CS 9% - Algor‘«thm‘nc gfec’b(al Crra?h ‘Fl\eorg , Fall 2018, Waterloo

Lecture 1 : Coucse “ntvoduction.

T Wil Start with Qowe  bosic  coura \\ﬁfb\/w\a&;w\) ond TL@,\ do an  ovelwiew o# e tochnloal

Contowt of tle course. ond ‘F\\‘r\o\u\g o Yenaw 0—& [heac “fdm\ dor the Courte .

C A Yot &
Obgm‘w Learn how t  wer z?gu\va\lwzs and eiguvectors o otzg‘.&h o@gb{mg and  prove thewvems
AR MoV &U‘““M we  |ineac Mgzbf&‘\c o Continuons ﬁdm‘\%\,\u + <olve  combingtovial PYons
Cowrgs page %—k&?s:// ¢S . wwaterloo.ca /v lQP chy / es 798
Rg%g\mmaﬁ ¢ hpwework  $0% L 23 c\sgfgmwzﬁg
\wo\lgm to%,
Pve‘y& - Te g‘tuda e ’hf?\c i okaﬁt%

—  Qowma GM&&Lc@d\ %ﬂu?\cg Thn Ale ?(c}a(f pape (alse Sovuadk Qg fwﬂ\gr rq[ﬂmus fw tlo Cawn)

QV\CD\A(R&L ™ dhoote oo JW?\\Q CloSe o }ﬁow vesearch intece ME

MSumlk\a %L;Vv\/ﬁ,\g JW\W‘L 0 Showdd be  velated o kadmxl grq\)l«\ %Lmru&

?ruﬁg»\sﬁuf [near alﬁe}:m, Proba\\a:ﬁa, afgov\wtbww&‘ Aiscrete mathemat) e (KMFM).

Al of 4lem  axe  Covaved n mriqr&(mimﬁ CWF\,&U 8iente  Curvicmlum

ngkd\ gd N gomk Tkea OVED\AT “+le bmlk&(mﬂ\d\ OjL (ingar cdgebro\ Y‘QQBM\JR}\ n “}DO{Q\&/S (eview
Qhould ke Y\’\OCHN , 06 tlee Wil ba et n’% PVDD%£ ond  Caleadotions .
Mma be o\ammo&\v\&; as  defimtisnt  and teo h‘u%ms &u?[d?hg Lp . Qo asom chouldd  have tima

o Yeview tle matenial m&u{m\g QQ&, m}gg‘m& Fs werks  will be ﬁu&k)-

P&(L vao\\é oL {*DLSJQ . HATU\LD.\ Mq:ﬁ be oo YVMLL\\

RQ{‘EULV\U;SJ Notgs will bo va‘.o&zd\, No  Texthbook

Yow Con  S2e tle loctuce nstes n ma provisus aﬁﬁzr\n% o2l gat o Good Y haa

bul e ave new %Xg\cg ond Come ?Mgevﬁad\ms sf old “topics Wil be (’fwm&ad.

Yow @n  gplio tee the pwtes oj‘ Cimilad Coueses tn othac  wpiverstties o linked in the Couge Py

€ MM«\% Pm\/‘\d\’@ move detmile 1n o Tha wotes than In 4he  lectuec.
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Thew ot Some Yecent  braakthrouphs i Mmg Vdoas  and _tem:w from  ¥pectal  geaph mWé 4
okzqﬁg“ oetts - a\goﬁﬂ\mg fw ngL\ problems ( both n bettec Approimation  ond fmsbw mwmnqp tme ),
and  ales prova  new  thesrems

Th ths conese, we @im o %‘b&o’\\a tHeote naw WLJLQL\MB/MA ond Qe tle hew Covnectiong.

qu)wfx\ gmﬂw %Lmv\% i< st o new tepic.
About %%‘ur*% YEsts ondo L an \m\ymTw»t‘ Connechion  was made  betioeen  thal e ienot 1\\5%\/m\mx, ond\
%(m?k QKPW\S\W\- Thig Connection mate ba U\M&u'& IV\Q%\M(H'\J s wseful in o(vlﬁxuaﬁ ot -
< conStruction of m?mokw ngM > Which have  varows o\whqﬂ{mj in ‘tLJZﬁva ondk Prqd\(&.
- O\V\o»\L&s\\S ng m\x\*h(g Hime n Yandew Wwalks | with many awl\\oﬁ%ws A gaw\al]ng omdh cwﬁ}ng»
_ gm?L\ Pwﬁt\w‘mg , and the Qpedmh\ Pmti*\\w‘w\g M&m‘\ﬂm IS \,J‘\[LL\% wsed heucishe Yn \)md\@,

We il %W Floee Tn He b@&‘w\‘w\g of this Course.

Most of the 2ary ceultcin o spacheal gral)k %vag are ot The Second JZ,\lgEV\VO\{U\JL-

Irn the last few Yeass , Yesearchecs hove Founds new comnections botuveen wgm J&Igmmms ond - Qraph propecties,
rw\c\md?v\g tle Use e’% the k-t JZTK(’Y\\/&(WL t jp‘mo‘\ o Small V\Dh»k\(?andmg ot , o Farﬁﬁm +le
groph Inte ko nmmosxpanding sels, ond Lo do bettec andysis of tle cpectral partitioving alpothm
and LD - based Oppr oxirnortion a\&brﬁ%m&,

We Wil dlsamss Sswe o{* tlese | but 'Pnﬂ:o\\o[g nst all in O(efo\\"s.

Then, wa  will gt\w\% randew  wolks o SV“FMJ ond e Ha  clas<ical onnection  botween
Second e\&u\\mlw ond  ~thg yvx‘\x‘mg Hime .

f\ﬁu Tlot . wa e ome Yedent Yecults  in ms?,\g Vvondewm wolks o {‘w\r)\ a  Small V\S‘r\w@(})ano{}rg
w® . This Pro\zhzm e cloted velated *H  tloe wn\‘g@ﬁl &Ames (/G»\:Sum(z, which 3¢ abowt  tle
Gimvts of ?g\ar\w‘.m\ Bt approxination o\\gwﬁws. Cmb\wir\g Tk sas \Q/vm Yandowm  walks and
WSM( sz\gu\vmluuu %I\/m e beot ot mpt 4o Qo b—zk&o‘f\o\ e WAL gomes borier |

Thics s abewt half of the cowrse. Wae wWill alse talk abowt  constonctions of k\([mw/{er

ngkg and  Swmall- set Qmeg&ug 7][ time PQ(WT&.
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T\r\‘(oug\«\ the gtwkvd afﬁ Condon  wolks _  \yo WAl coma across  the Tdea of ?Mac»\;wktng the
gm?‘« as  on elecdical nebtwerk L gl 1o wsed Yo m\alngg H\H‘mg Times o{ Yandem \walks -

This Ydea  has found Curprising applicetions  vecantln.

Ong Line o{ Yeseacch 16 to wge Vdeas {jrum Conuey o?ﬂm\wsaﬂw ‘o mfm{ tlece zleckrical
/F\swg %«A\ctkus, ovd Then $onehow thoege swld be wsed o OmemJtL Ao M m jf(aw ‘Fﬁ&“f'ui

The otlec dicection Ts to wee thet conaph T gm?u Spacsrficetion | whave the QPMW

pu%vuﬁ\m Pm\/ad o be Al r‘\%kt woy o leok ot this Ceombinatonal PMMM

Em\\ﬂj W g{m% an mc:m% Now de«m%m Coled  tho  method of ’mmrm\ng \;thwmk

Ths Vs oo new Yromb‘\hﬁ:c rnethod Skm\mg the sxistene of Sebfk Corabinatovial objzdﬁs o lowt
4l pmo s Anvolve  Some  pocthamattcol oo et be  vasl- stable \39\\3nm\mlg.

Thic method 3¢ weed > make Some braakthrowhs  in mﬁvmdﬁ‘v\g Lxpandec gm?ks QRO\W\D\V\\{}@LV\
Sm?us) and  pactitining Wnte gxpandec graphs  ( the Kadison- ingec F{DUQ/M>,

We vl ales disauge  an o\vmslng O\W\\mﬂw of tlete Tdess T okmﬁgn?ng awmwmatm QI&DYH‘L\M
for the asyametic wmo,mg galesrman  problom .

The Ydeas cheveloped n graph quss?ﬁuﬁ;m C2g. barcior M&WMH ¢ also & 1@2 Wywew%

o thas lagt PmrT o~\ +hoe Course.

This  overview 16 <t WM\A &kﬁdrwd. Tw clast . we will olobsrate with wove P{ufs{ o&eﬂﬁ{n‘d{m

ond muwe  details . Thig s an unuwgual QKCQPHW\ that  the (ecture hac move oetmfs than tha netes.

gSVvuz/ H\M\ZWWWV JY‘O?\\S et Wil not bo OVe tnclpded gD\’ ’\sfhgqi\ Ox()\?(b\{\w\c;ﬂsv\ (}ﬂ&of?ﬂwmj/

vQ\\_&va\Jm\\/d_& o+  Yondem %w\)m . ond applications ojy Spec‘\\(m\ methods i maching lu\(n?,\j.

The %FTCS aXe +me*@vuvd oviewted . T wall i\/\a T fout o e k/\yxohlhhg;hg Tac%wiwj

Llet  ove  rzlevant  in broadec contaxte

1% yow e Intecested in 1Lo\m‘m& wmore  Obout  thege -{VT‘\CQ b&f\w Heo lactures (2.&4 ‘Prmﬂew‘mg

e wethe do ‘\)'E‘ 'mhzrkm,lng Pokﬂmw‘\ods) , tle Course F{o]uf qut PYD\/\\M& ‘}CW&U( Fz,j[{(u\u&

Rack g{omAJ\ on_ lingac rx\gt\af&
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Linear hans‘(‘of‘m‘ﬁm . near ‘mo\t?wc&em& . nullspaer , vomk

et @\GRV\W be  on nxn nmetwx |, o Xe(QV\ be o Column vechr ((we wee x e danote
o Colnmn vartor  and XT dto demote o vow \/uJ(w> .
Ore o view P o a watwx o o wosr \Krms’wﬁ\m Lo wdimengional vedovs b nedimensenal e ctors

A sot of vedees vus v ave M%_JMD_FJM Tf C® Quyt v Ceuy =0 \\N\?\!u ¢ =Cy. 2 (=0

OJY\\Q{W\SJL "kLQ,\& Al e mw \vd d\@,?g\/\&g\@m& .

The pulgpace of A (o the kel of A) 1 clefah o m\\swum}rzg xell | Ax:o%.
ondk e dimensione T¢ dewsted as wull (R).

T xomte of A Cov the Dmag of A) G5 dhefmed o vomge (R):= § px | e
o Tt Mimaneon  T6 dewstel s 4l cank of A, denoted by Yok (B,

Tt = Yaown Alat ok (R € null(A) = n vf A R an nwn walay

Tk ‘G\;(\U\/S f%/m e ob,jﬁmﬁm et vomk (A) T modimum e bor @/% \W\@w\»d ?MMW@WX Columne o—f A.

deteimwant

The determmant 6% A denctad \0\6 At (), s dafned (u/mm\vda as
et (i = N% (—ﬂlw Q;S - det ( rf\v\\xw ,
3=
wWhiat e Oy ¢ “le (T,S\H\ gvm\% er% A owd P\\j ¢ the watix vbhieswed \Crm A \ovd d\daﬁ[\'h&

the  TAW fow  and tle }U\ Colbumn 9& A .

Wo con \Av\%ok& o Countgdon  omd %@t an Q%‘p\\rrxlw¥ (QKPG\M\W\) aﬁyivﬁ&{m:
w

gg(\(@‘) :\5\ O\‘\IG(‘Q )

dek Ly = GS "

e

whee 0 In)aln) s o Pumv\hﬁ\m (ov o \3\3@1‘\%) o& e Mdices , and Q%V\Q@):*\ T{ g i<

(@) e

™y
IRV SN g&w@\ ==L 0 Te odd L More precisely Sgn () = (-0

Wy Q) = \2 (1,]) \ \\<i\ ondh GO >@Cj)lj\ V¢ tha nuwmber er{~ DSVIZINS o’& a

A basc ’\Nowﬂ({\% w{ dotarmirent T¢ tha {oueww\g=

O:’ O\ &
G [ Qg
dot wH kv - dut N Lk odat N/
Orn Ovcxn Avay
O QA O

whicla %;(\Ns quW\ +le (Qx'\)mg:-sw\\ A 2w fion ng Aeterminamt .

- el o ron S . \ ’ \ VARAVARY
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w\f\:c\,\ ’go(\o\,\,g ’g\/n\'\/\ +lo (.Q,X’PP\Y\&:W\ d\L{\\,\]JﬁW @‘g d&fym?nmf.

Trow thic ok %\LNS het dat Qco\ \ z Ql}\ﬁQ:‘a;\ det Q V) =0
. : , : Y

Jok 5?3;4\5&&‘{3 dut | oiee; :(mﬁ‘%?
™ ¥ a 3

T\f\o/m%wt L wa Caw C/QMYW%L e detormmnant b\é mmcmg A tto aw M?\)M ﬁw\mn&mw bR X bé
ﬂ,\a/vv\o/nﬂ’o\rvd Y o\ O?Lv&%\\mg J Ok P‘(D\/SL Tbt (ﬁ\gt (JIL\\\AQ O Tr{ awdh WL\}A T,& (‘m\/\\éU}x\; Nn
U;LW&L otk (§) = n T{ awndk w\ud \‘JV Tt cow b2 T@dwed +o pn uppes )vﬁamgvkw ot ke all

+\o d\\agm&\ owhn el are V\S\\&MD >

One com aleo FYDVQ That dot (AR = Aot () J\d@%} , o thie Tg N %\r Q/\Lmomtwé ot (28

M one Com  WOtQ A awd B o Pmmu c‘§ Q\W%W TR L2 T& rom\QU\\):\rm\\cLB}:m‘

Eigenvalue
A nowgors vedtee X3¢ on clgmudter of A tlere adste A qudh tlat A=,
ond e tcalar A s eslled  an Q}%Lm/ﬁ\m& ot A
Note tat  Ay=2x Hf (A-M)x=0 e 1‘(‘5“?} B the Yty et
Tt T 00 nbniero Vet X gmﬁs{/ﬂm& (A-YD)x =0
©  puligpace ((A-2T) % {0}
& Yok (A-AT) < n

On—2 A Ay,
@ det (A-AT) =0 , Y. dak {“w P “”) =0

Qny Oinw = Owvn A

E\/é e (;Lx?o(wsls\ﬂ d\ﬁ%@&%\w\ OJY datuwinant ,  dot (A-XTL) s o '\?v\\AV\Wou\ O’% A o& okagw_o_ n .

This  ve calad Yl  chodacteciste ?o\\é\«\wm\ g’& A .
In tle last D—HQ(‘mg of this couree | the Chavattecistic Potxohmm\g Ak not Plo“a Iy majw cole . but
J(L{\g will be \/an(,) imeta«\t in o the lagt Fo\rt a/f thig orf‘f/u‘mﬁ ¢ ﬂ\l% will be e keg QL\J\Q ot n

tle ‘mﬁr\aimcg method - Bleo, determinants vl p\ma An ‘\m‘)wﬁm vole in tHa last Faﬂ(\

One <om C/MW%Q the charadoristic ?o\\g\m?a\ b\g Grancgan Liwapatita 6V TM@(POMTKW\,
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AW& (oot :r& +hve \)&Anmm\ T oan L\&wva\w NN om\/é vedker ™ wAk\sPML CA-XT) = an Jéx&awu‘ﬂw

@\zamoj\w‘\m\\v(\ , on elgenvedme  To o direction thot 1< L\-%XQD‘\U (bwt can b Scaled ) bé
e  weor Ax a\,\g{mmab\m\ -

o, not all waticee lave an Bgonvedse with o veal 2\Qunvolus . 2.4 tle ot matix has
no dwecton fixed | and thus ne @iguavectee Wikl o yeal 2gewvaluc .

Bul we vl see Hlat  all  veal gﬂmwwc R Ces  have  veal a).&wvm(w,g, N om\\md e{»

+le S\mﬁ\ﬁﬂ thovrom  that we whill ?fwa‘

O r*\ugmq\:hﬁ

To state tle %Padrmt thenram , Wi nged  sel  ymove (/NULFJC

Wy

v
\ anh \/:&;‘\{ +le Threv Q(oMﬁ e'ﬁ w oandk v i<
N AVAN

W

G\‘\\/Q,v\ ‘o - Amensiswa | vechoes W= K

o\i&{\«\oﬁ\ asg u,u> = \% uv; o, o ot okgﬁmg “le worm  (oe Lw&ﬂ\ 9’% (NN NS \\V\\\:j<v\,\/b.

Ve

Two  veckst W anh v oo GY_*V&&&\ALLGY PZr\)QV\(K\mLonry T{ <unu>=o.

A et S of vectors T ot gowal T& W,V afe mﬂwim\ Ao ) Aetmet wu & S

Aoeet S of vedprs t¢ ovthonovmal  Tf Q3 mt\w&m\ ond  Uull=l Hor bioy <.

Aoest S of veces e bess oo veds spae Vo Q vs Dhaordy Medopendent omd
Queny vachor 9”{ V s o lmesr  Comloiration e‘f He vedtee w S

Fvven wva basts , wa  Coam  ConStruct o mﬂxxogm\a\ basis \0\6 tle  Givown - Lchmrdt Gvf\/\ogwmktgavﬁ\:w

_ N v
prowess Tov wo'wy\z , aa?va»\ /7: . we Cem  Cenctruel T!;;
V& vy

\o\a gw\c&(ad\\ﬂ& +le Pvu\jtd\b\/\
aJ‘ Vy owie VU,

/
(S\NQV‘ o bastg S‘Ziwuwmw-/WwI} ) d\i&{\'\( N {\/\/\/11'-‘/%”% whece

v -
W VT
NV “. VR < k<
K « — A n .
‘\\—,\ \\/3\\ \\ %v‘/

Thon S/ TS an Svfb\ﬂgﬁ\ﬁ\ bosye.
. 2 \ AV

Thew g = X%—“ . et B 2 on oxthonovwal  basig .

wa\& oan  grthonevmal basis 1 Qo\;\% %r m\m\&ﬁw , 4\&. T{ A ¢ a matAx whose  Columns {\sww on

- - -
orthonormal bvasss |, Then ’A\TA: I and  hena Aoo= ﬁT whaie ﬁ\ Aanstes o Tnverse @f AN
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gl‘ncha\ thesvem —(o( (aal Q\smme‘bf\(, matices  Cfolnw the presentrtinn m G0t and Royle )

“Thesvom Lt B be a feal BYmmetic  nvn i o Then thade 3¢ an ovthonoemsal  bagse

e’% (KV\ C/ovxs‘\g’\\\n% of @Km\md\ws efg A s Oondk tlo C/s\ngYmok\v\g @\tgu\voﬂw&s are (2al  Numbers.
Tiret we \)‘(DVL +lak ‘CL\ML oA Yeal Q,tgu\\/oﬂwt»

Clooim | et A he oo vaol g\sw\h\d\R( bR X -

1’% W anh U Gre Q\&Qwvad&v{& wAth O‘LFﬁqu\‘( Q\%xw\vov\ms, Hn o« oavnd v ace mﬂNO&Mk

Proof . ot Au=ouw  and Avzgy  whea o3
Thew \JTA\/\ = \/T(}\UJ: \FQ{\/\ = A Llv,wy .

Ontle otlec hand ,  V'AUW = (VAW = By'ln = B <v,u?,

™

bocomse A 2 %vé)w\mub?\L

Now odv,ud = K}<\)}\/\> N O@%% M\g\tog +lat Sw,v> = 0 | as rqgé\,[\wu)\ o

Cloan 2 The D,\&sm\m\v\u a’& o Yeal %\SW\MUW\\L NN T\( etk ave (el numbers.
(oo LQJC AU\i /\KA . %\/A ’\_5\\‘—'\\& e men\a,x C/s\,\&m&a%q , wa %,Qt AQ\ = 5\;»

go w s also an a‘vthV\VaLW 9& A

QW\(L U:TR >0 \0\6 Clavm p A and 7\ Cannot be 0'{ digtinet valwes | and so X i YM[.D
Cinee  dek(A)1) = © m\woﬂs has  a golutm , Cloam 2 Tphes  that tere Y¢ @ Yeal aigenvalue.

Now we would UWke to we twdclion  to fowsh e \3{w§\

To do this , we commsdder fle  vectses sv%\/\n&m\ o the &xifv\\& sz}&akutws , and Show  that  tlevo T
tn @gmm&w T At gwbcet v{ vectors.

We 0w o %w\os?am U ¢ B-tadant 7 AweU for every  wel s ag WU w te
@\A\OSPQUL Qenonmted \o\a Q}&ngutws en U s A-TnvantianT

BN

MN\_E/ Lot A be o (eal Q\GW\MQWC Mot 1{ U e an RA-twanent %\A\asyam, tlen U

T¢ olco A-wwarawt | whece UA:Q v | <uudeo gy \AeU’B s tle set of vecters octhoral b e vectes

™ U
\?(ooj Lot ve U and wel  Than JAw= V(A= Vw20 wlaee Wey.

TEL olgo weans  tlat (\/TA\\A =D % all \/QUJ and  wel
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A

Qo VA ¢ m U {w Al veo

CQnee A ¢ Symmetie, Tnplies et Av e ui \Q« oM v Ui

L . .
Hene. U ie alse  A-Dwvadant |, as M%MVU}\, -

Claw & et A ke o veal Symmeti e MR X 1% Jd 16 a nowRero A~ tvar ont c»&;s\mu/
tHon U cebns a (ol L\gwumw ﬂf A
L{@fg_ Let R e o wodix whate  Columns form an ovthonormal bouexs o{ U
Thon AR=RB  for come Square maithx B, e gach Golumn of AR T3 o (ineer Combnatim
of the wolumng QWC R
Then  RIAR = B, uhich Twphes ot R = Symmetic .
v\\f\sw:%vu tloe ewasts w awdh Hlat Busz Aw
Thye mplies ot ARW=RBw = ARw .
Noete that Rux0o  Afor uxo beows fhe tolumns of R ace fnearby Mdaponolent .

Thws Rue U w an oigenvectov  Contomd Tn V. 4

Now we ean fmh the proet 29l b\g Mductlon -
(ot J;V\‘,..,,\Amq] be  awn st thonovmal st a\% oxgbv\va,d\w& o-f /—\ . whes o €S m<n.
et U b the Q\,\\og?o\w 't,‘\:\kt *LJLVC\ gng,(o\,*L. Then U re A -vorant .

AL

%% Cloam 2 U T alse  RA-jwadant .

%\g clam L%) UﬂL contoms o o)\gav\vuﬁ\f, omd hen« \(L?glo;\\\f\& Alass afgmmm"t Wil ~€\\/\‘\S‘r\ tle \mef-

Applicatisat of +ho ct'uc#ml thoovem

Powu rE manee ¢

Hmw& O pethonormal  tet of  @dguavedsed v very geod fw Crmputation .

Tor Sxampla, let VYo the mwutiv whow  Columns {Q\(w\ con oY thonevmal  base O’E z?&wva,zi\m& o% A

Then AV =2 UD  wWlee © = 4w diagenal ety of 2lgemyalints , and hence A= VDY = vDY!,
ko Ay

To Compute AT, we obsere tlat w3 Just (WOUDWOV) WD) = VOV gie VAT and

A K
DK Cow be Lo ek (Q,GLJ\;LL\/A e DX oa o’kto\gw\ ol e 7\[ D:[ dx DK{(A‘\_‘_ X
n d.r
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TThie ™ Ve

\/2\ \/»éz%xn\ , &w _wa‘wv\l‘a&

BN awk\&m& Candom walk of o gva\oh.

E\'gehcpaca and h«ulﬁpﬁc‘.hs

K% N s om Q7&¢MVQLM 9{ A tlen we call SPQ%(A»)\X} tha a\\gfv\sgam s{

Whan e wits Az UDVT e abun, W the dimenson o the slpacpae of A s KLt
A ooppracs o ko dagmal enties Nn D,

Note.  That

dat (A= XT) = dot (VOVT-ATY) = dut (o

WY = et ( v(D—XiL)\/T>
= det (D) ae det(AB)= det (A) det(B)

and  oeT (5= )/ dut(h)
= \\l‘ ( Xi‘ﬁ wiaw A oie dle i-th d\?agm\pv\ Q‘(\Wé ofV D
Sine ol 4o gigewvalues v vanl, tho chamcteclstic polynomial of A i real-vooted .
The rdtipieity of a ot S 2%ual to tle dimention of Bpnipace.
Detecmmant and  Naw
We rove two Tdentitlor o Coul S\AMMWTL matix A
Fack dek (M) = T\% ,
poof et (A = det (upyT= det (®) = ik;, -
The oaw of ff, dondced b Te(r), 18 defned ot tHe Sum  of o/t;aiwml entyies of A
_TFact Tr(A)= é\\ Ay
Prook Covadyr  out (AT-A) . Ths voots are the wigenveluwss of A, and o
dat (ONT-A ) = OO O
Nete +lat tle coofficiontc o AT = :\/\r.
My Ovn o Ram
On the other hawk St (NI-A) = dat &a?) x\mjm‘. mvh}
Gins O o NG
B\g A ku?ms\m) Az tim o e detemdunt |, tle woefficiont JY N cm\ oppesrs
T tem DeadOven) o Oand ik 1e - 3 an
e, BN = 2 00 e (A),

Eigen - decompreion

Also , et QV v)}_h,\/nH be o ‘Oas‘\goﬁ st honsvmal ﬂ\gu\vut\ws
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Than cxv\\a vechor % Cowm be wrttew Qg C V, £ CyVy % CuVin-
%vd owi\z\m\wM\H\a o vy = Koy ket ViV Oy v Tt Gidu vy v 0 V) =
T\r\@(@&wa PV S SV AV IR G SV AN S R S GV D VI

= \/\\/\TX * \Il\/lx Ll \/V\\/;VX

T A T
S ARV Vavd ) %

34
ol
o

Thie v trus fw all %X, andk hence \/\uf*vi\fﬁ*\-.*vn\f

we gp,'t

Mulbiplyng  both sdas b\g A
F\x: AKU\V:{*’\/)’\/:%».“*\/V\\IV—\T}X
- (>\\\J\\/F* >\1VL\/;~&,.& XM\I\I\UV\T\)X
Thawe, At X uiul+ oo+ PNRVRTA
\ \

-?Mo»\\a/ we claw  tlot (ﬁ\v\t \TVN\T A TL\%VI Tt Tﬁ\/v\\/; \\’E A %0 {O\r all 1.

Ty (2 € T T
becomse (N\/\VT PEUID WAVAVAD R 7\\\/\\/\T+ SRR WA ) = vl ee v e T

L otor om, we vl wee  thie Ydaa o d\zﬁwk tle “Pgmukow\uvw Y o'f a mxtiv A, when

B T¢ ot e,g /{M\\ Con .

Positive SQW\\dQ{\N\‘\*(L ratrices

A eal g\/dmmt\m‘c T S YAV N S Y J@og\‘ﬁw Semwdxe\fx\tn Tﬁ XTMX > o fw Q\/Wa vechor w.
Qoawm A veal QYMmetWC ot Mot posttive Sewichefmte ‘\ﬁ o mha \\’g o\l sa‘\&xv\\mlv&& axe
non-negativ T awd owly W M= BRT for some
(o0 TL M=8RT, when X Mx = (R Ex = IR 20, ank s thus posibive Semidefinte.
T M v Swwmmebie M:KDP\T whne Uowoa Alagoma | ey, and R T an ovthonovmal bagie.
SMWM Mot potiive Sumddefiite L |t PR e be the Toblh it vedkor
Lok x= R& e RIRERE =T .
Then 0% WM = KRE-\\TV\(R;\B = (E\\T RTEDRTR?} i @\TDQ? = AT wheie dy e the -k sigenvale
Co domo -EN Al T, vk hene  all @igenualnes of M are nonnegative .
U ol sigmebes are mewonegafve, fea M= RDRT < RDIDIR = (& ) (o e ) .

A

NS
L Y
ot R= DLRT Cwlere D= K “‘:‘m\ which well-defned S oy > 0 —%w all Y

Vo

T\,J/YLJYWL , W = %T% L, as {m%\,\\rw P
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