL\MSUL pace.

So, tha number of Ttecatisug ‘ru@,drm e O( E I \éfk\/ﬁ“l} = D(JKZ@\

~ \© .T
TL\Q Lotal \rL,um‘mE Hme g b(% \\:T\Fv }

To S\Aw\mm(rsq, tle whola \)e'\»\“{“ 01C C(\RV\K\‘A& SPacr st &MJ( an ‘\MPYD\/@J\ imBal distewmee  boundh

and Tl AN Lapladian Solvec ensuver that acdy (meve st?\thhd\\ Step  Caw sl be dene in %(IED

The veasen thet  we would ke o CL\MKQ Space is that  the lubon 1n thae \:\‘ space has a Shall sqﬂ;w‘r

(v hm%arn&\, Wwhile g have no eswbvo| over the X-Spacs (P‘f‘ the mwin-ct wuld be  a bisechon \N‘rﬂ\% Y\W%MQ

1\’“2\’ oo m QW%S

Yecall tlat +his hac¢ the %w\h?s\h& Propavha Yot g -Fadu when & 1S \o\(gil(.

Thece ¢ o Combinatmal a\\imﬁtb\w\ \a\?f kc\vgu and  LIVine itk \fwhv\\m(% Hme 8(\\;\*\\1\?)

_m m
%q\anc\m& The two D\\J&Dﬁ{\wmg \,_‘\3 ckb@g?v\g T= U\iﬁ% QQ\&\ wse. Combinateial when T < (ne)=

omd  oloscant othenwise )

w|¥

1
e Tuntime Q-F the  best ol £l twe

s ©( wmn® e 7Y Ulxdh wac the best kaswn dn 2012

Meov \’euwﬂ\ﬂ, tha Cowtnuous QP?‘{ORCL\ Copmbinzd with  Combinagteial  subrowtines D

has V\A%L\M\ He \rw\n‘mg

J{m\t +~ OUEQ , \,\sw‘v\& a ?(‘SBUVM\ g(mhevﬁ & 2scont a\')?(oac\,\,

There. are  Sowa &cwrm\%\ S\r\w‘tts‘m‘mgg o{ the ¢ s awsus &?Pro&da, Q-? no'l QVP\TCA)O\IL in directed &\{A?l’li

amd ot L{—%;dq»\% o \ui\&l&rnd\ &{zx?\qs (while  Combinateyal &F\)(umd\ag could dko).
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RL(QW%\/\,A There  ocn ST progrest but  Fhare are g8 many  open guestions i his  acea .

Comments

Unlibs 4k clasgion) vesults,  tle waw vasults Wil probably  ba not as impovtant Ceq. this result 76 already Qub sume d)

The wnew vesult s ace prrhaps  wst as casy o Aolleny, , 0 +Lma ot wet wall understood l&d'-

And \Aow may wondee \,Muﬂ\ Yew nsed fo care  about a«g?rw\mm‘ng mwm -t cwt ia tht\%]«ttd\ wndice tbad graP\\S(

These owe all vaasomable  Commants . buk ﬂ% ore eff the point .

Ta\k‘m% abowt  these new resulte w dekaile s ‘de* O wn_(\j o Mustyate  Sowe nie Yaechaical VYdeag Jﬂ/\romgL
Iome nite  Gtortel

Through  £hi¢ min-twk 2xample, e twks the o\;pwmmﬁ to Lalk about Seme  wsedul \;achgrmm \qMMSL
Quch  ag P(bizcﬁw , gvm‘\aq destent  Uith a%&nf\a constraints | amd “\nﬁfml LP .

Of course. we alse leacn the ool Thaa of Sressthing tle objective functin , the Laplactan  solvac,
ond  some \low  lavgl  deteils  about c\,\m\z\mg voaciables .

[ \/sz\'\(S \m?m%m\‘k WL ssage Yot T want T Cowe oacrose Yo tlat wz\fﬁ%vdvé QXMP\L mathods ‘%(m
Lonvax Q\J\%w\\\goﬁﬁm Coan ge*r Vmprovements fov Loell- ctwided Problems Tn e tembinatovial  wedld L
and T EWnk how it Ts fle Yight Bme Ao learn e absut these ideas

These oce tla k/\%fyu\ Wts tlat  oce TM?WJ\‘P\»\T oot P tlasvems  tlamselurs , but w&— corle L

Wi AwvA ‘o Cvvug - ‘\h‘bums{ﬂng Tesvems o5 well

Rlﬁuu\u. * Turs) A new O\P?{ac\clr\ By cm»\)wﬁvxg vaximum £ low \Ag‘mx electrial —Hc\uﬂo\a Leo,Rap. Srivactaye
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