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Lectute 18 : Network coo&m%

Netwerk, CDdMg i o novel method to transmt  datea in a Computer  network.

Ran&um\saﬁw makes it wotk  in N jcml\z distribuled  manrner.

Netweck ]n‘&ormaflin ‘Elow

Tor s(mPch‘\ﬁj_ we  assume  the S\’qr\n ‘s o divectech O\Lﬂdrc RMEL

Hu\&ﬁumsﬁhﬁ ¢ Glven a0 divected acyclie SI’D\P\/\ G=W,T), o soure wectex $€V. and a  set of vealver

vertices  § k. ,JQJ ¢V, the mm(ﬁCMHﬂS Pmum it Lor the source to 2end data to all  the

Ceaivecs g;mw(%m\aouguﬂ . and the o\ojub\/gv WooHe mm?m}gt the  tota Qg?u,{) o% “Hrom St $6m

Tree Pa@\c‘mg' Ln  traditional Compuler netwer k Sc’tﬁng . Rach  Intermedtebe.  wnede  Can be uged to ctore  and
{o\(wa(d\ Aata . Asume  that cadch QJ*SQ con  tromsmit ome umt aJy data per  Step.
To Tnerense  the  Hvanswission  Cate . we need 4o fnd edge- d?x:\o’\nT troes Qm\nsui?r\j the source o all tecaivers.
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L v« aompﬁoxtonm\(a Khowd ?mwm to  compute  the  maximum numbe ¢ o{* Quch Qrkgg— \sj‘wt trees .

Also. thece are 3((2?\\3 with HgL\ \\cmhu{w‘vih&” {vm the Source +to each (eeaiver . but  Lthae  ore \/0.(5

J%u\) Jzokﬁz_ (‘Xﬂsomt < (ees cm\nzd‘ms the  Soufce to all cewivers.

TM# 16 whle TS Qasj ’FO( the Source T Send data C%m““& o each Individual (eeelver | "

besmes

dﬁ—({—‘\m\f Lo the Souwrte 4o sand data %ulckha +5  all  rtecelvacs

i mult aneous {La .

&M{ﬁd"m&f The idea 3% network CDJJV\S b that  infommation  flow T diffecent  Lom  standacd (,wmw(?tg L low

Wao cowldh  do evxcociM\S Ta antermedlate nodec Qo that the Tewelvses Can dawwde  Hle W\agsaias

anok  thae —{\\rmgww{’ 1S Tncreaced !

(_/ \\/ / \ we deo encodin
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Can Send two Lmite of ©

\Ju</ n this noda
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Can Send two nitx of © ~, & o\c;bb[o . Yo thiS neda
3 N o Wty sxempl = oo\
\V\{wmc\*\m\ Wiy sx ?L \\, b a O\%\gl/ L
n inp an An °
E\S do § entod g o & dectod g S / \\50 \ Q/O\J\/ +his raceivec  con odd
k) ° t, L0 sl oeb oi‘“" abb and b o gﬂ? o -
\ b

More SQMMM‘ netwoe ek QD&MX allow s

@ o vEhmei e oyua&\uns over o \ar&qr ‘glué\ Cinstead "JY Just bit ~wise D?Q(O\HOHSB

@ the data Sent on an Q_DLSE_ s any —guncﬁs\n b{ s Pvad\egqssws (et SvSJr XoR) .

Smr?amﬁtzl the ftate o{ tromsmission  Could  ba S‘\Sh\’%cq“ﬂé IM\)(D\/Q& T network codTnS M weed.

Th fact. ¢ con MW”‘US achleve  +the OpBimal rata for mwh‘cqsﬁns.

Theorenm C Yno\v—‘mfForw\odn'w Llow  min-cut  theoram )

£ +the gsource  hace k ar}\ga/o\]sjg‘mt paﬂ\s ‘o eadh Yeceivec, then +the Soucce Caw  Send K unite

ojy dota to all  feceivecs gsmtrwom& with the wse eif network C,ori‘mj.

Rewarks ® T\I\‘S i1S Ckew\a ﬂ\ef\mm\ This TS an

amagiag casult  Chat opans  up o mew Yeseatch  ofea .
@ There are _SDQQW\\)\(L& Lov whnch  the  vallo a% the fote oachieved ba netuor k (,ad‘m& o the

rate  achtoved  without us\ag netuwork Qod‘w\g ¢ unbounded

Linear Network Codlr\%

An \\m\:me\# ox\gm\t\nm'w Qsmmsﬁm ig +o ’?‘md\ n ov%\ma\ anmﬁng and okuoot‘m(g ccheme SLH—;L‘\MHA.

The  next majer  reswlt Vs that _lLinear netwovk Cud‘mg is U\nu&L\ to  achieve the o\uﬁmm\ cate  for }v\miﬁcmﬁtr.

In (ineor notwork Cod\?nga the data fent on an on&zz. Ve o\\wm\,gg o lineac combination s§ s ?ru}\ulssws_

Yo

i \J\L/kzx}

© Qnephin
alxqﬂlylmm/ \\;xxlﬁnyﬁ by ¥y X
4 \v,

AN recdiver Can decode \\% what Tt Yeives axae \\\r\o,ow\\a \‘T\d\Q?Er\A-lr\t .

N11B,{\+51XL% 1355(5

" O X Ry Gy ¥y
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3 (\;L/m&:mchlxx*chz ™y 2 LJ\ Xy 51 2 bsy\} = W\/Ax
4, My = C% T Oy X, d Oy

>

% can bo un\qgw/\\g datarmined, ‘{ A3 B{“ full vonk,

Deterministic  olpocithm ¢ gu\asmﬁwnﬂﬁ) Aetecministic

Fu\\:\mmml time Ox\gu‘\’c\nmg are  olstained o Tind  an
optimal Cod\n\& <chema Ao W\ulﬂmsﬁnj et coeffdate of  the  linear  Combinationc -

- )
Plowevas ,  thesz a\goriﬂxms Wil be Very o\\‘«g{—'\mﬁ 4o ba wed In Xsrmﬁta, os It rx%m\ras o Cantyal G\m{kwﬁh

b ok ot the whele g(m[)Lx and Qomz{'\,,lha choose s Coaﬂ’l‘(?u&; and  tel ZVI_rgUV\L how +

encode .
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EM“%M- We  gtudy @ rahdwxsad Pbk‘i\““wc‘o"k Time algor‘\tkm + find an oPﬁmzxi aud‘m(j scheme e m[ﬁ@sfir\j
The bea{ alss Provio\ms an alternate Proof ‘fuy the Maxﬁy\{mvvwﬁfm-{'{m min-cwt  theovem and  the lingar Cudiw{g thm.

Mogt Impwtamvd, the o\\&or?ﬂxm ic very Simple  and to\“o\lhj d\mcav&wﬂfgwk L. oQ k% featwe t ba pmgh‘cd.

getﬁwg : BZ] a s\m\?\z reductlion, we can  assume that the Qource hat uaLH\a k QAfu o @adh fecover  hag
mchrla k “mum‘mg adgul where k  T¢ the Qd\ga~cwnacﬁv1t\a fwn\m tle goucce ™ the rveceivers.

The Source would ke to gend K essages X, oo, Xg o ol yocelwers.

_ﬂgﬁﬂ,\—w\: Pick o \mr\s& 2nokph (prime) field .
The Qource  Sends X, Xk on 1ts omgo\m& adgzg, X3 on Ytz th oﬁgu{ng QC’LS{.

Follow o h\;alng?u\\ wd\eﬂr\& V=S, Vo, oo, Vo of the olirected o\uic\\\c 3rD\FL-

Tor  vartex  vp L call *he Tncoming  Messages M Mo ing.

For each oukju?ng L(}\SQ, e of vi ., cend o rondem lincar  combineiowm o{ My, o, g L

(2> @) ()
e, Sead  bm ..t \OQM}\ o 2, whate each by ¢ an "\miz?ghd\ev\t Condom <lement in
Global an gook\mg vector  and  local ehudﬁnz Geflicdents ¢ These are Tm?o(%mt definttisns  for the anm{ssfs .

Each zd\gz s §1m>“vx§ o \inzac  Combination of  The Rourw wum&u L A GX L G X which follows

\9\3 Tnduction  on  the h\mk\u&‘\m\ amk/u‘mi,
Wao eall  Conen ) the g&n‘ou\ zv\cod‘mg vedor on this edge,  the actwal  lingar Combination  that s and?nﬁ.

(2
tov each czo(fa e ., thae (rondow)  coefficients \9%“\\01);-- ore called the local thcoﬁ?nf Coafficients,
The local er\wr}«‘mg C,oe;ﬁ:\den{& are  the dodsisms thet we need o yake (which wi dedde to wake \(‘m\dwk\é\)_

Once all the local th'odfmj C/omﬁ\‘dghﬁ are fived , oll the j(obo\l encudﬁrxﬁ vectors are Aetermined .

Dtgodm\slﬁ%% © TFor a tveceiver £t with  k \ncm‘m& ldgec, Lt the g(oba\ zwgudhg ve ctor o\C Tt
T-th Tncm‘mg Qd\%& bao (i@, eney)  and the otk Ymtm‘mg mattepe 35 My

Then , whothee € can  daode  +he m?g?na\ \m&smgag dg\)a“ds on whether thoe k Tr\c_w’mj Xku]oa\ )Zr\wDUV\S

Lo G, o,

vectors  are “\'\Qv\r\z\ Thlﬂl?znoﬁmﬁ" or mﬁxvm“ﬂ% whether  the  kxk  madvix C-= (Cu, Gas o o Cap is

[ T

0€ ¥L¢\l conk . ('8 Q%M‘lvoizvcﬂa whether OKE&CC\ $ O .

s Gkt r GeXe

a0 Con Gy, Qe % X, m,

™M, :Q\\\(\*.‘.“tlw_\(p\\/' / = Mo\ e G, e o Cop A % Xy _ Ckl ™
Z 4/""‘(& C Nyt Qg Xy : B H : = .

o+ M S, Gy -0 S Yk X Wy

AV\O\\?S\\gZ We  need Ho O‘“"\jSC thae S?ro\ao\klk‘&n thoat detCN ¥ o ‘\—Q we choste @l local Coa‘ﬁ?dzvﬁs ‘(‘omdm\tﬁ,
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Think D% 2ach  local encoding  Lefficient as  a vartable  (the decsion varniable D)

Tadh evx*wg ch o gLaLm\ Q,m(x)d]y\& vedhsv 18 a wuwltivariote ?o\nv\mm\ ‘mua\\nnj the Lol Qr\codimg Coaﬁ\‘deﬁg.

Claim * For vectex vy in the ﬁ?e(b&](}:\\ b(o\ar‘w\g i {Lof each Du»tgo\r\g Uig{ e aJ[ (VN each Qnﬂwz ) o{

e iﬁo‘oa\ @naoo{‘mg vector 16 o wulhvariete Pm\\:\hm\-o\\ o{' tle local thodw& C/nz%ﬁdz»\h 01[

{otal O‘\Lgru, at  molt o).
P‘(bg‘i} ; T\r\\ls ’Eaums %{D\w\ a Q‘mehz, Tnduchon .

AL position
M) fe

The base coase ¢ c\;u)\rLg trur . with vecter  (0,0..,1,0 .,0) on the 1-%th D\dgn‘\»\j edg{ of S

B P4 o >
Tn cach g%”” we SM% add oke&rze one 4o the ?olbm\m\d B C\X;\Z}u Ce
S = ° / s -
B1|C‘4A-~+L\KQK/ LX\C\J("‘*\olkCK
[ \

n

o0& chown in  the [:Tctnre R

gxa the Clo\‘\m) each gy\h% n A Yewver matix C ¢ X\AgT o multivaciate YUK\JMMM DJY +the o cal Lhcad\ThX

Coefficents of total d\l&YU/ ol most .

Thie ]m?\TZ& “hol  dotCC) 1 o mulvariate Fo\\amm\o\l of the  loca) Cm&f{dlv\‘\s o«% totol Dka&\%z ot moest kn

T% detCOYF 0, €than b\a +the anuo\rtzfi‘\wg\ lemma , the \Prokabﬂiﬁa thot  det (Y=o whea e Fw& in

Kn

Condom  valuet 15 at most EL

Ry c,mmg IFl 2 knd | A Pyommrﬁa Yo at mosk

1
W fer one Yecaivec .

\
T%% the  union  boundh Quary  feceiver s of  full vonk with Fruho\h:k&\é ot least \-73

T+ femonns 4 Show  thot det (%0 mg‘mg Ol OvGSumpt o that +there ate kK ;uigz»o\‘xgjb‘mf potthg

Claim I& the Source § hag  k ao\gc/ ok‘\s&b\,\t ?QH(\S to o tecelvec L, then debt (V2 0 where C

18 the  Cecdwer  wmatrix o  the global encoding vectors -

M Twlt use the ¥ Lo\&a—d\\qz{\n& PQﬂ”S Lrom ¢ ot to “’%grwmd\” ( tvoditional  Solution without ur}\\mg)
S

° °

the K megcapes tom S to T U 0 []

ges § BL/ \[\
¥
The Yveriver haotix Wil bae o \\d\ﬂwii‘ﬁa paadvix L‘X

So, fhere 18 one chaiw o local SLV\CD(}\‘\V\X Coaffrictants ot def (W)go
[
/ o
winichh ‘lm?UV.S that  det () ¢ o wvonero PDijbm\\mL b Ld “ [?]
To S\AW\W\D\(\\EQ, W thare @Qve K QA&L— EJ»ngb\\r\t pc\f\v\g belwetn  the Source and  each  vecelver. than  tha

daferminant  of  cach Teldivar wmatvix s & nmezers Po\\ﬁ‘now{m‘ of  the local Qr\cod?r\j Coedfscvants,

The determinant ?D\\Awmlo\\g afe o{— (ow d\zgve& , ond So S’d\wwt}lrwn\ iw\?\ias tlat  rondsm

Substitutions Wl werk 1 ensuce that all vecelver walvices ace of “f\AU vornk . S0 thal we coan decode.

E&Edent Encod‘mg
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Considec  tla \)(o\a\em o\L Tmflﬂmenﬁhi the J’Z,V\Lod‘mg oParoﬁt\'m at o node V

g\u”;ngl goch vector i< of A-dimansiona). Thave ofe n mcw‘mg veckor oand  n ovﬁ&D‘mg vectore .

Then  oodh owt&c\mg vitor  Con  be computed  in OCdn) +ime , ond  all O\ﬂ&o'mg Vectors con be
Compuled in OCdn") fime

Con wa oo 3t &ms\‘a,( 3 Obsecve thot e unwdﬁxé Can  ba done %Mckha +# ‘mo}\z\gru 1S Small.

o, ™1 would be ook i thece ¢ a Transformation to veduce the d\ﬂ.&\';& while Pcumvﬁg connectivity .

A i&ggmm Comes +o  {eSwe

JbvoL Loom \\V\CM\'\S ve k(s
\( \ noTnleming vecters
4 / & ~ \:Li &— gadn vertex o{ Constant dng 24
O B Sepece ly OLw) vart
own n Verthces
/ \ n OVKSOW\& Ve ctors Conantyratey \a
\\/ \L . \\/ w  oub &o‘\ vw& vectoss

A Quper concentrater is  a AMcected O\CL(\c(Tc g(qw\ with n inpet  nodes and  n ou&?ut nodes , wth 0OGn)

nteinal hodes 2ach with  conctont iv\d\agrae and otﬁakegreg,
An Tw\gwﬁv\& P(OW(J“Z} te et C\ha \« ‘m?m\s Can Connect o QW;} k bmtyvﬁs ba verfex de‘Jo’\h% PMHS} \Co\( any
Thus , the C,mnuﬁv‘\ba ‘ﬁmv\ the Qure to o Cecever would net decreate.

Thefore, we can fiest opply the tonsformstion  before &ij netwoyk cod\r\g.

A\Ctu tho Na“ﬁcarmqﬁar\, Roch vertex in  +the \fzswtﬁng gmfl\ has  Conttant }r\d\qgru.
Qo, the encoding  in each vertex Call tha out&u‘m& Ukﬁg) wn  be dene Ta O(d) Hime .

AV the vertas In a Sw?i&(cmumh’xtor tan e done in O(d\»n> e . a¢ a  vertax  with Thokqgra,t

nooig (LF\NQA ba oo g‘m?zrcon@nﬁﬁer wWith n m?ﬂs) ank 3t hos nk\a O(n)  valtieas

Hence , the veetore o-f the ouﬁ&o‘mg SLd\Ku s& o vertex in the or?g?na\ grmPM Con be

C,OVVl?\/Jtz{)\ in Oldn) time *Fmsta( than tla St\ra{\gk‘tfwwm#\ O(d\r\l) time q\&aﬁthm\

Note +hot this i D?‘hrv\on\, Since onl \m‘\t\nj down  n ox,d?ﬂ Ve ctore ra%u\res O Cdn)  time

kaQrehces and  digcusSions There are sevefal ngz%\c obout network Cuo(lv\&.

One cowld toake o (ook ot the ook Ih{*armmﬁon ﬂxwvg ond  network tod?n}y bﬂ \(eunf.

There are more and  more  resulls msh\g mgwmc -fecbm\\%mﬂs to O{Qﬁg,\ fast mﬁgorlthm.

4
Dohahom‘m] To{enﬁ%a szsﬁ'm\g Ts  also VQH{) ug@fuﬂ In UKZST&nTr\S Q_F-F\\C‘\Gf\t “Tntecoctive Proejrs (cee tMP\]>_
Moce g@\'\e(&“n, Yondomness s Very useful Tn “chuk'\ng v H\MS; Z%fdznt(n‘ A \Co\mws uamF\a, s the

celebrated Pcy L\;{obalams{‘\cat(a Checkable \)roo{g) +heorem.
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