cS 13% - A‘Koﬁﬂ\mic g‘)&dﬁn‘ G[raPl\ T}\e('n'la . Fall 2015, Watecloo
Lecture 1L ¢ Eledtical netwovks
We prove gome basic Cosults abeut electical flows ond  2ffective fesistancs , and shov a tomnedtion

) W\{ﬂw& timec o'% vondom wolks T wndirected gra\PL\g.

Electyic Flow
We think of an wndicected &(O\F\'\ os on  eledtical network , where  each 2dge & i o Yegis tor
with cesistanae Ve
The %\ow eJX elechae  Curvent s &o\/uwd\ ba fwo  Yules
O ‘g‘mdﬂ\mﬁ'g oo (’QKD\,J Cncetvotion law) : Tha Sum of the curfenk sz\‘m‘mg o noha T ugml -
the fum of currents \u\/‘m& Tt
@ Ohws low (Fo’tzhﬁ&\ {ow law) s The potential deop  ocross o vesistee i ogeal b0 the

curcent f[sww\& over the Yveolshw Bwes o vesistana.

2

2. 6 2

> TN A
Tov xxo\m&a\m, coma e this  network - ﬁﬂ@ﬂil’\ ﬁE’@ﬁII’
. £ \
—=—® N S
~s’L—\l®_{’xTﬁ\ ﬂ\’ﬁ—@ﬂ ~ iﬁ\
. 8. &
\3 \2 \2

1& one Gmpete Vs i\«\:}u‘ta,)\ b € awnd  one awmpeve s Yemoued f(wv\ £, tlan the \/oﬁhgm at the

nodat and the Curiemtz s the (esists ove  shown ™ the {w‘&\ﬁm o the V‘Tg\mﬁ,

Nototion

bets wiite o webiix fomulotim of the problem

Lot G=WE) be the wm\n\\é condiestad gm?\r\, wth el and we= gL

Lot \le[Rn be the vedkor of \)bﬁwﬁm\s ot vertus .

ot ’?(mﬂo} be tle curvent {kmrm& Lrom  vertew o fo verfex b fw an @ng Carb) . Ac thie e
o ohicected  quantity , we defiwe %Lb@:{(am.

Lot qﬁelRM be the vedwr of  curvents fkv\um& over +tla m&u, whete  2adn Lck&z o=La,o) appears
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Bnce ng jc(mb) wWhese a<b .

LJLJY Wgo = L/((\Q‘ ba the WCN\&MCWVL(L” ﬂ‘{’ tha ZOK&L Q.

Matix _Fotmuloation

The Ohw's low ghokes  that ) = v -uled = oy (ule)-vb).
Cao

The k\vd\\\of{\'s law  Steies thel \:2,\»6@\“&’@ = %SM(@} whate ot @) demotes tha  extonal current
Ju\tu‘m& the nhwovk tmmg\ﬂ tle nede a , So Ik T¢ a \)os\\h‘\/q‘ b€ T—g o TS a oufe awd &
V\L&&Jﬁ\/l number TE a0 Yo e gk ondk Qero othewise.

%\a Ohms Lo fwma’%tmmc \a?@\,bm Wa LVLD\}»\/U:)) = ddv(a) - E@Mbg Way Vb)) |, whars
) = \;?LQ,LJ)&E Wal To ths \u@,‘\&mm c}«e&im sly o

Then this 1 jmst uﬁw\muw& to L%V:fzxt , where L& e tle Wa‘\g\/\txz,a LA?[QL\IO\V\ vf& G ond

'&ut Te  the Vacter af 2xternal  curfanle at the vertics.

( :omgg'\“] ng \o &TO\SQ

T\\uo/quj T§ WL Con olue o Lc\?\a\c?m gvdﬁmw\ %ig\d\a) thon we wan Gow\iaw\_i tha \roﬁ‘v\&es

(ond thas tle cuvsantzs) %m‘\o\c\i\\

Notice that L(; T¢  not eﬂﬁ —(‘m\\ Vomk Assume  without  los¢ 0‘% &LV\JNQ.\‘\J&\& tHar G % cemeded .
= n S
Than  wa kasd that vw\\gvo\u (L@ =1 Lot y= % Guw Whele WG 1S an ovthongymal bagic  with W= 1/\\}.

Then Lg-x = % MW = GAMW a¢ A=o

= ks

< . )
L oamd gv LeL‘K 1S pu\jev\%wu\( ‘o 4.
>
TL\,@‘(GJ&V‘(ZJ tdere o selubim o L(‘{\/ 1'§mt Tf ok m\la T—g thk L1, which shouwld be cleac
0 ewr Pco}g\mm s the Total axteunal cagventx N:xuh\& ™o e witwovke Qhowld bo m@/\at -

tle total Axternal  Cwrronts WLW\OVW\& ’E‘(M o nobwoerk

ZA

W O=AN<A S .40, b the &t&zw\m\us 9~§ Lg  with WY%FMMS g)\sgmvuhﬁs Uy Mo W

Than L = < N W . . T 2 L T
w R S We O\L%\AL ‘o Pst&o-w\vu% oS Lq D TR

}

— > . >
Feov X l’z P \g: L; X IS +he MA\CIG\'\D. gDL\«,JC\\W\ +o Le\ \g = X \/\/\uTL\ \a L 1 S

ok the ¢t of oll selutiows g »{tiﬁ c T ‘ ceﬂ\a.
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Q,ompv:ﬁ np Cugcents
N Q

Onee wa howve mwtu)\ ‘o Voltages L tlan 1T ve aasm o Compete the  Cuerenle

Lt ws wate down o neddx formulelion {or owe diswssiont later.

Lt B be o mxn matix wlote e (ows ofe Thdeod b\a e M&Lg arnd tha Columns arg tndeved \oé
the verfiws , oand  the vow waMN& o e m&z e=lab) with a<b s (’KF'YJQT/ whete
Yo V¢ He chatactentsBe yabor With ene ™ the o-th xuﬁw\a and %uo ptlec wise .

et W be the mxm d\a&m\ e Y wlece We o= Wa T the wz\sh‘c e“{ 9_&&@ Q.

Than T2 WRY

Netice that Lq = E(e’&bw@ Dﬁa%b\wm@ 2 @wg_ golfmz Ly = %ng\, = @f , whidh con alsy

bao checkad d\\(o,cﬂﬂ &(w Yo Mfw\»ﬂw\w.

'Ej(:{:ecﬁ ve Registonce

The zﬁuﬁw; Celslon e betwren verties o awd b XS dﬂ%\\«\a& as vl -vib) wlen e ampece TS
injected by o ond Cemoved from b Yow can thwk of Tt oac tde vedstance bolwesn a and
b (g‘n/en b\g the wWhole netwok. We denote 1% \a\a Qq{{ (b))
To WFVNL Raﬁ (a6, -%\\(gt wo mvw‘w tla \/s\tm&u when  ome ampece I ,\,\]utu}\ ™Mo A and Comovad
%m ' B\a tle matix  formulation, thic % the solution SJY Legv = (xarXy) , which i &3\/1\/\ bﬁ
_ —r \ R N T -T
= L(q (Yo", “Tham R@,ﬁ o) s \\V\/&t (’XN'KQ L(_{ (Ka-%y) .

_\,
go, on(e wo MVL L‘(? S woL QLan (‘A‘m?\dfa, QP‘H (Aﬂo) ﬁ( all A,L; U(\La

E“"‘SQ

Recall %\M\ ’P\\\AQ\LS thet  the @nL(&\a &n?s%‘i)tﬂuk Moan veastse natwork with  cucrents {(Q,‘o) Ya,b ¢t

T > | - T

ehys TR - Joee T o = F T (WO = (Fp war (vl = gy,
whete R ¢ the mam d)a&w\ matix whkere  Rlg,e) = Co

L\m\\n‘w\\a, “& we think gJ\ the whole nbwolk as one Cesicior ’f(m o o b, tlen

Roce(a k) = (VW-u) /£ = E) T one wnt of cucfent ¢ somt Room o 4o b,
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o 1 T t
Thie can be proved 'ﬁwwﬂ»& g Q@ﬁtq,b)z (%0 p) L(T (XaXp) = kL(ﬂ\ L(K(L(-(\BNTL(WL%L@‘\/?JL@V =< (qﬁ))

os X 3e Q,Q/Sa ~ \)u\v‘f-\a Ylaf LQ{ LZ{L(,{ > LGK

Trnergw  Minimisation
-2 47 '\
The 2leeic kaw 'S(WW\ S to T o ot ore thot V\/\\\V\\\W\T&!L& tlo vau&\e]-

Lot %Hkm ba ML vt B"& €Lw ‘g(ww\ T ot Qaﬁﬁf\ﬂhé tle ‘f(vw CmServahmm Cule ot Qvo,(é vertax

DJL‘%\W\L Tte vaugg o be %(3>= %TRg = ?L A %EQ

_\-!&QWQW\_ Q/_UI\‘DMPSM[S Pr‘md{ﬂ&) Q%{ (5,0 =< 2(45).

Yoo

Lot { be thae elechical ’FLM a‘f one umt ‘Eru\m ¢ 4o T, ok Vo obe tla (‘/wus?mvm& \/o[h&ﬂﬁ,

Considac €= 8»%

AS both —? ond % Sﬁiﬁ\sh ‘ffm Cmenualion  Csnstyaints , w2 howve %T{l %TX: ('XS”\K,O as  the

V-t mdm% e& %T{ s \EV L“ﬂ“/“ﬂ * EV(H\“\“)) - Ewgg{w’“\) = }C@k W)

wyvet WUeR

T\\ud\wq , ple= @' H"S )= 0, awdk honw DEWEEC(\/,VJ =0 Ao all v

Q(%}: O\Eee %\U\’\Q Yok T OEcE (£ LO“\OB*LL%\“Y} Y

- 2
- cx?ee % (a,\oﬁ'vo\,\o A ) EE_EJY(O\,\DX.ch)\,Q»WAI\O + E&E C,(,ou\o) AN

Obcorve that tho {QH;*E telm V¢ CZ,LJ\")/ ond. tle (ol term T¢ Posﬁx\w T% ’]Cig

Hane  we will Omv\FlLtz the Yvwf one we thow thal 2 ?Ca,\o)'ctm,\oﬁﬁ(%b =0 .

obet

To see thic | = {(aﬂo}~¢b\,\>>-(‘g\l‘o

oL = QEE (\/Lm)“\/ua)\ CLD\,b> L \'D\% O\I\W\/S LGW\,>
b3

= Ze (ht) e+ vy eloo)

=2 ) cab) = O.
acy babeh, =

E{f&d‘wt Qo.s\s‘?av\u. al 'D‘\shnw.

Lot we Md o ol Seme Wnfition about  the e{active,  cosistances

T ROL\A\Q:\&\AIS mwwbw\\c‘\&\a ?(‘w\(‘j\)\ﬁ, Sa\as thal tla J{ﬁzcﬁ\/& cesistance  Cannot  dec(race Tfy W Thifease
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the rosistance &‘Y Seme gj\&m.
Thestem LRD‘A@&L‘/g Mmoh\ma\\a Pm\u?u) et ¢ 2¢  be Ll tesistomes . Then Qg({’) 2%, (]ﬁ)
wheee ¢ () densbes tle anaegy of o £ wndec e cesistonas ¥
Proof  lat e 1 ke the clecbac floaw  undor  Cesietmnes ¥ and < cospechivaly -
Tew S0 ) = grd{) os ©'zc

2 Car L’%) \a\a tle Thm?swls ?ﬁnd?\z. o

'\I»\!\b/;\ﬁ\/!a/\\a ; T% Hate 3¢ a ghwt Fmﬂ« botwaen 2 and T, tlen the Q,—Huh\/a cedstone betwin  ©
omdk T V¢ Small - Alco \‘{ thete ofe ‘N\Ana Poﬁrln.& between ¢ and T, tlen tle aﬁgm‘\m vesistane
bebweon & awd £t v< Qwaler One Com wse thoe Qma\ﬁgws vy\mr\nfw\u‘#\a ?‘f\w\df\?, 1~ g‘\\lt o bound

o the q,ﬁa_di\/t rets Yomee

CSlovm Tfy thate oxe Kk J@Agz-ok\s}omt Pm\ng "f(ow St T, each of ottt mest 0.
Then Rogg A ¢ L/, ssmming the groph el LTk
oo Tnctense tho cesistonos of all ol adges to m{;m\a. Then tle ellective (eSstanc OJV the
\(KLS\AW\\Y\& STQ?\\ 6ot wmest Uk b\a dxveld  calewlation. %\a wao&m\c;t\,d the effective fosistana

I the WTSM\ wowm e Couwld not b Lm(gu tlan tlat . 0

E%‘%g_aﬁvn, Canstan s \)‘(o\/?d\,m an  alternalive wa\a ™ messure thae dusteane 9’& Two nodes ™ 0, &‘/D\'r\l\;
Sometimes mwoa m&&{w\\ than the Wadiional ohevtedt Pm‘ch Avstan @ . \Fo\( ™Méfane , tne Could Lge

tla Lﬁuﬁm ceiotanes  as  distmncec to ‘\J&vxﬁf\a clusters ™M a secial retwork.

AQJWLG\HAJ Q_‘HQLHVQ (eistan at Smjr\g‘f\a tle t{Vm\SlJL fh(l?ﬁvmlﬂa.

C/‘ a‘\!!! Rti_rﬁ» (_Q)b> + 'P\bﬁl (b) C> >/ (Pzﬁ (_f\) C>‘
5 0> 0>
S}(DO% Lot Vap, Vac.Ve,c be the \roﬁo\&u whin  one Lt 9{ curtat i€ gont from oo b, o b L bt SPALE
> i = T = t
T\!\Q.V\ NVa,b = LC{ erlq:\{‘bs ; \IQ)Q = LC_( LMQ“’XC) O\V\O\ \j\yJL = \"6‘ Y b«’)@c) i

> > >
NS Vo + Ve = Va,c

T 2 U] I>
RQ&LC\,C) = (Xa~%,) Va,e = (rX(,\'rX;J\/D\,\O + LXQ'%CB\M)/C.
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8¢} VAR T VR T v a,c

- T TS
Rqﬁm,o = (Xar%y) Vaye = (Xar %) vy + (Xg- YD vy, c.

1 > > > >
Note thal (Ya-YXo) Vo, = Va,p(a) = Va,,(c) Va,bla) ~Vaplh) as  va @2 Vaptd 2 Va,p (b)

for all CeV

(N

1)

Rq,,% La,b)

%M\\m\g, the felewd Tatm T& ol mstk RILH(_L)JC> Cand honmee e clom %L\M&. 0

Th the ?o\\wﬁvx& we will Talk abrwt tha Gwnedion  betwaeen Qﬂ%gdﬁ\ﬂ; essetmntes andh L\Tﬁmg Bmes ,  which

wAll &‘\vn. even mwve InbaiBims  about VL%QV\& Lﬁecﬁ\lt redgtanwes  as distanacg |

Randsw Walk in Unditeded Gt opht
\

Recal thatl the \n‘yt‘n‘m& Bwme %m a b o te Jz,x?ad"aé\ Nwmbe Q’S“ Sh}x o Centh b T»E e (ondem  walk
gtocts 'E‘(w a, dunoted \O\é N o
The covee Bme ¢ tle axpected number 9\5 %Jra?s 1o Crach avecy vactex  at leagt onee .

Tha commute Bme , ocenotad b\é Cob , is db;{w‘ﬂm as  hag t hypa.

Theocem Cat =2m 'RLH Le, %)
Coo et v eV-t. Then \'\Vb:wj i\ Cut \(‘Wﬁx , Wit \/\tt"o»

Lwwet

Thie 7o eqaivalest o o)z duw) ot~ g Mt E\:WEQ\MMM\) foc veV-t .

Obsarve that thie g ey aimilar to 0L La\)\qc?m Ystem @{ Fhesr L%Amﬁms‘

Lot @y be the voltmpe ok v with fer=0 5 when ) wate of curfents are
Tnjutmek \C{w velu-f awh 2m-dlt) wuwte sf current ave Yewoved f(m t.

Than  the volas @up and hyy Would Eaﬁg\r\% tha ame  2guating .

Thie te becama o veVt | duto) ’—E\mgﬁ Chug-Fue) oy Ohws (aw

Lot \Ct be tle vedsr of the wtunal ourceate with ﬁt (W) = dw) o VeV-t and
\atu\ = amcdt) . Ande et (Ek be the vedtor With ?)?tm: O

Tan the vals Que Goticfy the Loghian systen  Lg Fe=To With F=o.

We know that the b of cdwbm tv  thic Loplacian sustem s ‘{LZWC * CE \ ¢ EKL .
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Thate X o um‘,%/u Solutn  With D=0, hene we must have  hug = Py Loroall v

u‘( 'g:& be the vecky 9‘{ oxtuinal  cavvents  wath fgh/\idklv\) T,{ VeV-S  and ](SCQ:Q,W\H)\C)
> > >
Then , as above, 2t \Al o the mm& e vertey with e @) = hye  amd hgG)=hgg=0

> >
Thon he Vo the tnique Sobatim b0 Lg hg = fo with hes 200

> 5 T
Now , L&L’rxt”\r\g} :“€t“’§g = 2m ((X'S'Y'Jg\  oand %o U\i*\r\)s )/)m\ B LG[ ('Xgﬂét3.
&“/ i;wK\/?k‘\f_\jg> [N \JOVW\&/L vecbse  wlan Y Oww\)uzg are gent ’%(owx 2 o t

Rgﬁ ngt\) = Q’Xg'Xi\T (;’m U’ic‘\f?\g}> = ;\;\,‘ C \T&L@qu\) = EJLN\ L\f\gt* ]'\ts\)i ;/L[\,\Cgt. o

Ug’mg thWig emnadion, we canm  wse Tt fo g‘\\/q, bowde o the  Commule me oand,  Covee Bma.

(:ng!\gﬂa Tor oy adge v, Cuu € wm.

{00 Tl Lﬁuﬁ\/l eagtana bewen  w oand v ts abt most ona \a\a Olms Lo . 7

Theotem The cover Vo a\C o tdhivectod g(q?\\ woot mest  2m(h).

M Lekd T be a Spaming  teee o G-
Cons\der o walk that goos t‘m(bw&\r\ T e 2och Qﬁ\-&% o U 16 tromsvecsed omee ™ zadn oicedt ow.
Than thic ¢ o wellk that vinlks wwa vetax ot least  owe

Lo tlo cover fme afV G 35 bouwdad ba tho opeded miw o{ this  walk ) which T< at yweet

EC—T L]'Ww’* ‘“\Jm\ = E Cuy € ).MKV\'\B_

T ]

Tov tle complote glaph with n verticss | tla covee time & Bllegn)  (compon  colloctyr Ymbuw), but
tha sbove bound v only Oln).

The fuum“g Ts o Hphter astimale of tho cover time,

Thesvem Lot RUE)= wow Regr (i) Than  mRUE € tover diwe < 2em L) logn +n

Prook et RIE)= Regp tu) - Than 2mRegg () = Cuv = huwth

Jo +tle cover Rwa Te ok loast oy ?m,m} 2 Cu (2 = W\R‘Lﬁ ), hence the boww bound.
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o tha wpper bound , Sinc tha mawi mum mm& Bt T at mest 2w RUTOJ‘(‘I_SU\T(}\_\QA& el %Awt%\é vertex.
Qo a vertox te not Ghveced oc{ter 1zngL(ﬂ ShPs v at mesk 1/15 bxa He Mackous ﬁwwt?ha.

L tle candom walk funs e 2EmRIE i Sheps | than & vefex T ol cevecsd with F(cbm@:ma < bz
\%\6 e wnim bound | fome vubex T not caversd o;ftw Yom R Inn s a{ gww:ma ab mest (/V\L.
Whan £hie hagpons |, we Jusk wée tha Dok that the cewe Bes G5 o mect "

2
Then  the wusr Bwme T al wegk j\c}m UG an + &T\,}\)Y\ = 7_SLZ‘W\KLE\—)\\,W\+ n. O

NS 4
RQSem\cu Cowcsa  pnotas ok Creaphs omd Netwevks ’\O{\ Sptelman .

C\/\Q\ﬁz( I8 m&/ \\Ro\v\dmw\%m Py\&oﬂt‘nmg// \ma Motuan:  and Pa&h%vm\.
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