CS 761 : Randemized A'Soﬁﬂ\ms grrinj 2023, \Waterloo

Lecture (2 - Random walks

Rondom walks 15 an ‘\mFgrfﬂn‘( Jtedm\\%ug in random SQW\P“'\&, and alco  in &\u‘xgn‘mg ‘Ec\ﬁ o\\fuTHms.

We  stact with  the  bagic %uesﬁohs and  then See the ’gluv\do\mslhfm\ theovem of  Markoy chains [ withowt P(ogf&).

Then, we et Awe o\wl‘\mﬁfon& of the {'und\amar\@xk theovem , one  about P“&“““L and  omether  obout 0{25“5“‘“‘5

a  fast ol gorithm for perfect mﬂmq& in regulrw bipartite XMFL\.

Quecvied

Criven o S(QE‘Y\ s oo random walk ctacts from o verfex , at each time step the walk  moves o a (/,Y\]/Fu(mlé

candom nmib\bor of  the curcent verfex . oand cepeat.

Come of the basic  moathematical Qbuuﬁon; afe

) Te there o (\m?ting Alstel bution n{ The Yondom walk ’ I{ 20, what f¢ 1t % (S‘taﬁona(g d\S‘t{‘\}Jmt?Of\}

) How Lm\& doet  t toke \91@%0(@ the walk O\Q\)(oadr\zi the \\mﬂtﬁn% distribution 2 (m?x?mg ‘Hmt)

() gmrt‘\n& fvom o verfex 2. what s he xxFut{J\ numbar o{ steps to ﬁrst eoch t3 (L\;fﬁy\(g Hime)

(4) Yow Lm\& ooes 1t take to Yeoch .Q\JU% vectex  at least  once 2 Ccover h‘ma}

Thete ave two wan D\()Pfomckzs to %uflgtw‘an& () and (), one s F‘DE“HUSﬁL and  uses  the  Tdea 6{

L\COMF\\W\A " o candom processes . another 1o gpedial  Gnd uses the eE&znumlues of  the ad]anancg mateix
W\T\Gng time .

We will gmdz\ the P(nbabmsﬁg opproach  jn Qm‘tii‘mﬁ

Questions () and (4D gre  best oncwered whea we view the gm@\r\ s an o electrical T\E‘Cwork», which

we  will S‘md\% i the next  lecture.

Tod\q% we  just State a  fundamental  Cesult about (O ondk sze Seme ‘m%esegﬁng appl cations
Mackov Chain
We Onalyz the genecal pfo‘olem o—f Candom walk on o directed %ro\gh
P —
V2
QO e
a{ Loch verfex wasFond; to a g¢tate
Vl( ) y
3 \ Yy O arc Lmu&?ﬂv\ﬂ\i To  the “transition P“‘O ’E‘ﬂm« State 1 to <tote j
o)
Va4

We Can also 'Fofmu,(o&@_ the Prbbtzm 0s o mal(ix Pfobb’am

0 \ 2 2
3 / ° \/4 o 3/% \
! Ve \ /4 2
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o \ 2
0 o \/4*_ o 3/1#
| P N R V3
5 0 0 | o e P\‘j = trongition PmL from  state 1 to Sﬁﬂk\j\
2 °O A Va
1ot Xt b the <tate ot time €.
LQt '\)t(_ﬂ o the Frobo\b‘\u% 0‘§ lgq_\mg at Steate 0 at  time t
For examvkz, ﬁo:(ijo,.‘oﬁ i the walk starts at state O at  time O
S 1
oY \)z\’(%,%:, ;,7) \\”F the walk tarts ot o Yandom g¢tata ot time O
n-|
%% the  defimition | Tk jcntlows that ?{“(3‘3 = E“ ?%UB- P}’j Hj _and wR Can Wiite T CaMFg\C‘f(g
> > S oM
XS \2”: FJ\_ P and more jav\uo&ka Piam = PJQP whace  the vectorS ore  Yow vectore
This  vondom p focess s aalled a Markou chain becanse 1t forgﬂs about the ?as‘c,{.l.
?( K X‘t: Ay \ X%;\i Qe . Xt—lzat—l Lo X T A, Xe= o\ow = Pe( X%:O«{\ Xt,\:o\tk‘v = Pouv\"qt‘
Stotes
We il assume  all Mackov Cholag are  finit in this  Coucte.
A Morkoy chaln s 1rreducible \{ the U\miu‘(ka\w\g i rected SMPL\ (s S‘t‘fbhﬁg connected e thew i
o dicected Prxﬂ\ ’%{om i to :) ond ’Gvnw\ j to 1 for evar y Fo\\r arg Vertces ‘1,3&\/4
Th other wotds "?D{ Qvugﬁ E,‘J, the  existe & swdn that Pr( Xt+Q: gj \ Xt337> > 0.
\ : ] Lol
The Eer“’d‘ o-f o  sfotz 1+ 15 defined as dlgy) o= XC&\ t \ PR,( >0
A state 1 1s Operiodic Lodlsyd =1,
g
A Moarkov choin 1S m\)eriod\\c ?% all  stotes oava o\FzrhATc > othevwise Tt ¢ Fz(todm. /x s Pa(?cd?c‘
S Y%
Tof example .  tondom walks  on a b?ymt?‘tl 3(0\)\'\ is  aperiodic  ag Adsd =2 gie .
We  use \(fld\uai\ol\I‘l\% ond (X\er\\odic\xhé to &e_ﬁ the ‘ED(LW‘MS F(qurtA
Lemma TFor tmé\ %mtz L Aarvedueible ond aperiodic Mackov chawm , thete gxists a0 V<€ o Such  that
(P*L)LS >0 Ao ony LS fbr any t =T,
gfu&ianar\( st bution
[}
w1 N > > =
A S%w&?mwa disteloution o f o Mackoy Chain is  a ?\"c‘olx\n(ﬁg Aistibution T swch that T=TP,
N N ) N S +
Inﬁwmaﬂg, T?" s a A S&-wo‘\% /Qasm‘x“\ow\\[,\m | Fixed pornt " gtate . as W= T?P 'fn( ony t=2o.
Intu‘d\‘va\ﬂ . glvan oy Batte . drreducible . and apariedic  Markoy chaln . oftec  we vue T \uni zhoujh
then we will umvumz\ ’er&q_t oabout  thae %\Sto(& and. ) Cbmﬂ&(&z/ tv  the some.  dlstvibution .
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Given  twe ?mw:utu{x distbutions ?tﬁp\,Pi,‘.,ph) and C?:(?“OP’”‘“C“) _ the _total vaciotion distance

ot f; and ? Ts o(n{ﬂ‘ne&\ as O{T\ILP‘CP = —l{ ,E‘ \‘\7;“??\ ]
> - . >
We Sag that Pr  Converges ‘o 1 e #t;mw (J\T\/ C P % Y=o,

One more d\g-{j‘n‘\ﬁb\{\ 2 the (el uvrn  timg ‘g(‘om Tote v g O\Q_{W\zo\ [N His= min S; t?i\ Kt:gi» Xp = g;}

The Rpected et 4ime S da{mad\ NS hy = ELH.

The jccl(uw\ag thesrewm 18 known  a¢ the  Fundamental thetrem o-f Mavkoy Chaln.
Theorem For any %nltz . oirreduable , and o\\gu\od‘(g HMackoy chonn ,  the fc(kw}ngs hold
=
® Thec  2yiste a  Stotionary distvibubion -
. . > = . ) =~
@ The distribution Py Wil Converpe To T ac &> no  matter what s the Initlal  dlistibution Po-

@ There s a mﬁg@u gfaﬁommé distribution .

. o
@ o= bm (P = he -

+>c0

\WJa  went Prove  this  theotem hdwj . ond will prove it latec using the Cou,%l'\f\i method.

Rm&v\\% Q\ﬂmkm& the \;mbmgmsﬁc O‘X’?“"“L‘ Qe 05 fbt\ows' Two Vandom wolks afe 'xndisﬂn&msmbm after
thmg Tmeet” ot +he fame vertry ot Some Lime ghf\x &Th?s statement Con B2 made pecise bé
the "Qw?nng” Iﬂymm&} B\A the pleviow  lewmo u\g’mz \((adml\;;\‘&a and Qﬁ?qr\o{ﬂi:’«h& . the two
fandom  Walks Wil maeet with Some ?og'&i\/m P(obmbik‘\’v% ofter T %ﬁz\x no  wotier  whece thg\a Wece .
This  would \leé that the two Yandom walks LA meet with waa‘o?\i\% one ewﬂmﬂg , and it
Rollows that Ehey  would  Converge fo the  game S“mﬁmavé disthibution . ond  +huw +the Uh\\%wthus.

A
Tt v intwitive o see thet T 7 I the ovecage fetuen Bme 3 by

Pago. conk

Suppose.  we  howe &  directed Jraph d\ud?lgh\g the velaflonships  between o Set of  Webpaje .
Te. there 18 on are  Arom page v e Tage 3 \f—g theee s o link fyom page Yoo poage J
We want an algcriwm to “rank how importont o poge s .
Ihmﬁvdt\, A Ppage \ae_rns inkad bm many other pojes s RM\nrhm - onda page  linked by oo
\)mFmrTQhJY Page s Tm\)o(#awt.
THS  motivates  the  folbulnp “lterative  refinement ol gorithm.

Po\guawk D\Iyor‘\t\nm

ﬂ:[n‘\k\o\\l%, 2ach \Fagt hae ngum\\a Value _1;

= In cach S*JL?) eoch page divides Tt Pageronk  Value Lqually ite DMTSD‘\nj bnk.
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and  cend  thase 29Ul chates to the Pages that it \)D\nhti to .

Fack page u\?o\oi‘vu TS hew ?L\KUA“\: Jalue o be the sum o{— the shares that it recave .

43

®
L/ \\/ 1/
@ 1/\3 @ " the ®

\ N

N\

4
U ®) Vi (® @

/ Vi Y12

Tt ¢ not d‘\'@{'iw\t +o we  thot  the GQBW\LIEY\MM Po\gxz,(m\k valueg are g%ua\ to  Ehe Prubabz‘(lﬁzs

Q%L«\x W by iuvn "~ \)ASL Younk \jo\\UULS .

N
23 @

o% tThe g%oﬁn‘onmz ictribution of the Yoandom walk when  coch zrﬁu% P;,S in P 1< n%w\( To

\

T sut
dm&m Gy -

whera d\{& D s the ommg(uv e—{ vertex in the 3”?1\‘
This 13 becawsa the Pagl\'omK Values  and  4le Sfab\m\wg P{obabi[\‘h‘m Emh‘sf\,& the gome a%ua‘h‘mg!

- —
PD\SL(D«V\E (3) = 2 ‘Jo\ga_(ankﬁ)/ d\ggcmir) 5 Wwhich “m\?h‘zs that nguank = pajum\k-? . and

A \S&E

>
thue th&zmwk T a S%o&dm\m\% Al st ibution of P.

Whan  tha g\’o\F]r\ s Badte . rredwable  and awr‘\adm, +hi¢ s W\t%m[g de finad ‘o% tha fundamental thm.

Thevefore . we know that W othe 3%9}\ «© gf\ron&Ké Connected  and Qpzciodic than +he “Jz%u}l;briumu Fmge(m\k
Values o unigue  Cegardlete of  the aitial  values.

In other Wofds. the pogecank volueS  ove o J%omct‘um ng the SmPL\ structure and afe  well - dafined

TIn proctice, the directed graph  maw ot Satisfy these Conditions  and  the ’gouo\u\n& modified  Plocess s used

Tix O .numbas S >0, divide "S(O\dwf\ a’(y it ?a&zmnk Values to s hh‘g\nbnm , ond divide  1-S
Leaction of 1t pogecank value to all nodes euar\ké\

This is e%mva\mt fo  the rondom walk process that  with Frobmbilrhé < jo to o (andom nzighbaﬂ
ond with F{obc\b\\ifa -8 e to a Yandwm vertex

With this modification, Che fe&m[ﬁng jmph & strongly  Conmected omdh apeciodic , and hene  a un)que

g{'mﬁonarxé ohigtribution @xists.

At the Sawme time, ‘mt\uk'\\/uﬁ, this Modx%{'\(mt'\m dore not C‘(\O\v‘\iL the " velotive ‘(v»q\mrtmnca ” o{ the  Vertscey .

Furthermore, 3t olso <hows +he  (eloation ‘ottween the pogerank  Value and  the (eturn time

Pexfect  matching  in_ Cegulac  bipartite ¢ cophs
[4) @) N R
Tha b\\)m\\‘tyv w\oﬁ‘cb\‘mg Froblzm i< to ‘?1“& o moximum  numbed oﬁ Ve ctex &Is“lo‘mt zolges N a b‘\\verﬂm gm\ﬂw

B‘{\ Holls +theorem on bi\mrf\‘m matc‘n\nﬁ, it v well-knowa  that a (egqulac bipmﬂm g(mv}\ olwoys has o

L12 Page 4



\gu%ut mzﬁd\m& (le. o Cequior \oIth‘m ngh with  2n  vertices hat o mmtchmg a& Size no

There s o vecent Yesult C 2olo) ghw\ng how Yo {mn& o \;ugut mmchcng in Such S“‘Pl” N O(Y\Lo&r\)ﬂme.

Note that this s Qublineay time whea *the gmw\ has much  Mmore  than YWLOKY\ JZDLKU (Z—X- 00 ZDLXZS>

The algmr{t%m ond  the anm\kﬁs‘& are very z\egwt.

~Thae +(oditional a\a\)nm\ it to rzpmtzdt% %md\ an \\Oxugrv\zn%\‘wi ?aﬂ\b Yo u(m&a +the cufrrent mo\tch:nj

Picto (iuxﬂa , m 3 Wa =) m

Camxsents W\q\m\,\\f\& Qw&mmﬁh& Vaﬂ'\ \(Mgar ‘/v\p\tr,\ﬁv\g

An m&mm‘mg \;m is o path  VimVUy - = Vg0, whele Vi —Vs S5 on JLO\SSL not  in the current

Yr\aﬁvc‘v\‘m(g, Vot —=Vssyy 'S an {d\gq n the cufrent maTch‘w\S , ond v onde Vygg are unmatched  ver tices.

Theotem The curvent match‘mg it moximum A omel Or\\ka if thee 1t no O\\Agmlnﬂng Pm%.

Proof 1dea  One odifection is zosy : If there s an Qu&rvumﬁn& Pfxﬂ\ , Then we can we it o eh\o\(g@ the Mgt[’)ﬂn\g,

Rnother  divection is 4o ghow thot 1§ the Cureent m(xtcmng Mt not vmaxi mum, then thece S an

O\ugrv\xznt%ng Pafh‘ ba Qfongid\@(%ng the  union eJV M ond o Lo(gg( mqtcbﬁnzg M* a

With the theorew. the wmoximum \DQFO\(‘(H&L W\atdn‘m& T(ob\zm Con b Yedued 4o ot mest n  Subrowtines of

J\:\Y\d\ing o (mgmznﬁng ‘)oﬁvh, which can be donz in ©Um)  Lime ‘05 BEQ o DFS.

The new Tdea is to  xeplace RTS/DFS ‘O\é fondom Wolkks . Lel mae Tllustratz the akgorit%m \oa pictuces

N <S
0 (>}

oo o o N (PN
vl o e o [faeme
CY ! G\ b \qo OJA/

€

Gs

C?Y\ V8 the u('\g\r\al undirected b{vmﬁﬂ E(C«P}\ with o W\Q*\‘Chmg M.

G, s the  dircected gmv‘r\ whece 2 ach géxi)z in the “{Y\a%c}\\‘ﬂg M 1g pointed upwacd, while &l other zo\j@

not in the moﬁx‘c\/\m& e Vo\n%a&\ downw ard

C:(g e the divected 8(09\'\ sbhtained ﬂl\'om CT>» b\g Qon‘c(ad‘ihkg each Qé\gz in  the Mq{‘ch‘mg M into &

ot
A W edges to fL\/zn(J) Uunmatched vetey V  on {—o]v

g;ng\z Squace node . The <Qoure ¢ has

and ety wnmatched.  vettex  w at bottom  has dinm) zokgcs to the <<ink €
Fiv\muﬁ, the Sink t hos ol (%) zdxiu v the <ource Q.

It ie net diffieult 0 ger that
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@ C‘,(] has O O\ugmanﬁn& Poﬁ%
& @ CTL has o divected \>z>ﬁrh f\(om T +to t.

& @ G; hov o Ckﬁd& from S +o ¢

Also 3t 75 nst difRwlt 1o \Juﬁ% that C—Tg Ts o Euleron  diceded &MF\ (lg. dezjml:mﬁdszgrez ’\%r

evm& Vzrt&x) R{ &, i« & Y egulac ngln.

Qo, x«i we do & ~Yandom wolk ia CTg ; then the Sxpected tTime to £ond an augw&nﬁnj path s {%ml

+o  the szc%ad Yeturn  tTime ]ng "N CT;-

Recall that hs = /g o where s s the

PYD\OQHL\T% 0’% bUW\K in S da the Sf&ﬁbnmr& distribution .

which ¢ 2oty +o Compute  in Tulerton  digected g(o,?\:\g\

d™tew)
Claim.  Tw an  Fuledon  divected g{a\)‘n G=(u,E), the St“ﬁ‘”"”é distabation TS given b‘g Ty = &l Vel
ot N outT
Yoo _W\/ = S TI\A PV\:\/ = PR -uu)- ! s O)\ LV) = ,—a\ - LV) = TV\/
wnieE wwek || A W) \E| 1E| ‘
Okmf()
N
Since E—U—V = S = | this ¢ the u(\?%m(’_ Ctationar At steibulion
v Vv \E\ ’ a !

Thee§oce . he = 1EE@D] /0™ Wsing  the obove clain.

t
Tn the -th itewmbion when there ale Of\\Z\ 7 fzé\{es in  the mo\tchmj‘ AN = (nd) A assummg

CT\ < a d\—\fagula( i(@\\j\_
Note that 1RG4 VRG] = 4dn

Qo. in the i-th iteqation, he & L}dm/d\(r\/ﬂ = Q‘m/(r\»i).

n-l

TM(U@TL the total \(umﬁr& time < EO q’"‘/(“*w = O(rﬂnir\).

With o\wmwioﬁ(z Sim?\z daton Steuctufes, the  Ftotal Qcm\a\exﬁxa °f “the o\\go({t%m \s O(h((;j h\)

Note thot we dont need 4o  construck (;(,J in the algn(it%m N N cr\la wied in Qﬂulﬂs‘m& the .szEd"IJ(

fime to Lind a path Lxom ¢ to t 1n G, oc¢ the coandom wolke in Gy and Go have the Same behaviour

In the a\go(\’chm‘ we st need  to

keep track of the change In Cra  aftec upd\mﬂn& the  partial mm%ckmg

Open: Con this  opproach be extinded to  non-regulas 3(@%;7

Rz&zrmus

Bosics of rondom woalks cCan be %ou‘r\d\ in choapler T of TMUY.

A %U\\\ ?{ao& D'& the %u“d\amtzvﬁw«\ theoyem Can  be ﬂ—w\u\o\ n thae Shott beook
™ Linite Mackou choins and mgbﬂt‘nwﬂc QKAPUCD\‘E\DV\S i \;A H\aggst(:}m,

The fﬁ.%m\&( bt\;qrﬁ\—k mafch;ng o\go(ithm s "g(’\)m the papec h quﬂmt_— mo%&h‘\r\% ™ O(ﬁkogh) e
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ragudar Lipactite gm?\,\s 4 \;\A Croel . Km?rmkuv and  Konnan

Po\gz(m\K s %rom C\\ap\'w 14 of “ Netwerks , Crowds and  Markets” b\A Eas\z% and K(zm};g(g_
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