CS 761 : Randomized AISorithms , S’Frinj 2023, \Waterloo
Lecture I5: Markov chain Monte Carlo method
We Airst see the Monte Carlo method and  two Mfzresﬁr\g Q\Scr‘xthms.

Then we wWill Sew the  Mavkoy chain Monte  Corle wethod. and the reduckion Trom cmmﬁvx% o SQMP[;HJJ,

MOV\TQ, Caclo method

1t 5 o method 4o estimate  yalues J\:\r\row‘g],\ S‘O\MF\MS and  Simulation
Tor example , to estimate the value mﬁ T, one Can diaw o circle of- radius one  and then (ePufuL(é

dlfaw  Yandom Pa‘mﬂ \Crbm the i%u_q(e ond.  Count tha 'Gracﬂm\ o% Po\mfg that "FD\.\\ ingidee the  circle.

. Al
The PWOBD\EI(I%% that oo vandom Fo‘w\{’ < in the circle s i QRY; G
R R N m (o:0)
ge, \{’ we  choste wm vandom Po?r\ts) then the Q\C‘?LLtQ&\ numbec o{— Pu‘w&s in The iccle s . B e
Henee . 1 thete are W Po‘mts Lol inglde the circle In oue u\m(‘\mm, then W s
-0 -0
W
notucal  to wle. T as  an Stimatae b’{' the value O{’ .

How gso& is this stﬁrv\oﬁﬁuf\z

Intmttva\n‘ Tt s more Gccwrate T{ we toke morge SQN\?\(S_ ondk Tt Us Lodj tv meke Tt plecice ms?hg

the bla~l/\0w Standar d Q}\Ur\c{f bound.

Thesram let X, ... X be Fwdanhdan&/ ?&\U\ticmua distributed indicator vandom Verioables | with }mtE[XJ

TWC ™ > 20, (2/4) , then Pf{\ﬁ%‘x]'#\zgﬁv <§.
&
Definition A randomized ol porithm qives  an (e, 8) - approvimation for the Value V if  the oufput- X

O\C the a\gor‘x%m So&ls%u Pr Q \X,\/\ < %\/j 2 1-5

go, +the absue  theovem 31\&5 an  upper bLound on the number o\ﬁ Sump(as \Cw on (9)%)’61??{0*%%“0“-

Ar\ Tm?bﬂ.‘fnvﬁ_— ?a"\nt o nelae x tlat the o\\gﬂriwm s Qfﬁu‘zm T{— 2 s [&f&zr

Definition A £L% ‘Po(kér\om\(x foxnrkbm‘\ssztk G ppYowimation scheme.  CFPRES) \Car o \arohbzm NS
YO\V\d\ow\\\thi Q\foritkm for whih %T\/Zr\ on input X and o Pafo\wfrer\ 0<e <L, tha O»Lgorft\'\m

bu&Pu&S on LQ,‘/@)/QPp(oy?mmﬁow v V&) In time  Khat g Poknmma\ in /s omd  the SISL

of the Tnput %,

Rewark * Tt 1s <asy Lo obtoin  an (i,é)—apwax‘mﬂéﬁw \oa wnj an Li,t/q\)*a?lvrnx‘\w\aﬁbn O(ang") timas.
Chubn(g this is left os oan exerdise. Co, to obtain on (¢,4) - Q?P{ny;mo\ﬁbr\/ e Svﬁ work with the

above definttion  and Ao not wDrmé about &
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Dl\ﬂ: Count t\3

This ¢ an {xam?\g where S‘\‘fa\\gb\tforwmé\ O\?Pl‘ycﬂ\or\ of the Monte Caclo mathod wort work , but o cleverer

application  w owld  werk.

USKLQHA Wwe eongder o CNTF &cen‘juwdiuk notmal £orm ) —?wv“uko\ which Yg  a Uh\‘}maﬁon ( ANDD o{ the clauses

where 2och clawe ¢ a OHSXUJ\L{':OT\ CorD of vaciobles g (;\\/XL\/E) N (;1\/?4\ n Q)(\\/Yg \/?%\_

Hee we consider a0 PNFE - Cdisjunctive normal form )  Tormula  which s o disjunction COR) u&» the ClauSes

wheve  each clawse VS o Qav‘;\mndﬁnv\ CAaND) D\[ vaaables QK, QX‘A?L{\XQ J Q‘LI(\\QQ\J (Y\(\X;{\\(LP\‘

We oare infecested n (,oumt?r\g the  humbec of Sqﬂif\j‘w\g assi gnments of a  DNE  Formula.

%% “+he DaMa(gay\’s laws., o DNF -Fonm(a s jm&f the Y\zgaﬁﬁ\’\ 0{> a (NF qcommtm with the Sawe Numbar

DJ’Y clauces  ond vacables , oand <o (‘.ow\ﬁvxg DNT golutions s ac hard ag qunﬁng COF  golutions .  which

s ¥P- QDMF\MK .

Thus . we  ore  intecested in obﬁa\‘m\mg TPRAS fnc the ©ONT Qomﬁng P\”o\ou“’"

A Sﬁa?ght{mwmrk a\??mad\ ¢ o P‘\ck Mov\\% Yandom o\ss\wgnmmts ond cCount the frqdﬁun D‘g Smt\x&\(\jh\g

QSS\)EHMO\J‘S Armong them -

N In(!
/\W[‘ﬁ\”\ﬂ the Morte Corlo thesrem . wa gd oan Qi,é)»oxvprox“mmﬁm\ T the humber ®Iy QQM\DLM &(%)
TIn gg%‘vmaﬁng T, M s T/% and  go the numbec of Sm\qF\u (“Qasu\\rz&\ ¢ Small.

Toe the DNF cbqnﬁns PFOE\QM, Mo ould o zxpomma\[% small | and thus  +he numbec a% sqmws \"{%Q{‘Lo{

ic l\LEDV\Er\t\xa\ In N (Q‘& I{' F olution = r\il in \)o\uywm?m\ numbar c{— gmpg, the onswec Y¢ 220 \,dquB»

Tg %qf on {”Hﬁdent estimation » the Tdea T¢ Ao Constvuct  a So\mp\g Space that includes all  tha

&mf\f&\c&jihg qss‘\gm\'\znfs, but ot the Same tiaz the %oan\l gpacte 1< net too 10(3@

Tacst, note that rﬁv\d\‘mg o Saﬁgﬂ?ng o\gs‘\gmﬂeﬁ of a BNT  Formula g ety

TJust plek o clause and so\ﬂx{z\ it (ginee we Oh{u& nazd  to So\’c75§% one  Clouse to So&ﬁsf& the ‘formuia),

et TF= Qv ua.v .
Lot Q0 bha Ahe sef a{/ o\ss‘ygnmﬂks thed go\%};{n ¢,

n-L3
Note that 3 Cp hae L5 vaciables , then 1 2C\= as thace 1< onha one  chotce fov the

vatiables €7 but O\rb:trwﬁ Volues  foe the mma?nlnj variobles .

Since.  each &xﬁsﬂing ass‘\ghmm\f must be  Contolned  In SCS '\CO\’ Come j) ond o\ VU gﬁ}\ s qud(é
=\
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fhe  numbac that we wart o Compute app«mmm%.

et L= % Ga)| 1<€igm . qe SC_;} o Se, lul= 251 V<ol

1=\

7C3

This 1s an  ovaelr- estimatae a{— | gC‘\\ , Sin.  ona C\Qg\wgm«wev& couldh SM’?Sf‘g yore  then one  clauwfes.

™m
To ovald the ovm(»aoun%‘mg S we O\R‘{'\w\L o w2t 8 uatw Sie 1V | e 'floltom; :
g? 5\\ (;Jﬁj \ V<7<, D\egC\" but O\&SQS fu(‘ 3<]7]

Neote thot qiven o membze  in U, we  Can chatk  whethee it Lllon&g o S l{%chﬂﬂnr

Mow. the tdew s 4 approdmate 181 by  ectimating  [S1/]01 by Monte Coclo Simulation.

The  powt 1s that 181 /101 2 Ve as eachk assigrment  Con Sofisfy ot most m  clauses

So, i wr wse U as the Sample  Space ,  than by the Monte Carlo +theorem | one  coan get an
(Q,%)*mﬂwoﬂmmiow of Isi/iu using at  mott meQnU/sB/il) Samples -

Rince  we Can Comput e Lul &qcﬁcremhj‘ we Can thut 3e% an (E,é)*&wmximm“\on Df IS as well.

Se, Tt remains o Jenerate o un form Sample Lrom U

Thic 3¢ e:ij- Tust  pck T with Yrc\oa‘o;h‘ha BN /\é\\gci\ and  then Fic\c o L,m?{wm mambe of
S bL{\ Sdt‘m& 2och vatlabe hot 1n clane T rm«dw\& and, Ino\rquv\d\mﬂA with Proba\;\‘\t‘tg 1/1 o
b true  and ?rom\;{\c%@ 2. to be Helse.

lscil \ l

Then,  Pr ((la) is chotan) = Pr (1 15 chosen ) Prla s choten ) = ol TSGR

Pmﬁ‘mg 'h:gﬂhw we  have a TPRAS q[a(‘ the PN Qow\ﬂr\S P(a\gtﬂm_

Network Yeliab[ity
34—

Thic ¢ an ‘w\ﬁ(uﬁv\é O\VPl{uﬁ(h e‘f tle PNTF Counﬁndv cesull.

The p(c\okaw\ < g‘imP[a : %‘wen on  wndivectad ngL\ whew  2ach gdSL will -Sef\\ with p(nLaL‘.H\J P
Compute the \b(uha%? m\a that % s dlisconnected .
Thig “g}mv\eu \)m\o\aw\ turng owkt o be #P- (,nwnf\vm‘ ond thus we caw ov\\\% \/\wFlz_ {av o EPRAS

The ¢olwtim s% this Kac:;\okaw\ V\\Ce(a towbine  Qeveral Tdeas we have learnt,

Let ?%!L(Fﬁ bo 4lo [J(oba\gim\a that +the gﬂkﬂ\ < dgconnected  when the \aod(urm F(DEAL?M\J of on &Agm s E
Note thet o SMTL\ s Msconnected Tﬁ all ngu O'f Some  cut  Failed

Lﬁ,k C be th S?a!& sf o mivmimum Cut i G(

st we consider  an Qmsta Case -

c -4

Cose | - R zZ n Thig Ithas that WMLQ@B w
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_U/\qucore) \\1[ we (un the Monte Cado gimulation , then wa can gd‘ oo (i,%\—c\r?raximaﬁon of

Y g a -
@&n—M’Qj iom\?les ginte. M= FA\L(F) > V\L*,

e LP) m%?ng at most o>

The ‘(ew\?n‘mca case 15 the \\r\%uuﬁng case

c - The vdas s S?vv\\)\JL ond JZKQSDMJ?. The P{oa‘y ha¢  two main %\LQPg_

@_}\-/M_V\/

@ We know  that on wnolirected SKQFL\ has ot most O(Y\M{) cuts with at most xC Qolgu,

Since Kf 78 Small , Those cuts with mere than O(r\m) cule wWith at mest & aokgu ofe \/m%

w\\rkﬂa o feal L owith P“’“Wf“g P gwfm.

Theretore , we con Set A 4o be Small  (but b\g U‘"‘*SM and ‘chﬁ chha on  the cufs with <®C UJ\&)U.
Thn {o&’t, we Can SQKUML all O*f these  Small cute In Fclar\cw\‘m( ime ugihg the (Candom Contyaction Oll&cr\t%m

@ The KQLa observation 1S that Ckuﬁn‘&: Whether Qome  Small cate il %;jl Can be Yeduwd v o

Su\watcsqﬁw u{ the DONT Quuvﬁt‘mg ngum) whete.  cach variakle iz gt to tyue with Frob P

Now wa 8e into Some  detele for  each %qu-

o
Ewumqro&\mp Small cufs We l2ave Tt as an exercse that Tt can ba olone. 1n O (W’\l‘X’ T D wihere
R Ctntyact tan -

Kar{Lr/s Yondem Contraction a‘&oﬂﬂw‘,\.

T(‘,M{Ymﬁm\ denotes  the (‘Mhn?mg Time of

T
bet po=n T Lo tome kv

Ighw\v\g la_mzrq cuks
Then, Pr( seme cat with 2 «C a_&ng f/ﬂ\sx p S‘?y/o( Y\lF’ F%C dF < j‘B%( h»k% O{F = O(r\gkb()k

By sektin o= 24 In(e(oW) . then O(n™5%) = W < < - FalL(p)
g KQnn
TL\UL{Q(Q . ngr‘mg el k()\\'ﬁq‘ cuts , we SV haue @ U_cgﬂa?\wommw c{‘ \’*AJLLF)

Turthermore » since o= OLD) . the obove <@enumeratisn Can ba done  in Poléhow\lrxl time .

Roduction +o  DNFE (Jom\‘r‘mgv The coductivn g c\g‘r\w\[id Sho\‘[\?m{c(wwd.

Create & va(lable \C” 2ach, ldjt, o .

Tor zadh omall cut . create o clawse  (¥g AXe, N AXqe N Tf the Cut has L adqes.

St ¥e *o be true T\Q Zd\gl, o Fo\lks.

Then  the 'Qurmukm S Nue Tj: ond aV\Lg it ol The SL(LEU in fome cat  fall.

Thszrdm, Thic 16 Just  the DUT c,mmﬁn& P(abtem when cach vatiable ¢ true  with P(a\mb;uﬁ p

We may aSk the datalls in the homework

o mg‘mi o FPRAS %or DMF»Qounﬁmj Lwith prob ?) can obta'n a TPRAS fuf netwer k uk?a\gtmb,

MS’M: T¢ *here o TPRAS ‘Fo( Computing the Pro\ao\bftka that s and t s oligeonnected
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in the Fasmtﬁnj grm?\\ where  each 2dge fonle  With Ffob&lo:ufg ?5

Approximate Sam?l'm% ond__opproximate  Cdurti a3

We have seen  2xamples  of  how to use Sorpling 4o olo  approximate CDW\{Thj_
We will show that  opproimate anﬁr‘mg Can bo Ceduced o Oppraximate gqmFlv‘w\j.
The veduction 1S %mWL Su\am\, bul we will use the axampl e of- C,bunﬁr\g independent  sets o% a &rouyb\

to lustyate +he Jnu.l\vx‘\c;gm,‘

Dafinttion et w obe the vandom output of a Sam:‘)(\mg algo(?t\nm for o Hate Saw\?u Space N
The Sam?(in& m\goﬁthm qentcates o C-unifoom Sample of o, \q@ $or any 2legment =2 In N,
\

|
Y _3:631 \ Pe lelﬁ“\'n\\ €2 , that e . the total variation oistonce between the ou:t?mt

distyibution and  the Lmﬁ{bvm dtstyibutlon 18 at mott <.
A Samy\?ng a\&or‘\ﬂﬂm s aﬂwﬁwmw@% (PPAUSY for o problem 1f .
37\/u\ on  ngtoance % ondh o \)O\(O\V\'\LJCLF c>0 , Gt So_y\uo\tag an Qamﬁ%o(m QO\W/\FLQ_ 0% BYICY!

Gndl Tung in time that s Po\gmm‘\o\\ n QHKJ{B ond  the Sﬁst OJY the instonc %,

Our Sm\ 1S %o ghow thet . Qivan o TPaUS for Qaw\FlInS {r\zkmpzhdant ey, we coan constract o EPRAS
’QD\" C,D\M\f\lf\g the number O% ]r\d&,{)m«d@ o osets.
Lot e,e,, . 2, be the Mgu e% GO0 . let L. be the %?rsf 1 Qd\gu ond CUZQ\!J‘E\\\.

ek D(ED ba the et ot ‘\r\okqnu:\o\mv\\’ cets n &1

Then, 18| = 106wl 10G0) 1@ gl
L9 ) \ 0 (G| | (G

gYan G(D hag no zd\&zs . QV“‘& Qubtet s an \\r\d\ﬂ_?zndu’_h% sett . ond <o \S‘L(({DW\=1\’\\

Lt o = 106G /1algdl for 1giem. Then  1aE@) = 2" T 0

\=1
n ™M
To o\??ro{\moﬁra \_QCGO\, wo  will C/hMFu\,tQ. m?V(ox\mwﬁm\ ?/\ \Cbr €y, ond Dudt\:w\‘ 2 U0 ac the
Q\";?{m[\mod[\\on 4o \ﬂ(&)\

o beund +the 2rror . WL need 1o bound +the Catio R =

=5

~
s
- The -&Mow?“g lemme 15 left o¢ exerdse.

l

Tem .

LQ‘(‘I\Y\I\C\ gv\FPogL (,l'\ is on C i/lkw, é/m\ - O\FProx‘\mp&Iun +o s f%b( all \ <€

Then  PeC IR-I€E) 21 0¢ , which implies o (e8)-approximation v 100G,

To obtan (E/MWJQ/WJ—O\?P(ax‘\mmt?nn Lor rr L we ostimate Tb ‘o% a Monte Caclo o‘\&mwm that  wees

+he FPaULS ‘Euf SQMF“'\S ir\dzPu\&u\T qets.
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The Ydea v %o L&W(o\[\w\u&ru%\ §o\m?\9v Kmia{;amtaﬂ‘ gets in GF\ and QMPULUL the fﬂut\\an af theoe
ceks that  ore alse i r\d\ru?avxddlm% in Qﬁ.
Le© ey=Lu,0 . The ov\\\g independant  gets 0 Gi That are net n dependent in G; ore thow +hat

Contoin  both w and U.

The Tmpoctant  point 13 That V;Z%.

TD See ’t\/\\\S/Y\’\D\F eoach '\Y\d\QFzr\dﬂv\f et T \W\ &L(X;,D ﬂ_QK(T;B ‘o the \\ﬁdl?»?r\dxemf %‘&% T-v in CT\\.
Note that eoch Tndependent telt in O(GY s Mappad bxa at oSt one Tndependent seb in NG H-20G).

“This \\m?\tas thot [ROREN Y \ﬁ(&pﬂ*ﬂ(%ﬂ\ , ond thus 7= 1900GD o 19 (G > A{
Vo (Gl W) -G + Lo la )

T}\Qrtﬂmrm/\\{ we have o \/\_V\\\%D(V‘/\ SO\NF\JLF for EhA;L?ev\d\w‘v ks ia @\;»\/ then W Con ﬁet o gcoé\

D\V\y(ox‘\mmﬁa(\ ,(\‘; RLTIR R \A.S‘\V\S Onkga a Few Samples ‘0\3 us?v\g the WMonte Coarle  theorem .

The diffeenca T that  we only have a TPHUS  Sor Samphiap Yndependent  sefe  but not Sucpelaegly .
Weing o good Qmmgk Samplec Wil gve we o good anough  Approimation  to 0.

There are Two Zrrore +5  bound

= Cince We ace D‘n\\a msing oo =PAUS, the Q\qﬂu%suk Jalua moy nots be Q%ua[ v .
But m%?n% om (i/ém\f\»n\\{u(m So«mP\lm Wwe con  Show that \ E[\:}l*rj\ < C‘/GW\‘

- EZ\ %O\K‘mg of\\\a Some  Samplas . e Can Ov\\\g Slﬁ on approximetion to TUie ) -
Since  v3 s ig e 2450 5 BU&T s \9?0[} ond thus the Monte Cacle theorem wouwld losek to

~

2
hsw  that 7 s clote Yo EY\\:\] ‘o\é ‘\rxk?r\& D‘n\\a OQ% }Ln(t\} SD\MP\KS.

no
Qnm\a?r\\r\& these. wae Con Show That ) ¢ a gom}\ Ehnug\ﬂ o\?\;(n\c\mo{ﬁbv\ RCEERONN

Thm Given o FPaus for So\w?(?ng indz\anndmn‘t wls. one Can Constvuct o FTPRAS Hoe Low\i\\nj Tvxo\Q?q,ndvavW Sets .

!

The  reduction  works Hor many kee\{—»mo{uu\a\&” ?{obums,a.g vaﬁr?ns number ot graph colnrtngy

Mackov chain  Monte Carlo  method

I{ *there IS own &?\;mx‘\mokm SO\W\?\M, then e can do approximate Quuv\t\m&.
But 4he hark ?D\rf s To Construwct an O\F\Wox\\mo&£ Saw\\y\z(.
Here 15 where Markoy choln  Comes into the pictuce.
Thae basic Ydea s +o construct a  finite | iereducible | apeciedic Mackou chain  whose <ot o{ States 1
tha SO‘MT\Q Space (Qg 2ach node Corcesponds to an ‘mo&x?thotu& Set ) and whose Sto\ﬁonav’a Astribution

e the Cequited  distribution QQ‘X‘ uniform distribution)
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Wa know that Tt Wil Converge o the S#o\ﬂonma Aist Abution So. aftec o long Qmmg]n time , *he

Alst Aibution Wi be close to the r\wsu‘\rm\ Aistribution  omd  we gcf an D\\)?(ox‘(mvﬂk SG\MF\L.

TFor this approackh Ko be effictent . e need to shew that  the C\‘lh\/quev\LL vate ¢ fost  ond  2ach §‘th

Can be \\M?\AW\QV\YUX J&HTG&&\\& .

m&wn\\a the hard Po\rf _and we Wil Coma back 4o £his next time

For nvw  we Susf considhec how to construct a Mockovu chain  With the \”e%uﬁrzok Sf‘mf\onwg istribution

Ficst , we stete a weful \emma.

Lomma Given o £invte |, ereducible | apeciodic Markov chain  With  transition matrix P

N
T W, ) sabishes T =l and Ty =T P for all 3],

>
Hhan T Y the &*oﬁt\\onqma disteibulion o‘% ?
~ al n n S
&‘(‘DOE Tor 0\7\3 )~ TVJ = ?:1 TTKD74J = E\vj P‘ﬁ" = ﬂ_j El P:]j‘ = “\T\S , and o [ 1S

the mn‘\%mﬂ, S%m‘b\.uho\ma Ast et bution 0

The condition ™ ?;,3 :ﬁj?j‘; Yo callad dime vevecsible

_LJY +he k/\v\ul\irha\mg 3(&PL\ a{\ the Mackou cha'n i< oan undarected S(D«PL\, then  we Know +that the

%“w\ﬁomrué pmhuhi\?ha 0{‘ o Vectex Vs X;\’o\?ﬂ’ﬁm\o\\ to  Tts dhagroc.

Thetefore, 7 we want the uniform distribufion £+ oo the Stetionary distribution, we Just need to rmake Sure

that tThe g(aﬂ\ s Ngu\ar.

?\% ot \“ngdru, we Just add  Some SL[{/(ooPg +o mauke 1t (Jlgu\a\(.

L emma For o fintte  Stete  Space 1 ond neighbor hood St Cuctuce iMm | xe Alzj Lt N= r;(\:zl\f\)oo\
andh M2 N Contide¢  *ha {ok\w‘m% Mackoy chain  wheee
/4 W Y ond YN
PM& = o Woodry and ya N
|- Ineol,, oy

I’g the choin s irredudible  and OA?SL(\\OATC, then Tthe gﬂ‘f?cr\wa distribution ¢ the L/\‘ﬂ\l‘%Dfr\,\ Astobution.

{bo g?nce V\\,j:?\

i Fec all Tay L mi=wy 9y, fhen mPL 2T

Tor the indepandent v Pro‘o\zm,

ohe  Coan O\PPMA this  lemma  to prove that the 40\[0\07“5 Moackov Choin

has the Udﬁ{n{m distaibution  os  Tts S{‘O\T?Dnavg Astelbution .

® Stact  from  on Qr‘o:\“(a(a ?nml\yzmzr& A @8 Keg. ‘“he “"?*j et )

@ To Compare Xiy

@

Choose v un‘\\cnrmk% at  Canddm $ruw‘ CT
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B = vexs, then = K-y

@ I{— VE X and Xitv iz oan ‘\mka?zzy\okzn‘c Sett . thaw XH\ = X; +u.

Thic  chain s irreducible  because 2ach stote can  reach vty other  ctate \’JLG {l‘m% d\zlzﬁng veckices

andk  than Qd\dTnS vectices.

It 1 apeciodic becawe T4 ha¢ a Szl{ loop o (Dv\S as the g(qﬁ has ot leagt one Zikg&.

Tt Lolbws from the obove lemma fhat the ctationary  distribution ¢ The uniform distaibution.

The HQT(D?D\TS QL&;D(‘\ﬂf\m

This  1g a ger\z(Q\ Construction DXL o Markou chaln with Qr\\a gf&ﬂunma Adstiibution .

Lemma, Unde¢  the Same condition ol in  thg

() min L0 Ry fg,

.%
Previous  lemma, Lor any st tbution O = (o, 0ayeen L AL,

4 u% and  YENX)

\)x,\ai 5 Moy and YN W
\~§w Px/\a HL =y
Then ® Ts the Stationary  distribution of <this  Mackou chain .
Yoo A Ssume d\xéuﬂ‘ Then PX/\a:Jﬁ and lex: Jﬁ% « Thig s time veveesible. |

Tor &\(QMF\JL, Suppose  We wont o,  Mackou Chala \cvr Fr\dxqu\zuﬂ Setl with gtmﬁmmz\ anha\ﬁﬁ*g

Tl <
vYoPurﬁDr\c\l o >\ Whece X Tc¢ o Congtant  and Ll ¢ the iw\Sk o{ the H\OkaPﬂnokuc% et

Bg the above lawma , we Sus+ nied  to MB&T\C% the Markou

cheain [PNS ‘Fcuowi ;
- 0 veXy L gt Xan = Xi-v o with Pprobability  min LA,
({ vg X5 ond X4V TS an Tﬂokzpznian% col . Qett X\H\: X5 au  with ?(oEaLNHZ min S;L,ij.

T}’\Qh, s Qmé +o \/u\x{\} That the St"c\t\mna(g P"Obﬂn\(ﬂ‘x& NS ‘anFurt\\ur\ql to >\\Il

To SMW\W\QHEE PERE GR(e ((L\aﬂ\/da eaia to construct o Markou Chain with ouc Aesired STD&\mnmé Avstrbution.

The hacd \;o\(% 1s \Asuq“xa ‘o D\V\OLLLASQ. e m\\x‘lnj time

We will S%wé\xa the Jflr)nr\?%uw_ 0{" \\CJ)M?\\\(\EU +o  ectablish "FO‘ST M\WX\H‘AS time .

Retfecences Mot of +he matetals tn this lecture 16 Fcom C,l\a\)fir Lo of Mitzenmacher and Upfal.

The netwerk mmmw% example 16 takea  from  the leetuce notes ef Enrc Vigooa.
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