CS 761 : Randomized Algorithms , S’Fr‘mj 2023, \Waterloo

Lecture 11  Numecical Lineac Algebra

We study  the subspace embedding  technigue £ dlecign fast  approximation aljorithms  {or  linear (egeession , and
Cee three constructions 0{ SwloSPacQ mezddinj.

We  will alse ‘orLa{LtA e a Ffoct Q\go(\tlnm for Laplacian  Golver.

East  Linear Re,gress'.on

Random S&m?\\mg and  &imensiowm  reduction  ore \md&\% weed  in d\ai‘w&m\j \ngt DL{DEWMM& \Qnr
humevical  lineac a\Sghm mems,

We  Tlustrate these Tdeas Tn o basic problem, the least squere P(O\OLQWM

In the least squace problem . we ace given  on wxd  weateix feR™ and beR' . ond the objective  is
4o Lind an xeRY o minimize lax-6l, .

We think of  n»d. 2o the problem is ovac- constrained .

“To solve it emd(a . the  vuntime i ﬁ(n\;ah&w& oWk Ts doo 2l for \wga n.

\,J{L womkd\ L:kz +D Q’md\ an O\anx‘\maﬁnr\ a{&or\("tl'\m \.4?%% \Lﬁf\l"B[) 2 < (\* [L\ M;" \\A\A’E[LI
n O(nd+ POL“ZS (d/iﬁ) imz _ which s near Lnear whea n>>d.
The Tdea 15 +o wse a neac~\lingod ime a\gothMm +o Qoh\ﬂ”ess “+he matax A iate a  kxd matoix P\)

with k=\>n\a(d/i) , oand then olve Alx—\gllL QYQLHH as  6uc approximate  Qolution.

D{fTr\IfTon (%mloSpaca emload\ok]nxy A @EXS) !Zfiu\;symm -QMLLdOUng ’FDY +he  column Space o{ on

nxd materx A s metrix o € Ler wWhich Q\"‘L)Hf%x\\iﬁUSAX\\:SQH%J“AX“ \MGIR"(‘

gmwow, we  have  Qudh o matlx kxn  mgteox S with k= Pblé Chl2) .

Then  we Sus& solve W\;r\ HSRX—EHL instead n Po\%(d\/?—) fime  ond  uce This  Solutten o

el YRR

dux approimate Solution . s I Ax=bll. € el S(Mf\a)\\i SEQFINL S(A\ﬁw\\i <

whete X and x* are the iniemizec s \Quf the Comprassad  ond the aﬁg‘maﬂ Pruk(nm Y‘ES?ELHVQ(&J.

Subspace  Embedding
v 3
There ofe  twoe appreaches  to  do Subspace Juv\bzddlmg, oblivious QVVlb?_de(mf and  (ow SO\MP(U\K)

both of which we have Seen .

Oblivieus Emke&d‘m%
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A uow may Imaging, the Johnson- Lindensteauwss theorem Wil boe wceful here | e, Z“LGY wheee each
Y 4 3 > I3

Qvﬁcf% ¢ a standacrd  votmal  vandom  Vacioble .

techwical  dotel IS that 1n the  Tohnson- Lindenstrause ’ffomsf‘orwx , ‘{lo{ K= O(‘% bg(%}} St werks ‘{:nf

z

one §Fzg\w{“\c vecker  with Frohpﬁotll%a > 1-§.

Tha SMLQ?&CQ em\;kdo\ing masu\ru that it woerks  Lor all vedors [Rd, ond +thece are \U\‘{l\tnfkeh& W\m\g,
The m\o\hﬂsts s +o chow that T{ v works {or on  G-net —%w Some  Constant < Cie. o o}.ISLer?Sodx‘b‘r\

ot the unit g?l«ZrL>J then Tt wWorks {’or all  vectors RAA

We hove Seen in Lo§  that  an ¢-met s of SR " For some Constant C

> l
T}\Uefm’{/ the  Tohuson~ Lindenstrouss %rm\s’ﬁbrm will work 1{ k= O( d\/i 3, bLZ) Sett‘m(g S:T& ond h‘é wunion bour\o(v
We omt the detmls of the Pfooﬂ‘ os  tois c%m Qmlac  to  that Tor Com pressed Sensmj W LoS al-tkoqsﬁ\
the Wy to wse the <-met  and the arqument ug’mg innec ?rnduc‘t s diffecnt.

See  the Sucvey bﬂ Woodcuff  for details -

ast [RVR-1TS

Besides the number of (ows of  the matcix S anothec  impoctoat poet  Ts to  Compute 36 and  Sb

J&&Jﬁc?mﬂ\ﬁ, as  matcdx  multiplitation is  Slow

Ondk S» CompresSion mauy o\lmad\j toke too much time.

There are mudh  r2Seatch i

’{10\5% dimenston veductlon , and 1T 1s ?DSGUQ +o  do tha CDMFQSSTM\ Vh
nxad
OQm‘Ho%r\) time .  Wwhich V¢ neac lingar  when AQW\X

is  a dense wmatcix  (cee Woodffs Suvey) .

A Qe prising regult oJr Clarkson and  Wesdcutf Proves that o \]”ﬁ g?ame wmat xS weeke

Set k:@(% \70%\“3(%\) . 40‘" coclh  Column . chose o Yondom |ocation, et it to ba +1L wWith

P\(b\oa\o\\u—ha J{ omd 1 With ?rn\gab‘\(ﬂra 1.

= .

gD,Q‘l‘—\r\ (;\vkuww\ has c;nh?S OnZ hown-2eco vafr\ﬁa Om& -U;\Q C,DMPrzSSior\ Can BL done \/Qna L’?@L‘wc\ténﬁs.

We  will P(zser\‘t o) %lmgll’— P(oa{» bli Nelson  aund Nguyen Calso Meng and Mahoneg) u&.ng o Spectral &na(ﬁsly

Qx\)@d tal (Amo\hssig

Racall thott the &ocz( s to Lind o matoix SeR™" (uith m smal and S Sleo\rsq_\ Qs that (l%Axlli:U*_Olmx\\i Wéﬂid

nxd
(

let UeR be  an orthonormal bosts  of  the Cslumn Qpoaw of A S that ’KAX\XE[K&?) :{U(A\ %efk’*g

Then the Koa\

n

s osguialeat T g SeR™ g what (EOIUYT = (SUYI = LHDUOYIT byeRt

fs UTU:Id , this can ba (ewiitten os

IN

—%[\\:ﬂl?_ < LATQ 0'sRO - IO\BKA zll%\\f ~ which s a%uiwluf ‘o

L u'Co- 1q HD? ST L owhee Mllo? s the moximum  obsolwte Volue of o 2igenvalue for symmetiic ™M

let T=07TC0 . To bound. the Probo‘b\tﬁ% that HTT-IUOF>Q¢, the tdea s S&mplﬂ o use Markous Ir\a%m(c%j
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2

Pelim-Tlyp > e = Pelum-tly > €0 < BTt} /o < BLim-ug /<,
whare (lHl(\zz=§lM;L,j s the Trobenius nom . and the loast ineguolity ts  becaust

My = 60 ) = T AGH) = TR and so Ml > (g -

Construction C is an mxn  malrix
let h:fn) >0m] be o hash function . and TE Q‘l,*lzgn be  <andom Signs -
Set Sy =T for 1eign Ths is the Censteuction.

We alss wite Si,i‘— 554 T whele %},J‘ is the tadicator Yondom Vo oble wWhether 21,J‘¥O ond. T s fondom Signv

_Thoestem . TH K s poitwise Tndepeadest and @ s Qe wise tndependent . Thon T\'zUTSTSU @ Q\is\-&&c?am

embedding foc A with Pmmmﬁ& ot least (-§  ac brg s m % ‘*/ggk

P(oo& “the PLW\ s to  bouwnd EIUTV'IH?:K ond  thea Q‘PP\UA Moarkoy's 1ne%m(ﬁ‘j oS gtated aboue.
To do So, Wx Compute the  enteies 0{ 0.

a)
3
Note that (SU) ok = PR Sen Tri W whece uE ts o the k-th column of J.

T=(

m m 0 " N k/
So., M = E‘:[ (sv) (913 QQUBT»K/ - E‘ K 72-4 %f/\ Trt N ) ( ‘xi:‘ér' Ve )
Rl ) n « .K/ ™ k/
= El gr,( ?;l VSOV, + ;Z‘ z\\ ér,.‘ éf,& Q‘r,\ Q—r/') U»\k \A;)
e K < XK <
- <lA,(L > + ?__‘ \i& gr,éf&q‘r.‘Gr,'} Wy V\') s E(ér,l =4 .

As  the Columns o—{ U ove ofthonofmal , 1t folows that (‘W‘I)LK« = Ek 13 %r,,ér,g Sy Gf,-) s \Ajk

Now, we just bound the Squate of 2ach Qnt(% 0{ 1.

_ 2, m > b
For the diapnal enties, &L k‘ﬂ—l)KK] = E. ‘ES —i:l RW\KSU)K\ Vi only whea LLPI=(1)) as Else =0

<

2 2 o
€ E-A(Uk\k)mku\’)k\ < ?(\L/»K\\l\L < .

3l¥

(@Y wfunl ) g only £oc (110,01 and (). (o)

-

2 m
Toc o%@»o\‘.olgor\al antries EL k“’l) K,ki& = Lﬂ\:;_
o 2, ‘K’l ‘k l<' /
. \zﬂ( VTS + ufogfu o)
WG Y @ 5 WIS = A

< L
m

™

il

2 J /

/ al e K L S E ok Kk
where the fiest Tneguality s becawse 0= <t uE Y = ?_H\mk Yug) + a\“n U Uy = a'\“» UpUi Uy S0,

Therefore &L “TPII|;1 < %-& L((jv‘i = OL—\;;OK '
> oLk
We conclude that PrL \lv-lkl%, >¢] < EL -zl ] [ < ;m <% b‘j our cheice of m .

Note thal we Dnuj need  pairwire independence of h  (and thus $¢i and S¢ ;) and G-wise iadependene of T4

Leverage  Scoce Sampling
= v =

Another O\PP(DD\C\(\ o{ qugPo\m meqdhi'mx 1S Similar 4o whal we Wave Seen  n QPEJ.’M gparngroﬁim\.
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the cose  when +the columng o% A

Given P\ékmd and  beR” | we fiest  ceduce the problam  to
Ore  orthonormal .
AA=T

S raminiseent fo the veduction te the }Amﬁ% wmatfix  in gFedml Squs‘ﬁf?caﬂbn) so that A

This 1
2 T -
or é%u\\/o\lahﬂq ara; = Iy where a; Ts the -tk YW of A

Then, we construct o mateix B b‘a Sam?["\r\g ande wgml‘mg each Youw Pro?oﬁ‘\bwt to Ttg Uu\chL\
B hag O(d\[cgo\/iz) Tows .

—r

=1

N
so that 2 Srasa’ & T, with onka O dlogd /¢* ) nonzeres  ie.
AR € BTR € Clea) AH

where cach Youw D{ R DS E\\ Qg So  that
WA & M Bals  becomse X ATRY % X BTRY

It s good. %M‘(}S?QCL ew\%eddlng as

All the tedhnical detalle are VUB Gimilac To Hhoese In g?qdrm[ ?‘PQ(EIETCqﬁOnJQ& Motk i x Qkam\ofﬁﬁ bound

The Swgk‘mg ?robaktﬁj (S called the levecape Score of & Yow , a Sehero.(w‘sqf?'on of effective resistance.

These. dheat ore \/arng VEQ{-@ in hnumerical ineer M%abm{, which thave -Eurtsz &?F\Ccaﬁbﬂi ‘n other areag

cuch o oPﬁm\Bqﬁon (Lg. %mt 1nterior point o\lgor‘lﬂqms for lincar Prc&ﬂhmm‘m{f C,r(A.C\lQ].L% wied

‘mar\% s\f these L eicks }

Laplacton Solver
T will tell Some history - about  Laplocion Solvers, and bﬁm‘h& desceibe  the  Simple and 2legant  alfocithm by

k\gr\g and  Sachdevo i class.
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