CS 761 : Randomized Algor?(‘.hms , g|>r'm3 2023, \Waterloo
Lecture 14 fo\hj Time
e mmhzsrc the w\\xTv\g +imae ojr rondom  walks t)\rougl« 3@@\\ Conductance u\s‘mg the  Lovssa- Simonowits Curve .

Thie  olso gves s o Nocod 4 a\goﬂﬂ«m for 3‘(&\71’\ Parf?ﬁon‘m&

Raondom Walks ond  Eigenvaluas
Q

We stact with o discwsion of  tha akgqbru‘\c &FP{OmLL\ ‘o ay\m(\sga W\Tx?n& Fime .

T the —g‘o\\m‘mé/ we assumi the Qraph s wnditeded  and 0\~&&\Ao\(.

Recall that ]{ tha &Kc?h s b‘\?m%m, tHan o tandon  walk w\mg not Converpe 4o ke S‘b}\{mhané Arstyibutiom .

To aveld this problem,  Wwo Congider B’L% Tondrm  wolks | whete  we gmvd ot the Came velex with ?rnbab?m\% J/z

Thic  wonk chonga the rarxing fme much but mokee tle Yoandem wolk apatiodic.

Co, et W=5T+ 53R be the transtion mabix of the rondsm walk, whe 6 Ts the adjacency skt

Since W o Sammm\ﬁg matiix (o< the &MP% ts undirgsted) , 10 Ts known that all @&mm\m ff W oare veal.

Lot X 2 X202 X, Yo the 2penvalues c]L W

Tt coan ba shown that 1= X 272 22020 Tf G 15 comected.

Alko , Tt is known that thote 38 on  ovthonovmal bags s~§ 4‘1§4»\vutms VovsooVn (e VLV o Tﬁe:) )
<viuid= 1 and m\a vector xeR“ an be witten ac o linear combimation O‘f \J),..»,\/V‘B

Let Py ba tle probabitity distdbwtion  affer 1 stpe of  vandem wolk.  Then Pt:\/f?u.

Weite  Po = Q¥ %4 Caun 05 o ear combination of the Sipanvectors

+
Thaen Pt =W Po = Q1>\Wt\ﬁ* -t e, >\y\t\/r\, bocouse Vi IS on JLT&szwwco( WATh Qigg“vmlu N

Whan € >0, Sine \>)\1>,_\3)\,\>/o/ /\;t—)o o2t ond thus  Pe D QUL
4 L A L )
Note <that Vv, = (ﬁ %) ond c,= <F”’ U = TR, S0 we heve Q= N n, e, n L ke
Q‘mt'\or\w\a Alctiowbion  when  the &ra@\ s ovR gm\ﬂ( .
Thig \>< wvel  tlat tle candom welk  will mva(&a b the %ﬁﬁm\wa Antibution -
Eigzh\/o\\\m 3ep
Now Suppose >\1E 1-¢  for some Comstaat € >0 Lt T be e %&M?m\an& dretribution .
. 2 — © 2 2t 2 NE P b
Than I\ Ptk“ \\1 - \\ \\5;/7_ Qs )\‘\ AV \\7. = El %‘\ (G H\/i\\l < \(-P“Hi(\» 2} ¢ (‘\_i) .

o, when %1Q(\o&n> . Tlen \IP*‘U\\l < l/PDkta(}\) L and the twe dictvibutions are very close
This proves thoatl  when thete ¥ o \o\rgt gap betueen  the {wst ond\  the Secend m&awam, then

The M‘\\C\V\g Ve s OwL\a QUSXYO . logm‘ﬁcl«mg Yn the g‘,gg a% the graF]«.
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1 ~ L\
QL\QQEQ{S mz%ua LJS%
Whan 3¢ flefe o lmriz g&P bekwoen fle {\\(s’t onh the <Selond z\&u\\/aku R

U«\w&e('s 'mgc%whéa chows  that Tt L\awms i and MZK Tf +tha gmy\\ S on QX{JOU\(MX STD\PL,

A&m, agSume  the XTKF\W S okm&mlw-

Define  the Condumctance of o set S os ¢ = \%CS)\/(O\\_LSD , omd L) = é\n‘\v\ ) $ ).
BISESTPN

Then © € @) <1, and ¢CE Ts '01(&( ( bounded awey fvw 3ero ) i and on\é F G < on axpandar

Chasgec’s inogaality | - LA € o ¢ )20

QD, N Ys  bounded o\wma {(m tne T{—{' (p(é() 's bounded ab\/ha f(e\m &Q(o.

Romgkkg gyu\dvxg  Coandwwm waks have  srall m‘lx‘wg Bme rf‘f the gmyk S an QXPQY\OU,(‘

go,h P{OVL \Aﬂmv bound Wt\xmg Nme, one Con ?(ovo, o (ower bownd. on the gmrk Condctance .

Graph Pa(ﬁﬁm\né

T“'md'mg a el of gmall cmductana, called a Spar e wl 5 is an Impovtart m\gwlthmtc PYObUZW\
that Is me{w ™ mﬁmm Qfeat @J( C/m?wfe( Sdente _ )z\&. ‘m«a&z &‘ngmanﬁzﬁm, c[usuﬁnaa,
cmmw\‘f\a Aitectiom  in Social  netwocks.

The Pwof of C}\aagark ineguality o\cmoﬂg provides  an efficient a/gmtm to Lind o Sparse wut
with  Conductone OC\JTN) but we  wonl prove C\\MSUZ \\r\aﬁz/\p‘li‘c\a in this course (tee CS 466).

Tastead , wa will prove o olivect  Comnection botwesn  Canductane ond m?xﬁng Bme . and Thie tounld
‘\MP\% o qroph pmﬁﬁon\w(g algoﬁthm with  swilar quaranrtee  ag  Cheegers  ineguality

One vamth of thIS Opproack T that it prves o local KrmPk Pmﬁt&m\né alSwlthm that
(gomatimes)  ohoes net naeed to yead the whole SMFN

This s usefwl ™ aﬁu\}cm%ong Wwhen  we  have A massive 5”’"?“ L g the Socal network.

Teom now ons Wl work agam  on &mum undicected KmPkS, not Amcegs«ar}\\a vz&ulc\(

Lovasz Simowouits Curut

Tn +he shmumng distibution | The Pra‘oa\pt\’\\\g PAUI NI C UV §Y Ckkv)/»m , onk Qo the Fvobmb?\'\i\a aft
on a&gz e \/w\\ Tt % U\V\\&vw\\a distibutad v tle QA&SLS.

Tov *ha O\v\p\‘\\:\g\\s‘ TE T vace Convgnlent o Ahink u‘y +ho gm\,k os o direded S“"E’\“‘ where each  undicected
odge T replicek by twe oppedte diceted slges (o veplace wv by wdv and NETe)

Since we  congider ng% condom walks, we also add  one Sd{—(ﬁsf &{ 2och outgn‘mg adge

Co  there ara ‘tﬁa(hg Gryn directed Juijes n tla graFL, and for 20ch vertex v hes AL G\A’Y&wh%
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edges A Lw) \”‘“"‘7'\8 2dees ,  and o) S&k'f%%ok)s.
Lot P+ be o \mbm\a:u% Atstibuwt on eJT Tl \(xs\a Condom  walk  after sﬁgs.
We let %t denefe tha nduced distibulion on tle clirected m\gu .. %%(v\,vj: Pﬁ(uﬁ/ld\b@
t

Wao  Contider the culmulative olistabution %mdw‘vn @f %t, which we call ¢

We  define CX\Q o be the sum o the \mguf kK values O’T ’%v

Lot V= Ql,i,_,_lvﬂ]
Tf we order the vechees so that PD/2d) 2 PO [2d 2 2 Pr) [ 240n), then
C* (adwy) =Pl Ct 24+ 2dw)) = PO+ Pi6) , ondh thd@fﬂ1&&@\1?40«*?w\)‘
The function will be  plecewice finzar betwen thase powits. We call thace ?omiz the axtreme Vm\g,
Lot Xé = 2dW+ 424 be tha locatim of the kth extrome point

Note that we veed o ce-order the vecticos ‘fbr eoch T

Hare ace Some basic propecties of e curve s
Lomms, Evtend CT0O ko ol czal  xeLoum) \ov(S maling T pleciuice lmeac  orbwaeen begral powts
Then O the Puncin CF0 v concave
D Qo every with ¥ts € Lo,4m)  ona ey <SS, we have
L ) ) <« 5 S Q%xw})
@ for 2vecy subseT ¥ of  directed edges With no m{,uvfs , we have %ktﬂsﬁigﬂlm)
M We prove D, and note that (O Lollows Tmediofely by mmg =0,
@ v eguualert to L) Tuar) € )= Clemg) , whidh Lollows from the daefinitivn
os  the g¢-r 2dees  oppesr \ofer have Qrom\o‘\\x‘cms ol mesk the ¢r edpec earlier.
o8 we  ocdes the d&ag ™ V\W-\\du@“é probabi lities.
@ vs o also Q&s\& oy the u\{&owg C,brrES?m\d‘mS T have the Same FfuLmL;WcTuJ and, $0

CGlED) 2 2qulF).

Cuwo, tv  Lina

Thn the g\mk\mma Axctaibuwlion sz:mé ulgt hat the gome an\jp\\;\\k\\% , and so tle wuwrve bocomes o line.

The %3\\"“5"3 Thaveam Cays that the cueve Converes to the %%m?glﬁ line fastec ¥ the 3%}% Conductonte i b{&guﬂ

“Theorem (LD\/;Sl* g\‘mm\w\\tS\) Lot CT be o &(“P\'\ with cemductine ok least fP

Then, {:w ony Initial Proba\o:\‘\hé Aistabwiion Po - Lvery t20  ond evua X,

- ‘\§ x€am, whan CSGE) € L (TN (xE-dxE Y v CEN(XEx & xS )3_
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- T{ % 2m, bhen Fey by s%(c*“‘gxtgzpew‘x@\Jr Cf"(x\pr(qwxﬁ 3))

Ptctur\\@x\\\g, the +theorem chows that oS-
\ I
/

/1/.?1_/ (‘_f(xé) A\ be beleyy thig Pd\“k R
[ 1

/'
——— >

|
| |
t
a X iim Lo

LOR =03 LORTIN

1\/\&\/@5‘\/&\6, \\-E the “c)r\oréxh dfown V¢ kBY\&U‘ Cwhan the Conductone ¢ \:ﬁgg&(‘) , then  the hnew \)O\mf

Wil be lowae. and thus the curve Wil ok(o? Lostec,
wlen % 2um the

/

When X €ym, thae \Q.vx&k\/\ o% +the chordl Tg on\)ﬂ‘ﬁm\ 0 the conductonce and X

\va&'b\,\ s P{u?wﬁm\ to 0# ovd Lm-X , that T, Phe  emallec side s& the ot

(od We will Smt ?{DVQ the theorem {*o( an 2xtrome pont X . and the vest {O(LMS /gfmv\ Oﬂ\cm‘\é\a.

Obgerve that Ctb(é) 'S the Sum of the Pw\mg:utm o% the \0\{&@,&’( vertices

et +Wis ot of kK vertices be S
Lot gSzL\C boe ol the Qdf«kw?s atboched o C Tov thoge JLDL&,LS tatl oaxe wot Sz[{/(mlys o let

ot be the st of e&geg with their  tails in g, ond  lef Q‘“ be the <t zr§ e&gu with

owt

thawe heads in S. 0 Note that S\“ and S con OVer(aFj thaie nteflection s the sel

o\L ed\gu with  both ﬂvuk?mcts in S

Note thal the Qum of the onbmlﬁktt?u in O at twme 3¢ USM“[ o the Sum e& the

Proba\ﬂ&\ﬁ% o# the G_d\gax C/w'mg in O oat Pme T

Thett s, pel® = 9 (8 4 9.(s7).

Ac tla \:(e‘om\f\bt\a ot 2ach QU\C—LDDP Vs e%um\ to s C/o\rrzs\;m)v\\& m&ggv\d e&gg, WL have

%{;\Qggﬂh - %h((gow)
So, pusd= qus Y+ 4, (87) = 4 ™)« 4 (S0 ST,
Le™ o | = o)+ LE @) .

Obgerve that L7 AS™ | = vol(s)- 14|, and

gaj \0\2S @ DWL tle Pm\/\m lemma, L W howe,

Pels) < <Q&~\& vl () + 2 G ) + Q**\Cwokass - u\&(s)\w,

%
whafe vol(s) 1g  oefined  os \ES W) .
Acsume *<2m. The othar case 18 Similod
Then GG 2 dwllsd | b\é () of the ?(mou lewmme

\)’c s) < ’\;_Q (‘f_\ kl<vo\LS\ X C{)\/OKSQ) + (‘f ‘\(1@0\LS}- qﬁ \/ok(S)}})
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S . N - ;
g?r\(k e = 2voleg), this M\)\\u PtLQ < %Qgt \(x:«(pr) + QJt \(X:» (#XE)B . .

Upper Bo
We prove fhat the turve (O m\wmgs below the curve UT o}&fxmd\ by
UT0 = X/am + wan (IX, ‘WXBQ\’A&”&)?
Tt o clesr that €< U7,
The proot will follow by nduckion once we Show That
- e avomy e (0,om) . ST =)« U g ) € VT
= for aveny x € Do, L (07 e plam) 1 07 e dlan)) €Ut

because 24. s S =) c*“m?m\ < %L O =g *Ub‘t\(tyﬁx3> < U,

£ -

Toe xeloam), LW g0+ U aep) ¢ 5 (g Sap ) G- ) = L REF -5

- 2
Note that \oxg Tfk\akw Sarves {ur ng at qﬁto L we hawe \)T? \Jv%’d?“\@f@ *\bc(? ~ e

- - 2 > et 2
and o SLUTGEE0 £ 0T pny) € S-S 0-pg e H%ﬁb‘é@*-)hf‘gqﬁ) e R (=580 = Ut

B}j Subtracting C* frrom U, we howve the followng bound on the comvergence vate of the rvandwm walks.

Thewem  Pred -0(s) € Juel®) Ciote™)"

ge/ ?{ qS s o congtant , tlen a{ter SQKOSV\\ ﬂzpsj Then PJC T W‘% close o the S\‘o&‘\om(a ATstyibution.

S?O\(SSL Cuak by  Randem Walks

Wea ghow how  to o‘ﬂ)\\a e Lovésa Swmmmovi ks thaoem 19 QY'\IK C R?MS{ Cxwt

&\AWW_ € ic o sek efY condactance qé'

Then , s omet diffioalt to chow that ther I o vertee Uoin € Qudh thet f o the random
wolk gtacte at v, tlan Pttsﬁz k‘JHP, That ¢, at each step ¢ ¢ onba\o‘\kﬁ%\a mats  |eaves S

Lt wle) = DTy €5

‘ !
lete Yun the Yowdom ‘walk of verlex v \Cw( JC:W gJWLEs.

|
T\\g‘\,\ Pttﬁ)z \‘<ﬂ§)¢ Z\‘Lq_ 2 S/Ly

Notice tlok ™ tle Pwn& e—% ‘e Lov&iz—gimmvvﬁs lastom, \we w\\a wse  Lhe {«mct that  the Cconductance

o& S\K T ot least O, wohere Qk: denstes  the get a—& k \/\‘\g\\ut \)\'o\acvb‘\k‘ﬁv\a vertices  at time i%@% 1

So, T% W\FV\CP(S;\)“Q’ for \6167@ and for all k, than \3\6 the Homeam we hove

a £ pee) - e < Ma\rg )

< NERZIA VQRJCTI
I W U S N T S el D GL I W IR

Py

mwrd Hae Yasbiae &l b
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<678

ond, thig \\M'\DhQS tleak K2 < Gy henee O < \Jm = O(\B (j) 2nm ) .
I8 weans that ome of the <ets 3n %; muwst  have  Conductance &L mosct O(\WS SQnm).
We can check  all  gets QK( {v‘( 1< I/Cﬁb ™ Fo\\anw\ al Bwme “H\Q(LE% obtzonm Y\& oan QFY"UX»\M-HW

(x\gnﬂ%l,\m for spasse el odwosT o &mé\ as  thae g?mm\ pactitionin &lgoﬂfb\m‘

\_ocal C:((c\?h Pa(ﬁﬁm‘m% A\go(\thm

1t 3¢ \)oss‘vb\g to \uzlv ngko(?v\& o Swall Fo\(t o& th %fm?k Eé Nuncated Condsm walk

That 1<, whentver the Frcbq\n\‘ma of o verfax Vv ¢ al mest ¢-dl), then we Set the
pmm\a\\ﬁ% o be glro,

Note that the nuwbec DJY vectices  with  poSifive Pmbabzma s ot mest Ve

%\a ckno&‘mé on aﬁ;m{c:m T, we Cn kep Ha et small and the ex(or  Swall

MoCeove(, wo Can have Come Cenirol ouvar the mﬁe\m gtsm uginé this QP?(OGLCL\,

The \Co(\uw\n& ©oa more pYedse  Stabement.

Theorem  Fov om  wndiveded ngk G=(UB) and o bt ULy, Quvan P2 PW) and
Kz vuollu), tlere oasts nittal verbiees Queh tlot  the tuncwated (ondom wall
olporithm Con find o et S with 9 < O(Jm) and vol (S) S O ®) for

ony S>3/ The runtime of the Ql&odtkm w O (kT <P"1> -

&QﬁQ(g nees

- Lovasz, Simewnovite The m‘\xmg Bme GNL Markou dhang . an Toperimetic ‘me%mtﬁca .o QDW\P\M'\S the volume.
- ng.(mﬁm/ Tmé. A local cmgtu‘m& m&mﬂm \Cw Mmassive S(QFM ond itz applicafions  to
‘{\Q_m(\\a Nnear Time S(QE\\ ?m('ﬁﬁmﬁr\d;

- 1<L\)ok y Lo - F“\(\dﬂ\g Small S‘?arsa cuks \9\6 Yondom walk -
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