CS 761 : Randomized Algor?thms , S’Frinj 2023, Waterloo

Lecture ]_6 : Cou?l]ng
Qom?hhg

s an Ianrtan‘t J(&L(L\V\\tq%uuz, n bcw\ok‘\ng the m?x?nj +ime n\ﬁ Mackeu Choing

We will See +the basic  method  and  Sowe GXQm‘flu,

COMPI}V\%

This s “he  motk C,OMMDMZ) wied mmt\r\olil\ n bcw\d\‘mg the w\‘\x]r\g Eime BjL Markov chains .

In LI12, we mentioned that 14 Twe Mackou chalns Yeach the Same gtate . thin one  connot Oﬁsﬁnjm‘/SL\

the two distrbutions  afterwerds becowse  Markoy chalns O{oh/t remembec  the %?:%or\j

ch})\‘mg i< a methed +o  make this QFS(AM»U\J( ’{*or’mq[

Eﬂﬁork S%c\ﬁnj the Cou\)ling method , (ot ws f\rsjt vecall  tho dkf]niﬁcr\ O{ m?x‘w\g Time .

\oviation Aistance on

meTng time.

The total vaciatlon dictonce 1< Yo weaswe  hou  close g twe p(nha\oik:%% Aisteibutions .

Definition The total vorlodion distance betwien tuwo \)(o\grﬂ:?\f‘ra distributions g anol. Ez s

defined o l\g—{l\ :%E&\pun%w\ whare  $ 3¢ the State Spoca.

The *?o‘\cwhxg 1S an a%uﬁ\/mtent Q‘(\No\(,tuquHDr\ of the total variation distance.

Lemma Yor Qmé AcS | (et P(A\) = ZA?U] . Then \

M Uzg Picture from MU 4i10 Pe====

-~V

gl = mex Lpta) -qad|

AcS

P

- “ S N w "
The oo Whare \; Vs above % 1< e%m[ to  the area wherg g 'S below
The Qum af— these Two areas TS ¢ %Ml +o \?%—S | Fb() —%(\() \ _

A

Lot A ko the <ot of thee values covtespending o the area  whee ? s abous <.

Il

Then 1?({%\)7%((%3\ = _\:L xieg \PLM—QSU)\ = H\?~

AoV

A

M}x‘w\S fme 1S the 4ime when the Proka\gitﬁla disteibution T¢ clse  to the %To\‘{'\mno\m& olistribution.
Yegardles of the nitial  distribution .

Definction (M‘wmg ‘CWMQ> et TQT be the ?Jrcddomzm(\ Mstribution -

Lot f;f be the ?rakmbikﬁg aistribution  ofter t steps Qtorting at  State .

DQ{:\Y\L Ay R) = \ T)J,Z - % I on ok A = Y‘;\\gé Sy &) .
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Also dl{‘\\r\l Yin} = min Kt' Oy € 5‘_7)

and T(E) = e T8,
A Markoy chain

s f“aK)\\d\L\a va\‘x\\ng }% T g Pohahowﬁak in )@\v\({/i\ andl the Y\uw\&yz(

of States.
MNow Comes  the

3 m};mfm& Aefinition of C,nu\; W\S .
Definition A coupt " of o Mackov chain Mg With State  Space 3¢ a Marckey chain
VZQ: (%t»\(t> on the gtate Spoce Sx g Quch that ¢

© P CXga=x ) 220 y)) = Pel g =x | Mg=x) |, and
@ Pe ( N :\A’ \ 2ﬁiﬁx,\g§>

/

= PY‘ ( Hf&\:kﬂ \ Hﬁin\
Tn worde COM\PUV\J s oa \Jo‘mt (ondom process ot twe Mackey chains  Such that eath  Mackow chain  behoves
QXOL(*(\A as  the Or\\g]r\a\ Mackov chain., 2Quan H\Dmik

the  move 0‘{* the two QL\D\‘\T\S oowld bho C}\QFo_ndqr\‘f,
powet of the Qoupl?v\g e thod

oty allow  ws e des\\Sr\

a :)c‘xnﬁ Condom
by ng the two

@ +to

P(c cess o
QDPTu to  the

Same

stote %u‘xckha) and

Keep them In The Same <tate b% M\ang the two chains  make tdentical moves  oncr
ﬁ}\la oz n the Some ¢tote .

Cince  both  chowns  behave the

same ol tha or?g?/\al Mackoy Chedn . W& can Chen

Oxfgmg thot tha
Aistributions e‘{‘

An

Xe ond  Ye acx the Some oqﬁﬂ( H\ea mugukv
Me\yur bouv\d\_

of the time 0+ W\ug\m& s  on uppec bound on The m?xin(g time

L_Q,‘mmo\ ( CDLAF\TI'\X \QW\MD\)

Lot 24= (O X)) ha a Cotpling for o Markov chain M on state space S
Suppose that  there axiste o Time U Such thet

Pf‘(xti\/t \ Xo:

x ., \{g:(a ) s < '?or QVQ(\a X,\a GS.
Then TCe) € 1

Proa E

Constder  thae C_O\AP\N\S wheet YD is chosan O\Lu;rdgm(i +v the i%o\t‘\mma ik ibution
Xo fakeg

oand\
on or‘o?trma Volue -

Foc  the %\qu\ T oand & and fa( o\vwa AQS

, we have
Pe (dre ) 2 PelBe=Xp) o (Ypen))
= 1= Pl (=X)L CXpEpY)
2 1 = Pe Udg=Xg) = PeYrEAD / unton bounk
= Pr (Ype ) - P Opx YY)
S

Vv (\(Téf\y - < / }"A O\Ssmm\)t?ﬁn

= w(p-<.
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gim?\ar\\&,WL Can  0rqus el dn) 2 Tls-AY-g which tmplies that  Pr (g e f) < (a) +<.

TE folbws that o \?ﬁtm - s e Thrs Tmplies  that ) ¢ 1.

o B H

Stationary  distribution
d

Trreducthle apeciodic Harkoy chain il Converge o the Same dictribution.

Now we con eqplain Ly ony fiaite

The Coupling 3¢ ety : befose  they met they fun anmpammﬂa o ond after They met ﬂw_a olways  make
the  Somme wmoves.  IE s 2oy fo See that both chains behove as the original one.

Recall that 'Fbr omué Linthe ,  Teveducble  ond QFQ(CM}\?C_ Mackoy chain o theex 2axists 1 swch thet

?f*\vo Lor  all I,S omd  For all t=T. et § = Mf XE?%

Then, With  probobility ot least %, the twe Mackov Chains il merge  aftec T steps.

Se, oftec +=kT steps,  *the tuwe Mackow chains  do not macge with  probability < C-6"

This tendc to 22co Whan t  tend¢ to ir\w[‘w\‘\h& , ond <o ony Tnitial  Aistaibation ol Convecge

+o the S\'oﬁ‘xohmr\a distibutlon .

Shuffling cCatds
<

Constdec  tha {D“ﬁ\jn& method  foc SL\M\%Ung N Cacds .

TInoeadh Step L owe pick o fondom Card and put Tt en tha top of the deck

How %ood Le this QMH\‘”\& ?rocug?

This s oo Mackou chain  \shese  state  pace is the Sttt of  all  permutations ol the  n cacds.

It s net ddfficult o check  that  €Ws chain it Veredudble ond apeciodic . ond alss the

Stmﬁanm% distribution 18 the wnidform dittcibution.
To bourck  tha m\\xin& tleme . we Consider  The {ek\om\r\& Qnm?l‘m& :
T Choese o position w\:ﬁormta at rondom  frem | te nL and then mous  the j-th Card Yo
the top in the {—Irﬁ Choaln . Dancte the cacd  voalue ‘o& C

— Move the card with value € 4o the top in the secondk  chain.

This s o valid @mg\%gl sihee the Fro\oabihwa that o cavrd ¢ moved to %P T 1/c/\,
With thie ()m&a\?h&, once. a card C ¢ moved fo tle ﬁF L, then X Wil by la the Same \aos?t\‘on in both chatns.
So, the two Mackoy chalns Wil bae coupled if evary  cacd  has bean moved to Top ot least once .
This 3¢ Juwst the cowpon  cellector ?(ohum‘

So) ofter NLan + niln(%ﬁ Qteps . the P(ebab\‘k‘d—g that tha two chalne haven't Coupled 1S at  mett €.

Rondom welke on  the bgﬂFQ[gMbg
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Recall theat onm  h-dimensione %ﬂarw\% S o graph with 27 Veetles . where each  veetex Corretponds
o an n-bit &Tﬁng oand Twe vertices hove an edge Hf the Two  bit S%r‘mgj v ffec Yo one bt

S{M%Mz Lrom  om w\o‘\%rm% verteyx . we de o Yandom  walk ba ckoos‘mg o CTandem Positron andl
gt Tts value to eme with  prob Vo, and 2eqs  with Prc\s lfa.

Tt ¢ not dffrcult to check  that  +hs chaln it lereducble and O\Puiaokx‘c, ond  alss the

%J@xﬁona(a distribution 1S tha uw?{arw\ disteibution .

To  bound the w\‘\x\ng £time, we Conslder o SIMPLL CDMPUV\S v both cholne chosse  the Sameg FosTtTur\
ond 2t the Soame value . Tt ¢ cleer  that it s a vealtd QOV\P\\M\&_
With this CQ\A‘P\FY\SJ once the 1-th ceocdinate  has been chosen L it will alwmés be the Some n two chains.

Onca Q\/ua coor dinate has baen chosen at (east once , The Two chalne Qbup\z:}\

ASQM, thie §  the Coupon collector pro\aum . and Yy < n1n<h/9,3.

R andom g?onn]vg Lrers
Tor Simplicity . let G be a dcrsujuhxr undicected ?rq?\\.
<
Dz{mk G{ be the diceced SMFR Such that  Qoch ongt Wy \a G§ B F(quuzd\ b& twoe arce wy and v
Y~
An arboresence  vosted ok € ¢ o cubset of- \ul-14 ngag Wwhare e\lzr\a vectaw  VUEY  has PN
on\aﬂa one bu‘rSuTnS ongz, ond there 13 o Alrected ?oﬁt‘f\ {rom ony veckese Tto (.
Nota Yhat ther 18 a \s?gecb\o“ botren the Seot of‘ SPO\Y\W\\Y\& trees  ond  the et O{‘ Ocbores cences

Cooted ot .

The {:olbw‘mg Mackoy Chain 15 defined on  the Set of  arborescances.

® Chact on on  arbereScence  Cooted  at 0. Ctoct ot wveetex v
D Let +the  cucrent vertex ba W . Choose o Condom nelghbor v o .
Set Yex = X + v - vw , whare yw 36 +the V«h‘w%uk OuTgD?hj edge of Vv o Y.

Note <hat verfex v beomes  the oot . aGnd the CQurreal vactex s alwmﬁs “+ho voot oNL the orborescence.

Cet Xear = X4 with Pro\oab}(ﬁ\d ‘/1 L la. \ai&a Yondom walk

Tt s not dvftfreult to check  that +his chain  i¢ Vereducble ande O\P:u\.céu\c, ond  alss the

S’to&?av\ma distribution 18 the LM\T‘%O(M disteibution

To bound -the m?x‘mg time, we Considec the QouF\Tnzg that  the two chalng q\wmﬁ5 modce  the  Same  move
Tn pwf\wu\o\r, the current vertex  of the twe Chaine Wil o\\woﬂg lbe the Some.

Onte two chalng  (each a  verfex R,  then the Ou‘rga\‘r\j qfkgc o-f X we o\\wo\%s be thae Same .
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Thaecefora, once 2very victex  T¢ Visited ond  vebturned o ¢ L, Then the fTwe orhorescencs aglee

C,Om?\‘z%ﬂa ondh Will ba the Some .
The Rypactad Tme 4o Uttt Qvary veetex  at  \sost once  t¢ the cover Fime.

ELG Morkov's \me%wxhﬁa . Pr ( XIQX \/Jg \ %D‘\/03 < —(L*_ in QTCnvzr S*k?g.

?crget obout the dhicections ves WL on almost mm‘{a(m Y ondom SPD«Y‘thK trea.

Tndepondent cets of fived sire

Thie EYAM?MZ TS move W&uaﬁﬁh& ol the distane betwaen the twe chalns moy Ineease OF  CAACCROSR .

Consider a Markoy chain whote Stotes are all Xr\ckas);zwinrﬂ‘ Cets e{» S\\Ba QXQLH% kK moa X(G‘FL\"
©) Chosse. o vectex v ow )(t w\‘qﬁo{m\% at tondom and & vertex el wnf{ﬁvmxa at yandom.

@ it owy \(t A Xi-vew 3¢ \\f\d\l?lr\d\lr\Y, then X.{l&\‘;\/\t—\/{w; otherwisa YH( = X¢

lebt n be 4he number c'\L vaties oand O be tlae maximum d\(zg(xa 0{ Qv\é vectox.

We will Chow that  thi¢ Markou chain S Yq?\xok\a m}x‘mg T{ k < Y\/(%AJVQ\)‘

Tt e not dvffrcult o check  that  €Ws chain i Yereduadble and O\Pu\,cd\\‘c) ond  alse the

Sfodﬁohafa distribution 1S the km?%orm dst et bution

T\r\l LD\AF\\"\S Wil Y‘Q%u:\fq, an qr\)\\*\\(w\g \oﬂédlﬁ\r\ M l?tszxzﬂ the Vertlees

OJV X&*\T% ond the ‘Vartites n \(tf XtA

w:s\r the —g}rg& Chain CL\DASQ a  randem \/éyt and. o (ondom w eV And O‘PPL% The  Ynoua .

gO, the ‘QFST Mackoy chain behoaves at “the Df?g\‘v\o\l one .

Tov the Second chan , T_g Ve\(% then wse the Same pair of Vvertlees U ond W and make the Somae meve.

Otheewise _ VU E Yo | moake the move Witk M) ond .

This oalse  behoves *he Some as  the original Maclkou chaln , <ince  2oach Po‘\\\( o\L Verties  with  ve Y

ondh wel is  chosen  with Prm\oo\\m‘\f{—\a ‘/kr\-

uf C)\Jt:\)({—\({\ Mmeasuras the diﬁcmanm betwoon Xt omA \{t . C\mr\% Cl\{ Con ckomgm \o\a ot sk onz .

Wo Wil show  that e V¢ mora \?kll% o decence than T Tnceeate.

Tn ocder  For (‘Aﬁfd\e*l. Tt wmusk b thoe case  that v & ¥ (\\(t , and that w1 ao&dacwt to

Some. Verfex In X =4 bwt not adjacet  to any veckey  In X4-Ye , of uite velel -

e
X

Tn this cate, @ wmove 18 made in Y but net in

Thus. w must be o vertex or o natS\n\:nr ot o vertex ia tha Set  (Ke-Yre) U (Y- X -

It —Qo\k\mg that Pr ( Apg, = oy \ d\+ > o\ < k-de  2dyaxl)
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Thus . w must  be

o Vertex or

Tt Lolbws that

giwﬂo\r\ﬂ‘ Lor Aty = dyg — 1\ Tt

P

O Vertex noc

o V\Mgh‘aor o'{*
Note that

Pr K d‘c—*\: d‘&‘\

go/ Ei d\t*\ \ Ok{—_j

l

o~

)

o +Kk—\g\
dy Q\ -

Pr R Ay = oy A

\\(t U\ft \‘f k*o\&’ ond  thus

| 0\&>D> > oy
'S

o natS\n\nnr sf o vertex ia the St

Ul s o) ¢ kedi 2 (s
K 8}
N——

———

Q‘f\casﬂ,\& J choosing W

n Xy ’\\{.t ™ NLX«{;UY'%)

s sudticlent 3 VANt ondt W naithec
a vectey n

Ke oYt - i\// Mw]]]—

no Ceideo) (o)
n

V28N

Ay ((*

BLAD < do( 1~

Kin
Ea \\r\(?lukg_%‘\chj

ne () (o)

- )

n- (B-3)Laxt)

Bt

o
Since oknik ond Ag ¥ o non-negative \mfg&ar, we  have
~t (n-Gk-3)(641) ) /K
Pe (de=) ) < BTdy) € \<&\< no GERN o)) )t T +)
N
C?Y\C@_

k < "‘/2(6%1) )

RS 52,9\&\% ‘o vszr?&a +hodt Y (&) <

Co. the Mackey chaln ¢ (O\F?dln m'\xfn\g.

Refecences

n- (3k-3) (A1) =

- (3 (o)

n— (K*Dg(()* l) 2 | and. thws

Pr(ﬂ*zo% 0.

\,\;‘I\TL\'\ 'S Pbkancm}a\ in noand ,QV\LQ:\)<

Kt~ v Y- X)) -

Ve (J\H\:d\t*\)‘(f?kt*ls -+ (dkt*\B'P( (d\t-tlz Cl\t‘[> + dy Pf(o{t%\:d\ts

2, (o)) \ o k> n - Cerd=2) (a4
( ) K [a)

- (Rk-dg-2) (%))

Motk of  the metetals e ’§(‘Dm claptec
The S?D\nh:r\j Trae lxamr\k

XS ’g(‘bm

the
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